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1 | INTRODUCTION

The calculus of variations dates back to the work of Euler and the Bernoullis in the eighteenth century, although it was
deeper formalized in the nineteenth century by Weierstrass and Hilbert.! Roughly speaking, the calculus of variations
refers to the problem of determining the extreme values of a functional, which is a rule that associates a real number to
each function belonging to a determined set? (called the set of admissible functions). This problem is usually known in
the literature as variational problem.

It is well known that if a function is an extreme value of the considered functional, then it has to satisfy a system of dif-
ferential equations, which are known as the Euler-Lagrange equations associated to the variational problem.>? Therefore,
the development of methods for finding exact solutions to differential equations plays an important role in the calculus of
variations. In this regard, Sophus Lie developed a prominent theory based on symmetry groups of transformations provid-
ing a wide range of tools for solving differential equations, which have been intensively studied in recent decades.* Lie
also tackled the application of symmetry groups to variational problems, giving rise to the notion of variational symmetry
group.'* Later on, in 1918, Emmy Noether published the famous theorem that establishes a one-to-one correspondence
between one-parameter variational symmetry groups and conservation laws for Euler-Lagrange equations.

In this work, we deal with nondegenerate nth-order scalar variational problems involving a single variable integral
for which the associated Euler-Lagrange equation turns out to be a 2nth-order ordinary differential equation. In this
framework, the knowledge of a one-parameter symmetry group for the 2nth-order Euler-Lagrange equation permits to
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reduce the order of the equation by one, and the general solution can be retrieved from the general solution of the reduced
equation by a single quadrature.»>”® Moreover, if the symmetry group is also variational, then the order of the corre-
sponding Euler-Lagrange equation can be reduced by two.1*° In this sense, variational symmetries double the power
of standard symmetries. Nevertheless, there exist many cases in which the standard Lie symmetry method is no longer
applicable for finding exact solutions to Euler-Lagrange equations. The possible obstacles might be one of the followings:
(i) the Euler-Lagrange equation does not admit Lie symmetries, which implies that there not exist variational symme-
tries, (ii) the Euler-Lagrange equation admits only one Lie point symmetry that is not variational, and the corresponding
(2n — 1)th-order reduced equation is difficult to solve. This motivated the need of considering vector fields that are more
general than Lie point symmetries. In this context, the notion of A-symmetry (or C*-symmetry) was introduced in Muriel
and Romero'® by considering a new way of prolonging vector fields. Its extension to variational problems has been also
addressed in the recent literature leading to the so-called variational A-symmetry (or variational C*®-symmetry).'!2

In this work, we apply the variational A-symmetry method to find exact solutions of Euler-Lagrange equations for
which the standard (Lie and variational) methods fail. This paper is organized as follows. First, in Section 2, we review
the theoretical background regarding variational problems, symmetry groups of differential equations, variational sym-
metries, and divergence symmetries. We also recall the concept of variational A-symmetry, as well as its application to
reduce the order of Euler-Lagrange equations.!’12 In Section 3, three applications of the variational A-symmetry method
are presented. The first example corresponds to a first-order variational problem lacking both variational and divergence
symmetries. Despite the absence of symmetries, we are able to compute a one-parameter family of exact solutions to
the associated Euler-Lagrange equation in terms of Bessel functions. In the second example, a family of second-order
equations involving arbitrary functions and parameters is considered. Remarkably, the family of equations does not admit
Lie point symmetries in the general case. After writing the given class of equations in variational form, a one-parameter
family of exact solutions is determined by using a variational A-symmetry. Particular equations of special interest that
belong to the family are also analyzed. Finally, a fourth-order equation which is the Euler-Lagrange equation associ-
ated to a second-order Lagrangian is studied. Although the fourth-order equation does not admit Lie symmetries, a
three-parameter family of exact solutions can be obtained by means of the variational A-symmetry method.

2 | THEORETICAL BACKGROUND

In this section, with the aim of being self-contained, we recall the basics regarding jet spaces, symmetry groups of dif-
ferential equations, and variational problems. The reader is referred to Olver,’* Logan,? and Gelfand and Fomin3 for a
detailed study of the previous concepts.

