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ABSTRACT. We extend both Dobbertin’s characterization of primely generated regular re-
finement monoids and Pierce’s characterization of primitive monoids to general primely gen-
erated refinement monoids.

INTRODUCTION

The class of abelian monoids satisfying the Riesz refinement property —refinement monoids
for short— has been largely studied over the last decades in connection with various problems,
as non-stable K-Theory of rings and C*-algebras (see e.g. [2, 4, 5, 10, 11]), classification of
Boolean algebras (see e.g. [13]), or its own structure theory (see e.g. [7, 8, 14]). Recall that an
element p in a monoid M is a prime element if p is not invertible in M, and, whenever p < a-+b
for a,b € M, then either p < a or p < b (where < y means that y = = + z for some z € M).
The monoid M is primely generated if every non-invertible element of M can be written as a
sum of prime elements. Primely generated refinement monoids enjoy important cancellation
properties, such as separative cancellation and unperforation, as shown by Brookfield in |7,
Theorem 4.5, Corollary 5.11(5)]. It was also shown by Brookfield that any finitely generated
refinement monoid is automatically primely generated [7, Corollary 6.8].

Recently, the class of refinement monoids has been separated into subclasses of tame and
wild refinement monoids, where the tame ones are the direct limits of finitely generated
refinement monoids, and the rest are wild. This has been motivated by problems in non-
stable K-theory, where many of the monoids that appear in connection with von Neumann
regular rings and C*-algebras of real rank zero are indeed tame refinement monoids. It has
been asked in [3, Open Problem 5.3] whether all primely generated refinement monoids are
tame.

Two classes of primely generated refinement monoids have been completely classified. The
first one is the class of primitive monoids, i.e. antisymmetric primely generated refinement
monoids, see [13]. These monoids are described by means of a set I endowed with an anti-
symmetric transitive relation <1. Given such a pair (I, <), the primitive monoid associated to
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it is the monoid generated by I with the relations ¢ + j = j if and only if ¢ < j. We observe
that this is the same as giving a partial order < on I and a decomposition I = Igee U Ireq into
free and regular elements, the free elements corresponding to the elements i such that ¢ 4 1,
and the regular ones corresponding to the elements 7 such that ¢ < ¢. Using this structure,
tameness of primitive monoids has been verified in [3, Theorem 2.10]. The second class where
a satisfactory description has been obtained is that of primely generated regular conical re-
finement monoids. These monoids were characterized by Dobbertin in [8] in terms of partial
orders of abelian groups.! It has been shown by the second-named author and Wehrung [12,
Theorem 4.4] that all regular conical refinement monoids are tame.

In the present paper, we obtain a common generalization of both results, obtaining a
representation of primely generated conical refinement monoids in terms of certain partial
orders of semigroups. The basic data are a poset I, together with a partition I = Igee L Jreg,
a family of abelian groups G; for ¢ € I, and a family of semigroups of the form N x G,
where G; is an abelian group, for i € Ip. (see Definition 1.1 below for the precise definition).
To each one of these [-systems J we associate a conical monoid M (7).

With this notation and terminology at hand, we can state the main results of the paper as
follows:

Theorem 0.1.

(1) Given any primely generated conical refinement monoid M, there is a poset I and an
I-system J such that M = M(J).

(2) For any I-system J, the monoid M(J) is a primely generated conical refinement
monoid. Moreover, M(J) is a tame monoid.

Note that this result gives a complete description of primely generated conical refinement
monoids. It also gives an affirmative answer to [3, Open Problem 5.3]. In the particular case
where all the above groups G; are trivial, we recover Pierce’s characterization of primitive
monoids. In the case that I = 0, our result reduces to Dobbertin’s characterization of
primely generated regular conical refinement monoids. Theorem 0.1(1) will be proven in
Section 2 (see Theorem 2.7).

It is readily checked that M(J) is a primely generated conical monoid for every I-system
J (Remark 2.8). It will be shown in Sections 3 and 4 that M(J) is a tame refinement
monoid, thus completing the proof of Theorem 0.1. We point out that one of the main
difficulties in showing the refinement property for M(7), when Ipe. # (), lies in the fact that
the archimedian components of this monoid do not satisfy refinement in general.

Section 3 is devoted to the proof of the refinement property of M (J) for finitely generated
I-systems. We show this result first in the case where all the upper subsets I 1 i := {j €
I:i<j}, fori€ I, are chains (Proposition 3.2), and then we adapt a technique introduced
in [2] to solve the general case of a finitely generated I-system (Theorem 3.15). We believe
that, in analogy with [2], the methods developed in this section will be useful in the study of

1Tt should be pointed out that the definition of refinement monoid given in [8] includes the condition of
being conical (condition (1) in [8, p. 166]). Following modern convention, refinement monoids are defined here
just in terms of the accomplishment of the Riesz refinement property (see Section 1 for the precise definitions
of these conditions).
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the realization problem for finitely generated conical refinement monoids (see [1] for a survey
on this problem).

For a general [-system J, we prove in Section 4 that M(J) can be written as a direct
limit of monoids of the form M (J’), where [J' are finitely generated systems. By Proposition
2.9 and Theorem 3.15, all these monoids M (J’) are finitely generated conical refinement
monoids, so we obtain at once that M(7) is a refinement monoid, and that it is tame.

We work with conical monoids because these are the monoids that appear in non-stable
K-theory. However, similar results can be obtained for non-conical refinement monoids M by
considering the conical refinement monoid M {0} obtained by adjoining a new zero element
to M.

1. I-SYSTEMS AND THEIR MONOIDS

In this section we will define I-systems —a structure extending the notion of partial order
of groups— by replacing the groups by some special semigroups. Using this structure, we
will construct an associated monoid in a way that extends Dobbertin’s construction [8] and
Pierce’s construction [13]. First, we will recall some basic definitions.

Given a poset (I, <), we say that a subset A of [ is a lower setif xt <yin [ andy € A
implies © € A. For any i € I, we will denote by I | i = {x € I : x < i} the lower subset
generated by i. We will write x < y if z < y and x # y.

All semigroups considered in this paper are abelian. We will denote by N the semigroup of
positive integers, and by Z* the monoid of non-negative integers.

Given an abelian monoid M, we set M* := M \ {0}. We say that M is conical if M* is a
semigroup, that is, if, for all x, y in M, x 4+ y = 0 only when z = y = 0. We say that M is
separative provided 2x = 2y = x + y always implies © = y; there are a number of equivalent
formulations of this property, see e.g. [4, Lemma 2.1]. We say that M is a refinement monoid
if, for all a, b, ¢, d in M such that a + b = ¢ + d, there exist w, x, y, z in M such that
a=w+x,b=y+z, c=w+yand d=x+ z It will often be convenient to present this
situation in the form of a diagram, as follows:

c |d
alw|x|
bly |z

If 2,y € M, we write x < y if there exists z € M such that x + z = y. Note that < is a
translation-invariant pre-order on M, called the algebraic pre-order of M. An element x € M
is reqular if 2z < x. An element x € M is an idempotent if 2o = x. An element x € M is
free if ne < mx implies n < m. Any element of a separative monoid is either free or regular.
In particular, this is the case for any primely generated refinement monoid, by [7, Theorem
4.5].

A subset S of a monoid M is called an order-ideal if S is a subset of M containing 0, closed
under taking sums and summands within M; that is, S is a submonoid such that, for all
re€MandeeS, if x <ethenzeS. If (Sk)rea is a family of (commutative) semigroups,
Drcn Sk (resp. [cq Sk) stands for the coproduct (resp. the product) of the semigroups Sy,
k € A, in the category of commutative semigroups. If the semigroups Sy are subsemigroups
of a semigroup S, we will denote by >, ., Sk the subsemigroup of S generated by | J, o Sk-
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Note that ), ., Sk is the image of the canonical map @, ., Sk — 5. We will use the notation
(X) to denote the semigroup generated by a subset X of a semigroup S.

Given a semigroup M, we will denote by G(M) the Grothendieck group of M. There exists
a semigroup homomorphism y;: M — G(M) such that for any semigroup homomorphism
n: M — H to a group H there is a unique group homomorphism 77: G(M) — H such that
noyy =mn. G(M) is abelian and it is generated as a group by ¥(M). If M is already a
group then G(M) = M. If M is a semigroup of the form N x G, where G is an abelian
group, then G(M) = Z x G. In this case, we will view G as a subgroup of Z x G by means
of the identification g <+ (0,g). These are the only cases where we will need to consider
Grothendieck groups in this article.

The following definition is crucial for this work:
Definition 1.1. Let I = (I, <) be a poset. An I-system J = (I, <,(Gi)ier, ;i (1 < j)) is
given by the following data:

(a) A partition [ = Ifc. U I, (we admit one of the two sets I or ¢, to be empty).

(b) A family {G;}ics of abelian groups. We adopt the following notation:

(1) For i € Iy, set M; = G;, and @Z =G, = M,.
(2) For i € Ipyee, set M; =N x G, and éz =7Z x G,
Observe that, in any case, G, is the Grothendieck group of M;.

(c) A family of semigroup homomorphisms ¢;;: M; — G; for all i < j, to whom we
associate, for all i < j, the unique extension @j;: @Z — G of j; to a group homo-
morphism from the Grothendieck group of M; to G; (we look at these maps as maps
from G; to CAJ]) We require that the family {¢;;} satisfies the following conditions:

defines a functor from the category I to the category of abelian groups (where
we set ©;; = idg, for all i € I).
(2) For each i € I we have that the map

is surjective.

