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GLOBAL DEFENSIVE k-ALLIANCES IN DIRECTED GRAPHS:
COMBINATORIAL AND COMPUTATIONAL ISSUES

DoosT ALI MoJDEH!, BABAK SAMADI' AND ISMAEL G. YERO**

Abstract. In this paper we define the global defensive k-alliance (number) in a digraph D, and
give several bounds on this parameter with characterizations of all digraphs attaining the bounds. In
particular, for the case k = —1, we give a lower (an upper) bound on this parameter for directed trees
(rooted trees). Moreover, the characterization of all directed trees (rooted trees) for which the equality
holds is given. Finally, we show that the problem of finding the global defensive k-alliance number of a
digraph is NP-hard for any suitable non-negative value of k, and in contrast with it, we also show that
finding a minimum global defensive (—1)-alliance for any rooted tree is polynomial-time solvable.
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1. INTRODUCTION AND PRELIMINARIES

Alliances in graphs were first described by Kristiansen et al. [8], where alliances were classified into defensive,
offensive or powerful. After this seminal paper, the issue has been intensively studied. Remarkable examples
are the articles [14,15], where alliances were generalized to k-alliances. To see more information on alliances in
graphs we suggest the recent surveys [2,11,19] and references cited therein.

Alliances exist in several ways in real world. Roughly speaking, an alliance can be understood as a collection
of elements sharing similar objectives or having similar properties among all elements of the collection. Examples
of alliances could be a group of people united by a common friendship, a group of plants belonging to the same
botanical family, a group of Twitter users following or being followed among themselves, or a group of Facebook
users sharing a common activity. For instance, Facebook can be seen as an enormous network (or graph) in
which each user is a vertex and two vertices are connected if they are “friends”, in the sense of the system. With
this idea, an alliance in Facebook can be realized as a collection of users (or vertices) having more “friends”
inside the collection than outside. Analogously, Twitter can be understood as a graph in which each user is
a vertex and two vertices are adjacent if at least one of them is “following” the other one. Hence, an alliance
in Twitter can be understood as a collection of users following (or being followed) more users (by more users)
inside the collection than outside. However, if we deeply observe such models, there is a lack of reality, since
the connections are frequently “not in both directions”. That is, if we consider the Twitter network, one can
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see that a user A can follows another user B, but this does not mean that also B will follow A. Thus, the
“connection” is only in one “direction”. According to this fact, we could think into describe alliances whether
the connection between users is not flat, namely, there is a direction.

Applications of alliances can be found in the Ph.D. Thesis [13] where the author studied problems of par-
titioning a graph into alliances and its application to data clustering. On the other hand, defensive alliances
represent the mathematical model of web communities, by adopting the definition of Web Community proposed
by Flake et al. [3], “a Web Community is a set of web pages having more hyperlinks (in either direction) to
members of the set than to non-members”. And we again can notice here the lack of reality described above,
since the hyperlinks are always having a direction (they go from one point to another).

Based on all these facts, we are now addressed to consider directions in the connections between vertices in
a network in order to study the alliances of such network. In other words, we are aimed to study the topic of
alliances in directed graphs (digraphs).

Throughout this paper, we consider D = (V(D), A(D)) as a finite digraph with vertex set V = V(D) and
arc set A = A(D) with neither loops nor multiple arcs (although pairs of opposite arcs are allowed). Also,
G = (V(G), E(G)) stands for a simple finite graph with vertex set V(G) and edge set E(G). We use [1, 18]
as references for some very basic terminology and notation in digraphs and graphs, respectively, which are not
explicitly defined here.

For any two vertices u,v € V(D), we write (u,v) as the arc with direction from u to v, and say u is adjacent
to v, or v is adjacent from u. Given a subset S of vertices of D and a vertex v € V(D), the in-neighborhood of
v from S (out-neighborhood of v to S) is Ng (v) = {u € S | (u,v) € A(D)} (Ng (v) ={u € S| (v,u) € A(D)}).
The in-degree of v from S is degg (v) = |Ng (v)| and the out-degree of v to S is degl (v) = |NJ (v)|. Moreover,
Ng[v] = Ng(v) U {v} (NI[v] = N (v) U {v}) is the closed in-neighborhood (closed out-neighborhood) of v
from (to) S. In particular, if S = V(D), then we simply say (closed) (in or out)-neighborhood and (in or out)-
degree, and write N} (v), Nj (v), N [v], Np[v], degh(v) and degp, (v) instead of N‘}L(D)(v), N;(D)(v), N‘f(D) [v],
N‘;(D)[v], deg$(D)(v) and degy, ) (v), respectively (we moreover remove the subscripts D, V(D) if there is no
ambiguity with respect to the digraph D). Let S C V(D) and u € S. A vertex v in V(D) is called a private
out-neighbor of u with respect to S if N~[v] NS = {u}. The set of all private out-neighbors of u with respect
to S is denoted by pn't(u,S). Given two sets A and B of vertices of D, by (A, B)p we mean the sets of arcs of
D going from A to B. For a graph G, A(G) and §(G) represent the maximum and minimum degrees of G. In
addition, for a digraph D, AT (D) and 67 (D) represent maximum and minimum out-degrees and A~(D) and
0~ (D) represent the maximum and minimum in-degrees of D. If there is no confusion, then we avoid writing
the graph G or the digraph D (for instance, we would simply write A~ for the maximum in-degree instead of
A~ (D)).