2.1 | Variational symmetries

For simplicity, we will work in the Euclidean space X = R, with coordinate x representing the independent variable
and u € U = R the dependent variable. The corresponding nth-order jet space!'® will be denoted by J*(R, R), which is
equipped with coordinates (x, u, u, ... ,u,), wherefori =1, ... , n, u; denotes the derivative of u with respect to x of order
i. Let Q C X be an open and connected subset. We consider an nth-order variational problem

Llu] = /L(x, u,ug, ... ,uydx, (1)

Q

where the integrand L, called the Lagrangian of the variational problem, is a smooth function defined on some open set
N cJYR,R). Let M € Q x U C X x U be such that M™ c N, where M denotes the corresponding jet space of order i,
fori=1, ...,n.

The Euler operator or variational derivative is given by

n
E, = )\ (-Dy)'dy,
i=0
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where Dy = 0x+u10,+uz0,, + ... stands for the total derivative operator with respect to x. The possible functions u = f(x)
that maximize or minimize the functional (1) must be solutions of the Euler-Lagrange equation

EJL1= ¥ (-Dyy (%) —o, @
i=0 !

which turns out to be, in general, a 2nth-order ordinary differential equation.

In general terms, a variational symmetry group is a local group of transformations G that leaves £[u] invariant (mod-
ulo boundary terms) when evaluated on functions u = f(x) whose graph is transformed by the action of the group on
M. A connected group of transformations G is a variational symmetry group of the variational problem (1) if, for each
infinitesimal generator of G of the form

v = E(x, u)dy + (X, U)dy, 3)

the following infinitesimal condition holds:

V(L) + LDy =0, “

where v refers to the standard nth-order prolongation' of the vector field v. It is well known that the presence of a
one-parameter variational symmetry group permits to reduce the order of the Euler-Lagrange Equation (2) by two. More-
over, the general solution of the equation can be reconstructed from the solution of such (2n—2)th-order reduced equation
by quadrature (see Olver! and references therein).

The connection between variational symmetries and first integrals of the corresponding Euler-Lagrange equation was
established by Emmy Noether by means of her celebrated theorem: If a vector field v of the form (3) is a variational
symmetry, then there exists a differential function P = P(x, u, ... , Uz,—1) such that

QEy[L] = Dx(P), (5

where Q = n(x, u) — u  £(x, u) is the characteristic of the corresponding variational symmetry # (see also Olver!). Indeed,
the condition of variational symmetry can be relaxed in order to deduce the existence of a conservation law, giving rise to
the notion of divergence symmetry: A vector field v of the form (3) is a divergence symmetry of the variational problem (1)
if there exists a differential function B = B(x, u, ... ,u,_1) such that

V(L) + LDy& = Dy(B). (6)

Both variational symmetries and divergence symmetries are always Lie point symmetries of the associated
Euler-Lagrange equation. Then, in practice, variational symmetries (resp. divergence symmetries) can be found by com-
puting the general Lie symmetry group of the Euler-Lagrange Equation (2) and then checking if the corresponding
infinitesimal generators satisfy condition (4) (resp. (6)).

2.2 | Variational i-symmetries

The concept of variational symmetry was generalized in Muriel et al'! by means of the notion of variational A-symmetry
(also known as variational C*-symmetries). This new concept was introduced by considering a new way of prolonging
vector fields: given a smooth vector field of the form (3) defined on M and a smooth function A € C* (M), the nth-order
A-prolongation of v is defined as the vector field on M

n
VAT Z g0 w)a, + Zn”’(m(?@ u®)a,, (7
i=0

where uy = u, #"*Ol(x, u) = y(x,u) and, for 1 <i < n,

7 O0cu®) =Dy (V0 D)) = De(n wpus + A (n P06 u) = E0nwu) ®)
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Some important considerations regarding the A-prolongation of a vector field are the following:

« When A = 0, the A-prolonged vector field (7) agrees with the standard nth-order prolongation of v.
« vI4™ s the unique vector field that satisfies the commutation relation!?: Theorem 2.1

V0, D] = aviH) 4 oD, ©)

where p = —(Dy + A)E.

A pair (v, 1), where v is a smooth vector of the form (3) and A € C®(MW), is a variational A-symmetry (or variational
C® symmetry) of the variational problem (1) provided that the following infinitesimal criteria is satisfied!!2:

ylAmI (L) + L(Dy + A)&é = (D, + A)(B), (10)

for some function B = B(x, u, ... ,u,—1). If B = 0, then (v, A) is called a strict variational A-symmetry. The term generalized
variational A-symmetry is used when the infinitesimals of v or the function A depend on derivatives of higher order (see
Muriel et a]. 11, Section 3y

The effectiveness of variational A-symmetries to find exact solutions to Euler-Lagrange equations associated to varia-
tional problems has been proved in Muriel et al'! and Ruiz et al.'? It has been demonstrated that if a variational problem of
the form (1) admits a variational A-symmetry, then the order of the associated Euler-Lagrange Equation (2) can be reduced
by two. Also, a (2n — 1)-parameter family of exact solutions can be reconstructed from the solution of the corresponding
reduced equation by solving an associated first-order equation.