We say that an I-system J = (I, <,(Gi)ier, @ji (1 < 7)) is finitely generated in case I is a
finite poset and all the groups G; are finitely generated.

Remark 1.2. Note that, if i € I and i is a minimal element of I, then G; = {¢;}, and so
M; = N, by condition (¢2) in Definition 1.1. Indeed the map appearing there in this special
case should be interpreted as the map {0} — {e;}. For i being not minimal, the inclusion of
{0} in the domain of the map makes no difference.

Given a poset I, and an [-system J, we construct a semilattice of groups based on the
partial order of groups (/, <, éz), by following the model introduced in [8]. Let A(I) be the
semilattice (under set-theoretic union) of all the finitely generated lower subsets of I. These
are precisely the lower subsets a of I such that the set Max(a) of maximal elements of a is
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finite. In case [ is finite, and since the intersection of lower subsets of I is again a lower
subset, A(I) is a lattice. For any a € A(I), we define H, = D, G, and we define f (a C b)
to be the canonical embedding of H, into H,. Given a € A(I),i € a and u € G;, we define
x(a,i,u) € H, by

dain={ o {170
Let U, be the subgroup of Ig'a generated by the set
{x(a,i,u) — x(a, 7, 5;(w)) : i < j € Max(a),u € G;}.
Now, for any a € A(I), set éa = Aa/Ua, and let &, : f]a — éa be the natural onto

map. Then, for any a C b € A(I) we have that f°(U,) C U, so that there exists a unique
homomorphism f?: G, — G} which makes commutive the diagram

f2

f—-\[a ﬁb
@al \L@b
Ga ?Gb

Hence, (A(1), (Ga)aca(n) fb(a C b)) is a semilattice of groups. Thus, the set
M) = || G..

ac A(I)
endowed with the operation x + y := E‘Ub(x) + ﬁfwb(y) for any a,b € A(I) and any x €
Ga,y € Gy, is a primely generated regular refinement monoid by [8, Proposition 1]. Note
that Hy = Gy = {0}. We refer the reader to [8] for further details on this construction.
In order to attain our goal, we define a convenient substructure of ﬁa. Let H, be the
subsemigroup of FAIa defined by

B ~ N x G; for i € Max(a)ee
H, = {(Zi)iea eH,: z € { {(0,0)}UN X G;  for i € apee \ Max(a)gee }} '

In what follows, whenever ¢ < j € I with j a free element, x = (n,g) € NxG; and y € M,,
we will see  + ¢j;(y) as the element (n,g + ¢;i(y)) € N x G;. This is coherent with our

identification of G as the subgroup {0} x G; of @j =17 x Gj.
Lemma 1.3. Ifz € H, and y € Hy, then
fo (@) + £2(y) € Ha.
Proof. This follows from the fact that Max(a U b) C Max(a) U Max(b). O
Lemma 1.3 implies that we can define a semilattice of semigroups

(A(D), (Ha)aca(n), f2(a Cb)).

Now, we will construct a monoid associated to it. For, consider the congruence ~ defined on
H,, for a € A(I), given by
r~y = x—yeU,.
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Lemma 1.4. Leta € A(I). The congruence ~ on H, agrees with the congruence =, generated
by the pairs (x + x(a,i, @),z + x(a, j, pji(a))), for x € Hy, i < j € Max(a) and oo € M;.

Proof. 1t is clear that if x = y then z ~ y.
Assume that z ~ y. Then there exist a finite subset A consisting of pairs (4, ) € I? such

that ¢ < j for all (i,j) € A and j € Max(a), and elements oz(J) ﬁ(j) € M; such that
z+ Y (x(a, g, ei(@?) + x(a,3, B7) =y + D (a5, 05:(B7) + x(a,i,a”)). (1.1)

(i,7)€A (i,j)EA
Observe that
vt 3 (xladen(B) 4 xlai o) =yt 3 (xag eu(B) +x(ai.a)).
(i.j)eA (i,7)EA

so that it is enough to show that for all z = x(a,?,a) and all z = x(a,J,p;i(®)), i < j €
Max(a), « € M;, and for all z,y € H,, we havez + 2=y + 2 — z=y.

Assume that for z,y € H,, i < j € Max(a) and o € M; we have z+x(a, 1, @) = y+x(a, i, ).
We then have

z+ x(a, j, pji(@) = v+ x(a,i,a) =y + x(a,i,0) =y + x(a, j, pji(@)),
so that it suffices to show that z + x(a,j,u) = y + x(a, j,u) implies v = y for u € G, j €
Max(a). But this is easy: let (®, 2" .. 2 be elements in H, such that 2(© = z+x(a, j, u)
and ™ = y+x(a, j,u), and such that, for m = 0, ... ,n—1, either (™ = (™) +x(a, k, o)
and z(™Y = (M) + y(a,l, o)), or 2™ = (2™ + y(a,l, pi(an,)) and 2MF) =
(™)) + x(a, 1, ayy,), for some (™) € H,, a,, € Mj, and some pair k < | € Max(a). Then,
setting

Z(m) = x(m) - X(CL?.j? U) ) +X(a7j7 —U) S HCH (m = 07 17 T ’n)

we get that 20 = z, 20" = y and 2(™ are elements in H, satisfying relations analogous to
the ones satisfied by 2™ (with (z(™)" := (™) — x(a, j,u) in place of (x(™)’). This shows

= x(m

that © = y. O
Corollary 1.5. For every a € A(I), M, := H,/ ~= H,/ = is a submonoid of G,.

Proof. By Lemma 1.4, we have H,/ ~= H,/ =. Clearly, M, = H,/ ~ is a submonoid of
./ ~. O

Definition 1.6. Given an I-system J = (I, <, G, ¢;i(i < j)), we denote by M (J) the set
Useay Ma- By Lemma 1.3 and Corollary 1.5, M(J) is a submonoid of M.

Remark 1.7. If I = I,.,, then M(J) is the monoid constructed by Dobbertin [8]. If all
groups G; are trivial, then we recover Pierce’s primitive monoids [13].

Observe that Lemma 1.4 gives:

Corollary 1.8. M(J) is the monoid generated by M;, i € I, with respect to the defining
relations

r+y=x+y¢;ly), 1<jxreM;,yeM,.
Proof. This follows from the fact that M, = H,/ = for all a« € A(I) (Lemma 1.4). O
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Notation. Assume J is an [-system. For ¢ € I and z € M; we will denote by x;(z) the
element [x(I | i,7,x)] € M(J). Note that, by Corollary 1.8, M(J) is the monoid generated
by xi(x), i € I, x € M;, with the defining relations

We will denote by £(M) the lattice of order-ideals of a monoid M and by £(I) the lattice
of lower subsets of a poset I.

Proposition 1.9. Let J be an I-system. Then there is a lattice isomorphism
L(I)=LM(T)).
More precisely, given a lower subset J of I, the restricted J-system is
j] = (J7 Sa (Gi>i€J7 ijia (2 < j € ‘]))7
and the map J — M(J;) defines a lattice isomorphism from L(I) onto L(M(T)).

Proof. Since J is a lower subset, we see that J; is a J-system (of course, we set Juee = J N Ifee
and Jyeg = J N o). Given a € A(J), we also have that a € A(I), and moreover M, only
depends on the system restricted to a, therefore we get an embedding

M(T)= || Mo—MT)= || M.

a€A(J) a€A(I)

Clearly M(J;) is an order-ideal of M (J).

The map J — M(J;) is clearly injective. To show surjectivity, let N be an order-ideal of
M(J), and let J be the subset of elements i of I such that y;(x) € N for some = € M;. We
claim that M(J;) = N. If z € N then there is a € A(I) such that z = Y, \;, ) Xi(z:) for
some z; € M;. Since N is an order-ideal, we get y;(z;) € N, and so i € J. This shows that
N C M(J,). Conversely, M(J;) is generated as a monoid by the elements y;(x) for i € J
and x € M;, so it suffices to show that all these elements belong to N. If ¢ € J then there is
an element z € M; such that y;(z) € N. Observe that the archimedian component of x;(z)
in M(J) is precisely x;(M;). Therefore, being N an order ideal of M (), we must have that

We have shown that the map J — M (7;) is a bijection. It is easily checked that this map
is a lattice isomorphism. O

Observe that the map defined in Proposition 1.9 restricts to a semilattice isomorphism
from A(I) to the semilattice of finitely generated order-ideals of M (7).

2. THE I-SYSTEM OF A PRIMELY GENERATED REFINEMENT MONOID

In this section we will show that for any primely generated conical refinement monoid M
there exist a poset I and an I-system [Jjs such that M and M (7)) are isomorphic.

The set of primes of an abelian monoid M is denoted by P(M). Two primes p,q € M are
incomparable if p £ q and ¢ £ p. Let M be the antisymmetrization of M, i.e. the quotient
monoid of M by the congruence given by x = y if and only if z < y and y < x (see [7,
Notation 5.1]). We will denote the class of an element x of M in M by Z.

The following facts are easily proven.
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Lemma 2.1. If p € M, then:
(1) D € M is regular if and only if so is p.
(2) pe M is free if and only if so is p.
(3) p € M is prime if and only if so is p.
For z,y € M, we will write x <* y when Z < 7 in M. We write  <* y if either z <* y or
x=y.

