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Abstract

Bayesian Optimization (BO) has recently regained interest in optimization prob-
lems involving expensive black-box objective functions. Several variants have been
proposed in the literature, such as including gradient and/or multi-fidelity informa-
tion, and it has been extended to multi-objective optimization problems. Despite its
recent applications to numerical flow simulations, the efficiency of this method and
its variants remains to be characterized in typical applications involving canonical
flows.

In this work, the efficiency of classical BO and alternative derivative-free methods
is compared on a simplified flow case, i.e. drag reduction in the two-dimensional flow
around a cylinder. The application of BO to complex flows is then showcased by
considering a three-dimensional case at Reynolds number Re = 3900. Next, the
performance of BO with gradient and/or multi-fidelity information is investigated
for global modelling and optimization on typical benchmark objective functions
and on the cylinder case at Re = 200. Finally, an algorithm combining dimension
reduction and Multi-objective Bayesian Optimization (MOBO) is proposed.

It is found that BO was more efficient than other derivative-free alternatives
and showed promising results on the three-dimensional cylinder at Re = 3900 by
reducing drag by 23 %. The performance of the algorithm was further improved
when multi-fidelity and/or gradient information was included, both for modelling
and optimization. Including gradient information on the low-fidelity model was
useful for global modelling and to decrease rapidly the objective function in a BO
framework. On the contrary, adding derivative information on the high-fidelity
model generally gave the most accurate approximation of the minimum but was
inefficient for global modelling when the computational cost of the gradient was
high. Finally, the developed algorithm combining dimension reduction and MOBO
enabled us to obtain more precise and diverse minima.
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ĺımites y mejorar, ya que a veces puedo ser un poco flojo. ¡Gracias también por
venir buscarme con el coche a El Palmar (creo que ese era el nombre del pueblo)
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Chapter 1

Introduction

This thesis deals with Bayesian Optimization (BO) in the context of Computational
Fluid Dynamics (CFD). More specifically, BO and some of the recently proposed
variants are assessed in the context of numerical flow simulations to determine the
range of applications and their computational performance.

The organization of this chapter is as follows. In Section 1.1 the state of the art
is presented. The different optimization methods, the BO framework, the improve-
ment of BO with gradients and/or multi-fidelity models as well as the methods that
have been proposed to apply BO to high dimensional problems are discussed. In
Section 1.2, the goals of the thesis are detailed. Finally, the general outline of the
thesis is presented in Section 1.3.

1.1 State of the art

1.1.1 Optimization methods

With the constantly increasing computing power, high-fidelity simulations are rou-
tinely been used to predict the behaviour and performance of technological devices.
Once a design is proposed, it is not unusual to explore several designs in order
to minimize (or maximize) a desired objective function. This process may some-
times be carried out by brute force and intuition since in the most simple cases, the
objective functions in engineering are monotonic [13]. However, in more complex
configurations stemming from high-fidelity simulations, finding the optimum design
becomes thornier.

Optimization methods [11] can assist in this process by automating the choices of
the designs to test. Several classifications of optimization methods exist in the lit-
erature: e.g. deterministic/stochastic, local/global, gradient-based/derivative-free.
The so-called no-free lunch theorem [120] states that if we compute the average ef-
ficiency of all the methods on all the existing optimization problems, all algorithms
perform equal. Nonetheless, depending on the features of a given problem, an algo-
rithm may be preferable to alternatives [11]. In the following, the characteristics of
gradient-based and derivative-free methods are presented and compared.

Gradient-based methods rely on derivative information of the objective function
to determine the next design to evaluate. Indeed, the gradient provides informa-
tion about the local changes of the objective function. A search direction where
the objective function has maximum local growth (for maximization problems) or
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decrease (for minimization problems) can then be obtained. An adequate step in
this direction is set and the next design to evaluate is obtained. Gradient-based
methods have the advantage of being accurate and benefit from fast convergence
rates. However, they may often be trapped in local optima and are difficult to
parallelize. An additional drawback is that obtaining the gradient of the objective
function requires, in typical engineering problems, a significant implementation ef-
fort and a non-negligible computational cost. This cost increases dramatically for
high dimensional spaces when these gradients are computed with finite differences
as it requires N + 1 objective functions evaluations, N being the dimension of the
design space. Fortunately, Lions [68] developed the adjoint method where the cost
of obtaining the gradient is independent of the number of design variables. This
approach was used by Pironneau [92] in fluid mechanics and later by Jameson [40]
in aerodynamics. Still, the cost of solving the adjoint equations is often equal or
higher than the cost of evaluating the objective function. Implementing the ad-
joint method requires an important development effort and it is memory intensive
for unsteady simulations. Further to this, large errors on the gradient can also be
observed in the case of turbulent flows as illustrated by Talnikar and Wang [111],
rendering the application of gradient-based methods nontrivial. Arguably, the most
popular gradient-based methods are the quasi-Newton methods where the Hessian
is approximated to find the minimum, such as the L-BFGS-B algorithm [7].

On the other hand, the derivative-free optimization methods do not require gra-
dient information. The advantages of this type of methods are that they can more
easily escape from local optima and several of these optimization methods can be
parallelized. These methods only require objective function evaluations and can then
be more easily wrapped around a black-box system than gradient-based optimization
when the gradients are obtained with the adjoint method. However, derivative-free
methods suffer from lower convergence rates and are less accurate than gradient-
based optimization when gradients can be numerically computed with high accu-
racy. There are numerous algorithms falling into the category of the derivative-free
methods. One can cite for example the Nelder-Mead algorithm [86] that relies on
contraction, reflection, expansion and shrink of design simplices. Also many algo-
rithms inspired by the nature came to live as derivative-free methods such as genetic
algorithms [19] or particle swarm optimization [47]. They generally involve an initial
population that will be attracted towards the optimum through a weighting system.

Even if it cannot be directly classified as an optimization method, the Response
Surface Methodology (RSM) [94] is a widely used framework for the optimization
of black-box functions. The idea is to firstly build a surrogate model with the
observations of the objective function at carefully selected design points. This step is
known as the Design of Experiments (DOE). Then the surrogate model is optimized
with gradient-based or derivative-free methods to determine the most promising
design. The observation of the objective function at this design point is then added
to the model and a new iteration begins. The benefit of this approach is that the
optimization is performed on the surrogate model and not directly on the objective
function. Finding the optimum of the surrogate model becomes then much cheaper
than finding the optimum of the true underlying objective function. The drawbacks
of this framework are that it may be difficult to estimate the accuracy of the model
and building a reliable surrogate model in high dimensions requires a significant
number of samples.
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1.1.2 Bayesian Optimization

Bayesian Optimization [6, 103, 25] has recently emerged as a promising optimization
technique through its applications in machine learning. This technique relies on a
surrogate model, typically a Gaussian Process (GP) [96, 101]. With the GP (also
called Kriging), the objective function is considered as the realization of a stochastic
process

f(s) ∼ GP(µ0(s), k(s, s′)), (1.1)

where f is the objective function, s is a design point, and GP is defined by its mean
function µ0(s) and its covariance function k(s, s′).

The GP is a function distribution over a continuous domain. With this model, if
we consider n observations of the objective function f1:n = (f(s1), f(s2), . . . , f(sn))T,
at n design points s1:n = (s1, s2, . . . , sn)T, these objective function values are then
initially modelled as the realizations of a multivariate normal distribution given by

f1:n|s1:n ∼ N (µ0(s1:n),K) = P (f1:n|s1:n), (1.2)

where f1:n|s1:n should be interpreted as f1:n given s1:n, N is the multivariate normal
distribution, µ0(s1:n) the mean function at s1:n and K = [kij] with kij = k(si, sj) and
1 ≤ i, j ≤ n. P (f1:n|s1:n) is known as the prior distribution, and more specifically,
we have

P (f1:n|s1:n) =
1

(2π)n/2|K|1/2
exp

(
−1

2
(f1:n − µ0(s1:n))TK−1(f1:n − µ0(s1:n))

)
,

(1.3)
where | · | denotes the determinant.

It may happen in practice that we do not have access to the true objective
function values f1:n but to noisy observations q1:n. Typically, such observations are
modelled by

q1:n = f1:n + η1:n, (1.4)

where η1:n = (η1, η2, . . . , ηn)T. Each ηi is considered to be drawn from a normal
distribution with zero mean:

ηi ∼ N (0, σ2
η) =

1

ση
√

2π
exp

(
− η2

i

2σ2
η

)
. (1.5)

With these considerations, the prior probability of the observations q1:n reads

P (q1:n|s1:n) = N (µ0(s1:n),K + σ2
ηIn)

=
1

(2π)n/2|K + σ2
ηIn|1/2

exp

(
−1

2
(q1:n − µ0(s1:n))T[K + σ2

ηIn]−1(q1:n − µ0(s1:n))

)
,

(1.6)

where In is the n× n identity matrix.
If we consider now the objective function value fn+1 at a design point sn+1, the

joint probability of the noisy observations q1:n and fn+1 is given by

P (q1:n, fn+1|s1:n, sn+1) = N
((

µ0(s1:n)
µ0(sn+1)

)
,

(
K + σ2

ηIn k
kT k(sn+1, sn+1)

))
, (1.7)
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where k = [ki,n+1].
The name Bayesian Optimization comes from the famous Bayes’ theorem that

states in that case:

P (fn+1|q1:n, s1:n, sn+1) =
P (q1:n|fn+1, s1:n, sn+1)P (fn+1|sn+1)

P (q1:n|s1:n)
, (1.8)

where P (fn+1|q1:n, s1:n, sn+1) is the posterior distribution of fn+1, P (qn+1|fn+1, s1:n, sn+1)
the likelihood, P (fn+1|sn+1) the prior distribution of fn+1 and P (q1:n|s1:n) the marginal
likelihood. In other words, with Eq. 1.8, we want to describe the probability of fn+1

once the noisy observations q1:n have been gathered.
Fortunately, the right hand side of Eq. 1.8 is easy to compute with the multi-

variate normal distribution (see Appendix A.2 of [96]):

P (a, b) = N
((

µa
µb

)
,

(
A C
CT B

))
=⇒ P (b|a) = N (µb + CTA−1(a− µa),B−CTA−1C).

(1.9)

It then naturally follows with Eq. 1.7 and Eq. 1.9, that we can rewrite Eq. 1.8
as a normal distribution:

P (fn+1|q1:n, s1:n, sn+1) = N (µn(sn+1), σ2
n(sn+1)), (1.10)

where

µn(sn+1) = µ0(sn+1) + kT[K + σ2
ηIn]−1(q1:n − µ0(s1:n)), (1.11)

and

σ2
n(sn+1) = k(sn+1, sn+1)− kT[K + σ2

ηIn]−1k. (1.12)

The mean µn(sn+1) represents the expected value of fn+1 given the observations
q1:n whereas σn(sn+1) represents the standard deviation and is in itself a metric of
the uncertainty predicted by the model.

Generally, in BO, an acquisition function is defined in order to determine the next
candidate design point. This acquisition function generally trades off exploitation
(sampling in promising areas where an optimum could be found) and exploration
(evaluate design points where the uncertainty is high). Maximizing the acquisition
function is then generally much cheaper than optimizing the true objective function.
One of simplest acquisition function is probably the negative lower confidence bound
derived from the work of Cox [15]:

NLCB(s) = −µn(s) + κσn(s), (1.13)

that we want to maximize to select the next design point sn+1. Maximizing the
term −µn(s) is equivalent to perform exploitation of the model whereas maximizing
the term σn(s) corresponds to exploration. The trade-off between exploitation and
exploration is controlled by the parameter κ whose choice is left to the user. This
parameter can be fixed or changed dynamically with the number of observations as
in [106].
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Other popular choices of acquisition functions include the Probability of Im-
provement [54] and the Expected Improvement [85]. As their names suggest, they
respectively quantify the probability of improvement and expected improvement
over a minimum that is generally taken as the minimum observed value. Recently,
more elaborated acquisition functions have been proposed such as the Knowledge
Gradient [24] that quantifies the gain over the current model minimum if one ad-
ditional observation was possible. Hennig and Schuler [34] developed the Entropy
Search algorithm where the mutual information between the minimum design point
of the objective function and the objective function evaluation at a design point s
is chosen as an acquisition function. Capitalizing on this idea, Hernández-Lobatto
et al. [35] developed the Predictive Entropy Search where the acquisition function
is the same as the Entropy Search algorithm but computed differently. More pre-
cisely, the symmetry properties of the mutual information are used to simplify the
numerical methods employed to compute the acquisition function. Finally, Wang
and Jegelka [117] developed the Max-Value Entropy Search where the acquisition
function is the mutual information between the objective function minimum value
and the objective function at a design point. The main benefit of this method is that
compared to the Entropy Search and the Predictive Entropy Search, the Max-Value
Entropy Search has a closed form and is faster to compute.

Depending on the choice of the acquisition function, different designs will be
selected. Still, for all these methods, the process remains the same: the acquisition
function is maximized in order to select the next design point to evaluate, the
objective function is observed at this design point and the posterior distribution
of the GP is then updated. This process is repeated until a stop criterion is met,
e.g. a maximum number of iterations, a value below a certain threshold, proximity
between consecutive design points, etc.