The loss of a one-parameter family of solutions can also be interpreted in terms of the following formula, which was
proved in Muriel et al'! as a version of Noether's theorem in the variational A-symmetry context:

QE,[L] = (Dx + A)(P), (11)
for some differential function P = P(x, u, ... ,Uy,—1) and where Q is the characteristic of v. As we can see in (11), the
general solution of the Euler-Lagrange equation cannot be reconstructed from the general solution of P(x, u, ... ,Up—1) =

C, with C an arbitrary constant, unless C = 0.
Next, we sketch the reduction method associated to variational A-symmetries for nth-order variational problems. The
reader is referred to Muriel et al'! for the details and proofs:

« Inaneighborhood where v does not vanish, it is possible to introduce suitable coordinates (%, it) such that v = 0;. With
the aim of simplifying the notation, we continue denoting such rectifying coordinates as (x, u).
« Consider the Lagrangian

L =L+ DyA), (12)
where L is the Lagrangian function appearing in the variational problem (1) and the function A is such that B = — %.

The Lagrangian L is equivalent to L in the sense that E,[L] = E,[L].
o Determine a function w = w(x, u, u;) such that

ViAW) = 0.
« Compute by successive differentiation
w; =Dywi_1),i=1,...,n—1.

The set {x,w, ... ,w,_; } forms a complete system of differential invariants of vl*(1,
« The Lagrangian (12) can be expressed in terms of {x,w, ... ,wy,_; }, leading to a reduced Lagrangian of the form

L=Lex,w, ... ,we1), (13)
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whose associated Euler-Lagrange equation
Eu[L1=0 (14)

is of order 2n — 2. The relation between the Euler-Lagrange equation E,[L] and the corresponding reduced
Euler-Lagrange Equation (14) (written in terms of the original variables {x, u,u; ... ,uy,}) is the following (Mauriel
et al. 11,€4-29);

EuL] = Dy + A) <—§—I‘ZEW[M> . (15)

o Letw=G(x;Cy, ... ,Cains) (2n — 2)th-order equation E,,[L] = 0. When w is written in terms of {x, u, u, }, we obtain a
first-order ordinary differential equation, called the auxiliary equation:

W(x’ u, ul) = G(x; Cla LERI} C2n—2)’ (16)

and denote by u = g(x;Cy, ... ,Cap-1) its general solution. When the second-member of (15) evaluated on u =
g(x; Cy, ..., Cyy—1) iswell defined, it must vanish because w = G(x; C1, ... , Ca,—3) is the solution of the (2n — 2)th-order
equation E,,[L] = 0. This proves that u = g(x;Cy, ... , Ca,_1) provides a (2n — 1)-parameter family of solutions to the
original Euler-Lagrange equation E,[L] = 0 (and hence of E,[L] = 0).

Let us observe that for the particular case of first-order Lagrangian functions, the corresponding reduced

Euler-Lagrange Equation (14) is of order zero, i.e., an algebraic equation.

3 | APPLICATIONS OF VARIATIONAL A-SYMMETRIES

In this section, we aim to show different situations in which variational A-symmetries can be successfully applied for
obtaining exact solutions of Euler-Lagrange equations.

3.1 | A first-order variational problem lacking symmetries

Let us consider the first-order variational problem of the form (1) with Lagrangian function
u 2
Lix,u,uy) = (ul -——+u+ 1> + 2uu,, 17)
x
defined on N c J}(R, R) such that x # 0. The corresponding Euler-Lagrange equation becomes
2 3 2
Eu[L] = = (xup — 20u — 2xu’ +3u> +1) =0,
X

ie.,
Xy — 2xu® +3u®> = 2xu+1=0. (18)

It can be checked that the second-order Equation (18) does not admit Lie point symmetries, which implies that the
associated variational problem does not present variational symmetries. Therefore, the methods of point, variational, and
divergence symmetries do not apply to find exact solutions to Equation (18).