We denote the converse of a digraph D by D~!, obtained by reversing the direction of every arc of D. A
digraph D is connected if its underlying graph is connected. A rooted tree is a connected digraph with a vertex
of in-degree 0, called the root, such that every vertex different from the root has in-degree 1. In a rooted tree,
the vertex of out-degree 0 is called a leaf and its in-neighbor is a support vertex. A directed tree is an orientation
of a tree. A directed star S, on n vertices is a rooted tree of order n in which its root is adjacent to all other
vertices.

Given a graph G, a set S C V(G) is a dominating set in G if each vertex in V(G) \ S is adjacent to at
least one vertex in S. The domination number v(G) is the minimum cardinality of a dominating set in G. For
more information about this concept the reader can consult [6]. The concept of domination in digraphs was
introduced by Fu [4] as follows. A subset S of vertices of a digraph D is called a dominating set if every vertex
in V(D) \ S is adjacent from a vertex in S. The domination number v(D) of D is the minimum cardinality of
a dominating set in D.

As already mentioned, Kristiansen et al. [8] introduced the concept of defensive alliance in graphs as follows.
A non-empty set of vertices S C V(G) is called a defensive alliance if for every v € S, degg(v) > degg(v) — 1,
where S = V(G) \ S. They called it global if S is a dominating set. The concept of (global) defensive alliance
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in a graph G was generalized in [13-16] to that of (global) defensive k-alliance as a dominating set S of G for
which degg(v) > degg(v) + k, for all v € S, and where k € {-A(G),...,A(G)}. The global defensive k-alliance
number of G, denoted by 'y,‘f(G), is the minimum cardinality of a global defensive k-alliance in G.

Since then a high number of papers on different versions of alliances in graphs have been published in
the literature and some interesting real-world applications can be found among them (the reader can refer to
[8,12,14] for instance). To have a better overview on all the information about alliances we suggest the fairly
complete surveys [2,11,19].

Definition 1.1. Let D be a digraph and let k¥ € {-A™(D),...,A"(D)} be an integer. A set of vertices
S C V(D) is called a global defensive k-alliance in D provided that every vertex in V(D) \ S is adjacent from
a vertex in S and deg (v) > degg(v) + k, for all v € S. The global defensive k-alliance number, denoted
73(D), is defined as the minimum cardinality of a global defensive k-alliance in D. We call the global defensive
(—1)-alliance (number) just global defensive alliance (number), for short.

Since we are dealing with digraphs in this work, we clearly have directions in the connections. Throughout
all this exposition, alliances are considered for “out” directions. One would then think as natural to also deal
with alliances with an opposed direction. In this sense, the main concept of this paper (the global defensive
k-alliance number) could be defined as follows for an opposed version with respect to the arcs.

Let D be a digraph and let k € {—=A7(D),...,A7(D)} be an integer. A set of vertices S C V(D) is called
a global out-defensive k-alliance in D provided that every vertex in V(D) \ S is adjacent to a vertex in S and
degg (v) = degz(v) + k, for all v € S. The global out-defensive k-alliance number, denoted Y& (D), is defined
as the minimum cardinality of a global out-defensive k-alliance in D. In concordance, the main concept of this
work could be also called global in-defensive k-alliance. In consequence, the parameters global out-defensive
k-alliance (number) and the global in-defensive k-alliance (number) of a digraph D could be of interest for a
possible research line. However, it is easy to check that yg_ (D) = 43(D~1), for any digraph D. Based on this
fact, we only center our attention on the out version. We recall that for a graph G, the complete biorientation
T of Gis a digraph obtained from G by replacing each edge zy € E(G) by the pair of arcs (x,y) and (y, ).

Our first observation shows an important relationship which exists between alliances in graphs and in digraphs.
We consider a graph G and the digraph D obtained as the complete biorentation of G. It is easy to see that
G — D is an one-to-one correspondence between the collection G of all graphs and the collection D of digraphs
for which there exist two arcs (x,y) and (y,z) between vertices z and y in V(G) = V(D). Now, we can also
readily see that a set of vertices S is a global defensive k-alliance in G if and only if S is a global defensive
k-alliance in D, implying the following result.

Remark 1.2. For any graph G and any integer k € {—A(G),...,A(G)}, v4(G) = v4(D), where D is the
complete biorientation of G.

Clearly, such a relationship is very useful when we deal with digraphs for which an arc (u, v) exists if and only
if the arc (v, u) also exists. However, this is a small subfamily of the whole class of digraphs, and therefore, our
study on general digraphs is of interest, and clearly independent of the study of defensive k-alliances in graphs.

In this paper, we give several lower bounds on v¢(D), as for example we prove that v¢(D) > 2n/(AT —k+2),
and give the characterization of all digraphs D for which the equality holds. Also, we bound ~v{(D) from below
by min{t | d +... +d;} > 2n+ (k — 2)t}. We prove that (n + 1)/3 is a lower bound on 7%, (T) for a directed
tree T of order n, and v¢,(T) < |(n + ~(T))/2] for all rooted tree T of order n. Moreover, we characterize all
directed trees and rooted trees T attaining these bounds. We end the exposition with a computational study
on computing the global defensive k-alliance number of digraphs.