1.1.3 Bayesian Optimization with gradients and/or multi-
fidelity

The performance of BO is therefore dependent on two criteria: the model and
the acquisition function chosen. Whereas as mentioned earlier various acquisitions
functions were created, Shahriari et al. [103] argued that: “There has been a great
deal of work that has focused heavily on designing acquisition functions; however,
we have taken the perspective that the importance of this plays a secondary role to
the choice of the underlying surrogate model”. Several authors took the direction
of developing the models for GP. Among the different possibilities, one feature that
appears particularly suited to expensive numerical simulations, such as the ones that
appear in fluid mechanics, is the usage of various sources of information.

For example in CFD, it is possible to obtain the derivative information of the
objective function at a reasonable cost with the adjoint method. This gradient
information can then be included in the prior distribution and a new posterior dis-
tribution can be deduced. The method to do so is detailed in Section 9.4 of [96] and
Section 7 of Forrester et al. [21]. Lizotte [71] showed that when the derivative in-
formation was included, BO outperformed the gradient-based algorithm L-BFGS-B
[7]. Later, Wu et al. [122] repeated the experiment with the derivative Knowledge
Gradient acquisition function. As the Knowledge Gradient mentioned earlier, this
acquisition function evaluates the gain over the model optimum according to future
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observations. However, in addition to the future objective function observations
that use the Knowledge Gradient, the derivative Knowledge Gradient acquisition
function also takes into account future derivative observations. Once again, the
authors showed that BO with gradients was more efficient than L-BFGS-B. Re-
cently, Talnikar and Wang [111] used a GP with derivative information to perform
optimization in Large Eddy Simulation (LES). The gradients are typically noisy in
these conditions and can diverge, making difficult the use of gradient-based meth-
ods. They compared BO with and without gradients and demonstrated that adding
the derivative information improved the efficiency.

Another possibility is to include various fidelity levels of the objective function
into the GP and build what is called a multi-fidelity model. For example, we can
consider two fidelity levels: one that is defined by a fast realization of the objec-
tive function but imprecise (referred to as the low-fidelity model) and another one
that is slower to obtain but accurate (referred to as the high-fidelity model). In
CFD, low/high-fidelity models can include (but is not restricted to): coarse/fine
mesh, Reynolds Averaged Navier Stokes (RANS)/Large Eddy Simulations (LES),
loosely/tightly converged objective function. As with the derivative information, the
information brought by the low and high-fidelity models are included in the prior
distribution through the covariance matrix (and also possibly in the prior mean).
The model of reference for the multi-fidelity setting is the model of Kennedy and
O’Hagan [48]. The high-fidelity function is then modelled as the sum of a scaled
low-fidelity objective function plus an error term known as the bridge function. Both
the low-fidelity objective function and bridge functions are considered independent
processes. More details on the implementation of these various fidelity models can
be found in Section 8 of Forrester et al. [21]. On the Hartmann 6 test function,
for the same final accuracy, Park et al. [88] showed that multi-fidelity models could
save up to 86% of the cost compared to the single high-fidelity model. On the same
test function and for the same cost, the multi-fidelity model was able to improve the
accuracy up to 51% compared to the single high-fidelity model.

Some authors have explored the combination of derivative information and multi-
fidelity models. For example, Han et al. [31] enhanced a Kriging multi-fidelity model
with the gradient information. In this article, they also proposed a new generalised
hybrid bridge function for the multi-fidelity model. The high-fidelity function is then
modelled as the product between a low order polynomial and the low-fidelity ob-
jective function more a bridge function. Compared to the multi-fidelity model and
gradient enhanced Kriging, the model combining both muti-fidelity and gradient
information was the most accurate, efficient and robust in the context of an aerody-
namic application. The same year, Yamazaki and Mavriplis [123] relied on the same
idea and proposed a model named derivative-enhanced variable-fidelity surrogate
model. This model was investigated for both modelling and optimization. They
showed that the multi-fidelity model with gradient information was more accurate
than when these models were used separately and lead to fast objective function re-
duction on an aerodynamics case. Later, Ulaganathan et al. [114] also worked with
multi-fidelity and gradient information. They introduced the Gradient Enhanced
recursive CoKriging model (GECoK), a multi-fidelity model enhanced by the gradi-
ent information on both objective functions. This model showed superior modelling
accuracy than using multi-fidelity and gradient information separately in the GP
model.
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1.1.4 Bayesian Optimization in high-dimensional spaces

Still, despite the progress made in the GP modelling, one question remains: how
do we apply BO to high dimensional problems ? Indeed, since the performance
of BO lays on the accuracy of the surrogate model, its performance decreases as
the dimension of the design space increases. As mentioned earlier, a significantly
higher number of design points is required in high dimensions to build a reliable
surrogate model. Thus, BO remains generally limited to problems of moderate
dimension (up to 10 design parameters). As mentioned in Lam [57], two strategies
can be used to tackle high dimensional problems with BO: collect more information
per iteration in order to build a more accurate model, or reduce the dimension of
the optimization problem. The first strategy could be applied with the GP with
gradients or with the multi-fidelity model with gradients mentioned earlier in this
introduction. However, the GP scales cubically with the number of observations.
Thus, for a design space of dimension N , the cost of building a single-fidelity GP
with gradient information would be (N+1)3 times the cost of fitting a single-fidelity
GP without derivative information. The cost of building a multi-fidelity model with
gradient information would even be higher since low-fidelity samples are added. This
cost rapidly makes the usage of models with gradient information impractical in the
context of high dimensional BO or would require further investigation in order to
reduce dramatically this cost.

We are then left with the other strategy: reducing the dimension of the design
space. In BO, various methods have already been employed to decrease the dimen-
sion of a high dimensional space. To tackle this problem, Chen et al. [12] developed
a two-stage algorithm. In the first phase, Hierchical Diagonal Sampling (HDS) is
applied in order to determine the active variables. Then, BO is applied on this
set of active variables. Hutter et al. [38] used Random forests instead of a GP
as a surrogate model since random forests can naturally determine the most active
variables [103]. Wang et al. [116] create the Random EMbedding Bayesian Opti-
mization (REMBO). Firstly, the design space is projected into a lower dimensional
space through a random generated matrix. BO is then applied into this lower di-
mensional space. In the article, this method was successfully employed to optimize a
two-dimensional function embedded in a one billion dimensional space. Constantine
[13] and his team developed the Active Subspaces (AS) algorithm. With an initial
set of sampling points, a linear combination of the variables is determined in order
to reduce the dimension. Then BO can be applied in the subdimensional space.
Whereas this method normally requires the gradient information, Constantine [13]
also proposed two other methods to build this linear combination if the gradients
are not available: approximating the gradient information or trying to fit a global
linear model. Lam [57] further developed the AS in order to estimate the lower di-
mensional space with multi-fidelity samples. Results showed that it was possible to
estimate the AS with less computational cost using multi-fidelity samples. Finally,
Kusner et al. [55] used a variational autoencoder to project the initial design space
into a lower dimensional space. A Gaussian Process latent variable model [62] was
employed in order to consider the uncertainty of the input.
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1.2 Goals of the thesis

In this thesis, three main objectives were pursued:

1. Evaluate the performance of Bayesian Optimization in problems involving nu-
merical flow simulations.

2. Compare the different Gaussian Process models with derivative information
and/or multi-fidelity for modelling and Bayesian Optimization.

3. Develop a framework to tackle multi-objective Bayesian Optimization in high-
dimensional spaces.

The motivation and scope of these goals are discussed in the remaining of this
section.

Evaluate the performance of Bayesian Optimization in problems involv-
ing numerical flow simulations

This thesis focuses on the efficiency of BO and its variants for aerodynamics
improvements in flows around cylinders and airfoils. More specifically, BO is applied
on numerical simulations of these two cases in order to reduce the drag or increase
the lift through tangential wall actuation.

Improving the aerodynamics performance through numerical simulations and
optimization algorithms have been widely investigated in the literature. For exam-
ple, Li et al. [65] used a quasi-Newton method to suppress the vortex shedding of
a cylinder up to a Reynolds number Re = 110 through a blowing-suction mecha-
nism. Meliga et al. [81] addressed the drag reduction on two and three-dimensional
cylinders up to Re = 3900 through wall-transpiration actuation. The RANS equa-
tions were used to model turbulence. Mao et al. [77] also investigated the drag
reduction problem of a two- and three-dimensional cylinder up to Re = 1000 using
Direct Numerical Simulation (DNS). They considered a surface-normal wall tran-
spiration. Later, the same problem was investigated with a tangential motion of
the surface substituting the transpiration mechanism in [78]. In both studies, the
adjoint method was used to compute gradients.

Derivative-free optimization methods were not forgotten either for aerodynam-
ics optimization. Li et al. [64] added an additional step to the Nelder-Mead algo-
rithm by performing at each iteration an explorative step through a Latin Hyper-
cube sampling. They applied this algorithm named Explorative Gradient Method
(EGM) to the drag reduction of the fluidic pinball and the Ahmed body. Milano and
Koumoutsakos [83] used evolutionary algorithms to tackle the drag reduction of a
two-dimensional cylinder at Re = 500 where the design parameters were the tangen-
tial velocity amplitude of actuators set around the cylinder. Sengupta et al. [102]
used genetic algorithms to reduce the drag of a rotating two-dimensional cylinder
at Re = 15000. The genetic algorithms were also used to improve the aerodynamic
performance of turbine blades in [82]. Duan et al. [124] preferred to use Particle
Swarm Optimization (PSO) to improve the peak efficiency of the Rotor 37. PSO
was also employed in [100] with a metamodelling methodology for the optimization
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of the airfoil shape of a compressor. Both PSO and genetic algorithms (and 3 ad-
ditional optimization algorithms) were also used in [1] to optimize the design of an
axial pump.

The RSM has also been widely applied to aerodynamics cases. Catalano et al.
[10] used a surrogate model to minimize the drag of a two-dimensional cylinder at
Re = 500 and Re = 3900 with a synthetic jet. Jeong et al. [41] relied on the Kriging
model with the Expected Improvement acquisition function to maximize the lift-to-
drag ratio of a two-dimensional airfoil with the Spalart-Allmaras turbulence model.
More recently, Duvigneau and Chandrashekar [17] also used a Kriging model to
minimize the drag around an oscillating cylinder at Re = 200. They also applied
this method to reduce the intensity of a shock wave for a transonic airfoil using RANS
models. Later Talnikar et al. [110] used a parallel BO approach to minimize the
drag in a turbulent channel with LES. They also applied their method to optimize
the heat transfer and pressure coefficient of a turbine blade. Later, Mahforze et
al. [75] also used the BO to minimize the skin-friction drag of spatially evolving
turbulent boundary layers simulated through DNS.

However, despite the important number of publications related to aerodynamics
optimization, application of BO in numerical flow simulations are uncommon and
the performance of this optimization algorithm needs to be further investigated.
Moreover, the literature would benefit from a comparison of derivative-free opti-
mization algorithms in the context of numerical simulations in fluid mechanics. A
comparison between some of them was already done in [1] but did not include BO
and some recent algorithms such as CMA-ES [33] and explorative gradient method
[64].

Compare the different Gaussian Process models with derivative informa-
tion and/or multi-fidelity for modelling and Bayesian Optimization

As mentioned earlier, the GP has been developed to include lower-fidelity models
and/or derivative information. All these approaches showed significant improvement
over the classical GP. Still, in front of all the possible models and depending on
the computational cost associated with each source of information, the user may
benefit from guidelines on which model to choose for either modelling or optimization
purposes. Indeed, the cost of the source of information has often been neglected in
the studies. For example, Yamazaki et al. [123] compared the models neglecting
the costs of the gradient information and low-fidelity levels when they examined
the modelling performances. When they applied optimization, the gradients were
not included in the DOE, but the single-fidelity and multi-fidelity models were not
initialized with the same cost. Han et al. [31] also neglected the costs of the lower
fidelity model and gradient information in their studies. Finally, Ulaganathan et
al. [114] studied the performance of the multi-fidelity gradient enhanced Kriging
as a function of the number of high-fidelity sample points and the behaviour of the
model depending on which fidelity the gradients were included. Some results on
the number of low- and high-fidelity samples required to achieve the same level of
accuracy between the different were also given. Still, despite being included in this
paper, the notion of information cost and effects of the gradients on one fidelity
level for the multi-fidelity setting were not assessed in detail. Also, the performance
study of the models for varying number of high-fidelity samples was presented with
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a constant number of low-fidelity sample points and not for various configurations
of the DOE and a fixed budget. Even if these articles provide useful information
regarding the GP models with multi-fidelity and/or derivative information, the BO
user would also benefit from a performance study of the GP models that takes into
account the cost of all sources of information and the configuration of the DOE to
make an adequate choice of the model and DOE for global modelling or optimization
of an objective function. The cost of information becomes even more a critical factor
when the user can only perform modelling or BO with a limited budget (under 10
times the dimension of the design space for example).