It can be checked that the pair (v, 1), where

_1—2xu

V =0y, A ,
X

satisfies the condition

viADI(L) = (D, + D)(2u)
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and hence (10) holds for B = 2u. This means that (v, 4) is a variational A-symmetry of the variational problem associated
to the Lagrangian (17).

Next, we show how this variational A-symmetry can be used to obtain a one-parameter family of exact solutions to
Equation (18). A function A such that B = —% can be chosen as A = —u?. The equivalent Lagrangian (12) becomes

2
L=L+DX(A)=<u1—%+u2+1>. (19)
A complete set of first-order invariants for vi#M! is given by

y =X, w=u — 24l (20)
X

Thus, the Lagrangian (19) can be expressed as the reduced Lagrangian
L=mw+1)7?
whose Euler-Lagrange equation becomes the algebraic equation
2w+1)=0,

with solution w = —1. Taking into account the expression of the invariant w given in (20), we deduce that a one-parameter
family of solutions to (18) can be found by solving the auxiliary equation

u
U — —+ut=-1,
x

which turns out to be a Riccati equation with general solution

_ CJ()(X) + Yo(X)

4 = )+

CeR, (21)

where J, and Y, denote the Bessel functions of first and second kinds, respectively, of order v for v = 0, 1. It can be checked
that (21) satisfies Equation (18); therefore, a one-parameter family of exact solutions has been explicitly computed by
means of the variational A-symmetry approach. The particular solutions corresponding to C = 10 and C = -10 are
graphically represented in the figure 1.

3.2 | A family of second-order equations with insufficient Lie symmetries

Consider the second-order ordinary differential equations that belong to the family

Uy = b()?au® ™ + ((a + Dbx)ax) — b'(x)) u” + (a(x)* — a’)u, (22)

=
3}

IN)

w

7

-2

-6

FIGURE1 Exact solutions (21) of Equation (18) for C = 10 and C = —10, respectively [Colour figure can be viewed at
wileyonlinelibrary.com]
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where a, b are arbitrary smooth functions of the independent variable x and @« € R with a # 1. It can be checked that
Equation (22) does not admit Lie point symmetries for arbitrary functions a, b and for arbitrary values of a. Therefore,
the determination of exact solutions appears to be a challenging task.

It is well known that a second-order ordinary differential equation of the form

Uy = @(x, U, uy) (23)

is locally equivalent to an Euler-Lagrange equation (see Olver!> Exercise 548, j o there always exists a Lagrangian function
L and a non-vanishing function u such that

EulL] = u(uz — ¢).
In this case, it can be checked that (22) is, locally, the Euler-Lagrange equation associated to the Lagrangian:

XUq

o (24)

L(x, u,u1) = (ug + a(u + b(x)u®)* + 5 -

The next stage of our approach is to try to compute a variational A-symmetry for the Lagrangian (24). The pair forms by

ui(a(x) + bx)au® 1 + (a + Da@)b(x)u® + a(x)’u + ab(x)*u?*-!
u; + a(x)u + b(x)u*

V =0y, and A= (25)

satisfies condition (10) for B = —x/u? and, therefore, is a variational A-symmetry of the corresponding variational problem.
A corresponding function A such that B = —% can be taken as A = —x/u, and hence, the Lagrangian (12) becomes

L =L+DyA) = (uy +a()u + beu®)>.

It can be checked that a complete system of first-order differential invariants for the corresponding first-order
A-prolongation is given by

x, wx, u, Ur) = up + a()u + boou®.
As a consequence, the Lagrangian L can be expressed as the reduced Lagrangian
L=w?

whose Euler-Lagrange equation turns out to be the algebraic equation w = 0. Therefore, a one-parameter family of solu-
tions for the original Euler-Lagrange equation, i.e., for the family of Equations (22), can be reconstructed by solving the
first-order auxiliary equation

u; +ax)u + b(x)u* = 0. (26)
Equation (26) is of Bernoulli-type and its general solution is given by

u(x) = exp {-Hx)} ’ 7)

((a = DREX) + C)at

where
R'x) =b(x) exp {Hx)(1 - a)}, Hx) =a), C€R.