From now on, given any parameter n in a graph G (or a digraph D), a set of vertices of cardinal-
ity n(G) (or n(D)) is called a n(G)-set (or n(D)-set). Moreover, since the integer k always fits in the in-
terval {—AT(D),...,AT(D)}, we will skip this assumption and, unless specifically stated another situa-
tion, we will always consider k € {—AT(D),...,AT(D)}. Also, throughout the whole article the inequality
degg(v) > degg(v) + k, satisfied by a vertex v € S will be called the global defensive k-alliance condition.
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2. GENERAL DIGRAPHS

In order to begin our exposition we need to introduce one family of digraphs. We construct the family (2
of digraphs D as follows. Let D’ be a digraph with each vertex of out-degree r > k. We add r — k private
out-neighbors lying outside V' (D'), for every v € V(D'). Let

Add some arcs among the vertices in V(D’) and some arcs (u,v), for some u € V(D’) and v € V(D’), such
that deg™ (u) < 2r — k, for all u € V(D’). Clearly, every vertex in V(D’) is adjacent from exactly one vertex in
V(D). Moreover, AT (D) = 2r — k.

Theorem 2.1. For any digraph D of order n,

2n

d > .
D)2 AT

Moreover, the equality holds if and only if D € Q.
Proof. Let S be a v{(D)-set. Since S is a dominating set and degf; (v) > degg(v) + k for all v € S, we have
n =8| <3,z degs (v) = (8, 9)p| = s degg (v) < Xes(deg§ (v) — k)

=Y es(deg® (v) — degf(v) — k) (2.1)
< —k[S| + AT|S| —n+ S|

Thus, |S| > 2n/(AT — k +2).
Let D € Q. It is readily seen that V(D) is a global defensive k-alliance in D. Since every vertex in V(D) is
adjacent from exactly one vertex in V(D'), we have n — |V/(D")| = |[(V(D’),V(D’))p|. Furthermore,

(V(D),V(D))pl= Y degp5(v) = Y (r=k) = V(D) — k).
)

veV (D’ veV (D)

This shows that v¢(D) < |[V(D')| =n/(r —k +1) = 2n/(A* — k + 2), which implies the equality.

Suppose now that the equality holds and that X is a 'y,‘f(D)—set in the digraph D. Then, the inequalities in
(2.1) hold with equality when we use X instead of S. We let D’ = D(X). We first show that the out-degrees of
the vertices of D’ are the same. Suppose to the contrary that deg® (u) < AT(D’), for some u in X. This yields
to,

n—|X| =(X,X)p| = —k|X| + X, cx degy (v)
= —k|X|+ 3, cx deg” (v) — (n —|X])
< —k|X|+ ATX| —n+|X].

So, | X| > 2n/(AT — k + 2), which is a contradiction. Therefore, all vertices of D’ have the same out-degree
r. Since X is a defensive k-alliance in D, deg}(v) < r — k for each v € X. Taking into account this fact, and
since ), cx deg%(v) = (r — k)| X|, we have deg%(v) =r — k for each v € X. On the other hand, since X is a

dominating set and n — | X| = |(X, X)p|, every vertex in X has exactly one in-neighbor in X. Therefore, every
vertex in X has exactly r — k private out-neighbors lying outside X. So, D € Q. This completes the proof. [

We define the k-order-sum number of a digraph D with non-increasing out-degree sequence df > ... >df
by
osnf (D) =min{t | df +...+d >2n+ (k—2)t}
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Theorem 2.2. Let D be a digraph of order n. Then, the following statements hold.

(i) 9(D) = 0sn{ (D) > 5255

(ii) osni (D) = x525%= if and only if 2n = 0 (mod AT — k +2) and df = A", where s = x72—.

Proof. (i) Let S be a ~{(D)-set. We have that degl(v) > degg(v) + k, for all v € S. Furthermore,
> ves degg(v) > n — |S], since S is a dominating set in D. This leads to

Sesdegt(v) = 3, cgdegd (v) + X0, g degd(v)
> Y es(degt(v) + k) + 3, g degt(v)
> (n—|S|) +k[S[ + (n —[5])
=2n+ (k—2)|S|.

Therefore, df + ...+ leg‘l > 2n + (k — 2)|S| and so, 7 (D) > osn; (D). Now, let t = osnj (D). Hence, the
second inequality in (i) follows from

tAT >df + ...+ df > 2n+ (k- 2)t.
(ii) Let osn} (D) =2n/(A* — k +2) = s. Note that 2n =0 (mod AT — k +2). If df < AT, then
(s— DAY+ AT —1>df +...+df >2n+ (k- 2)s.

Thus, s > (2n+1)/(AT — k + 2), which is a contradiction. Therefore, df = A™.
Conversely, we have d = ... = df = A*. Hence, df + ... +df = 2nAt /(AT —k+2) = 2n + 2n(k —
2)/(A* —k +2) = 2n + (k — 2)s. This implies that, osn; (D) = 2n/(AT — k + 2).