Develop a framework to tackle multi-objective Bayesian Optimization in
high-dimensional spaces

Finally, as argued before, the gradients can not be readily used to build a reliable
GP model in high dimensions since its cost dramatically increases. Thus, the other
approach left is to reduce the dimension of the design space. This approach has been
notably used in BO as described in 1.1.4. However, this approach has rarely been
used in the context of multi-objective Bayesian Optimization (MOBO). In contrast
with BO in the single-objective case, MOBO optimizes several objective functions
at the same time. This process requires more samples than BO, as the goal is not
to find only one optimal design point but several ones that will compose what is
called a Pareto front. A Pareto front consists of optimal design points where an
objective function can not be improved without making another one worse. MOBO
could really benefit from dimension reduction in order to decrease the optimization
cost.

Ling et al. [66] designed a MOBO algorithm for high dimensional space and
applied it to solve an engineering problem composed of 37 design parameters. But
no dimension reduction method was employed. Lukaczyk et al. [73] used AS to
project a design space of dimension 50 into a design space of dimension 2. They then
applied BO in this lower dimensional space to optimize the shape of the ONERA-M6
transonic wing in order to reduce the drag subject to a lift constraint. A link between
the lower dimensional space of the drag and the lower dimensional space of the lift
was made but no proper MOBO was performed. Later, Grey and Constantine [30]
applied the AS to reduce the dimension of two airfoil shape parametrizations. Both
lift and drag coefficients were reduced from a maximum of 11 design parameters
to a two-dimensional space. Through visualisations, they were able to find the
Pareto front of the drag and lift coefficients. Still, to find the Pareto front, no
MOBO algorithm was applied. Thus, an algorithm combining dimension reduction
and MOBO in order to automatize the optimization process could be useful to the
scientific community.

1.3 Outline of the thesis

This thesis is divided in five chapters. Each objective is investigated in a different
chapter. Thus, in Chapter 2, the BO performance is assessed on a canonical fluid
case. In Chapter 3, the possible GP models with gradient information and/or multi-
fidelity are studied for global modelling and optimization purposes. In Chapter 4,
a method combining MOBO and dimension reduction is developed and tested on
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a benchmark objective function and two aerodynamics applications. Finally, in
Chapter 5, conclusions are summarized and future lines of research are suggested.

Chapters 2, 3 and 4 are self-contained. Chapter 2 has been published as a journal
paper [61] whereas Chapter 3 and Chapter 4 are begin prepared for submission.
Below a summary of each chapter is provided.

Chapter 2

In Chapter 2, the performance of BO on numerical flow simulations is investigated.
Firstly, BO is presented, including details about the kernel functions and some of
the most used acquisition functions. Then, BO is applied to the drag reduction of a
two-dimensional cylinder at Re = 500. Several points, called actuators, are placed
around the cylinder, each actuator being able to set a tangential velocity. These
tangential velocities are the design parameters. The objective function is the root
mean square of the sum between the drag coefficient and a penalty term proportional
to the kinetic energy set by the actuators:

f(s) =

√
1

∆T

∫ T+∆T

T

(
C2

d(t; s) +
α

N
sTs
)

dt, (1.14)

where f is the objective function, s the design parameters, T the starting time of
the computation of f , ∆T the time period considered for the integration, Cd the
drag coefficient, t the time of the simulation, α a scaling constant for the penalty
term and N the number of actuators set.

The resulting flow fields found with BO for various α values are described. The
influence of the BO parameters such as the kernel function, the dimension of the de-
sign space, the acquisition function and the size of the DOE is then investigated. On
the same case, the performance of serial and parallel BO is assessed and compared
against other derivative-free optimization algorithms such as the Nelder-Mead algo-
rithm, the Explorative Gradient Method (EGM), the Covariance Matrix Adaptation
Evolution Strategy (CMA-ES) and the Particle Swarm Optimization (PSO). Finally,
BO is applied to the drag reduction of a three-dimensional cylinder at Re = 3900.
The same objective function and design parametrization as for the two-dimensional
cylinder at Re = 500 are chosen. The optimal solution found with BO for α = 8 is
compared with the uncontrolled case and the resulting behaviour is examined.

Chapter 3

In Chapter 3, the performance of the GP models with gradients and/or multi-fidelity
is explored for global modelling and BO. In the first place, the different GP models
and the posterior distributions are developed. These models are then tested on the
two-dimensional Styblinski-Tang objective function, the six-dimensional Hartmann-
6 objective function, and on the drag reduction of a two-dimensional cylinder at
Re = 200. For the last case, a tangential velocity is set around the cylinder through
3 design parameters. As in Chapter 2, an objective function consisting of the sum of
the root mean square drag coefficient and a penalty term proportional to the kinetic
energy set by the tangential wall motion is chosen.
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For the three test cases described, the global accuracy and the minimum pre-
diction of the models are firstly investigated with the DOE. Various gradient costs,
ratio between the low and high-fidelity samples for the multi-fidelity models, and
various total budgets are studied. Then, for each case and for a given initial budget,
the configuration with the lowest initial minimum prediction is chosen as the start-
ing point of the BO. The minimum obtained at each objective function observation
is compared between the different models for different gradient costs. Finally, the
main observations on the models and the advantages and drawbacks of each one are
highlighted in the conclusions of Chapter 3.

Chapter 4

In Chapter 4, a framework combining MOBO and dimension reduction is developed
and presented. Definitions of the multi-objective optimization and the hypervolume
metric as well as the MOBO and some dimension reduction methods are introduced
first. The framework combining MOBO and dimension reduction is then presented
and showcased on three different problems: the Fonseca-Fleming problem, the two-
dimensional cylinder at Re = 40 and the two-dimensional NACA0012 profile at
Re = 1000 with an angle of attack AoA = 10°. For each case, the Pareto front
obtained as well as the hypervolume metric are investigated and compared for the
MOBO algorithm with and without dimension reduction.

For the Fonseca-Fleming problem, a quadratic dimension reduction is used for
both objective functions. The MOBO algorithms with and without dimension re-
duction are tested with N = 2, 5, 10, 20, 50, 100 design parameters.

For the two-dimensional cylinder at Re = 40, 79 actuators are placed around
the cylinder, each actuator being able to set a tangential velocity. These tangential
velocities are the design parameters. The two objective functions to minimize are
the squared drag coefficient and an objective function proportional to the cost of
the actuation. The squared drag coefficient is reduced to one dimension with the
AS method whereas a straightforward dimension reduction is used for the second
objective function. In addition to the performances study of the optimization al-
gorithms, the optimal velocity profiles around the cylinder and the fluid results are
also presented.

Finally, for the two-dimensional NACA0012 profile at Re = 1000, N tangential
actuators are set around the profile as with the cylinder case. The two objective
functions to minimize are the time-averaged drag coefficient and the negative lift
objective function. Both objective functions are penalized by a term proportional to
the kinetic energy set by the actuators. The dimension reduction on both resulting
objective functions is performed through a quadratic dimension reduction method.
The performances of the MOBO algorithm with dimension reduction and the MOBO
algorithm without dimension reduction are investigated with N = 10, 20, 40, 80. The
optimal velocity profiles for each case are presented and the fluid solutions of the
optimal solutions for N = 80 are also introduced.

Chapter 5

Finally, in Chapter 5, the main results and observations are summarized. Future
lines of research related with the work performed are also suggested.
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Chapter 2

Cylinder drag minimization
through wall actuation: a
Bayesian optimization approach

2.1 Introduction

Owing to the constantly increasing available computational power, High Perfor-
mance Computing and high-fidelity simulations are progressively being integrated
into the design and optimization of engineering devices. The improvement of a given
design often resorts to the solution of an optimization problem. In particular, the
simulations are parameterized and the set of all possible choices for these param-
eters, i.e. the design space, is defined. Then, the goal is to find the point in the
design space that corresponds to the best design, as quantified by the extremum of
an objective function. To find the solution, optimization algorithms [11] repeatedly
evaluate different design choices, leading to a sequence of points that converges to
this extremum.

In the case of devices involving flows, high-fidelity simulations of unsteady com-
plex flows at moderate-to-high Reynolds numbers using Detached or Large Eddy
Simulation are becoming commonplace. However, the increased level of detail that
such simulations provide is associated with a dramatic increase in computational
cost. This observation puts severe restrictions into optimization studies. First, the
cost of solving an optimization problem is comparable to the product of the cost
of a single simulation and the number of function evaluations. Typically, the avail-
able computational resources translate into a modest number of function evaluations
that can be performed, i.e. a budget. Second, the flow features that are present in
high-fidelity simulations often result into objective functions with complex land-
scapes where a large number of local extrema are present. For these reasons, solving
optimization problems involving high-fidelity simulations requires the use of opti-
mization methods that can escape from these local extrema and find the global
extremum in few evaluations.

Although several classifications exist for optimization methods (e.g. local/global,
constrained/unconstrained, deterministic/stochastic, single-objective/multi-objective),
we will classify them here into gradient-based and derivative-free methods.

Gradient-based methods use derivative information to determine the direction
in the design space where the objective function has maximum local growth. These
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methods have the advantage of benefiting from fast convergence rates to an ex-
tremum. However, they may often be trapped in local optima and are difficult to
parallelize efficiently. Furthermore, obtaining accurate gradients from sophisticated
numerical solvers can be problematic. As the number of parameters increase, com-
puting the gradients through the sensitivity equations or finite differences becomes
increasingly more expensive. To tackle this problem, Jameson [40] pioneered the use
of adjoint methods where the cost of obtaining the gradients is independent of the
number of design parameters. A major advantage of such methods is that they pro-
vide sensitivity maps at no additional cost. For instance, Giannetti and Luchini [27]
and Marquet et al. [80] developed theoretical frameworks that allow to determine
regions in the flow that are more sensitive to external forcing and base-flow modi-
fications, respectively. In the context of flow control, Camarri and Iollo [8] applied
sensitivity analysis to design a feedback control to suppress vortex shedding in the
wake of a square cylinder. However, adjoint methods have several drawbacks: they
require a significant development effort, and in the case of unsteady computations,
long integration times translate into large memory requirements, exceeding typically
available storage capacity. Among these limitations, perhaps the most important
one is that they run into complications with turbulent flows. As illustrated by Tal-
nikar and Wang [111], the adjoint solution tends to diverge for long-term averaged
quantities derived from flows with chaotic features—even if the statistics are well
defined—resulting thus into large errors in the gradient.

On the other hand, derivative-free methods do not rely on gradient information,
and instead, use only the information acquired through function evaluations. For
example, the Nelder-Mead algorithm [86] relies on contraction, reflection, expan-
sion and shrink of simplices in the design space. Recently, this algorithm has been
combined with Latin Hypercube Sampling (LHS) and applied to the stabilization of
the so-called fluidic pinball and drag reduction of the Ahmed body through steady
blowing [64]. Algorithms inspired by the observation of nature, such as natural se-
lection [19] or bird flocking [47], have also been proposed. They generally introduce
a population that will evolve towards the optimum. Although these methods suffer
from lower convergence rates, they are often able to escape from local optima, are
easier to parallelize and can be easily wrapped around general black-box functions.
These properties render these methods very attractive compared to the gradient-
based counterparts. Unfortunately, the large number of function evaluations that
derivative-free methods typically require precludes them from being routinely used in
optimization problems involving high-fidelity simulations. This is further aggravated
when the number of design parameters increases. For this reason, when robust gradi-
ent information is available, gradient-based methods are often preferred. Examples
of optimization problems involving numerical flow simulations are [1, 83, 102, 82]
for genetic algorithms and [1, 124, 100] for Particle Swarm Optimization.

Typically applied within a derivative-free framework, the Response Surface Method-
ology (RSM) [94] is a widely used approach to optimize functions that are expensive
to evaluate. In contrast to the methods mentioned above, RSM attempts to use the
value of the objective function at selected design points to build a surrogate model
that approximates the value of the objective function but is cheaper to evaluate.
To build an accurate model over the entire design space, a careful sampling in the
design space, known as the Design of Experiment (DOE), is performed first. Once
the model is built, optimization methods rely onto this model and not directly onto
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the objective function, in order to determine the next design to evaluate. Then,
this point is evaluated and added to the surrogate surface to improve its accuracy.
Since the model is cheap to evaluate, the cost of finding the next candidate point is
often negligible. Then, this process is repeated until a stop criterion is fulfilled. The
main drawback of using this framework is that the accuracy of the model is difficult
to estimate a priori, and it degrades quickly as the number of design parameters
increases.

Bayesian Optimization (BO) [6, 103] has recently gained popularity as an effec-
tive derivative-free optimization method for expensive objective functions. Once a
DOE has been performed, a surrogate model typically based on Gaussian Process
(GP) is introduced. Then, the sequence of points that leads to the optimum is guided
by (i) the value of the objective function at the optimum of the surrogate model,
and (ii) the uncertainty of the model. This can be interpreted as a trade-off between
ensuring that (i) the optimum is found and (ii) that the model is accurate. Interest-
ing features of the resulting strategy are the ability to deal with black-box functions,
handle uncertainty and noise, and the possibility to reach a global optimum in few
function evaluations. These characteristics render this method a valuable candidate
for solving optimization problems involving high-fidelity numerical flow simulations.