Lemma 2.2. Let p,q € M primes, and suppose that ¢ <* p. Then, p+q =D

Proof. We have p = q + a for a nonzero @ € M, and thus either p < g or p < @. The first
case implies that p = @, contradicting the assumption. Hence, p +¢ < @+ ¢ = p. and thus
P+ q =P, as desired. O

For a € M, we denote by M, the archimedian component of a, so that x € M, if and only
if a < nxz and x < ma for some positive integers n, m.

Lemma 2.3. Let M be a primely generated refinement monoid, and let p € P(M )gee. If
x € M,, then there exists a unique n € N such that T = np.

Proof. By [7, Theorem 5.8|, there are unique pairwise incomparable primes G, ...,G, and
uniquely determined positive integers ny, ..., n,, with n; = 1 if g, is regular, such that

T =g+ + Nl

Since T < np for some n € N, we get that g; < pforallv =1,... s, and since p < mZx
for some m € N we must have p < g for some i. Therefore p = g; and, since the g, are
incomparable we must have s = ¢ = 1. This gives the result. O

We are now ready to define the I-system associated to a primely generated conical refine-
ment monoid M:

(1) By [7, Theorem 5.2], M is a primitive monoid. We will choose, for each prime p of M, a
representative p of p in M, and we will consider the set P formed by the set of all the elements
p obtained in this way; notice that, by Lemma 2.1, P C P(M). We will refer to these elements
as the primes of M, although any element p’ such that p = p’ will be also prime of course.
Note that, again by Lemma 2.1, p is regular or free according to whether p is regular or free
in M.

The chosen poset is P endowed with the partial order <*. Note that (P, <*) is order-
isomorphic with (P, <) = (P(M), <).

(2) For each p € P, let M, be the archimedian component of p. We separate two cases:

(i) If p is regular then M, is an abelian group (see e.g. [7, Lemma 2.7]), denoted by
G,. In this case, we choose as the canonical representative of p the only idempotent
element lifting p, i.e. the unit of the group M,,.

(ii) If p is free, we define

G,={p+a:aecMandp+a<p}
Then G, is a group with respect to the operation o given by:
(p+ta)o(p+B)=p+(a+p)
(see [7, Definition 2.8 & Lemma 2.9]).
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In order to complete the picture for the case (ii), we need to prove the following result.

Lemma 2.4. Let p € P be a free prime. Then
M, =N x (G;,o).

Proof. If p+ o € G, then for any n € N we have np + a € M,. Thus, we can define a map
¢: N x G}, — M, by the rule
p(n,p+a)=np+o.
We have

o((n,p+a)+(m,p+B)) = p(n+m,p+a+p) = (n+m)p+a+B = ¢(n,p+a)+e(m,p+j),

showing that ¢ is a homomorphism.

Now we show that ¢ is injective. Suppose that np + o« = mp + [ for some n € N and
p+a,p+ B € G, Passing to M and using that p is free, we get n = m. Now by separative
cancellation ([7, Theorem 4.5]), we get p+a =p+ 5.

To show that ¢ is surjective, take any x € M,,. By Lemma 2.3, T = np for some positive
integer n, so that x + a = np and np + B = x for some a, 5 € M. We thus obtain np =
np+a+ 3, which again by separative cancellation gives p = p+a+ 3, showing that p+3 € G,
We obtain = = ¢(n,p + ). O

Remark 2.5. Observe that, for p free, the group (G}, 0) is identified with a subgroup G, of
G(M,) = 7Z x (G, 0) by the rule (p + ) <+ (p+a) — p € G(M,) for p+ o € G,. With this
identification, M, is naturally identified with N x G, through the map v¢,: N x G, — M,
given by ¢,((n, (p + @) —p)) = np+ «, and so is G(M,) with Z x G,,.

The groups (G,),ep constructed above are the groups for our P-system.

(3) We now define maps ¢,,: M, = G, for ¢ <* p, p,q € P. First we need the following fact
Lemma 2.6. If ¢ <*p € P and x € M, then p+x < p.

Proof. We separate two cases:

(1) If ¢ is regular, then for any x € M, we have ¢ + x < ng < ¢. By Lemma 2.2
p<pt+q<pandthusp+z<(p+q) +r=p+(¢+z)<p+qg<p

(2) If ¢ is free, then by Lemma 2.4 there exist n € N, a € M with ¢4+a < g and x = ng+a.
Again by Lemma 2.2, p+ ¢ <p,and thus p+x=p+nqg+a <p+nqg <p.

O

For x € M, set
Ppg(T) = (p+2) —p € Gy CG(M,).
Observe that this map is well-defined by Lemma 2.6. Also, it is clearly a semigroup ho-
momorphism. It is straightforward to show that the induced maps @,,: G, — G, satisfy
condition (c1) of Definition 1.1. We finally look at condition (c2). Let p be a free prime in
P and let @« € M be a nonzero element such that p + a« < p. By [7, Theorem 5.8], there
exists pairwise incomparable primes ¢i,...,q, € P such that ¢; <* p for all 7, and uniquely
determined positive integers n;, with n; = 1 if ¢; is regular, such that

=g+ + g,
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Since a < nyqy + - - - + n.q., we can apply refinement to get « = a3 + - - - + o, with a; < n;qg;
for all ¢. Observe that we obtain &; = n,g;, as otherwise we would arrive to a contradiction
with the uniqueness of the expression of @ as a sum of primes in M. In particular we obtain
a; € M,,, and

(p+a)—p= Z Pp.ai(0u) € (@ @qm)(@ M,),

a<p q<p
as desired.

We have thus built a P-system Jy = (P, <*, (G,)pep, ppe(q <* p)) associated to the monoid
M.

Theorem 2.7. With the above notation, we have that there is a natural isomorphism of
monoids

M(Jy) — M.
Proof. For each p € P, there is a natural map

VYp : M(Jur)p — My,

which coincides with the identity map when p is regular, and with the map (n, (p+a) —p) —
np + a when p is free and p + a € G}. As observed in Remark 2.5, the map ), is an
isomorphism. Now, let ¢ <* p € P, let x € M, and y € M,. By Lemmas 2.4 and 2.6, we have
r+y € M, andsoz+y=x+y+0,=2+[(p+y) —p] = T+ ¢p(y) holds in M, where 0, is
the identity of the group ép. By Corollary 1.8, there exists a unique monoid homomorphism
Y M(Jm) — M which restricts to v, for every p € P. Since M is primely generated and
conical, 1 is a surjective map.

To show that v is injective, we use the description of M (Jy/) obtained above and an
argument of Dobbertin [8, pp. 172-173]. Since 1), is an isomorphism for all p € P, and in
order to simplify the notation, we will identify M (7)), and M, for the rest of the proof.

Let Z,5 € M(Jun) be such that ¢(z) = ¢ (7). Adopting the notation introduced in Section
1, we may assume that Z,y have representatives * € H, and y € H,, respectively, for
a,b € A(I), of the form

r= > xapz), y= Y. xbay),
pEMax(a) geMax(b)

where x, € M, for all p € Max(a) and y, € M, for all ¢ € Max(b).

Observe that
Yoom=v@ =v@) = >
(a)

pEMax(a geMax(b)

in M. Applying [7, Theorem 5.8|, we deduce that Max(a) = Max(b), and so a = b.
Since M has refinement, there are elements z,, in M such that @, = > 1. ) Zpe and
Yqg = ZpeMaX(a) Zpq- Since M is primely generated, we can write

Tpq

“pq = E :wpqlv
=1
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where w,,; € M; for | € P. Observe that, looking at =, as an element of @p, we have
xp = 2, (32 Ppilwpq)), and similarly, looking at y, as an element of G,, we have y, =

Zp(Zl Pt (Wpqt))-

The following computation is performed in the group H, (cf. [8]):

Z (X(CL?]?’ Ppi(wpqt)) — x(a, 1, wpql))

p,q;l

+ Z ( x(a,l, wyq) — x(a, q, @qJ(wml)))

D,q,!

- Z X(a7p7 @p,l (wpql)) - X(CL7 q, @q,l (wpql))
P,q,!

=3 (an, 3 Goalwpa)))) = 3 (xlaa, Z 2 Pailitpm) )

- (Srepa) - (Srteom)

=z —vy.

This shows that  —y € U,, and so & = ¢ in M, = H,/ ~ (see Corollary 1.5). This concludes
the proof. O

Remark 2.8. It can be easily checked that, for any I-system 7, the primes of M(J) are
precisely the elements of the form x;(z), for i € I,; and z € G; and the elements of the form
X;((1,2)) for j € It and z € G;. So, M(J) is always a primely generated monoid.

Proposition 2.9. An I-system J is finitely generated if and only if M(J) is a finitely
generated monoid.