(I

The difference between osn; (D) and 2n/(A+ — k + 2) can be arbitrary large. In fact, we have the following
stronger assertion: for any positive integer b there exists a digraph D of order n for which osn; (D)—[2n/(AT —
k+2)] = b. To see this, we first suppose that k > 0. Let D’ be a digraph of order 3b — 1 for which deg™ (v) = k,
for all v € V(D'). Let D be obtained from D’ by adding a new vertex u with k& + 1 out-neighbors in V(D).
Clearly, n = 3b and A* =k + 1. Let t = osn; (D). Then,

df +... 4+df =k+1+ (@t -1k >2n+ (k—2)t

implies that ¢ > (2n — 1)/2 and hence ¢t = n = 3b. Moreover, 2n/(A* — k + 2) = 2b, and these two facts show
the existence of D claimed for this case.

We next suppose that ¥ < —1. Let n = (b+ 1)(2 — k) — 1 and consider the directed star S,,. Clearly,
[2n/(A* — k +1)] = 1. Assuming that t = osn}(S,), we then have n — 1 > 2n + (k — 2)t. Therefore,
t=[(n+1)/(2—k)] = b+ 1, which leads to the claimed existence for this second case.

For the next result, we construct the family © of digraphs D as follows. Consider the complete biorientation
I?p of the gmplete graph K, with p > £+ 1. We add p — k — 1 private out-neighbors lying outside V(I(?}p), for
all v € V(K,). Let

viD)=v(E U | ] V()
1)6V(K<—;,)

Note that some arcs might be among the vertices in V(I?p) and some arcs (u,v), for some u € V(I(?p) and
<~
v e V(Kp).
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Theorem 2.3. For any digraph D of order n,

k+Vk?+4n

d >
’)’k(D) = D)

The equality holds if and only if D € ©.

Proof. Let S be a v(D)-set in D. Since S is a dominating set and degd (v) — degg(v) > k, we have

n—|S| < 3, ez degs (v) =1(S,8)p| = X5 degg (v)

(2.2)
< Yoes(degs (v) = k) < Xoes (5] =k = 1) = ISI(|S] = k - 1).

Solving the inequality (2.2) for |S|, we have v&(D) = |S| > (V4n + k2 + k) /2.

Let De© and S = V(E,). Since S is a dominating set and degf; (v) = degg(v) + k for all v € §, we deduce

S is a global defensive k-alliance in D. On the other hand, every vertex in S has exactly one in-neighbor in S
and every vertex in S has exactly |S| — k — 1 out-neighbors in S. Therefore, the inequalities in (2.2) hold with
equality. So, v¢(D) < |S| = (k + Vk2 + 4n)/2, implying the desired equality.

Conversely, suppose that v{(D) = (v4n + k2 + k) /2 and let S be a v{(D)-set. Thus, the inequalities in (2.2)
hold with equality, necessarily. So, every vertex in S has exactly one in-neighbor in S, every vertex in S has
exactly |S| — k — 1 private out-neighbors in S, and every vertex in S is adjacent to the other vertices in it.

Therefore D € ©. 0

We next make use of the following well-known theorem of Turan from extremal graph theory in order to give
another lower bound for vZ(D). To this end, we recall that a digraph is (r+ 1)-clique-free if its underlying graph
has no an (r + 1)-clique as a set of vertices.

Lemma 2.4 (Turédn’s Theorem, [17]). If G is an (r + 1)-clique-free graph of order n, then

r—1
.nz,

BG) <

with equality if and only if G is the Turdn’s graph T}, , and r divides n.

Consider the digraph D’ as the complete biorientation of a complete r-partite graph G with p > k/(r — 1)
vertices in each partite set. We add (r — 1)p — k private out-neighbors lying outside V(D’) for any v € V(D’).
Let

viD)=v(DYu| |J et V(D))
veV (D)

Add some new arcs among the vertices in V(D’) and some arcs (u,v), for some v € V(D') and v € V(D)
such that the obtained digraph D is (r + 1)-clique-free. We define ® as the family of all such digraphs D.

Theorem 2.5. Let r > 2 be an integer. If D is an (r + 1)-clique-free digraph of order n, then,

(D) = g{(:r_—lig + 2(r1— 1)

Furthermore, the equality holds if and only if D € ®.

V (k= 1)2r2 + dnr(r — 1).
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Proof. Let S be a v{(D)-set. Since S is a dominating set and degf; (v) > degg(v) + k for all v € S, we have

n—15| < Zdegg( =1(S,9)p| = Zdegs Zdegs —k|S|. (2.3)

veS veSs veS

Taking into account the possible opposite arcs, by Lemma 2.4 we have

Y degh(v) = |AD(S))| < ©

veS

(2.4)

By considering together inequalities (2.3) and (2.4), we deduce (r — 1)|S|?/r — (k — 1)|S| — n > 0. Solving
this equation for |S| we obtain the desired lower bound.

Assume first that the equality holds and that S is a y{(D)-set. Hence, all inequalities in (2.3) and (2.4)
hold with equality, necessarily. Now, Lemma 2.4 and (2.4) imply that D(S) = K, .., in which case p; =

.= pr = |S|/r = p. Moreover, the equalities in (2.3) show that every vertex of D(S) has (r — 1)p — k private
out-neighbors lying outside of V/(D(S)). Therefore, D € ®.