The modern BO approach was probably pioneered by Kushner [54], who was
interested in finding the maximum of a noisy function. With Brownian motion
stochastic processes (or Wiener processes) selected as a model of the noisy func-
tion, an auxiliary (or acquisition) function called Probability of Improvement (PI)
was used to determine the maximum of unconstrained one-dimensional problems.
Later, Mockus et al. [85] extended the BO approach to multidimensional problems
using an alternative acquisition function named Expected Improvement (EI). In
1951, Krige [52] developed a statistical technique for mine valuation. The idea of
this technique is to model the objective function as the realization of a stochastic
process. A mean function is then used to model the most probable value of our ob-
jective function at every point whereas the standard deviation acts as an estimation
of the uncertainty of the model. Later, Sacks et al. [99] applied this model to the
Design of Analysis and Computer Experiments (DACE) to approximate the deter-
ministic output of numerical simulations and provide an efficient way of choosing
the inputs for prediction purposes. In 1998, Jones [43] introduced a methodology
named Efficient Global Optimization (EGO) that combined DACE with EI to deal
with expensive black-box functions. Since then, several variants of this method have
been developed to deal with constraints [2] or to address stochastic objective func-
tions [37]. A review of recent developments of this method can be found in [103]
and in [25].

Regarding applications to numerical flow simulations, Jeong et al. [41] used the
Kriging model and the Expected Improvement to maximize the lift-to-drag ratio of
a two-dimensional airfoil with 10 design parameters. Later, Duvigneau and Chan-
drashekar [17] applied BO to drag minimization of flow around a three-dimensional
rotating cylinder considering the amplitude and frequency of oscillations as the de-
sign parameters. In this study, the method was also applied to a two-dimensional
airfoil where four design parameters determined the shape of a protrusion. The op-
timal solution obtained for the rotating cylinder was the same as in the literature,
whereas in the case of the airfoil, a better optimum than the one reported in the
literature was found. Contrarily to these studies, which used RANS simulations,
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Talnikar et al. [110] developed a parallel BO approach for Large-Eddy Simulations
(LES). The EI criteria was modified to determine at each iteration several promis-
ing points, i.e. one per parallel process. The resulting algorithm was successfully
applied to the drag reduction in a turbulent channel and the minimization of the
heat transfer and pressure coefficient on a turbine blade. More recently, Mahfoze et
al. [75] applied BO to reduce the skin-friction drag of spatially evolving turbulent
boundary layers simulated through DNS. Lam et al. [59] reviewed two BO methods
to deal with a finite budget and to include gradient information through the ad-
joint equations for aerospace engineering applications. There is thus an increasing
interest in this methodology, mainly due to its increasing popularity in machine
learning, and its application to unsteady flow simulations could provide an effective
way to improve engineering devices and gain physical insight into the effect of exter-
nal parameters. However, to the best of our knowledge this technique has not been
compared to alternative techniques in the context of numerical flow simulations.

Reducing the vortex shedding behind bluff bodies and the drag exerted on these
structures through active and passive control methods is one of the many applica-
tions that can benefit from advances in optimization techniques. Here, we focus on
the flow around a circular cylinder to assess the efficiency of Bayesian Optimization
in numerical flow simulations. Among the many existing control methods applied to
the cylinder [95], one of particular interest consists in introducing a velocity profile
at the cylinder surface that mimics the effect of a distributed array of actuator jets.
For instance, Li et al. [65] used a blowing–suction mechanism in a two-dimensional
cylinder to reduce the vortex shedding for Reynolds numbers, Re, up to 110. The ad-
joint equations and the Davidon-Fletcher-Powell (DFP) quasi-Newton method were
used to find the optimal 18 design parameters related to the blowing–suction mech-
anism. Milano and Koumoutsakos [83] used evolutionary algorithms to determine
the optimal amplitude of 16 actuators for drag minimization of a two-dimensional
circular cylinder at Re = 500. Catalano et al. [10] minimized the drag coefficient
of a two dimensional cylinder at Re = 500 and Re = 3900 using an actuator jet.
A response surface method was used to find the optimal frequency and position of
the jet. More recently, Meliga et al. [81] also investigated the ability of the adjoint
equations to reduce the drag in a two- and three-dimensional cylinder at Re = 100
and Re = 3900 using RANS models. Mao et al. investigated using DNS the phys-
ical mechanisms leading to two- and three-dimensional cylinder drag reduction at
Re ≤ 1000 through a surface-normal wall transpiration [77], and a tangential mo-
tion of the surface [78]. The sensitivity information computed through the adjoint
equations was used to find the optimal configuration of the system.

The goal of this chapter is to assess the efficiency of Bayesian Optimization
in high-fidelity simulations in canonical flows, such as the flow around a circular
cylinder computed using high-order numerical solvers and Large Eddy Simulation,
and compare its performance against alternative derivative-free optimization tech-
niques. To this end, we consider the drag reduction problem through a series of
tangential velocity actuators of unknown intensity along a cylinder wall in two and
three dimensions.

This chapter is organized as follows: in Section 2.2, we give an overview of the
optimization framework for CFD applications. In Section 2.3, we present the two-
dimensional case at Re = 500 and discuss the influence of the number of actuators,
the evolution of the drag coefficient and the resulting flow field. A parametric
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study of BO and a comparison against alternative optimization techniques are also
presented. In Section 2.4, the results of the three-dimensional case at Re = 3900
are presented and discussed. Finally, we conclude in Section 2.5 discussing the main
results and suggestions for future work.

2.2 Optimization framework

2.2.1 General outline

The starting point in this work is a numerical simulation of an unsteady flow that
attempts to assess the effect of a given set of parameters s, such as a configuration of
flow actuators, shapes of obstacles, etc. In general, this requires solving numerically
an advection–diffusion type of equation represented by

∂u

∂t
+∇ · F = 0 (2.1)

on a domain Ω× [0, T ] subject to appropriate initial conditions u(x, 0) = u0(x) and
boundary conditions on ∂Ω. In the above, u is the vector of flow variables, F is
the tensor of advective and diffusive fluxes, T is the final time of the simulation,
x = (x, y, z)T is the vector of spatial coordinates and t is the time. In the case of
incompressible flow, this system is augmented by the incompressibility constraint.
We denote the solution of this problem by u(x, t; s), where the dependence of the
choice of parameters is indicated explicitly.

To quantify the performance of a specific choice of parameters s, we consider
an objective function f that depends functionally on the evolution of the flow
field u(x, t; s) and s. Example of such functions are the time-averaged lift and
drag coefficients. As per our optimization problem, the goal is to find the optimum
design s∗ in a given design space S such that

s∗ = arg min
s∈S

f(s). (2.2)

The general outline of the algorithm to solve this problem is shown in Algo-
rithm 1. First, a Design of Experiments is performed to determine the points in the
design space that will be used to initialize a surrogate model. As a surrogate model,
we choose the Gaussian Process (GP), typically used in BO. Second, simulations
are run at these design points and the values of the objective function are com-
puted. Then, we repeatedly maximize an auxiliary function, known as acquisition
function, to determine the next point to evaluate, perform the simulation at this
point, evaluate the objective function, and update the Gaussian Process. Once the
stop criterion is satisfied, the last candidate point is returned as the solution. In the
following, we present the algorithmic details of each step.

2.2.2 Design of Experiments (DOE)

To initialize the optimization loop, n initial observations q1:n = (q1, q2, . . . , qn)T are
performed at n different design parameters s1:n = (s1, s2, . . . , sn)T. The purpose
of this step, known as Design of Experiments (DOE), is to gather sufficient data
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Algorithm 1: General outline of Bayesian Optimization.

Initialization:
Design of Experiments (DOE);
Computational Fluid Dynamics;
Evaluation of the objective function;
while stop criterion not satisfied: do

Update of the Gaussian Process;
Optimization of the acquisition function;
Computational Fluid Dynamics;
Evaluation of the objective function;

end

D1:n = {s1:n,q1:n} to build an initial surrogate model that will approximate the
objective function.

The quality of such model greatly depends on how these initial points s1:n are
chosen, and a number of DOE techniques that attempt to distribute the initial points
optimally have been proposed. The so-called full factorial sampling technique is per-
haps the most intuitive. It consists in dividing the interval for each design variable
in discrete values or levels. Then, a full factorial DOE is built by considering all pos-
sible combinations of these levels across all design variables. The main shortcoming
of this technique is that it is difficult to achieve a good DOE for a given available
budget, i.e. the number of initial observations n that is considered. Furthermore,
when the initial sampling space is projected onto each axis, these points overlap.

Other space-filling techniques such as Latin Hypercube Sampling (LHS) or Sobol
sequences have been developed. The first one consists in the subdivision of the
design space into an orthogonal grid. To this end, each direction of the design space
is divided into n elements of the same length. Then, we choose n sub-volumes such
that we only have one element along each column or row of the grid and avoid
correlations between the dimensions. On the other hand, Sobol sequences are quasi-
random low-discrepancy sequences. The main idea is to subdivide the space into
elements, set a sample in each element and then consider a finer grid. These two
design techniques try to fill the space such that points, for a given budget, are
optimally distributed. For a given budget and modelling purposes, these techniques
are often superior to alternatives (see [11]).

Regarding the number of initial points that is required, Jones et al. [43] suggested
to use an initial sample size of n = 10N where N is the dimension of the design
space. However, in the case of unsteady flow simulations, this sample size can
easily exceed available computational resources. Forrester et al. [21] considered
different initial sample size estimates depending on the end purpose of the DOE.
If the surrogate model is only meant to provide an accurate representation of the
objective function, the total budget should be invested in the DOE. If the model is
used for local optimization, then most of the budget should be spent on the DOE
and a few points will be collected during the optimization process. Finally, for
global optimization purposes, most of the points should come from the optimization
procedure. For the Expected Improvement acquisition function (see Section 2.2.5),
Sóboster et al. [105] showed that approximately one third of the points should be in
the DOE and the remaining two thirds collected during the optimization procedure.
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For further information, we refer the reader to Part 2 of Cavazzuti [11] and to
Part 1 and Section 3.3.2 of Forrester et al. [21].

2.2.3 Computational Fluid Dynamics (CFD) and evaluation
of the objective function

The numerical simulations presented in Section 2.3 and Section 2.4 are carried out
using the open-source numerical flow solver PyFR [118]. This code is written in
Python and solves advection–diffusion equations such as Eq. (2.1) on streaming
architectures using the flux reconstruction methodology from [39].

We can write the compressible Navier–Stokes equations in the form of Eq. (2.1),
expressing the conservation laws of mass, momentum and energy. For that, we will
take the state vector as u = (ρ, ρvx, ρvy, ρvz, ε)

T, ρ being the density, v = (vx, vy, vz)
the velocity field in Cartesian coordinates, and ε the total energy density per unit
volume. The flux tensor F will be given by

F =


ρvx ρvy ρvz

ρv2
x + p− τxx ρvyvx − τyx ρvzvx − τzx
ρvxvy − τxy ρv2

y + p− τyy ρvzvy − τzy
ρvxvz − τxz ρvyvz − τyz ρv2

z + p− τzz
vx(ε+ p)− viτix −∆∂xT vy(ε+ p)− viτiy −∆∂yT vz(ε+ p)− viτiz −∆∂zT

 ,

(2.3)
where we have used Einstein notation and p represents the pressure, T the temper-
ature, τ is the stress tensor, and ∆ = µcp/Pr with µ being the dynamic viscosity,
cp the specific heat capacity at constant pressure and Pr the Prandtl number. For a
Newtonian fluid, we have τij = µ (∂ivj + ∂jvi)− 2

3
µδij∇·v where δij is the Kronecker

delta. Finally, we also have to consider the equation of state for the perfect gas

p = ρ
γ − 1

γ
cpT, (2.4)

where γ is the adiabatic index, and the energy equation

ε =
1

2
ρ‖v‖2 +

p

γ − 1
. (2.5)

2.2.4 Gaussian Process

With the data D1:n, a surrogate model q̂ is built to approximate the objective func-
tion. Following Bayes’ theorem, we write

P (q̂|D1:n) ∝ P (D1:n|q̂)P (q̂), (2.6)

where P (q̂|D1:n) is the posterior distribution of the model, P (D1:n|q̂) the likelihood,
and P (q̂) the prior distribution. The posterior distribution represents the updated
beliefs of the objective function, the likelihood is the agreement between the data
and the model, and the prior corresponds to the initial beliefs on the objective
function. After each observation of the objective function, the posterior distribution
is updated. An acquisition function will then be used together with the posterior
distribution to drive the optimization process, as it introduces a criterion to select
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the next point to evaluate. Typically these criteria allow for a trade-off between
exploration, i.e. a design point sn+1 is chosen such that there is a high uncertainty
of our model on the objective function, and exploitation, i.e. a design point sn+1 is
chosen such that there is a high probability of reward, i.e. low value of the objective
function.

Prior distribution

One widely used approach in Bayesian Optimization is to consider Gaussian Process
(GP) as a surrogate model of the objective function. An extended description of
the GP can be found in Rasmussen and Williams [96], and a tutorial can be found
in Schulz et al. [101]. At every design point, the distribution of the function will
be described by a Gaussian distribution. The GP is the joint distribution of all the
multivariate normal distributions, and the model of the function is then given by

f(s) ∼ GP(µ0(s), k(s, s′)). (2.7)

In the above, the mean µ0(s) = E[f(s)] represents the expected value of the ob-
jective function at s whereas the covariance function or kernel k(s, s′) = E[(f(s) −
µ(s))(f(s′)−µ(s′))] defines the smoothness of the model by introducing a dependence
between the designs s and s′.