Proof. Assume first that J = (I, <, (G;)ier, ;i(t < 7)) is a finitely generated I-system. By
Remark 1.2, for every i € If,.. minimal, the semigroup M; is generated by (1, ¢;), and thus it
is finitely generated. Then, using condition (¢2) in Definition 1.1, it is easily seen that M (J)
is generated as a monoid by the elements of the form x;(1, ¢;), for i € Igce and the elements of
the form x;(z;.), for ¢ € I,ey, where {z;1,...,2;,,} is a finite family of semigroup generators
of Gz

Conversely, suppose that M (7) is finitely generated. We first show that I is finite. Indeed
consider the I-system J=, with the same partition of I as disjoint union of free and regular
elements, and with G;- = {e;} for all i € I. Then M (J7) is the antisymmetrization of M (7),
and so is a finitely generated monoid. It is readily seen that a minimal set of generators of the
primely generated refinement monoid M (J=) [13] is precisely the set of primes P(M(J=)) = I
of M(J=). Therefore I is finite.

Now, let ¢ € I, and let G be a finite family of semigroup generators of M (7). If g € G
and y;(e;) + g < xi(e;), then there is an element g; € G; such that x;(g;) = xi(e;) + g. It is
easy to check that the finite family

{gi 1 g € G and xi(es) + g < xi(ei)}



12 P. ARA AND E. PARDO

generates G; as a semigroup. Therefore, G; is a finitely generated group if i € I,es. Now, if
i € Ifee then one shows using (c2) in Definition 1.1 and induction that G; is also a finitely
generated abelian group. 0

3. THE REFINEMENT PROPERTY OF M (J) FOR FINITELY GENERATED [-SYSTEMS

In this section we show that, for any finitely generated I-system .7, the monoid M (J)
has the refinement property. Indeed, we prove more generally this result for arbitrary I-
systems over finite posets I. This will be used in the next section to show the refinement
property for the monoids associated to arbitrary I-systems. We remark that a main difficulty
in establishing the refinement property for M(J) is that the components M,, for a € A(I),
do not satisfy refinement in general.

The first step is to show that the result holds when I satisfies the additional condition
that, for every p € I, the set I 1+ p = {i € I : p < i} is a chain (Proposition 3.2). For
this result, we do not require I to be finite. Given ¢ € I, we will denote the lower subset
I'li={xel:z<i}bya(i).

We establish in the next result one of the crucial steps for proving the refinement property.

Lemma 3.1. Let J = (I, <,Gy,¢5i(i < j)) be an I-system. Let i € I and consider elements
1, %2, Y1, Y2 € M; such that x1 + x9 = y1 + y2 tn M;. Then there are elements 209) such
that 2 = x(a(i), i, z11), 2% = x(a(i), i, z02), for some elements 211, 2oy in M, 212, 221 ¢
Upca@) Ho such that the identities [x(a(i), i, ;)] = S 20 forr =1,2 and [x(a(i),i,ys)] =
S 1209 for s =1,2 hold in M(J).

Proof. It i € I,.4, then M; is a group, whence the result is clear. So assume that ¢ € Ife.

Write x, = (n,,9,) € Nx G; and ys = (mg, hs) € N x Gy, for r;s € {1,2}. Consider a
refinement of the equality ny 4+ ny = m; + my of the form

my | My
ny |y | G122
Mg | Qg1 | 29

with ;1 and agp positive integers and ;2 and ap; non-negative integers. On the other
hand we may consider a refinement

hi | ho
g1 51,1 51,2
g2 52,1 52,2

of the identity ¢g; + g2 = hi + hy in the group G;. For the indices (7, s) such that «,. s = 0,

use condition (c2) in Definition 1.1 to find finitely many elements 5,(€T5) € My, with k£ < 4,
satisfying that >, c,oik(d,(fs)) = B,s. Now take 217 = (ay1,511), 202 = (29, 522), and for
r# s, take 2 = x(a(i),4, (s, Brs)) in case a, s # 0 and 2 = 3" y(a(k), k,é,(fs)) € H,
in case a, 5 = 0, where b € A(I) and b C a(i). It is then clear by Lemma 1.4 that the
identities [x(a(i),4,2,)] = Y., [2"] for r = 1,2 and [x(a(i),i,ys)] = >, [2)] for s = 1,2
hold in M(J7). O

Now, we are ready to prove the desired result for a special kind of posets.
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Proposition 3.2. Let J = (I,<,G;,p,i(t < j)) be an I-system. Assume that, for every
p e, theset I 1+ p=1{ie€l:p<i}isa chain. Then, the associated monoid M(TJ) is a
refinement monoid.

Proof. Assume that 2™ + 23 = ¢ 44 in M := M(J), where 2(") € M, and y® € M,,
for a,,bs € A(I). Then a := a3 Uay = by Uby. Write A, = Max(a,), Bs = Max(bs), and
A= Max(a). Observe that A1 N AQ g A g Al U A2 and similarly B1 N B2 Q A Q Bl U BQ.
We first reduce to the case where A is a singleton. For, observe that, because of our
hypothesis that I 1 p is a chain for every p € I, the sets a(k), for k € A, are mutually
disjoint. Indeed, if k,l € A and = € a(k) Na(l), then k,I € I 1 x, which by hypothesis is
a chain. Then, £ < [ or [ < k, and since both are maximal we conclude that £ = [. Now,
for each k € A, let N}, = I_le ) My, be the order-ideal of M generated by the archimedian
component Mg). By the above remark we have that the internal direct sum of order-ideals

@
= Y Ny is the order ideal of M generated by (") 4 22 = y() 4 42 Restricting the
keA
equality 2™ + 2 = ¢y 4 y@ to each Ny, k € A, we may thus assume that A = {k}
for a single element k& € I (and consequently a = a(k)). Note that there exist r,s € {1,2}
such that k € A, N Bs. Without loss of generality, we shall assume that » = s = 1, so that
ke Al N Bj.
By Lemma 1.4, for r = 1,2 we can take representatives & of z(") in H, of the form
7(r) = Diea, & Nl@, where $§) € M, for i € A, (and where xg) =0, € Gz 1f i € a.\A).
(s)

Similarly, we can take representatives §*) of y*) in H,, of the form ) = > ien. Ui 5 where

7% € M; for i € B,.
Since 71 4+ @ ~ g 4+ §@ in H,, it follows that there are elements u; € C/J\Z forv < k
such that
D43 — (GO + ) =) (X(CWE u;) — x(a, k, @kz‘(uz’))) (3.1)
i<k
Fori € a\ (A; U Ay U By U By) we thus obtain that u; = 0;.

We now proceed to obtain the refinement. We need to distinguish several cases. To start
with, observe that the refinement is trivial in case ® = 0 or y® = 0, so we will assume that
AQ#@&HdBQ%@.

Since for any i = 1,2 we have a; C a; Uas = a(k) and b; C by U by = a(k), we have that
y < k for every y € A; and for every y € B; (i = 1,2).

Assume first that k € A1 N AN By N By. Then we have A} = Ay = By = By = {k}. So, we
obtain from (3.1) that x ) 4+ x(g) ]]lil) + y]l(f) in My, and the result follows from Lemma 3.1.

A second case appears When ke AiNAyN By but k ¢ By. Then we have A = Ay = By =
{k}, and by = |J a(d) € a. From (3.1), we get

deBs
B+ =g ==Y Gralua), 9P = —ua (A€ By, (3.2)

dEBQ
Set

d€Bso
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Then it follows from (3.2) that ™ = > [2(")] and ¢ = Y [20] in M(J), giving the
desired refinement. The case where k € A; N B; N By and k ¢ A, is treated similarly.

Finally we consider the case where k ¢ Ay U By. (Recall that we are assuming throughout
that k € Ay N By). Then we have A; = By = {k} and ay, by C a. We have from (3.1):

i*g) - Qz(gl) == Z Dra(uq), Ug = xd for d € Ay \ By, (3.4)
deA>UB3

2 _

——yd for d € By \ A, Uy = yd for d € Ay N B, (3.5)

Set 222 = 0, 202 = @ =3~ 5@ 00—z =y 5D ang

Z(ll) = X( k xk Z kad >
deBs
It is clear that ® = [2Y] + [22Y)] @) = [202] 4+ [2®2)] and 2 = [2V] + [2(02]. Using
equations (3.4) and (3.5), we also obtain y(!) = [2(!V] + [2(Y]. This concludes the proof. [

Now we start our approach to the proof of the refinement property for the monoids associ-
ated to systems over finite posets. We first analyze the functoriality of our main construction.

Definition 3.3. Let I® be posets (t = 1,2), and let J, = (](t),g,th), (t)(z < j)) be
I®_systems. A homomorphism of systems f: J; — J» consists of an order-preserving map
w 11 — I such that ¥ (i) < ¥(j) whenever ¢ < j (that is, it is injective on chains), w([f(rle)e> C
If

T

o and 1[1( reg)) - Ir(eg), and a family of group homomorphisms f;: G(l) fo()i) such that for

i < jin I the following diagram is commutative:

(1)

MY i qWw

i j
7| g (3.6)
M@ ‘me)ﬂ ¥ (i) G

P(1) P(J)

where for i € Ir(elg, f. = fi, and, for i € 1 fi: M RN M is defined by f;(n,h) =

free’
(n, fi(h)), forn € N and h € Gi :
We have the following result:

Lemma 3.4. Let I be posets (t = 1,2), and let J, be I -systems. Then, any homomor-
phism of systems f: Ji — J2 induces a monoid homomorphism M(f): M(J1) — M(Js).