Conversely, suppose that D € ®. Clearly, V(D’) is a global defensive k-alliance in D and n = rp + rp((r —
1)p — k). Therefore,

D) < VD) = = s s V= TP (= 1)

which implies the equality. (Il

3. RESULTS ON DIRECTED TREES WHEN k = —1

In this section, we study the global defensive alliance number (i.e., the global defensive k-alliance number
whether k = —1) of directed trees with emphasis on rooted trees. We first center our attention to rooted trees
and let r be the root of a rooted tree T. Suppose that T; = T and select a support vertex u; with maximum
distance from 7. Now let Ty = Ty — N*[uy]. Tterate this process, in which we always find a support vertex u;
at a maximum distance from r of the rooted tree T; = T;_; — NT[u;_1]. We end the process whether we have
removed all vertices or get an isolated vertex. We consider the following situations.

— If the process described above ends with all the vertices removed, then we note that Py =
{NF; [ua], .. .,N;fp [up]} is a partition of V(T), where ug,...,u, are the support vertices with maximum
distance from 7 in 717, ...,7T,, respectively.

— If the process described above ends with the isolated vertex r as the rooted tree Tj,, then Py =
{NF [u1],. N:,pr up-1],{r}} is a partition of V(T'), where uy,...,up—1 are the support vertices with
maximum dlstance from r in T1,...,T,_1, respectively.

In the process shown above we recursively eliminate a “special directed star” in each step, and obtain a se-
quence I'=1Ty,...,T,_1,T), of rooted trees. From now on we call it a recursive directed star elimination sequence
(briefly RDSES). We define IT as the family of all rooted trees T" such that each RDSES T'=T1,...,T,_1,T)
of it satisfies:

(a) at most one of F,, =T, and F;,_1 = T;_1 — T3, 2 < ¢ < p, has even order;

(b) the central vertex u;—1 of F;_1, with even order n;_; > 4, is adjacent to at most one central vertex among
the central vertices of directed stars Fj;

(c¢) the central vertex u;,_; of every F;_; with odd order has no out-neighbor among the central vertices of
directed stars F).
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Theorem 3.1. Let T be a rooted tree of order n. Then,

Sl)

744(T) < L 5

The equality holds if and only if T € 11.

Proof. Let r be the root of T and let S be a 44, (T)-set. Consider an RDSES T' = T,...,T,-1,T, of T.
Assume that uq,...,up—1 and u, are the central vertices of Fi, ..., F,_1 and F, = T, respectively (note that if
r e U?:_ll V(T;), then F, = T,, = ¢ and thus the central vertex u, will not exist). Let n, = |V (F;)|, for 1 <i <p.

Let S’ be a y(T)-set. Hence, there must be at least one vertex in S’ N F; for each 1 < i < p — 1. Moreover,
up € S’ if T, # ¢, necessarily. On the other hand, {u1,...,up} ({u1,...,up—1} when T, = ¢) is a dominating
set in 7. This shows that the set of central vertices u; is a y(7T')-set. Without loss of generality, we assume that
S’ is such a set.

We construct S” as the union of S’ and a set containing |deg™ (u;)/2] vertices in N+ (u;), for all 1 < i < p.
Since S’ C §”, it follows S” is a dominating set in T". Clearly, degg. (v) > deggr(v) — 1, for all v € S”. On the
other hand, Nt (v) C 8’ for all v € §”\ S’. Thus, this inequality holds for all v € S”. Therefore, S” is a global
defensive alliance in T. Let I = {i | 1 < ¢ < p and n; is odd}. Hence,

n; ni+1 n+Il _ n+~(T)
M <8 =Y 5+ Ty =y S (3.1)
i¢l icl

implying the desired upper bound.

Let v¢,(T) = |[(n + v(T))/2]. Suppose, to a purpose of contradiction, that there exists an RDSES T
Ti,...,Tp—1,T, of T in which at least two directed stars F and F; have even orders. We now have Wfl(T)
"';lll < "'M(QT)_Q, by (3.1). Thus, v¢,(T) < [(n +~(T))/2], which is a contradiction.

Now, suppose that for some RDSES T' = T1,...,T,_1,T, of T, the central vertex u; of a directed star F;
with even order at least four is adjacent to two central vertices u; and u; of two directed stars F; and F},
respectively. Thus, the set S’ containing the members of S’ along with |deg™ (u;)/2]| out-neighbors for each
ug # uy, and |deg® (u;)/2] — 1 out-neighbors of u; is a global defensive alliance in T and so, v¢,(T) < |S"| <
|S”] = [(n+~(T))/2], which is a contradiction again. Finally, a similar discussion shows that for any RDSES of
T, the central vertices of the directed stars with odd orders have no out-neighbors among the central vertices.

Conversely, suppose that each RDSES of T satisfies the conditions (a), (b) and (c). We now consider an
RDSES T = T4,...,T,-1,T, of T. If there exists a global defensive alliance @ in T for which |Q| < |S”| and
S’ as defined above from T, then there exists a directed star F; such that 1 < |Q N F;| < |S” N F;| = [n;/2].
Therefore, n; > 3 and u; € @, necessarily. This implies that the central vertex u; is adjacent to a central vertex
us if n; is odd, and u; is adjacent to at least two central vertices u, and u, if n; is even. This contradicts our
assumption that T'=T1,...,T,_1,T, satisfies (b) and (c). By this argument, we infer that

IA

v (T) = 18"]. (3.2)

Let n; be odd, for all 1 <i# j < |S’| (notice that n; can be either odd or positive even). So, |I| > v(T') — 1.
Taking together (3.1) and (3.2) we deduce

n+ |1 n+v(T)—-1
(T) = 8" = d > (1) -1 (3.3)
2 2
Therefore, v, (T) > |(n + ~(T))/2]. This completes the proof. O

We also define X as the family of all directed trees T obtained from a directed tree T’ by adding degp (v) + 1
private out-neighbors lying outside V(T"), for each v € V(T"). Furthermore, V(T') \ V(T") is independent.
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Theorem 3.2. For any directed tree T of order n,

The equality holds if and only if T € X.