It can be checked that (27) satisfies the second-order Equation (22) and, therefore, it provides a one-parameter family of
exact solutions for the family of second-order equations considered. In the next subsection, we present some particular
cases of (22) which are of special interest because either the equation does not admit Lie symmetries or the admitted
symmetry algebra is one-dimensional but cannot be used to determine exact solutions of the equation.
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3.2.1 | Particular case for « = -2, a(x) = xand b(x) = x

In this particular situation, we have that the second-order Equation (22) is
U, = (% —Du— 2+ Du? —2x%u>, (28)

defined on N c J(R, R) such that u # 0. In this case, it can be checked that Equation (28) does not admit Lie symmetries.
The corresponding Lagrangian function (24) is

< X )2 1 xuy
L=(u+xu+=) +—-—,
u? u u?
and the corresponding variational A-symmetry (25) becomes
x(2 — u?
V= au’ A= w'
u3

In spite of the absence of symmetries, we have been able to determine a one-parameter family of solutions given, according
to (27), by

2 1/3
up) = (ce®2-1)",  cer (29)
The solutions for two particular values of the arbitrary constant C are displayed in Figure 2.

3.2.2 | Particular case for « = 2, a(x) = —1/x,and b(x) = 1
In this particular case, the second-order Equation (22) becomes

U, = N 2u?, (30)
X

defined on an open set N C J(R, R) such that x # 0.
Equation (30) admits v = xd, — ud, as Lie point symmetry, which can be used to reduce the order of the equation. It
can be checked that by means of the transformation

-1
= Xu, =—) 31
‘ x(urx + u) (1)
Equation (30) reduces to
hy = (=22° + 322 + 22)h° + 3h%, (32)

Equation (32) is an Abel equation which seems difficult to solve. In fact, it does not belong to the solvable cases listed
in Polyanin and Zaitsev.!®

-3 -2 -1 1 2 3

FIGURE 2 Exact solutions (29) of Equation (28) for C = 10 and C = —1, respectively [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE 3 Exact solutions (33) of Equation (30) for C = 2 and C = -2, respectively [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 Particular solution (35) of the Abel Equation (32)
[Colour figure can be viewed at wileyonlinelibrary.com]

-4 -2 i 2 4
-2

-31

As a consequence of the previous discussion, the Lie standard method seems to fail in providing exact solutions of
Equation (30). However, the variational A-symmetry approach yields the one-parameter family of solutions (27) which
becomes

CeR. (33)

u(x) = ,
) x2+C

Two particular solutions corresponding to the family (33) are graphically represented in Figure 3.

It is important to observe that the presented approach provides an indirect method to calculate an exact solution of the
Abel Equation (32): Taking into account the transformation (31) and the expression (33), we deduce that an exact solution
of the Abel Equation (32) is given in parametric form by

2x? h —(x* + C)?

= , = ,CeR. 34
x2+C 4Cx2 (34

Z

The parametric solution (34) yields the following particular solution to the Abel Equation (32) in explicit form:

1
h(z) = P (35)

Such particular solution is graphically represented in Figure 4.

3.2.3 | Particular case for a« = -1, a(x) = 1/x,and b(x) = 1/x
In this case, the second-order Equation (22) is

u2:l<2u+l—i>, (36)
u ud
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FIGURE 5 Exact solution (39) of Equation 36 for C = 1 [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 Particular solution (41) of the Abel Equation (37)
[Colour figure can be viewed at wileyonlinelibrary.com]

defined on a suitable open set N ¢ J'(R, R) such that xu # 0. In this case, it can be checked that Equation (36) admits
Vv = X0, as Lie point symmetry, which yields the reduction to the following Abel equation

_ _ 2
h = M;ﬁ -1, (37)
2
by means of the transformation
z=u h=-1. (38)
XUq

As far as we are aware, finding a closed-form solution for the Abel Equation (37) is a difficult task. Therefore, for
Equation (37), the Lie symmetry method is of not help. However, the variational A-symmetry approach provides exact
solutions to Equation (36). For this example, the one-parameter family of solutions (27) becomes

— 2
u(x) = % CeR. (39)

A particular solution corresponding to the family (39) is plotted in Figure 5.
As in the previous example, as a byproduct of our approach, the following exact solution to the Abel Equation (37) is
obtained in parametric form:

C—x? —-xVC —-x?

=YX , CEeR, (40)
x Cc
which yields the following particular solution in explicit form:
h@) = . (41)

22+1

Such particular solution is plotted in Figure 6.