Proof. We set M(f)(xi(z)) = Xu)(fi(x)) for all z € Mi(l), i € IM. By Corollary 1.8, to
show that this is a well-defined homomorphism, it is enough to show that, if i < j in I,
T € M;l) and y € Mi(l), then

v (F5(@)) + x06) (i) = Xt (F(@ + 5 (9))):
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For this, observe that

Xt (T3 (@ + 95" (1)) = X (F (@ )+fj(90ﬂ ®)))
= X (F5(@) + 050w (Fi))) = xu) (T5(2) + xu (Fi(9))

where we have used the commutativity of the diagram (3.6) for the second equality. 0

Recall that given a poset I, and an element ¢ € I, the lower cover of ¢ in [ is the set
L(Li)={j € 1:j<iand [j,i] = {j,i}}.
Under certain circumstances we can pullback an /-system, as follows.

Lemma 3.5. Let I ] be finite posets, let Jo = (I ,S,Ggm,gpﬁ)(i < 7)) be an I®)-
system, and let Y: IV — I?) be an order-preserving surjective map such that (i) < ¥(j)
fori < jinIM. Assume moreover that v induces a bzyectzon fmm L(IM 4) onto L(I®) 1(i))

for all v € I(l). Set Gi for all i € 1MW, and goﬂ = %(M)w for all i,5 € I

with i < j. Then, J; = ( 7§,Gi ,gpji)(z < §)) is an IW-system, and there is a nat-
ural homomorphism of systems f: J, — Jo inducing a surjective monoid homomorphism

M(f): M(J1) = M(J2)-

Proof. The proof is straightforward. The only thing to be remarked is that property (c2)
for the IM-system J; follows from the condition that 1 induces a bijection from L(I™",4) to

L(I® 4(i)) for all i € IV, Indeed, assume that i € If(re)e It suffices to note that, given any
j' € I® such that j’ < w( ), there exists j E I®M such that j < i and +(j) = j'. For this,
take a chain j' = j, < ji -+ < jj = (i) in I? such that j! EL(I( ), Ji) fort—() -1
Then, by using our hypothesis, we can build a sequence jo < ji--- < j; =4 in I such that
Ge € L(IW , j,q) for t =0,...,1 — 1 and ¥(j,) = ji for all t. Now set j = 7. O

To obtain the refinement of M (J) for a general I-system J over a finite poset I, we will
use a technique introduced in [2, Section 6]. In that paper, given a finite poset P with a
greatest element, another poset [F is constructed with the property that F 1 ¢ is a chain for
every ¢ € IF, such that there is a surjective order-preserving map ¥: F — P satisfying certain
properties [2, Proposition 6.1]. Denoting by M (P) the monoid generated by P with the only
relations given by the rules p + ¢ = p whenever ¢ < p, it was shown in [2, Proposition 6.5]
that M(P) is obtained from M(F) by a sequence of crowned pushouts (see below for the
definition). We aim here to obtain a corresponding result for the monoids M (), which in
particular will provide a proof of the refinement property for them.

We will use here [2, Proposition 6.1] and the order-theoretic method behind the proof of
[2, Proposition 6.5]. The monoid content of [2, Proposition 6.5] needs to be adapted in order
to be applied to our situation. We proceed to do that adaptation, in various steps.

Let us recall from [2, Section 4] the definition of a crowned pushout.
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Definition 3.6. Let P be a conical monoid. Suppose that P contains order-ideals I and [,
with I N I" = 0, such that there is an isomorphism ¢: I — I’. We have a diagram

I —— 1

o| B

I' == P
which is not commutative.

The crowned pushout @ of (P,I,I',¢) is the coequalizer of the maps ¢t;: I — P and
ty0@: I — P, so that there is a map f: P — @ with f(u1(2)) = f(2(p(z))) for all x € [
and given any other map g: P — @' such that g(¢1(x)) = g(ta(p(z))) for all x € I, we have
that g factors uniquely through f.

Proposition 3.7 (]2, Proposition 4.2]). Let P be a conical refinement monoid. Suppose that
P contains order-ideals I and I', with INI" = 0, such that there is an isomorphism @: I — I'.
Let @ be the crowned pushout of (P,1,1',p). Then, Q is the monoid P/ ~ where ~ is the
congruence on P generated by © + i ~ x + (i) for i € I and v € P. Moreover Q is a
conical refinement monoid, and ) contains an order-ideal Z, isomorphic with I, such that
the projection map m: P — Q induces an isomorphism P/(I +1') = Q/Z.

It was observed in the proof of [2, Proposition 4.2] that the equivalence relation ~ on P
is refining, that is, if x ~ y + z then there is a decomposition x = x1 + x5 such that z; ~ y
and x9 ~ z. In the terminology of [8], this means that the quotient map 7: P — @ is a
V-homomorphism. The refinement of () follows from this fact.

3.8. Let I be a finite poset, let J = (I,<,G;,;i(i < j)) be an I-system, and let i be a
maximal element of I. Since I | i is a finite poset, we can take the (I | i)-system

Ji = (T4, <, (Gy)jeni piu(k < j,j € I ]1))
obtained by restricting J to I |.7. Since i is a greatest element for the poset I | i, we can use
the construction in [2, Proposition 6.1] to obtain a poset F(7) and a surjective order-preserving
map ¢: F(i) — I | i satisfying the following properties:
(1) The map v preserves chains, that is, if S is a chain in F(i) then 1 restricts to a
bijection from S to (S).
(2) The map S — 9(S) is a bijection from the set of maximal chains of F(7) onto the set
S°(7) of maximal chains of I | .
(3) For every t € F(i), the interval [t, 4] is a chain [2, Proposition 6.1].
(4) For tq,ty € F(i), if ¢([t1,1]) = ¢ ([t,]) then t; = t5. (This follows directly from the
construction of F(7)).
(5) For every ¢ € F(7), the map ¥ induces a bijection from L(FF(), ¢) onto L(I | 7, ¥(q))
2, Lemma 6.4].

Definition 3.9. Let I be a finite poset and let J = (I, <, Gy, p;i(i < j)) be an I-system. A
J -compatible pair of I is a pair of lower subsets I; and I of I such that I NI, = (), and such
that there is an isomorphism of posets ¢: I} — I satisfying the following conditions:

(1) ¥((11)reg) = (I2)reg and P ((I1)gree) = (I2)ree-
(2) G; = Gw(i) for all 7 € I.
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(3) Qi = (pw(j)’w(z) if1 < j and Z,] € Il-
(4) Pji = Pjp6) if7 € Il, j c I\(Il U IQ), 1< j, and Z/J(Z) < j

We have the following easy fact.

Lemma 3.10. Let (I1,15) be a J-compatible pair of lower subsets, and for t = 1,2, let
J: be the I;-system obtained by restricting the I-system J to I;. Then, M(J;) are order-
ideals of M(J) fort = 1,2, with M(Jy) N M(J2) = 0, and there is a monoid isomorphism
v M(Jh) = M(J2) sending xi(x) to Xyu)(x) for alli € I and all v € M;.

Proof. By Proposition 1.9, M(7;) are order-ideals of M(J) and, since I; N Iy = (), we have
that M (7)) N M(J2) = {0}. By Lemma 3.4, the poset isomorphism v: I; — I induces a
monoid isomorphism v : M(J;) — M(Js) with the desired properties. O

Using a compatible pair of I, we can construct a new system, as follows.

Definition 3.11. Let [ be a finite poset, let J = (I, <, Gy, @;i(i < j)) be an I-system, and let
(11, 1) be a J-compatible pair of lower subsets of I. We define J' = (I', <', G, ¢ (i < 7)),
where:
(1) I'=1\ L.
(2) <’ is the order relation obtained by setting ¢ <’ j if and only if either i < j in I or
iel,jel\([1Ul),and ¢¥(i) < jin I.
(3) G; = Gl for ¢ S I.
(4) Fori <" jin I', we have ¢, = pj; if i < jin I, and ¢, = ;4 if i € I, j € I\([1Ul)
and ¥ (i) < jin I.
Lemma 3.12. Let I be a finite poset, let J = (I,<,G;,pji(i < j)) be an I-system, and let
(11, 12) be a J-compatible pair of lower subsets of I. Then, J' = (I', <', G}, ¢/, (i < j)) is an
I'-system.
Proof. Note that condition (4) in Definition 3.9 says that ¢, is well-defined for i <’ j.
To show condition (c1) in Definition 1.1, take 4, j, k in I’ such that i <’ j <’ k. We have to
show that @, = &0
If i < 7 <k in I, then the condition follows from the corresponding condition for 7. If
i,jel, kel\(l1Ul),and ¢¥(j) < k, then (i) < ¥(j) because v is order-preserving, and
thus (i) < k. Therefore,
Phi = Prai) = Pruti) Pty wti) = Pry@ii = Phy @i
where we have used condition (3) in Definition 3.9 for the third equality. A similar proof

applies in the case where i € Iy, j € I\ (I; U I) and (i) < j.
We show now condition (c¢2) in Definition 1.1. For this observe that, given ¢ € I’, we have

B (D B D )
{kel’:k<'i} {kel:k<i} {kelyp(k)<iand k£i}
Since @; yk) = @ar for all k € I; such that k < i and (k) < 7, we obtain that
P i B M) —a
{kel":k<'i} {kel":k<'i}

is surjective. ]
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The following result plays a central role in the proof of the main result of this section.

Lemma 3.13. Let I be a finite poset, let T = (I,<,G;,p;i(t < j)) be an I-system, and let
(I1, 1) be a J-compatible pair of lower subsets of I. Then, the crowned pushout of M(J)
with respect to v: M(Jy) — M(J2) is the monoid M(J'), where J' is the system introduced
in Definition 3.11.