Proof. Let S be a ¥4, (T)-set and assume T' < S > has ¢ components. Then,

—|S|+n—|S| < —|S|+ ) degt < deg(v) =S| —c. (3.4)
veES vES
Therefore,
n+c_ n+1
1 (M) =18 > —— > —— (3.5)

Suppose now that v, (T) = (n + 1)/3. We deduce from (3.5) that, ¢ = 1 and therefore 7" =T < S > is a
directed tree. By (3.4) we have degh(v) = —1 + degg(v), for all v € S. Moreover, n — [S| =3 ¢ degg(v) by
(3.4). Therefore, every vertex v € T’ has exactly degF,(v) + 1 private out-neighbors lying outside V(7"). On
the other hand, since T is a directed tree and every vertex lying outside V(7”) has an in-neighbor in V(7”),
V(T)\ V(T") is independent. Thus, T' € X.

Conversely, assume that T € Y. Then, the inequalities in (3.4) and (3.5) hold with equality. Therefore,
¥4, (T) = (n+1)/3. O

Theorem 3.3. For any directed tree T of order n > 2, ¥%,(T) > osn™ | (T) > (n+1)/3. Moreover, the equality
holds if and only if n =2 (mod 3) and df =0 for s > (n+1)/3.

Proof. Let df > ... > d} be the non-increasing out-degree sequence of T and ¢ = osnfl(T). Assume to the
contrary that t < (n+1)/3. Since 3, ey (p) deg™ (v) = n—1, we obtain that n+1+n—1 > 3t+d{ +...+d; > 2n,
which is a contradiction. So, osn™|(T) > (n +1)/3.

Let osn™,(T) = (n+1)/3. Obviously, n = 2 (mod 3). On the other hand, 3(n+1)/3+d] + ...+ d<+n+1>/3 >
2n implies that, ZZ(.ZJ{D/S df = n — 1. Thus, df = 0 for s > (n + 1)/3. Conversely, by the hypotheses,
3n+1)/34+df +...+ d(+n+1)/3 = 2n, which implies the equality. O

In what follows we show that the difference between osn™,(T) and (n + 1)/3 can be arbitrary large. That is,

we claim that for any non-negative integer b there exists a directed tree 7' for which osn™ (T) — (n+1)/3 = b.
To see this, consider T' = S&)ﬁrz. Hence, 3(3b + 1) + 3b+ 1 = 2(6b + 2). Therefore, osn™,(T) = 3b + 1. So,
osn® (T) — (n+1)/3 =b.

4. COMPUTATIONAL ISSUES

We now continue our exposition by considering the problem of deciding whether the global defensive
k-alliance number of a digraph is less than a given integer. That is stated in the following decision problem. In
connection with this, one could immediately think into using the Remark 1.2, since there is such equivalence
between defensive k-alliances in graphs and in digraphs. However, such remark becomes almost useless for our
purpose, due to the fact that (surprisingly) it is not known the complexity of computing the global defensive
k-alliance number of graphs, unless k = —1 (see [7,19]).
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GLOBAL DEFENSIVE k-ALLIANCE PROBLEM

INSTANCE: A digraph D, an integer k € {—AT(D),...,AT(D)},
and a positive integer r

PROBLEM: Deciding whether vZ(D) is less than r

We next deal with the NP-completeness of the GLOBAL DEFENSIVE k-ALLIANCE PROBLEM (GD-kA
PROBLEM for short) above, for the non-negative interval of the value k stated in the problem. In order to deal
with this, we make a reduction from the 3-SAT problem, which is the most well known decision problem to be
NP-complete (see [5]).

Theorem 4.1. For a digraph D and an integer k € {—1,...,AT (D)}, the GD-kA PROBLEM is NP-complete.

Proof. The problem is easily seen to be in NP, since for a set of vertices S of a digraph D, guessed by a
nondeterministic algorithm for the problem, one can check in polynomial time that such set S is indeed a global
defensive k-alliance. The case £ = —1 follows from the NP-completeness of the decision problem concerning
computing the global defensive k-alliance number of graphs (see [7]) and the equivalence given in Remark 1.2.
From now on, we assume k € {0,...,A"(D)} and we describe a polynomial transformation of the 3-SAT
problem to the GD-kA PROBLEM.

Consider an arbitrary input F of the 3-SAT problem, given by a collection C' = {¢1, ca, ..., ¢} of clauses over
a finite set U = {uq,uq,...,u,} of Boolean variables. We denote by x; and T; the literals corresponding to the
variable u;, i.e., x; for a true assignment of u; and Z; for the false assignment. We shall construct a connected
digraph D = (V, A), such that setting a positive integer < |V, the digraph D has a global defensive k-alliance
of size at most r if and only if C' is satisfiable.