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

RUIZ SERVAN aND MURIEL PATINO WI LEY 11

3.3 | Example of a second-order Lagrangian

In this subsection, we aim to show the application of variational A-symmetries to higher order variational problems. Let
us consider the following second-order Lagrangian:

2 2,2 2 3)2
(u2xX?u — x*u? — xuuy + u?) +xu1—u2

L(xs u,us, uz) = s (42)
x4ut u
whose associated Euler-Lagrange equation becomes the fourth-order equation
2
duju;  3u
Uy = —— 4 72 +alx, u, upu, + b(x, u, uy), (43)
where
12x%uf — 3xuluy — ut + 3u’
a(x’ u, ul) = - s
x2u?
4ub + (et — docuy — 12)u” + (x* + 12xuy)u® — 43uu3 + 12x*uf
b(x,u,u1) = -

2x*u3

It can be checked that Equation (43) does not admit Lie symmetries, which implies that the corresponding variational
problem does not present neither variational nor divergence symmetries.

In order to compute a variational A-symmetry, we consider a pair of the form (9,, A(x, u, u;)) and its corresponding
second-order A-prolongation:

(0@ =0y + 19, + (Dx(4) + 410y, (44)

Thus, according to (10) and (44), the pair (d,, A(x, u, u)) is a variational A-symmetry provided that the following partial
differential equation for the function A is satisfied:

(Ax +urdy + u2)«u1 + lz)Luz = A(B— Lul) + Dy(B) — Ly, (45)

for some function B = B(x, u, u;) and where L is given in (42). By using the ansatz A(x, u,u;) = a(wu; + f(x, u) and by
setting B = 0, the following particular solution to the partial differential Equation (45) can be obtained:

a(u) = 1 and f(x,u) = u
u b

Therefore, we conclude that the pair

u X

is a variational A-symmetry for the variational problem under study.

A function w = w(x, u, u;) such that vi+*®l(w) = 0 becomes

2
wix, u, up) = % (46)

and a second-order differential invariant for the vector field (44) can be computed by differentiation as follows:

upux? — x*u — xutuy +u?
w; =D,(w) = .

x2u?

It can be checked that the original Lagrangian (42) can be expressed in terms of the coordinates {x, w, w; } as the following
first-order reduced Lagrangian:

L=w?+xw,
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FIGURE 7 Exact solutions (49) of Equation (43) for C; = 0 and C; = —10, respectively [Colour figure can be viewed at
wileyonlinelibrary.com]

whose associated Euler-Lagrange equation turns out to be
wy =X
272
with general solution
B
w(x) = E + Cix + Cy, C,C, e R

According to (46), a three-parameter family of solutions to the original Equation (43) can be reconstructed by solving the
auxiliary equation:

YA 3
u = a + Cix + C,. (47)
xu 12

Equation (47) is of Bernoulli type, and its general solution is given by

exp (% + ClTxZ + sz)
= , 48
ue) T) + Cs (48)

where

4 2
T'(x) = —% exp (x_ + Cux + C2x> ,

and Ci,C,,C3; € R. For the case C; = C, = 0, a one-parameter family of solutions for Equation (43) can be obtained
from (48) expressed in terms of the exponential integral function'® Ei as follows:

x*
4dexp| =
u(x) = ¢ C; eR. (49)

s x*
—EI<E>+4C3

In Figure 7, some particular solutions to the fourth-order Equation (43) corresponding to (49) are represented.

4 | CONCLUDING REMARKS

The variational A-symmetry method has been applied to find exact solutions for some second- and fourth-order
Euler-Lagrange equations associated to first- and second-order variational problems, respectively. Such solutions are not
obtainable by Lie point or variational symmetries.

A one-parameter family of solutions in terms of Bessel functions has been found for Equation (18), even though the
equation does not admit Lie point symmetries and, hence, variational symmetries. Most of the equations in the family (22)
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also lack Lie point symmetries. After writing them in variational form, a variational A-symmetry has been found, which
yields a systematic procedure to calculate explicitly a one-parameter set of exact solutions. They arise by direct integration
of a Bernoulli-type equation. Finally, a three-parameter family of exact solutions for the fourth-order Equation (43) has
been obtained. Remarkably, Equation (43) does not admit Lie symmetries and therefore neither variational nor divergence
symmetries.

Some particular equations in the family (22) admit just one Lie point symmetry, but the reduced equations are of Abel
type and do not seem easy to solve. For this reason, the Lie reduction procedure does not provide any solution for the
initial second-order ODE. As byproduct of our procedure, we have shown how to use the one-parameter of exact solutions
derived from the variational A-symmetry in order to construct explicitly particular solutions of the Abel-type equations.
Therefore, it would be interesting to investigate if the presented method could be applied for finding new cases of Abel
equations admitting particular solutions of a specific type. This study is currently in progress.
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