Proof. Let @ be the crowned pushout of M (J) with respect to ¢: M(J;) — M(J2), and let
f: M(J) — @ be the canonical homomorphism.

There is a surjective homomorphism 7: M(J) — M(J') which sends x;(z) to x;(z) if
i€\ I,and x € M;, and sends xyz)(y) to x;(y) if i € I and y € My, = M;. Obviously
this homomorphism equalizes ¢; and t501), so there is a unique homomorphism 7: @ — M(J")
such that m =7 o f. Note that 7 is surjective.

To show that 7 is an isomorphism, we only need to build a homomorphism p: M(J') — @
such that p o7 = Idg. We define p(xi(x)) = f(xi(x)) for ¢ € I’ and x € M} = M;. We have
to check that p is well-defined. By Corollary 1.8, it suffices to check that

FOG(@) + fa(w) = fxs(z + ¢5(v)
fori,j € I' with i <’ j, x € M and y € M].
Assume first that ¢ < j in I. Then,
FOG(@) + fOa) = FOG() + xaw) = FOu (e + @iiy) = Fx (@ + ©5(y)-

Suppose now that ¢ € I, j € I\ (I; UIy) and ¢ (i) < j. Note that, since f equalizes ¢; and
Lo 01, we have

Fxa() = flu(xa)) = fleav (i) = fxwm W))-

Hence,
FOG@) + F(xa() = Fx;(@) + f (e (®) = F(x5(2) + xp0)(9)
= fOu(@ + 000 ®)) = O+ ¢i((y)).
It is clear that p o ™ = Idg. This concludes the proof. 0

The proof of the following lemma is contained in the proof of [2, Proposition 6.5].

Lemma 3.14. Let I be a finite poset and let k € Max(I). Then, there exist a positive integer
n, a family (I')o<i<n of finite posets, and a family 1, : I' — I'™' of surjective order-preserving
maps such that, if we denote Wy =1, y0---01, (0<t<n-—1), then:
(1) I°=TF(k), I" =11k, and Yy is the map ¢ : F(k) — I | i in 3.8.
(2) Fort=0,1,...,n— 1, there exist disjoint lower subsets It and I of I' such that:
(a) Wy|pe : IL — Wy(1L) is an isomorphism for s = 1,2.
(b) Wy (It) = Wy(1L), whence one obtains an isomorphism of posets 7;: It — 14 by setting
T = (‘I’t\fg)_l o (Wylpe).
(c) W, factors as Uy = W,y o thy, where I'™' = ['\ I}, with the order in I'*' defined
by i <' j if eitheri < jin I' ori € It, j € I'\ (I} U L) and 7(i) < j, the map
o It — I s the natural identification map, and the map Wy q: I — I |k is the
restriction of W, to I**+1.
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The following pictures illustrate the procedure described in Lemma 3.14 in a basic case:

S\
VANVAN
FAY/NWAN
7N
PANVAN
VAVANNVAN

N\,
VAVAN
SN

* 221
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In these pictures, [ is a poset with a maximum element, and F is the corresponding poset
having the property that all the subsets [ 1 p are chains. In this case, the process described
in Lemma 3.14 enables us to pass from I to [ in two steps. In the first step, we identify the
elements 112 and 121 to obtain the poset I'. In the second step, we identify (1) | (12) with
(I') | (21) to get I* =T from I'.

Now, we are ready to prove the main result in this section.

Theorem 3.15. Let I be a finite poset and let J = (I,<,G;,p;i(i < j)) be an I-system.
Then, M(J) is a conical refinement monoid.

Proof. We will show that M () enjoys the refinement property.

For this, we will follow the process used in the proof of [2, Proposition 6.5], using Lem-
mas 3.13 and 3.14. Given k € Max([), let F(k) be the poset constructed in [2, Proposition
6.1] from I | k. By 3.8, there is a surjective order-preserving map ¢: F(k) — I | k satis-
fying the conditions stated in Lemma 3.5. Therefore, there is an F(k)-system Jpp) and a
homomorphism of systems, also denoted by ),

v Tey — Tk,
where Jj is the (I | k)-system obtained by restricting J to I | k, which induces a surjective
monoid homomorphism M (Jrp)) — M(Jr). Note that M(J:) is an order-ideal of M (J)
(see Proposition 1.9).

Take the sequence of posets I' (t = 0,1,...,n) such that I° = F(k) and I" = I | k, and
surjective maps v, : It — I'™! fort = 0,1,...,n— 1, such that ¢) = 1),_; 0 --01); 09y, given
by Lemma 3.14. For each t = 0,...,n — 1, the map ¥, : I — I | k satisfies the properties
required in the statement of Lemma 3.5; this follows by induction and Lemma 3.14. Indeed,
assuming the result is true for ¥,, it follows from Lemma 3.14(2c) that ¢ <’ j in I**! implies
that ¥, 1(i) < W;1(j) in M | k. On the other hand, if i € I'™! = I*\ I} then, by induction,
U, induces a bijection from L(I*,4) onto L(I | k, ¥,(7)). Now, if j € L(I*,i) N I, then there
is a unique j’ € I such that 7,(j') = j. Then, we have j* <’ i in I'™' (see Lemma 3.14(2c)),
and it easily follows that j* € L(I"™ 7). Note that j/ ¢ L(I%,i), because W,(j') = ¥;(j) and
U, is injective on L(I*,7). It follows that

L) = (Lt o\ i) L (7t o n ),

and that ¥, ; induces a bijection from L(I**1 7) onto L(I | k, Uyy1(7)) = L(I | k, Us(i)).

Hence, by Lemma 3.5, we can construct the I'-system J*' by taking the pullback of the
I | k-system Jj, through Wy, for all t = 0,...,n — 1. It is easily seen that the pair (I?, I}) is
a compatible J'-system with respect to the isomorphism 7;: IT — I (see Definition 3.9).

Notice that J'™ coincides with the I'™!-system (J*)’ described in Definition 3.11 (using
the J'-compatible pair (If,I)). Therefore, by Lemma 3.13, M(J'™) is a crowned pushout
of M(J"). Observe that M(J") = M(Jy).

So, M(Jx) can be obtained from M (Jr)) by a sequence of crowned pushouts. Since the
poset F(k) satisfies the condition that [p, k] is a chain for every p € F(k) (3.8), Proposition
3.2 proves that M(Jr() is a refinement monoid. Therefore, by Proposition 3.7, M(J") is a
conical refinement monoid for all t = 0,1, ..., n. In particular M(J}) is a refinement monoid.

In order to extend this result to I, we will apply a similar strategy to the onto poset
map ¥ : UkeMaX(I)(I 1 k) — I. For, we produce, by recurrence on ¢, a family (/*)p<i<s of
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posets and a family v, : I' — I'*! of onto poset maps, starting with I = Ukentax(n (L 4 K)
and ending with I° = I, satisfying the properties stated in Lemma 3.14. Let us illustrate
the procedure with the first step. For, we enumerate Max(I) = {ko, k1,...,ks}. We define
ID=(T1k)N({k)C(J|ko)and IS = (I | ko)N (I | k1) C (I ] k) (that is, we
look at this intersection, first in the disjoint copy of I | kg in |_|keMaX( 1)([ 1 k), and then in
the disjoint copy of I | ki in | ycppaery(Z 4 £)). Clearly, I} and I3 are disjoint lower sets of
Lientax(ry ( 4 1), the map W restricted to I7 (j = 1,2) is injective, and W(I7) = W(I3). So,
To = (\IJ\I_Sl o Wp) : I} — I3 is an isomorphism. Now we define I' = (1°)" = I° \ I3, with the
order <’ determined as in Lemma 3.14(c2). Let 1y: I° — I' be the canonical identification
map, and let W;: I* — I be the restriction map. Proceeding in this way, we obtain the
desired family of posets and the desired family of onto poset maps.

Note that the pullback of J with respect to ¥ is precisely |_|keMaX(1) Jr, and that the
corresponding monoid is

M ( |_| Jr) = H M(Jr).
()

keMax(I) keMax

Moreover, the map induced by W is just the natural map [ [, cypue) M (Jk) = M(J) induced
by the inclusions of the order-ideals M(J) into M (7). Now, the same proof that we have
used above shows that M(J) can be obtained from [,y M (Jk) by a finite sequence
of crowned pushouts. By the above argument, M(7;) is a refinement monoid for every
k € Max(I), and thus so is [ [;enpanry M (Jk). Therefore, we can conclude from Proposition
3.7 that M(J) has refinement. This concludes the proof. O

4. TAMENESS AND REFINEMENT PROPERTY OF M(J) FOR ARBITRARY [-SYSTEMS

In this section we will prove that the monoids associated to I-systems are tame refinement
monoids (Theorem 4.6). We will proceed to develop the proof through several intermediate
steps. We seek to apply [3, Theorem 2.6, so our aim is to build, given an I-system J and
a finitely generated submonoid M’ of M(J), a finitely generated refinement monoid M and
monoid homomorphisms v : M — M and 6 : M — M(J) such that § oy = Idyy. Note
that, in order to achieve this, we can replace M’ be any larger submonoid of M(J). The
larger submonoid needed for the proof will be of the form considered in Lemma 4.1. Lemmas
4.2 and 4.5 provide the technical ingredients needed to build a suitable finitely generated
refinement monoid M and suitable maps 7, 9.