For any variable w; € U we create a digraph D,,, as follows. We begin with a complete biorientation of
the complete graph Kjyo. Next, for any vertex v € V(Kjy2) we add a vertex v’ and the arc (v,v’). Then
we add two extra vertices, denoted by t,, and f,, and add the arcs (z,ty,), (x, fu,), (tu;, ) and (fu,,z) for
every x € V(Kg42). On the other hand, for every clause ¢; € C we create a digraph D.; as follows. We again
begin with a complete biorientation of the complete graph Kjy; and, also, for any vertex v € V(Kp41) we
add a vertex v" and the arc (v,v’). In addition, we add a vertex q., and the arcs (g.;,*) and (z,q.,) for every
x € V(Kj41). Finally, if z; € ¢; or T; € ¢; for some i € {1,...,n} and j € {1,...,m}, then we add the arc
(qe;stu;) OF (g, fu;), respectively. A fairly representative example of a subdigraph of a digraph Dp is given in
Figure 1 by taking k = 2.

We will show that F is satisfiable if and only if v¢(Dg) = n(k + 3) + m(k + 2). We first observe the following
claim.

Claim 1: The digraph Dp satisfies that v(Dp) > n(k + 3) + m(k + 2).

Proof of Claim 1: In order to carry out the domination condition, we readily note that every vertex belonging
to a subdigraph Kjo used to generate a gadget corresponding to a variable and every vertex belonging to a
subdigraph K} used to generate a gadget corresponding to a clause belong to every global defensive k-alliance
in Dpr. Moreover, in order to achieve the global defensive k-alliance condition, at least one vertex of the pair
tugs fu;, for every i € {1,...,n}, and the vertex q.,, for every j € {1,...,m}, must be included in a given global
defensive k-alliance. Thus, the lower bound follows.(J)

We next continue our reduction by separating it into a necessary and a sufficient situation.

(=) Assume we have a satisfiable assignment for F. Let S be a set of vertices in Dy given as follows.
— Any vertex belonging to a subdigraph Kj,o used to generate a gadget corresponding to a variable is
included in S.
— Any vertex belonging to a subdigraph Kj,; used to generate a gadget corresponding to a clause is
included in S.
— Any vertex q.; with j € {1,...,m} is included in S.
— If u; € U has assigned the value TRUE, then we add to S the vertex t,,.
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FIGURE 1. The subdigraph corresponding to a clause ¢; = (u1,uz,us) by taking k = 2. An
edge without arrows means there exists an arc in both directions.

— If u; € U has assigned the value FALSE, then we add to S the vertex f,,.

Note that the cardinality of S is precisely n(k + 3) + m(k + 2). We can readily see that S is a dominating
set. Moreover, the global defensive k-alliance condition is satisfied for every vertex of S. That is,

—if € V(Kg42) for some subdigraph used to generate a gadget corresponding to a variable, then

degd(z) =k +2= degg(m) + k;

— if x € V(K1) for some subdigraph used to generate a gadget corresponding to a clause, then degg (z) =
k+1= deg%(x) +k;
—ifx=t,, orz = f,, forsome i€ {1,...,n}, then degd(z) =k +2 >k = degg(x) + k;
— if ¥ = g, for some j € {1,...,m}, then since F is satisfiable, the clause c; must contain at least one
literal x; or T; which is satisfied. This means that
e u; has assigned the value TRUE (whether ¢; contains the literal ;) and the vertex t¢,, € S, or
o u; has assigned the value FALSE (whether ¢; contains the literal Z;) and the vertex f,, € S.

In any case we obtain that deg (z) > k+2 and degg (z) < 2, which leads to deg (z) > k+2 > degg(x)—&—k.
Thus, S is a global defensive k-alliance in D and so, v¢(Dr) < n(k + 3) + m(k + 2). Consequently, by
Claim 1, we obtain the desired equality.

Assume v(Dp) = n(k+3) +m(k+2) and let A be a v(Dp)-set. By using the ideas of the short proof of
Claim 1, we see that A contains every vertex belonging to a subdigraph Kj.o used to generate a gadget
corresponding to a variable and every vertex belonging to a subdigraph Ky, used to generate a gadget

corresponding to a clause. Also, A contains at least one vertex of the pair t,,, fu,, for every i € {1,...,n},
and the vertex g, , for every j € {1,...,m}. Since 4{(Dp) = n(k + 3) +m(k + 2), it must clearly happen
that A contains exactly one vertex of each pair t,,, fu,, for every i € {1,...,n}. Thus, we make the

following assignment to the variables of U. If t,,, € A, then we assign to u; the value TRUE. Otherwise,
if fu, € A, then we assign to u; the value FALSE. We will show now that this is satisfiable assignment
for the formula F. Let ¢; € C be any clause of F. Note that, since the vertex g.; € A must satisfy the
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global defensive k-alliance condition, there exists a vertex y € {t,,, fu,} for some u; € U such that y is
adjacent from ¢., and y € A (notice that exactly one vertex of the pair t,,, fy, is in A, as stated above).
If y = ty,, then x; € ¢; and u; has assigned the value TRUE, which means c¢; is satisfied. On the contrary,
if y = fu,, then Z; € ¢; and u; has assigned the value FALSE, which means that again c; is satisfied.
Since c; is arbitrarily taken, we deduce that every clause is satisfied, and therefore, F is satisfiable by our
assignment, which complete the NP-completeness reduction.