Initially, it is generally assumed that the prior mean µ0(s) = 0. Regarding the
kernel, popular choices are the Radial Basis Function (RBF), the Matérn52 and
Matérn32 kernels

kRBF(r) = σ2
f exp

(
−r

2

2

)
, (2.8)

k5/2(r) = σ2
f

(
1 +
√

5r +
5r2

3

)
exp

(
−
√

5r
)
, (2.9)

and

k3/2(r) = σ2
f

(
1 +
√

3r
)

exp
(
−
√

3r
)
, (2.10)

respectively, where σ2
f is the variance, r2 = (s − s′)TΛ(s − s′) with Λ a square

diagonal matrix whose entries are 1/λ2
i , λi being a characteristic length scale along

the i-th direction. The RBF kernel is generally used for smooth processes and the
Matérn32 kernel is used for rougher processes, whereas the Matérn52 represents an
intermediate between these two cases.

Then, we will perform a number of observations of our objective function. Since
these can be noisy, we formally write

qi = f(si) + ηi, (2.11)

where qi is the observation of the objective function and ηi the noise in the ob-
servation at the input point si. Generally, the noise is considered to be normally
distributed, i.e. η = N (0, σ2

η), where σ2
η is the noise variance. After n observations

of the objective function, the joint prior distribution at sn+1 is[
q1:n

fn+1

]
∼ N

(
0,

(
K + σ2

ηIn k
kT k(sn+1, sn+1)

))
, (2.12)

where, K = [kij], k = [ki,n+1] with kij = k(si, sj), and 1 ≤ i, j ≤ n. In is the n× n
identity matrix.
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Posterior distribution

To update the model with new observations of the objective function, it is necessary
to restrict or to condition the previous joint prior distribution to functions that
agree with the gathered data D1:n. A posterior predictive distribution can then be
obtained:

P (fn+1|D1:n, sn+1) = N (µn(sn+1), σ2
n(sn+1)), (2.13)

where

µn(sn+1) = kT[K + σ2
ηIn]−1q1:n, (2.14)

and

σ2
n(sn+1) = k(sn+1, sn+1)− kT[K + σ2

ηIn]−1k, (2.15)

where µn and σ2
n are, respectively, the updated mean and variance functions after n

observations.

Hyperparameters estimation

In the previous sections, we have introduced hyperparameters such as σf , λi and ση,
which we denote here by the vector ψ = (σf , λi, ση)

T. The value of ψ is unknown
and it is estimated from the data by maximizing the logarithm of the marginal
likelihood of the model

logP (q1:n|s1:n,ψ) = −1

2
qT

1:n(K + σ2
ηI)−1q1:n −

1

2
log |K + σ2

ηI| −
n

2
log(2π). (2.16)

Eq. (2.16) is generally maximized using gradient-based optimization methods.

2.2.5 Acquisition functions

Once the posterior mean and variance functions are obtained, an acquisition function
that will exploit the information on the mean and standard deviation will be used
to determine the next candidate point to evaluate. The location of the maximum of
this function will then correspond to the next point to evaluate. Since the acquisition
function depends on the mean and standard deviation, the computational cost of
maximizing this function is much cheaper than minimizing the objective function,
which requires expensive simulations.

Probably, the simplest acquisition function is the negative lower confidence bound
(NLCB) derived from the work of Cox [15] given by

NLCB(s) = −µn(s) + κσn(s), (2.17)

where κ is an exploration/exploitation trade-off parameter.
Kushner [54] used the Probability of Improvement (PI), also known as Maximum

Probability of Improvement (MPI), as an acquisition function which is defined as

PI(s) = Φ

(
f(s∗n)− µn(s)− κ

σn(s)

)
, (2.18)
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where Φ is the normal cumulative distribution function, and s∗n = arg mins∈s1:n f(s).
The Probability of Improvement represents the probability of obtaining a better
value of the objective function than the best value that has been found so far, i.e.
P (f(s) ≤ f(s∗)).

It is also possible that instead of just quantifying the probability of improvement
to calculate the amount of expected improvement. Moćkus et al. [85] defined the
Expected Improvement (EI) as

EI(s) =


(f(s∗n)− µn(s)− κ)Φ

(
f(s∗n)−µn(s)−κ

σn(s)

)
+σn(s)φ

(
f(s∗n)−µn(s)−κ

σn(s)

)
if σn > 0,

0 if σn = 0,

(2.19)

where φ is the Gaussian probability density function.
The use of PI is known to result in an aggressive exploitation [44]. On the

other hand, EI and NLCB are more explorative. EI remains the most used acquisi-
tion function. In Section 2.3.4, we will illustrate the behaviour of these acquisition
functions through an application to a numerical flow simulation.

2.2.6 Parallel evaluations

Even if BO is normally a sequential process, it is also possible to run BO in parallel.
In this article, the parallelization will be done through a local penalisation method
developed by [29]. When running in parallel, the maximum of the acquisition func-
tion will be evaluated, and a penalty term is introduced near this location. Then, the
penalized acquisition function is maximized in order to find a second point. This
process is repeated until the desired number of candidate points are determined.
More precisely, we have

si,k = arg max
s∈S

{
g(a(s,D1:i−1))

k−1∏
j=0

ϕ(s, si,j)

}
, (2.20)

where si,k is the k-th point of the batch at the i-th iteration, a(s,D1:i−1) is the
acquisition function that depends on s and the data previously evaluated D1:i−1,
and g : R 7→ R+ is a differentiable function that maps the acquisition function
a(s,D1:i−1) into the positive real numbers space without changing the locations of
its extrema. Here, g(z) = z in the zones where the acquisition function is positive
and g(z) = log(1 + exp z) elsewhere. ϕ(s, si,j) is a penalty term that depends on s
and the previously suggested points of the batch at the i-th iteration, i.e. si,j, and
is defined by

ϕ(s, si,j) =
1

2
erfc

(
− 1√

2σ2
i (si,j)

(L‖si,j − s‖+M − µi(si,j))

)
, (2.21)

where µi and σi are, respectively, the mean and the standard deviation at the i-th
iteration, erfc(·) is the complementary error function, M = min

s∈S
f(x) and L is a valid

Lipschitz constant.
Since the values of M and L are a priori unknown, the approximation M̂ =

minµi(s) and the so-called Gaussian Process Lipschitz Constant Approximation
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vθ(θ, t)

U∞

p∞, ρ∞

Figure 2.1: Uniform flow around a cylinder with tangential flow actuation at the
surface.

L̂GP−LCA = max ‖µ∇(s)‖ (with µ∇(s) the gradient of the mean µi) are introduced.
The resulting suggested points constitute a batch that can be evaluated in parallel.

2.2.7 Example

To conclude this section, a one-dimensional optimization problem that is solved using
Bayesian Optimization is presented. We consider the flow in the incompressible limit
around a circular cylinder at Reynolds number Re = 40 (based on the diameter D).
For now, we omit the numerical details of the simulation as they will be discussed
below in Section 2.3. The resulting flow is steady and the drag coefficient is Cd =
2fx/(ρ∞U

2
∞D) ≈ 1.58, where U∞ and ρ∞ are, respectively, the free-stream speed and

density, and fx is the streamwise component of the force exerted on the cylinder.
To reduce the drag coefficient, a tangential velocity profile is introduced at the

cylinder surface as illustrated in Fig. 2.1. In this example, the tangential velocity
profile is given by

vθ(θ; θ0, σ) =
+∞∑

k=−∞

exp

(
−(θ − θ0 + 2πk)2

2σ2

)
, (2.22)

where θ is the angle measured from the aft of the cylinder, θ0 is the angle of max-
imum amplitude and σ is the standard deviation. This profile corresponds to a
counterclockwise tangential component localized around θ0.

In Eq. 2.22, we set σ = 0.5. The goal is then to find the value of θ0 ∈ [0, 2π]
that minimizes the drag coefficient. A Gaussian Process is initialized using a 3-
point Sobol DOE and the RBF kernel. In the following, Bayesian Optimization is
performed in sequential mode, and the NLCB acquisition function given in Eq. (2.17)
with κ = 2 is chosen. Throughout this chapter, optimization problems are solved
using the open-source software suite GPyOpt [112].

The first 10 iterations of the algorithm are illustrated in Fig. 2.2. At the begin-
ning of the algorithm, the GP is built using the initial data, i.e. θ0 ≈ π/2, θ0 ≈ π and
θ0 ≈ 3π/2 as well as the corresponding values of the objective function (Fig. 2.2a).
To determine the next candidate point, the acquisition function is maximized; the
point θ0 = 2π is chosen due to the low value of the estimated mean. At this point,
the acquisition function reaches its maximum, which indicates that this point corre-
sponds to the best trade-off between exploration and exploitation. Once this point
is evaluated, the Gaussian Process is updated. At the first iteration, a low mean
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(c) 2nd iteration: n = 5
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(d) 3rd iteration: n = 6
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(e) 4th iteration: n = 7
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(f) 10th iteration: n = 13

Figure 2.2: Example of BO on a canonical case. The blue line represents the mean
of the Gaussian Process, the blue shaded area corresponds to the 95% confidence
interval, and the blue circles are the design points already evaluated. The red dashed
line is the acquisition function and the square marker indicates the next candidate
point. The dash-dotted line shown in black is the true objective function obtained
from a 100-point Sobol DOE

.
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and a high uncertainty is observed at θ0 = 0 (Fig. 2.2b). A function evaluation
will then be performed at this point and the Gaussian process is updated again.
At the second iteration, the algorithm will find a promising design at θ0 ≈ 4.91
(Fig. 2.2c). Once the Gaussian Process is updated, the best trade-off between ex-
ploitation and exploration is found at θ0 ≈ 5.32 at the third iteration (Fig. 2.2d).
At the fourth iteration, the algorithm will evaluate f at θ0 ≈ 5.06 due to the low
mean (Fig. 2.2e). Finally, the algorithm keeps evaluating points that are increasingly
closer to θ0 ≈ 5.06 (Fig. 2.2f).

2.3 Drag reduction in the two-dimensional un-

steady flow around a cylinder

2.3.1 Problem description

Once the details of the optimization scheme have been presented, we now turn the
attention to the drag reduction in the unsteady flow around a cylinder.

The goal is to reduce the root-mean-square (RMS) value of the drag coefficient
over a given time interval [T, T +∆T ] through a tangential velocity actuation at the
cylinder wall vθ(θ, t), where θ ∈ [0, 2π] is again the positive angle measured from the
aft of the cylinder, as depicted in Fig. 2.1. The velocity profile is then determined
by linear interpolation from the value of the tangential velocity vθ,j at a number N̂

of equally-spaced control points θj = j(2π/N̂) = j∆θ where j = 0, 1, . . . , N̂ − 1. In
particular, we have

vθ(θ, t) =
N̂−1∑
j=0

vθ,jΛ

(
θ − θj

∆θ

)
tanh t, with Λ(x) = max (1− |x| , 0). (2.23)

In addition, we set vθ,j = −vθ,N̂−j from symmetry considerations. Then, vθ,0 = 0,

and vθ,N̂/2 = 0 if N̂ is even. The vector of design variables is s = [vθ,i/U∞] with

i = 1, . . . , N and the number of independent design variables is N =
⌊
(N̂ − 2)/2

⌋
.

An objective function is then defined by considering the sum of the square of
the drag coefficient over the time window T ≤ t ≤ T + ∆T (the initial transients
for 0 ≤ t ≤ T are discarded), and a penalization term that mimics the energetic
cost of such actuation. More precisely, we have

f(s) =

√
1

∆T

∫ T+∆T

T

(
C2

d(t; s) +
α

N
sTs
)

dt, (2.24)

where the instantaneous drag coefficient is Cd(t; s) = 2/(ρ∞U
2
∞D)

∫
∂Ωc

(−Pnx +
τxjnj) dx, where nj is the component of the wall normal unit vector along the j-
th direction, and α is a scaling constant for the penalization term. Once a suitable
design space S is defined, we arrive at an optimization problem as given in Eq. (2.2),
which is solved using the framework presented in Section 2.2.

In the remaining of this section, a two-dimensional case at Reynolds number
Re = 500 and Mach number Ma = 0.2 is chosen. The Prandtl number Pr is set to
0.71 and γ is 1.4. Even though the flow is expected to display three-dimensional
structures in this regime, a two-dimensional configuration is selected as the reduced
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computational cost allows for the assessment of the influence of various parameters
and a comparison against other optimization techniques. A three-dimensional case
is presented in Section 2.4.

2.3.2 Numerical set-up

The numerical simulations have been performed using PyFR. The extent of the
computational domain is [−9D, 25D]× [−9D, 9D], and it is discretized using a C-H
grid topology. This mesh is refined in the region close to the cylinder [−4D, 15D]×
[−4D, 4D], to improve the spatial resolution of the boundary layers and the wake.
The results of the grid independence study are given in A.1. The cylinder surface is
discretized along the tangential direction using 32 points, and the height of the first
cell is ∆y/D = 0.0678. A third-order discretization is also performed by the solver
on the elements using the Gauss-Legendre quadrature for quadrilateral elements and
the Williams-Shunn quadrature for triangular elements.