Lemma 4.1. Let I be an arbitrary poset, let J be an I-system, let M = M(J) be the
associated conical monoid, and let M’ be a finitely generated submonoid of M. Then, there
exists a finite subset K of I and a family of subsemigroups S; of M; for all v € K such that:

(1) M S {0} U (Lier i(S)).
(2) There exist finitely generated subgroups X; of G;, i € K, such that

o _ | X i€k,
e NXXia ifierree

Proof. This is clear from Corollary 1.8 and the form of the semigroups M; for i € I. O
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We want to enlarge the data in Lemma 4.1 to a larger set of data, so that the relations
satisfied by the monoid {0} < Y oick Xi(&;)) are “explained” by the new monoid we are going

~

to build. For this, it is convenient to use the associated partial order of groups ((G;)ier, §;i(i <
j)) (see Section 1). For any poset A and any A-system J, denote by M(J) the conical
regular monoid associated to the partial order of groups ((G;)ier, @ji(i < j)). Recall that

M(3) C ]T/[/(fj) (see Definition 1.6 and Corollary 1.5).

~

Recall the semilattice of abelian groups ((Ha)aeA(I),fb (a C b)) associated in Section 1

a

to the partial order of groups ((@Z)ZGI,@,) There is a corresponding associated monoid
MH(J) = [Usea(r) Hao: and a canonical surjective monoid homomorphism

&: MH(J) — M(J).

Let K be a finite subset of I, and let (X;);cx be a family of finitely generated groups,
with X; a subgroup of G; for each i € K. Let X; be the corresponding (finitely generated)
subgroup of G; (so that X; = X, if i € I,y and X; = Z x X if i € Ijree). Consider the monoid

F={ (P X).

i€K
We have an obvious homomorphism f: F' — MH(J) sending z € X; to x({i,i,x) € ﬁu.

Lemma 4.2. In the situation described before, there exists a finite subset I' of I containing
K, and a family of finitely generated subgroups G of G;, fori € I', with X; C G, fori € K,
such that ker(®o f) is generated by a finite set of elements F satisfying the following property:
For each (z,y) € F there is a unique a € A(I) such that f(z), f(y) € Ha, and f(z) — f(y)
belongs to the subgroup of i, generated by the elements x(a, 1, g) —x(a, j, p;i(g)), with g € @;
andi,jel',i<je€a.

Proof. Since F' is a finitely generated abelian monoid, it follows from Redei’s Theorem [9]
that ker(® o f) is a finitely generated congruence. So, there is a finite set F of elements
generating ker(® o f). For (z,y) € F, ®(f(z)) = ®(f(y)) € H,/U, for a unique a €
A(I). Therefore f(z), f(y) € H,, and f(z) — f(y) is a finite sum of elements of the form
+(x(a,i,u) — x(a, 7, P;i(w))), for u € G; and i < j € a. Now, let I’ be the union of K and
the (finite) support of all these elements. For i € K, let G be the subgroup of G; generated
by X, and the G;-components of the elements of @l appearing in the above expressions
(that is, elements u in G, such that x(a,i,u) — x(a, j,p;ji(u)) appears in the expression of
f(z) — f(y) for some (x,y) € F, and elements of the form @;;(u), where u € @j, j < i,
and x(a,j,u) — x(a,i,p;;(u)) appears in the expression of f(z) — f(y) for some (z,y) € F).
Similarly, for i € I’ \ K, let G, be the subgroup of G; generated by the G;-components of the
elements of CAL appearing in the above expressions. O

The subset I’ of I obtained in Lemma 4.2 will be considered as a poset with the order <
inherited from (7, <). Now, for any pair i, € I with j < i, we define an auxiliary subgroup

Sij of Gl
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Definition 4.3. Let I be a poset, and let J = (I, (Gi)ier, ¢i;(j < i)) be a I-system. Then,
for any ¢,j € I with j <1, we define a group S;; as follows:

(1) If j is regular, we define S;; to be the trivial subgroup of G;.

(2) If 4 is regular and j is free, we define S;; to be the subgroup of G; generated by

i (1, €5).
(3) If both i and j are free then, by condition (c2) in Deﬁmtlon 1 1, there are a finite

subset T;; C I and elements (207t e T;;} with t < 4, and 29 e M, for all t € Ti;,

such that
901] 1 6] Z szt

teT;
We define S;; to be the subsemigroup of G; generated by

fou et ({ou=?) -t € T}).

Note that S;; is indeed a finitely generated subgroup of G, since it contains the inverse
of each one of its generators.

Remark 4.4. Observe that we can assume, without loss of generality, that the finitely gen-

erated subgroups G, for i € I, obtained in Lemma 4.2, satisfy that >_._; ..; Si; C Gi.

We now state a crucial lemma.

Lemma 4.5. Let I' and {G : i € I'} be as stated in Lemma 4.2, and assume that
G’ for alli € I'. Then, there exists a ﬁm'te poset

I” ]/ |—| J/
such that

(1) The elements of J' are pairwise incomparable minimal elements of 1",

(2) The order <" agrees with the original order < on I,
and there ezist a family of finitely generated subgroups (GY)icp, with G, C G! C G; for all
iel',amap m:J — (I\I') such that, for j € J and i € I', we have j <" i — 7(j) <1
in I, and elements x; € M), j € J', such that

(a) G} = Zj<i,je[’ %J(Mg,‘/) + ngfi,jeJ’<90M(J)(xj)> for alli € I,

(b) GY 2 325 jer Pis (M) + 320 jes(Piniy(xs)) for alli € I,

where, fori € I', we set
M// _ G'Ii/7 ZfZ € (I/)Te.g
Ol NG odifie (L) free

Sij €

j<ijer

Proof. We will show by (order-)induction the following statement:
Let U be an upper subset of I'. Then there exists a finite poset
(L <) = (I'| ] s <w0)
such that

(1) The elements of Jy are pairwise incomparable minimal elements of I,
(2) The order <y agrees with the original order < on I’,
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(3) Forj € Jy andi € I' we have j <y i — i €U,
and there exist a family of finitely generated subgroups (GY);cp, with G C GY C G; for all
iel’, amap my: Jy — (I\I') such that, for j € Jy andi € I', we have j <y i = 1y(j) <1
in I, and elements x; € M), j € Ju, such that

(a) qu = Zj<i,je[’ Pij (Mgu) + ngui,jeju <90i,m(j)(xj)> Jor all i € Upree
(b) G¥ 2 Zj<i,je[’ S%(Mgu) + ngui,jeJu<<Pi,ru(j)($j)> Jor alli € Ureg

where, fori € I', we set

Y — GY,  ifie(I)e
v NXGi‘/{v Z.fie(ll>free

Once this is done, the statement in the lemma follows by taking J' := Jp, <':=<y, 7 := 71,
and G := G!' for all i € I'.

We start with ¢ = (). In this case we set Jy = 0, so that Iy = I’ with the order < induced
from I, and we set G¥ = G,

Assume that U is an upper subset of I’ for which we have defined I, = I'| | Jy;, together
with the partial order <;; which satisfies the stated conditions (1)—(3), the map 7, subgroups
GY,i € I' and elements z; € M, (j), j € Jy satisfying conditions (a),(b). Let iy be a maximal
element in I"\U. We will build the corresponding objects for the upper subset U’ := U U {iy}.

Assume first that iy is regular. Then, we set Ji» = Jy, 7o = 104, <tr=<u, and GZU/ = GZ{’
forie I'\U'.

We define

G% = G% -+ Z @io,i(Gﬁ/l )

i<io i€l

For i € U, we define inductively GY¥ by

GV =G+ > Gi(GY).

j<ijer

We have to check condition (b) for ig and conditions (a) or (b) for i € U according to whether
1 is free or regular respectively.
Note that condition (b) for iy reads

G2 N (MY,

j<io,jel’

(Use condition (3) and the facts that J» = Jyy and <yp=<y). For j € I’ with j < iy, since
Sio; € Gy € G, we only need to show that 3, ;(GY¥) € G¥', but this is obvious from the
definition.

If i € Ugree, then (a) follows from the induction hypothesis and the observation that, for
j <i,j €T, wehave Sy + ¢y (MY) = Sy + 5;(GY'). The proof of (b) in case i € Uiey is
similar.

We now consider the case where i is free. Since J is an [-system and G% is finitely

generated, there is a finite subset 100) of {j € I : j < iy} and finitely generated subsemigroups
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N} of My, for j € 100 such that

G C > oi(N)). (4.1)

jerItio)

Recall from the construction of S;; for j < i with ¢, j € Igee (Definition 4.3(3)), that S;; is

the semigroup generated by the elements ¢;;(1,¢€;) and gpit(zﬁij )), where z,fij Ve M, te T,

and that this semigroup is indeed a group. We denote by ) the group component of
29 e My, that is 27 = ({7 2%7)) € N x G, if t is free and zt” =20 ¢ M, if t is regular.
We use a similar notation for the generators of each Nj’ , so letting @j;1,..., T ,, be a finite

set of semigroup generators of N}, we denote by 7;; € G; the group component of each x;,
so that x;; = (n;4,7;,) if j is free and z;; = 7;, if j is regular.
Let J;, :== U 16o) T;,.; be the support of the elements z( i) with j € I(Zoe) Note that J;, is

fre
ree

a finite subset of I, and that t < ¢ for all t € J;,.
We first define G?/ for j € I'"\U'. We use the notation Gp(X) to denote the subgroup
generated by a subset X of a group G.
oIf j€I'\U and j ¢ J;, UI, then set G4 := GY.
elfjel'\U,j¢ iy, and j € 100 then set GY := GY + Gp(f\f‘)
olf je I'\U', j € Ji,and j & I then set GY' = G?+Gp({%§io’j) j eIl jeT, ).
elfjcI'\U and j € J;, N I) then set

GY == GY + Gp(N}) + Gp({2\™7) . j' € I{), j € Ty, ;1))

free ?