O
As a consequence of the reduction above concerning the GD-kA PROBLEM, we obtain the following result.

Corollary 4.2. For a digraph D and an integer k € {—1,...,AT (D)}, the problem of computing the global
defensive k-alliance number of D is NP-hard.

Based on these two results above and with the knowledge of analogous results on alliances in graphs, one
could naturally pose the following conjecture.

Conjecture 4.3. For a digraph D, the GD-kA PROBLEM is NP-complete, and so, computing the global
defensive k-alliance number of D is NP-hard for any k € {—AT(D),...,AT(D)}.

Despite the GD-kA PROBLEM would be proved to be NP-complete for any integer value k €
{—=AT(D),...,AT(D)}, there are always several situations in which the problem becomes “easier”, namely
polynomial. One example, whether K = —1 and D is a rooted tree, is next studied.

By a process similar to that one presented at the beginning of Section 3, we are able to provide an algorithm
for finding a v, (T)-set, for any rooted tree T, as follows. The algorithm, which is next stated, uses the so-called
Breadth-First Search (BFS for short) algorithm ([10,20]) for traversing the vertices of the underling tree of the
rooted tree T'. In the algorithm, given a vertex v, by p(v) we mean the parent of v, and by Ch(v), the children
of v (see [18]).

Algorithm 1. Minimum global defensive alliance.

Input: A rooted tree T of order n > 2 with root r
Output: a y(T)-set S" and a v, (T)-set S
S—§ =0
order V(T') by BFS algorithm
L is the list of vertices ordered with respect to the BFS-ordering
while |L]| > 1 do
take last vertex v € L
add p(v) to S’
remove p(v) and Ch(p(v)) from L (note that v € Ch(p(v)))
end while
for u € S’ do
compute deg™ (u), deg?, (u) and g(u) =max{0, {@J — deg?, (u)}

add u and q(u) vertices of Ch(u)\ S’ to S
end for
return S’ and S

The following theorem ensures that the outputs of Algorithm 1. will always attain the minimum values for a
global defensive alliance in a rooted tree T'.

Theorem 4.4. For any rooted tree T the subsets S’ and S constructed by Algorithm 1. are v(T) and v, (T)-
sets, respectively.
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Proof. As we showed in the proof of Theorem 3.1 the subset S’ is a y(T)-set. Clearly, S is a dominating set
in T. For any u € S', degd(u) = q(u) + degl,(u) > |deg™ (u)/2]. On the other hand, N*(v) C S’ C S for
each v € S\ 9. Therefore, S is a global defensive alliance in T. Now let A be a v¢,(T)-set. Then A intersects
{u} UCh(u) at greater or equal than 1+ g(u) vertices, for each u € S’. So, |S| < |A|. Thus, |S| =~%,(T). O

Since it is well known that the BFS algorithm runs in linear time for trees, and according to the previously
described process, it is easy to check that Algorithm 1. can be implemented to run in polynomial-time on the
order of the rooted tree 7T'.

5. CONCLUDING REMARKS AND FUTURE WORK

— As in the case of graphs, alliances can be analyzed not in a global way, but in a local one. In this sense,
one can define the following parameter for a digraph D. A set of vertices S C V(D) is called a defensive
k-alliance in D provided that deg? (v) > degg(v) + k for all v € S (notice that we do not consider now the
domination property). The defensive k-alliance number, which could be denoted af(D), is defined as the
minimum cardinality of a defensive k-alliance in D. In consequence, the study of the not global case for a
defensive k-alliance is clearly of potential interest to continue this research line.

— Similarly to the case of graphs, where offensive alliances (global and not global) are also defined and studied,
for digraph an analogous parameter can be presented. That is, a set of vertices S C V(D) is called a
global offensive k-alliance in D provided that every vertex in V(D) \ S is adjacent from a vertex in S and
degg (v) = degz (v)+k, for allv € V((D)\S. The global offensive k-alliance number, denoted 7¢(D), is defined
as the minimum cardinality of a global offensive k-alliance in D. Results on global offensive k-alliances in
digraphs shall be given in the ongoing work [9]. Notice that, the definition of offensive alliances is more
natural while the condition regards in-degrees, in order that the “offensive” property of the set in question
will make sense. Clearly, the local version of offensive alliances is also of interest to continue developing this
research line.

— An interesting question concerning this work concerns completing the NP-hardness property of computing
the global defensive k-alliance number of digraphs. That is, proving the Conjecture 4.3. Moreover, it would
be interesting to find some classes of digraphs whether such problem could be polynomially solved. For
instance, we have shown that finding global defensive k-alliances in rooted trees can be solved in polynomial
time. Can such result be generalized to directed trees in general?

— A final remark is again related with studying an alliance variant equivalent to the one from not directed
graphs. That is the case of (global) powerful k-alliances. In a graph G, a set of vertices S C V(G) is a
(global) powerful k-alliance if it is a (global) defensive k-alliance and a (global) offensive (k + 2)-alliance. It
is then natural to consider the (global) powerful k-alliances in digraphs, which can be defined in a similar
way, and study their mathematical properties .
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