At the cylinder surface ∂Ωc, the wall-normal velocity component is set to zero,
the wall-tangential component is given by Eq. (2.23) and the temperature is set
to the free-stream value. The boundary conditions at the far-field boundary ∂Ω∞
are specified using Riemann invariants to avoid the reflection of spurious acoustic
waves [36].

For each design point s, the equations are integrated in time starting from a
snapshot obtained from the long-time integration (100D/U∞ time units) of the un-
controlled simulation, i.e. s = 0, for 15D/U∞ time units. The cost function is
evaluated using Eq. (2.24), where we have taken T = 10D/U∞ and ∆T = 5D/U∞
to discard the initial transients, 0 ≤ t ≤ 10D/U∞, and consider only contributions
from 10D/U∞ ≤ t ≤ 15D/U∞. This choice of ∆T corresponds to approximately
one shedding cycle, and it leads to a reasonable accuracy while keeping a reduced
computational cost. For longer integration times, i.e. larger values of ∆T , the dif-
ferences in the value of the cost functions are smaller than 4% and 2% for α = 0
and α 6= 0, respectively.

Regarding the actuation at the wall, three configurations with an increasing
number of control points are considered, namely 8, 16 and 32 control points, which
correspond to 3, 7 and 15 design variables, respectively. The design space is defined
by the box constraints −1 ≤ vθ,i/U∞ ≤ 1. Note that the case with 8 actuators is
included in the configuration with 16 actuators, which in turn is included in the
setting with 32 actuators.

For each of these configurations, four different values of the penalization term
are considered, i.e. α = 0, 2, 4, and 8, leading to a total of 12 optimization problems.

2.3.3 Optimal solutions and flow-field features

In this section, the optimal solutions and the corresponding features of the flow
fields are reported. We first focus on the cases with 32 actuators, i.e. N = 15, and
varying α.

The optimal tangential velocity profiles are depicted in Fig. 2.3a. For α 6= 0,
the actuation is concentrated at the rear of the cylinder near θ = 3π/8 (≈ 68°) and
θ = 13π/8 (≈ 292°), which is located downstream the boundary layer separation
point. As the penalty term is decreased, the amplitudes increase progressively before
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Figure 2.3: Optimal solution for 32 actuators (N = 15) and varying α. a) Optimal
tangential velocity profiles as a function of θ. The markers indicate the location
of the actuators. b) Temporal evolution of the drag coefficient for long integration
times.

reaching the boundary of the design space, i.e. vθ,i/U∞ = ±1 for some i. At α = 0,
the optimum is located at one of the corners of the domain. For reference, we display
also the optimal tangential velocity profile for α = 8 as determined by an alternative
numerical flow solver that features the adjoint equations [22]. In this particular case,
the optimal solution that is found using adjoint methods and 242 control points is
very similar to the one found with BO and 32 control points. These velocity profiles
are also qualitatively similar to the ones obtained by Mao et al. [78] at Reynolds
number Re = 100. To confirm that a significant drag reduction persists for long
integration times, additional simulations corresponding to the optimal solutions have
been run for 100D/U∞ time units; the results are shown in Fig. 2.3b.

To assess the changes that the actuators introduce in the flow, we now present in
Fig. 2.4 the instantaneous vorticity field at tU∞/D = 80 as α is increased, as well as
the average mean streamwise velocity component and the spectrum of the vertical
velocity component vy recorded at x/D = 3 and y/D = 0. The contour levels of
the instantaneous vorticity component ωzD/U∞ (Fig. 2.4c, 2.4e, 2.4g, 2.4i) reveal
that the maximum of the optimal tangential velocity profile is located downstream
the boundary-layer separation point, and it counteracts the vorticity component of
the vortices that are shed into the von Kármán street. This results in delayed flow
separation and a weakened vortex formation that now occurs further downstream.
These effects become increasingly more prominent as α decreases, i.e. the higher
overall amplitude of the tangential velocity profile increases (Fig. 2.3a). The average
streamwise velocity component vx/U∞ from tU∞/D = 50 to tU∞/D = 100, depicted
in Fig. 2.4 (right column), shows that as the strength of the actuation is increased,
the wake narrows behind the cylinder and the length of the separation bubble is also
increased, until finally disappearing for α = 0. In this case, the wake is stabilized
and the flow becomes steady. Finally, in Fig. 2.4a, the spectrum of vy/U∞ confirms
that for decreasing α 6= 0 the frequency of the vortex shedding increases.

The force coefficients and the numerical values of the separation length and
Strouhal number are summarized in Table 2.1. Starting from the uncontrolled case,
the average drag coefficient and the RMS of the lift coefficient decrease as the pe-

38



10 1 100 101

fD/U

10 10

10 8

10 6

10 4

10 2

100
PS

D(
v y

/U
)

N = 15

 = 2
 = 4
 = 8

uncontrolled

(a)

(b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 2.4: Flow-field characteristics of the optimum cases for N = 15 and the
uncontrolled case. (a) Power spectral densities of the vertical velocity compo-
nent vy/U∞ recorded at x/D = 3 and y/D = 0 (red dot in (c), (e), (g) and (i)). Left
column: instantaneous vorticity component ωzD/U∞ at tU∞/D = 80 for (c) α = 2,
(e) α = 4 (g) α = 8 and (i) uncontrolled case. Right column: average streamwise
velocity component vx/U∞ and selected streamlines (in white) for (b) α = 0, (d)
α = 2, (f) α = 4, (h) α = 8 and (j) uncontrolled case.
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Case f(s) Cd C ′l a/D Ld/D St
α = 0 0.25 0.23 - - - -
α = 2 0.79 0.47 1.1× 10−2 0.5 1.13 0.311
α = 4 0.93 0.69 8.8× 10−2 0.35 0.77 0.280
α = 8 1.08 0.83 3.1× 10−1 0.13 0.71 0.245

Uncontrolled 1.50 1.50 8.8× 10−1 0.08 0.39 0.228

Table 2.1: Objective function f(s), mean drag coefficient Cd, RMS of the lift coeffi-
cient C ′l , distance between the aft of the cylinder and the beginning of the recircula-
tion zone a/D, length of the recirculation zone calculated between its two horizontal
extremities Ld/D and Strouhal number St at the optimal designs s∗ for varying α
as well as the uncontrolled case s = 0 (N = 15). a/D and Ld/D were calculated on
the averaged solutions from tU∞/D = 50 to tU∞/D = 100 at y = 0

nalization constant α is decreased; on the other hand, the length of the separation
bubble and its distance from the cylinder increase whereas the vortex shedding fre-
quency increases before the separation bubble is suppressed for α = 0, leading to a
stable steady flow field.

2.3.4 Influence of Bayesian Optimization parameters

Prior to assessing the efficiency of BO, we investigate the influence of the number of
design parameters, the initial number of points in the DOE, the choice of kernel, the
acquisition functions and the optimizer for the several values of the penalty term.
As mentioned before, 8, 16 and 32 actuators were considered, leading to 3, 7 and 15
design parameters, respectively, after symmetry considerations. The initial spaces
were built using Sobol sequences and they consisted of 5, 10 and 15 observations.
The isotropic Radial Basis Function (RBF), Matérn32 and Matérn52 kernels were
used. We also considered the model without noise and fix ση = 1× 10−6. Regarding
the acquisition functions, Expected Improvement (EI), Negative Lower Confidence
Bound (NLCB) and Probability of Improvement (PI) were compared. In the case of
EI and PI, κ = 0.01 was chosen, whereas in the case of NLCB, κ = 2. To optimize
the acquisition functions, the L-BFGS-B and CMA-ES optimization algorithms were
compared. In the case of L-BFGS-B, the acquisition function is first sampled at 1000
randomly generated points in the design space and the 5 points with the highest
value are retained. Then, the optimum is determined as the best optimum found
from the maximization of the acquisition function using these 5 points as initial
guesses. In the case of CMA-ES, the mean is initially specified at the center of
domain, and the variance is set to 1/4 of the domain extent. For each setting, the
cases α = 0, 2, 4, 8 were considered. In total, 216 optimization problems were solved
and we present below some observations.

In Fig. 2.5a, we depict a typical evolution of the best minimum found as a
function of the number of function evaluations for different numbers of design pa-
rameters, where an additional case with 31 design variables is presented. Since the
penalty term is normalized with the number of design variables N , we can compare
the optimum value for different cases. As expected, a lower value at the optimum
is obtained for increasing N . Beyond N = 7, the improvements are comparatively
smaller. Even though Bayesian Optimization is typically restricted to problems
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Figure 2.5: Best minimum found as a function of the number of function evaluations.
Influence of (a) the number of design parameters with an initial DOE of 5 points, the
NLCB acquisition function, RBF kernel, the L-BFGS-B optimizer and α = 8 and
(b) the acquisition function with an initial DOE of 5 points, 15 design parameters,
the RBF kernel, the L-BFGS-B optimizer and α = 8.

with a moderate number of design variables, i.e. up to 15, in this case the algo-
rithm showed good performance as the number of design variables was increased.
For 3, 7, 15 and 31 design variables, we reach a reasonable optimum after 15, 23,
46 and 67 function evaluations, respectively. Further function evaluations lead to
improvements that are within 1% of the previously computed optima. A possible
explanation of the good performance of BO for an increasing number of design vari-
ables is that the objective function is low-dimensional due to the strong correlation
between neighbouring control points.

We now turn the attention to the influence of the choice of acquisition function
(see Fig. 2.5b). Here, EI, PI and NLCB provide a good approximation of the opti-
mum after 40, 46 and 45 function evaluations, respectively. Again, further iterations
are within 1% of the previously computed optima. EI is typically the one that per-
forms best since it is the fastest to reduce the objective function. We can also notice
the greedy behaviour of PI: a significant reduction of the objective function reduc-
tion is observed at selected function evaluations for EI and NLCB, whereas in the
case of PI, the value of the objective function is decreased gradually. It is because
during the 60 first function evaluations, this acquisition function has a maximum at
points that are closer to the previously evaluated point. This acquisition function
is known to be more aggressive than EI and NLCB, which are comparatively more
exploratory. Even if EI was often the most efficient one in reducing the value of the
objective function, NLCB was the most accurate for the given budget and the one
that performed the best for 31 design parameters.

Finally, regarding the number of samples in the DOE, and choices of kernel,
optimizer and penalty term, we did not observe significant differences (not shown
here). As a minor remark, the algorithm required fewer iterations to reach the
optimum in the case α = 0, which we recall is located at the corners of the domain
(see Fig. 2.3a). This location corresponds to regions in the domain with high levels
of uncertainty, which translates into large values of the acquisition function.
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Figure 2.6: (a) Best minimum found as a function of the number of function evalu-
ations for several optimization algorithms. (b) Comparison between the best mini-
mum found using BO serial and BO parallel as a function of the number of iterations.
BO# refer to parallel Bayesian Optimization with # parallel function evaluations
per iteration. Case N = 15 and α = 8.

2.3.5 Comparison against other derivative-free techniques

To conclude this section, we present a comparison between Bayesian Optimiza-
tion and several derivative-free optimization techniques, such as Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) [33], Particle Swarm Optimization (PSO)
[47], Nelder–Mead [86, 26] and Explorative Gradient Method (EGM)[64]. In the fol-
lowing, we briefly discuss details regarding the usage of these algorithms in the case
under consideration.

Regarding CMA-ES, a population of n > 1 designs is sampled in the design
space according to the multivariate normal distribution

s
(g+1)
i ∼m(g) + σ(g)N (0,C(g)), for i = 1, . . . , n, (2.25)

where m(g) ∈ RN is the mean, σ(g) the step size, and C(g) a N ×N positive definite
matrix. The superscript (g) denotes that these quantities are taken at the g-th
generation (or iteration). We also have C(0) = IN where IN is the N × N identity

matrix. The individuals are then sorted, i.e. f(s
(g+1)
1:n ) ≤ f(s

(g+1)
2:n ) ≤ · · · ≤ f(s

(g+1)
n:n ),

the best ζ designs are then selected and they are weighted such that
∑ζ

i=1wi = 1
and w1 ≥ w2 ≥ · · · ≥ wζ . The mean and covariance are then updated according
to the selected individuals, the previous mean m(g) and the weights. Finally, a new
population with the new mean and new covariance matrix is sampled. From the
user perspective, CMA-ES requires two parameters: the initial mean m(0) and the
initial standard deviation σ(0). We set m(0) at the center of the optimization domain
and σ(0) = 0.5U∞, corresponding to 1/4 of the domain length in each direction.