It is convenient at this point to introduce the following set:
Zig = {(j.8) € e X (Ju \ I') : s € Tig i}

In words, Z,, is the set of all ordered pairs (7, s) such that j € Ifree
Now, we define

Jur = Jy |_| ( |_| 1<t < ”3]’) |_| ( |_| {UJ}> |_| ( |_| {w(j,s)}>-

jeItio\r jeI(im\I’ (4,8)€Zy

free

and s € T;, ; \ I'.

The new order < on Iy := I'| | Jy is defined by extending the order <;; on I;; and adding
the new relations:
(i) vj+¢ <g i, when j € I\ I’ i € I' and ig < 1,.
(ii) u; <y 4, when j € Ifreoe) \I';iel and iy <.
(iii) w(js) <w 4, when (j,s) € Z;, and ig < .
Note that the new order enjoys (1 — 3).
Define 72 Jyy — 1\ I’ by:

(i) 7 = 1 on Jy.

(ii) TU'(UJ ) =7 forje J (o) \ I'.
(ii) /(u]) =jforje Iflo) \ I
iv)

Tu ree
(iv) T (wes)) = s for (j,s) € Zi,.
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Observe that, for a € Jyy and i € U, we have a <;p i = 7 () < i. Indeed, this is clear
by induction on Ji,, and for v, u;, and wy; 5 follows from the facts that j < iy <7 whenever
j € 1) and that s < ig < i whenever s € J;, \ I'.

The elements x; for j € Jy are defined to be the same elements 2%/

7 which were previously
defined by induction, and

Ty, 1y = (N, £Tj4), Ty, = (1,¢5), Tupg; ) = 2i0:3)

Note that z, € My, () for all a € Jy.
Finally, we set

G%/ + Z SOZO,J _'_ Z Z‘ploj :I:Z.Jt

j<io,jel’ ]EI(ZO \[/t :
+ 2 (asled+ X (porlA").
JELONT ()€

Note that S;,; € GY for all j € 100, So, GY¥' is a group.
We have to verify condition (a) in Lemma 4.5 for G%/. Let us denote by A the right hand
side of that formula. Note that

A= Z Spio7j<M]Z‘/{)+ Z <902'0,Tu/(a)(xa)>a
j<iog,jel’ OéGJu/\Ju
because if o € Jy then 7 (a) £ 19. We first check that A C G%/. For j € I' with 7 < iy,
since S;,; and @, ;(GY') are contained in G¥, we get that ;, ;(MY") € G¥'. Similarly, for
j € o) \ I, we have that S;, ; C GY'

i » and so

Cin i (Tu; 10) = Pio.j (4, £T;54)) € G

(oy)

It is obvious that ;, ;(7y,) = ©i,,;(1, 6]) for j € Ifree \ I', and ;¢ (xw(J t>) i t(2 for

e 1% and t € Jiy \ I', belong to G¥

free
Conversely, we now show that Gu C A. Again, the choice of the groups Gul and the
elements x, makes it clear that S;,; € A for all j € 1 (o) Indeed, given j € If(ree), we have
two possibilities:
(i) If j € I', then (1,,¢;) € M]-“', and thus ¢;, ;(1,¢;) € A.
(ii) If j & I', then z,,, = (1,¢;), and thus ¢, ;(1,¢;) € A.
Now, if ¢ € Tj,; N I', then 2,7 € Mt“’, as 2% € GY while if t € T}y ; \ I', then (j,1) € Z;,
and so 27 = Tu;,, and @iy, (20 e A

Jst)
By (4.1) and the choice of the groups Ggf’ for j € 1) N I', we have

G C Z Pio,;(N}) C Z (Sio,j—f'@o,j(N]/-)) + Z Pio,j(N}) C A.
jer1to) jertonr eIt/

In particular, we obtain that S;,; € A for all j € I () and for all j € I' such that j < iy (use
that S;,; € Gi, CGY¥ for je I’ w1th j < o). From this we easily obtain that @, ;(GY) C A
forall j € I’ such that j <o, and that @y, ;(+7,,) € Aforall j € I\ ["and allt = 1,...,n;.
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The elements ¢, ;(1,¢;), for j € If(rfg \ I, and %O,t(zt‘“’j)), for (j,t) € Z;,, trivially belong to

A. This concludes the proof of (a) for iy and U’'.
Now define inductively GY' for i € U by the formula

GV =G+ Y 3i(GY).
j<ijer
We have to show condition (a) or (b) for i € U and GY’, depending on whether i is free or
regular. Assume that ¢ is free. Then (a) reads

u' u'
Gi = Z %Dij(Mj )+ Z (@i () (7)) -
j<i,jer J<yrt, J€EJ
Now, for j € Jip \ Jy, we have that j < i if and only if iy < 4, and, in this case, we have
T (j) < ip < i. Therefore, we get

Girm () (@) = Biio (Pigmp (3)(5)) € Piio(GH) C GY'.

Using this and induction, it is easy to verify (a). If i is regular, a similar argument shows
that (b) holds for 7 and ¢’. This concludes the proof. O

Now, we are ready to prove the main result in this section.

Theorem 4.6. Let I be an arbitrary poset, and let J be an I-system. Then, the monoid
M(J) is a tame refinement monoid.

Proof. Let I be an arbitrary poset, let J be an [-system, and let M := M(J) be the
associated conical monoid.

Now, we will show that for any finitely generated submonoid M’ of M there exist a finite
poset I”, a finitely generated [”-system [J” and monoid homomorphisms v : M — M(J")
and § : M(J") = M(J) such that § oy = Id,;. By Proposition 2.9, Theorem 3.15 and [3,
Theorem 2.6], this implies that M is a tame refinement monoid.

Let M’ be a finitely generated submonoid of M(J). We can assume that M’ = {0} U
(ZiGK Xz'(Si)), where S; are as described in Lemma 4.1. Let I’ and (G});cr be the larger
finite subset of I, and the family of groups, respectively, built in Lemma 4.2. We will also
assume that » ., .., S C Gj for all i € I (see Remark 4.4).

Consider the poset (I”, <) = (I'| | J', <'), the family of groups (GY);ey, the map 7: J' —
(I'\ I'), and the elements xz; € M,(;), j € J', obtained in Lemma 4.5. Now, we will define
an ["-system J". First, we set Ij . = Iy .| |J and I},, = I},,. The groups corresponding
to ¢ € I' are the groups GY. For i € J', set G/ = {e;} (the trivial group). For i,j € I’ with
J < 1, we define

o M — GY
by @i = @ijlay. Observe that this is well defined by (a) and (b) in Lemma 4.5. If j <" i for
j € J and i € I’ then, again by Lemma 4.5, we must have 7(j) < i in I, so that we may
define
¢ii: N= M} — G
by ¢i(1) = i) (7;). By (a) and (b) in Lemma 4.5, we have that J” is an I"-system.
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Now, we shall use Lemma 4.2 to show that there is a well defined monoid homomorphism

¢: {0} U (ZXzQ@)) — M(j”),

sending x;(g) € x(X;) to x;(g) € @;’ for g € X; (where we look {0} U (ZZGK Xz()A(z)> as a

submonoid of M (J)). Indeed, we have a monoid homomorphism

ép: F = {0} U (@fc) s M(T")
ieK
sending g € X; to xi(g) € M(j”) for © € K, and by the choice of the groups G, i € I,
we have that ¢p(r) = ¢p(y) for all (z,y) € F, where F is the finite set of generators of
ker(® o f) coming from Lemma 4.2. Therefore, the map ¢ factorizes through (® o f)(F) =

{0} u (ZZG " XZ()A(Z)>, and we obtain a well-defined monoid homomorphism ¢ from {0} U
<Zi€K X,()E)) to M(J") as claimed. Observe that ¢p restricts to a monoid homomorphism

from M’ C {0} U <Zi€K Xz(*)?z)> to M(J") € M(J"), sending yi(z) € xi(S;) to xs(z) €
M(J") for all i € K and all z € S;. Let v: M" — M(J") be this homomorphism.

Finally, we define a monoid homomorphism 6: M (J") — M by §(x:(m;)) = xi(m;) for
m; € M and 6(x;(1)) = x-j)(xj) € Myy for j € J. If j € J,iel, and j < i, then
7(j) < in I so that, for x € M/ we have

O(xi(2))+0(x; (1)) = xa(@)+ X7 (25) = Xi(T+0ir()(25)) = xi(@+¢75(1)) = d(xi(+75(1))).
By Corollary 1.8, we thus get that ¢ is a well-defined monoid homomorphism. Clearly oy =
L. This concludes the proof. O
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