Regarding PSO, a population of particles is initialized in the design space. Each
particle is defined by its location and velocity, which is drawn from a uniform dis-
tribution at the first iteration, and subsequently updated as follows:

vi+1 = wivi + c1r1(sp − si) + c2r2(sg − si), (2.26)

si+1 = si + vi+1, (2.27)
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where vi is the velocity of the particles in the design space at the i-th iteration, wi is
an iteration-dependent inertial term, c1 and c2 are scalar parameters, r1 and r2 are
random numbers uniformly distributed in [0, 1], sp is the personal best minimum
position found by each particle, si the position of the particle at the iteration i,
and sg the best minimum position found during the optimization process. We set
v0 = 0. The performance of PSO is highly dependent on the specific choice of the
parameters w, c1 and c2. Here, the numerical values from [124] were used, i.e. c1

and c2 = 2 and w given by wi = (wini − wend)(imax − i)/imax + wend, where wini

is the initial inertia term (here 0.9), wend the final inertia term (here 0.4), imax the
maximum number of iterations of the algorithm and i the current iteration. Since we
deal with a maximum number of function evaluations and not a maximum number
of iterations, wi decreases linearly from wini to wend at the end of the budget.

The Nelder–Mead (NM) method is based on the construction of an initial simplex
of dimension N+1 where N is the dimension of the design space. We sort the vertices
such as f(s1) ≤ f(s2) ≤ ... ≤ f(sN+1). The centroid s̄ of all the points except sN+1

is then calculated:

s̄ =
1

N

N∑
i=1

si. (2.28)

With this centroid, various operations can be performed on the simplex, namely
reflection, expansion, contraction and a shrink step. For this algorithm, we keep the
default parameters {τ, β, ν, δ} = {1, 2, 1/2, 1/2} where τ , β, ν and δ are respectively
the parameters associated with the reflection, expansion, contraction and shrink
step.

The Explorative Gradient Method (EGM) is based on the Nelder–Mead algo-
rithm. Since the Nelder–Mead method may get trapped in a local minimum, Li
et al. [64] added an extra-step. At the end of each iteration of the Nelder–Mead
algorithm, a space-filling technique LHS is utilized to improve the exploration of
the design space. Indeed, the point that maximizes the minimal distance with the
points already evaluated is selected as the next point to evaluate

sLHS = arg max min
i=1,2,...n

‖s− si‖, (2.29)

where sLHS is the next point to evaluate, s is a point in the design space and si the
i point evaluated.

A comparison between these algorithms and Bayesian Optimization is presented
in Fig. 2.6.

In addition to the serial case, BO with parallel evaluations was performed ac-
cording to the procedure sketched in Section 2.2.6. An initial space of 16 points
is considered for all cases. This initial space design is chosen as the initial popula-
tion for PSO and CMA-ES. The best N + 1 points are chosen to build the initial
simplex of the NM and EGM algorithm. In the case of serial and parallel BO, the
isotropic RBF kernel, the NLCB acquisition function and the L-BFGS-B optimizer
were chosen.

The best minimum found for N = 15 and α = 8 in terms of function evaluations
is depicted in Fig. 2.6a. It is observed that serial BO followed by parallel BO are the
most efficient algorithms in terms of function evaluations. Aside from BO, CMA-
ES performed better than the remaining techniques. In this case, NM outperforms
EGM, which indicates that the exploration step translates into a slower convergence
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Figure 2.7: Results for the three-dimensional flow around a cylinder at Re = 3900,
showing (a) optimal velocity profile around the cylinder, and (b) drag coefficient as
a function of time for the uncontrolled and optimal cases.

rate. One explanation of this could be that the objective function do not have local
optima but only one global optima. Thus, using a more explorative strategy is
inefficient compared to using pure exploitation.

In Fig. 2.6b results are presented for serial and parallel BO in terms of the
iteration count. Even though serial BO requires fewer function evaluations, the
time to solution can be greatly reduced if function evaluations can be performed in
parallel.

2.4 Drag reduction in the three-dimensional flow

around a cylinder

2.4.1 Problem description and numerical set-up

In this section, we apply the procedure previously outlined to the drag reduction in
the three-dimensional flow around a cylinder at Re = 3900. In this case, the flow
is solved using the implicit LES approach and 16 actuators, i.e. 7 design variables,
were chosen to impose a streamwise invariant tangential velocity profile as described
in Section 2.3.1; the penalty term constant is α = 8. The optimization problem is
again solved following the approach outlined in Section 2.2 using an initial sampling
space of 5 points, an isotropic RBF kernel and the NLCB acquisition function (which
is maximized using the L-BFGS-B technique). The Gaussian Process is considered
noise-free (ση = 1× 10−6).

The case without actuation is described in Vermeire et al. [115] and is provided
therein as supplementary material. This case was also investigated by Lehmkuhl
et al. [63], although with a different numerical solver. We use the numerical grid
provided in Vermeire et al. [115]. Details of the simulation and comparison with
the literature are presented in A.2.

To accelerate the computations during the optimization process, the flow is solved
using 3rd order elements. A first simulation is performed without actuation for
100D/U∞ time units. Then, the subsequent flow evolution with tangential actuators
is computed over 15D/U∞ time units. The objective function is given in Eq. (2.24)
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Figure 2.8: Temporal evolution of the streamwise velocity component averaged in
the streamwise direction at (a) P3 for the uncontrolled case and (b) for the optimal
case. The dots represent the time average on a 10D/U∞ time-unit window. The
presence of modes L and H are represented by vertical dashed and dotted lines,
respectively.

with T = 10D/U∞ and ∆T = 5D/U∞, and now the aerodynamic coefficients are
referred to the frontal area S = πD2.

During the BO process, each 3rd order simulation was run on 2 nodes on the
supercomputer MinoTauro. Each node was equipped with 2 Intel Xeon E5-2630
v3 (Haswell) 8-core processors and 2 K80 NVIDIA GPU Cards. One simulation
required approximately 96 CPU hours, i.e. 3 hours (wall time).

2.4.2 Optimization results

Once the optimal actuation is determined, the flow evolution is computed using 4-
th order elements for 900D/U∞ time units. On MinoTauro, this simulation needed
around 20,000 CPU hours with GPUs, i.e approximately 417 hours (wall time) on 3
nodes. In the remaining of this section, we compare the flow statistics in the cases
with and without actuation. It should be noted that despite considering a spanwise
invariant tangential velocity profile, no synchronization effects have been observed
in the wake.

In Fig. 2.7a, we present the optimal velocity profile. As in the two-dimensional
counterpart, the control points with the highest tangential velocity are located im-
mediately downstream the boundary-layer separation point. A 23% reduction of the
drag coefficient can be observed in Fig. 2.7b.

In Fig. 2.8, we present instantaneous streamwise averaged horizontal velocity
component at P3 = (2.0, 0.0) for the uncontrolled case and the optimal solution.
The streamwise velocity profiles were averaged using 10D/U∞ time-unit windows
(red line). Lehmkuhl et al. [63] pointed out that the uncontrolled case oscillates
between a mode of high energy (mode H) and a mode of low energy (mode L). The
modes H and L correspond, respectively, to a shorter and larger separation bubble.
Thus, the mode L is associated to negative streamwise velocities whereas the mode
H corresponds to positive streamwise velocities. In the uncontrolled case (Fig. 2.8a),
it can readily be observed that the minimum of these averaged profiles (mode L)
occurs at tU∞/D = 220 and its maximum (mode H) occurs at tU∞/D = 780. These
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results are in agreement with the frequency of oscillation between modes H and
L fmD/U∞ = 0.0064 reported by [63]. In the optimum case (Fig. 2.8b), a minimum
occurs at tU∞/D = 180 and the maximum occurs at tU∞/D = 810. The results for
the uncontrolled case have been compared against previous results; see Fig. A.1 and
Fig. A.2. Since the simulation time is comparable to the oscillation time between
modes L and H, some differences are observed in the long-time averaged velocity
profiles shown in Vermeire el al. [115]. As discussed in Parnaudeau et al. [89],
the average length of the recirculation zone does not converge before 1200D/U∞
time units. Nonetheless, the results are in good agreement with the experimental
results of Parnaudeau et al. [89] and lay between the profiles from modes H and L
computed by Witherden et al. [119]. Finally, some differences are observed between
the computed modes and the ones reported in Witherden et al. [119]. The features of
these modes are dependent on the window width and the start time of each window.
Here, a shorter time window has been chosen, i.e. 10D/U∞ time units, whereas in
Witherden et al., a window of 100D/U∞ time units was used.

Following Lehmkuhl et al. [63], the temporal evolution of the velocity compo-
nents at probes located at P1 = (0.71, 0.66), P2 = (1.3, 0.69), and P3 = (2.0, 0.0)
is registered. The power spectra of the streamwise and cross-flow components for
all the probes are computed using a Lomb periodogram technique [72]. The power
spectra of the cross-flow component at P1 is depicted in Fig. 2.9a.

For the uncontrolled case, three distinct frequencies can be readily noticed and
correspond to the vortex shedding frequency at fvsD/U∞ = 0.208, the second har-
monic of the vortex shedding fspD/U∞ = 0.419 and the Kelvin–Helmholtz instability
appearing in the separated shear layers at fkhD/U∞ = 1.57. For the optimal case,
the amplitudes of the power spectra are reduced until x/D ≈ 2.0 (not shown here),
i.e. probe P3, where we can observe that the spectra are very similar to the uncon-
trolled case, meaning that the actuators do not have much influence on the shedding
downstream this point. It should be noted, however, that the vortex shedding fre-
quencies are shifted towards slightly faster oscillations. Indeed, for the optimal case,
we obtain f ∗vsD/U∞ = 0.244 and f ∗spD/U∞ = 0.511. The Kelvin–Helmholtz insta-
bilities were not noticed at the P1 and P2 probes. For the uncontrolled case, these
probes are located in the limits of the wake. However, for the optimal case, the wake
amplitude is reduced and the probes P1 and P2 are then located outside the wake.

The pressure coefficients for the long-term averaged uncontrolled and optimal
case as well as for modes H and L are depicted in Fig. 2.9b. For the optimal
solutions, fewer differences are observed between modes H and L and the long-time
average. A comparison between the profiles for the optimal and uncontrolled case
reveals that the most important area to reduce the drag is the one located behind the
boundary layer detachment zone. A lower pressure value is observed for the optimal
cases just before the boundary layer detachment zone for the optimal solutions.

In Fig. 2.9c and 2.9d, the averaged streamwise velocity and its fluctuations at
x/D = 1.06 for the long term averaged and modes for the uncontrolled and optimal
cases are presented. At x/D = 1.06, the difference between the averaged streamwise
velocity profiles for the uncontrolled and optimal case is not significant. However, in
the uncontrolled case, the mode H features a comparatively larger separation bubble
and higher levels of fluctuations. At this point, the mode L is very similar to the
optimal solution. The fluctuations of the optimal solution are always lower than
the uncontrolled case. At x/D = 1.54 (not shown here), it can be noticed that the
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Figure 2.9: Three-dimensional cylinder at Re = 3900. (a) Power spectral densities of
the cross-flow velocity component at the probe P1. (b) Pressure coefficient averaged
in the streamwise direction. (c) Time-averaged streamwise velocity profiles and (d)
fluctuations at x/D = 1.06. (e) Time-averaged cross-flow velocity profiles and (f)
fluctuations at x/D = 1.06. (g) averaged streamwise velocity profile at y/D = 0
and (h) fluctuations.
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Figure 2.10: Isosurface of the Q-criterion Q = 0.1 for (a) the uncontrolled case and
(b) optimal case at tU∞/D = 400.

averaged streamwise velocity profile associated with mode H of the uncontrolled case
is higher at y/D = 0 compared with the other solutions. Smaller averaged velocities
are also obtained for this mode at y/D = −1 and y/D = 1. At x/D = 2.02
(not shown here), the gap between the mode H (uncontrolled case) and the other
solutions is more noticeable. A separation zone can be observed for both the mode
L of the uncontrolled case and the optimal solutions. It is also surprising that at
this point, the mode H has the lowest streamwise fluctuations.

In Fig. 2.9e and 2.9f, the averaged cross-flow velocity and its fluctuations at
x/D = 1.06 are presented. The averaged cross-flow optimal solution has a similar
profile to the uncontrolled case. However, smaller amplitude oscillations behind
the cylinder, between y/D = −0.5 and y/D = 0.5, are observed. High amplitude
oscillations are visible for the mode H. At x/D = 1.54 (not shown here), the optimal
solutions and the mode L of the uncontrolled case behave similarly. Indeed, between
y/D = −0.5 and y/D = 0.5, the averaged cross-stream velocity profile diminishes,
before rising and decreasing again. This behaviour is not observed for the long
term averaged and mode H of the uncontrolled case. We can also observe that
the fluctuations of the cross-flow are reduced downstream the cylinder, between
y/D = −1.0 and y/D = 1.0. The lowest cross-stream fluctuations are associated
with the lowest drag coefficient values.

No significant differences are observed between the long term averaged optimal
solution and its modes on both the streamwise and cross-stream velocities. Inter-
estingly enough as well, the optimal solutions found were close to the mode L of the
uncontrolled case. These observations suggest that the optimal actuation technique
drives the flow closer to the L mode and further away from the H mode.

We can also observe in Fig. 2.9g and 2.9h the averaged streamwise velocity
according to x/D at y/D = 0 and the associated fluctuations. For the uncontrolled
case, we notice a minimum at x/D = 1.11 for the mode H, at x/D = 1.66 for the
mode L, and at x/D = 1.55 for the time-averaged solution. For the optimal case,
the minimum of the mode H, mode L and time-averaged solution are respectively
located at x/D = 1.78 and x/D = 1.72, and x/D = 1.78. Regarding the streamwise
fluctuations in the wake, we can deduce that the higher the drag the lower and
further from the cylinder are the maximum of these fluctuations.

In Fig. 2.10, the isosurface of the Q-criterion Q = 0.1 for the uncontrolled and
the optimal instantaneous solutions at tU∞/D = 400 are represented. In the optimal
case, the vortices are delayed further away from the cylinder and thus reduce the
drag force on the cylinder.
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Figure 2.11: Bayesian Optimization efficiency on the cylinder at Re = 3900. (a)
Distance from the closest point already evaluated as a function of the number of
function evaluations. (b) Best minimum found as a function of the number of
iterations.

Finally, we present in Fig. 2.11 the BO efficiency on the three-dimensional cylin-
der control case at Re=3900. Fig. 2.11b represents the best minimum found ac-
cording to the number of function evaluations. The algorithm was able to find the
optimum in 36 iterations (DOE included). In Fig. 2.11a is represented the distance
in the design space from the point currently evaluated to the closest point already
evaluated. We can observe that after approximately 40 iterations, the algorithm
evaluates points that are very close to previous ones.

2.5 Conclusions

In this work, the efficiency of Bayesian Optimization (BO) was investigated in the
context of drag reduction in the two- and three-dimensional unsteady flow around
circular cylinder at Re = 500 and Re = 3900, respectively.

A tangential velocity profile was set at the cylinder surface and an objective
function consisting of the root-mean-square of the drag coefficient with and without
penalization was minimized. The design parameters were the amplitudes of the
tangential velocity set at equidistant points on the cylinder.

In two dimensions, the influence of the number of design parameters, the acquisi-
tion functions, the optimizer of the acquisition functions, the kernels, the number of
initial points in the DOE and the penalty term was examined. No significant differ-
ences were observed on the performance of BO regarding the choice of the optimizer
of the acquisition functions, the kernels, the number of initial points in the DOE
and the penalty term (except for α = 0 where we observed a faster convergence).
Regarding the choice of the acquisition functions, NLCB and EI performed well
whereas PI resulted into a more aggressive optimization strategy. BO also showed
robustness as the number of design variables was increased. Indeed, approximately
twice the number of function evaluations were necessary when the number of de-
sign parameters was more than doubled. Increasing the penalty term revealed that
the most important areas of the cylinder to decrease the drag coefficient were close
to the boundary layer separation point. With α = 0, we observed no fluctuations
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downstream the cylinder, and the Von Kármán street was suppressed.
BO was also compared to other optimization algorithms such as CMA-ES, PSO,

Nelder-Mead and EGM. BO performed significantly better both in serial and in
parallel. The parallel BO approach was superior to the serial BO in terms of itera-
tions. However, the more we increase the number of the parallel evaluations during
one iteration, the more function evaluations are required to converge towards the
minimum.

Finally, we applied BO on the three-dimensional cylinder. BO found the min-
imum with 7 design parameters after 36 iterations (5 initial samples included). A
23% drag reduction was observed and the time averaged quantities were examined.
The fluctuations of the velocities were reduced and a mode close to the mode L was
obtained. The vortices were also delayed further in the wake.

As future work, this technique can be used to tune parameters in more sophis-
ticated control techniques to reduce drag in bluff bodies. Also, the surrogate model
can be improved by incorporating gradient information, which might accelerate con-
vergence in some cases. Furthermore, multi-fidelity Gaussian Processes can be used
to reduce the cost of the optimization problems.
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Chapter 3

Gaussian Process, gradients and
multi-fidelity: a parametric study

3.1 Introduction

As seen in Chapter 2, Bayesian Optimization (BO) often relies on a Gaussian Process
(GP) model. The GP consists in modelling the objective function as the realization
of a stochastic process defined by a prior mean and a covariance function, also called
the kernel. Once the objective function has been evaluated at design points, the
posterior mean and variance can be obtained and predictions with an uncertainty
value can be performed at every point of the design space.

An additional feature of the GP is that it can be extended when various sources
of information are available. Possible sources of information include the gradients
or a low-fidelity model that is less accurate than the initial high-fidelity objective
function but faster to evaluate. Such features can easily be implemented in the GP
through the covariance matrix.

Derivative information can be added to the model as described in Section 9.4 of
Rasmussen and Williams [96] or in Section 7 of Forrester et al. [21]. By including
the gradient information in the covariance matrix, predictions on both the objective
function and gradients values can be obtained. For numerical simulations, the gra-
dients can be calculated through finite differences or through the adjoint methods
[40, 28]. The advantage of the latter over the former is that the cost of computing
the gradients is independent of the number of design parameters. Lizotte [71] com-
pared BO when the derivative information was included in the Gaussian Process,
with the gradient-based method L-BFGS-B. Results showed that BO outperformed
L-BFGS-B when the gradients were used. Later, Wu et al. [122] developed an acqui-
sition function named derivative Knowledge Gradient in order to dynamically choose
whether or not to evaluate the derivatives and in which direction. This acquisition
function quantifies the possible gain on the current posterior mean optimum if future
objective function and gradient observations were added to the model at a design s.
With this acquisition function, they also showed that the BO with gradients could
outperform the L-BFGS-B algorithm. Talnikar and Wang [111] also used a GP with
gradient information for the BO in Large Eddy Simulations (LES) since the GP can
handle the noisy observations of both the objective function and gradients. Adding
the derivative information to the GP enabled them to find a better minimum.

Another possible source of information is a model of lower fidelity, i.e. a less accu-

51



rate model. Practical examples where low/high-fidelity models might be encountered
in Computational Fluid Dynamics (CFD) are simulations based on coarse and fine
meshes, RANS and LES simulations or loosely and tightly converged simulations,
among others. The lower fidelity models are often cheaper to evaluate than their
higher fidelity counterparts. Under some circumstances, it might be preferable to
perform several function evaluations using a low accuracy model than one function
evaluation with high accuracy, at the same computational budget. A model that
combines low/high-fidelity sources of information is typically referred to as a multi-
fidelity model, and such model can be built, as it will be discussed later, by adjusting
the covariance matrix accordingly (see Section 8 in Forrester et al. [21]).

Park et al. [88] showed, on a 6-dimensional test function, that for the same
accuracy we can save through the multi-fidelity model up to 86% of the cost for
the same accuracy, whereas for the same computational budget, we can improve
the model accuracy up to 51% compared to the single-fidelity GP. For optimiza-
tion purposes, the multi-fidelity model also showed promising results. For example,
Marco et al. [79] developed the multi-fidelity Entropy Search acquisition function.
They used entropy [34] to trade-off the information content brought by an objective
function evaluation on the fidelity j and the cost of sampling on this fidelity. With
this acquisition criterion, they were able to get a better minimum and with fewer
evaluations of the high-fidelity objective function than with the single-fidelity set
up. The same year, Poloczek et al. [93] developed the cost-sensitive Knowledge
Gradient acquisition function that is the ratio between how the posterior minimum
would change with an additional evaluation on a certain fidelity and the cost of
evaluating the objective function at this fidelity. Results showed that this method
predicted better optimum designs at a lower cost than other existing multi-fidelity
optimization methods. Later, Takeno et al. [109] created the multi-fidelity Max-
Value Entropy Search. Similar to the multi-fidelity Entropy search, the mutual
information between the minimum value of the objective function and the objective
function value on a certain fidelity at a design point is considered. By dividing this
mutual information by the cost of obtaining the objective function at this fidelity,
they were also able to outperform other multi-fidelity optimization algorithms with a
significant speed up in the computation of the acquisition function compared to the
multi-fidelity Entropy Search acquisition function. For a general and broader look of
the multi-fidelity models and its applications, we refer to the review of Peherstorfer
et al. [90].

Finally, multi-fidelity and gradient information can be combined. For exam-
ple, Ulaganathan et al. [114] developed the so-called Gradient-Enhanced co-Kriging
(GECoK) method and showed that including gradient information of both the low
and high-fidelity models can improve the accuracy of the Kriging model. Han et
al. [31] also developed the multi-fidelity model with gradients. They used a new
generalized hybrid bridge function (the function quantifying the difference between
the low and high-fidelity objective functions) to evaluate the accuracy of this model.
They showed that combining gradients and multi-fidelity improved the accuracy
and robustness of the multi-fidelity model in aerodynamic applications. Yamazaki
and Mavriplis [123] also exploited this idea under the name of derivative-enhanced
variable-fidelity surrogate model, and applied it to the aerodynamic shape optimiza-
tion of a two-dimensional airfoil. They found that combining gradient information
with variable-fidelity model led to a faster reduction of the objective function.
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However, in front of all the possible models if the multi-fidelity is feasible and
gradient information available, one may wonder which one to choose for modelling
and/or optimization. Indeed, at the best knowledge of the authors, clear indica-
tions on which source of information should be prioritized according to the available
budget and the different costs of the source of information are missing in the litera-
ture. Until now, most studies neglect the gradient or low-fidelity objective function
evaluation costs or compare the different models with a different initial budget.

Thus, in this chapter, we compare all the possible models that use the derivative
information and/or multi-fidelity for global modelling and optimization purposes
when similar computational costs are considered. The global accuracy, the min-
imum prediction and the minimum obtained in a BO framework are investigated
for different budgets and various sources of information costs on three different test
cases.

This chapter is organized as follows. The mathematical formulation models with
gradient information and/or multi-fidelity sources of information is described in 3.2.
Then, in 3.3, the accuracy when we only consider the cost of the evaluation of the
high-fidelity objective function is discussed to gain further insight into how these
sources of information can improve the model. Since practically speaking, evaluating
the gradients or low-fidelity objective function comes with a cost, a parametric study
with various budgets, gradients costs, and sample ratio between the high and low-
fidelity objective functions is performed on three different test functions of different
dimensions in 3.4. The performance of the models is investigated in the context
of global modelling and in an optimization framework. Finally, we list our main
observations and conclusions in Section 3.5.

3.2 Methodology

3.2.1 Gaussian Process

As already discussed in Chapter 2, one of the central ideas of BO is to optimize a
surrogate model instead of the true underlying objective function. Generally, BO
relies on a Gaussian Process (GP) [96, 101] that can be seen as a function distri-
bution. The objective function is then considered as the realization of a stochastic
process

f2(s) ∼ GP(µ2,0(s), k(s, s′)), (3.1)

where f2 is the objective function, s and s′ two points in the design space S, µ2,0

is the mean of the GP and k the covariance function (or kernel). A widely used
covariance function is the Radial Basis Function (RBF) kernel

k(s, s′) = σ2
f exp

(
−(s− s′)TΛ(s− s′)

2

)
, (3.2)

where σ2
f is the variance and Λ a diagonal squared matrix whose entries are 1/λ2

i ,
λi being a characteristic length scale along the i-th direction in the design space S.

The subscript 2 is used to indicate references to the high-fidelity objective func-
tion in the multi-fidelity setting (see Section 3.2.3), and it is also kept in single-
fidelity models (Sections 3.2.1 and 3.2.2).
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Let us now consider a list of n2 design points s2,1:n2 = (s2,1, s2,2, . . . , s2,n2)
T,

all of these designs being included in S. Suppose that we are normally able to
observe the objective function at s2,1:n2 with possibly additive noise, i.e. q2,1:n2 =
(f2(s2,1) + η1, f2(s2,2) + η2, . . . , f2(s2,n2) + ηn2)

T where

ηi ∼ N (0, σ2
η) =

1

ση
√

2π
exp

(
− η2

i

2σ2
η

)
, (3.3)

σ2
η being the noise variance and N the Gaussian distribution. Prior to the evaluation

of the objective function, the probability of these observations at the design points
s2,1:n2 is given by

P (q2,1:n2|s2,1:n2 ,ψ) = N (µ2,0(s2,1:n2),K(s2,1:n2 , s2,1:n2) + σ2
ηIn2), (3.4)

where N is the multivariate Gaussian distribution, In2 is the n2 × n2 identity ma-
trix, µ2,0(s2,1:n2) = (µ2,0(s2,1) . . . µ2,0(s2,n2))

T, K(s2,1:n2 , s2,1:n2) = [kij] with kij =
k(s2,i, s2,j) and 1 ≤ i, j ≤ n2 and ψ = (σf , λi, ση)

T contains the hyperparameters
of the model. Eq. 3.4 is the prior distribution of our objective function, and it
represents our initial beliefs about the objective function.

We now consider an additional design s2,n2+1 and the corresponding objective
function value f2,n2+1. The joint distribution is given by

P (q2,1:n2 , f2,n2+1|s2,1:n2 , s2,n2+1,ψ) =

N

((
µ2,0(s2,1:n2)
µ2,0(s2,n2+1)

)
,

(
K(s2,1:n2 , s2,1:n2) + σ2

ηIn2 K(s2,1:n2 , s2,n2+1)
K(s2,n2+1, s2,1:n2) k(s2,n2+1, s2,n2+1)

))
.

(3.5)

The prior distribution can now be conditioned such as this distribution goes through
the observed values q2,1:n2 and write our prediction on the objective function f2,n2+1

at the design s2,n2+1 as

P (f2,n2+1|s2,1:n2 , s2,n2+1,q2,1:n2 ,ψ) = N (µ2,n(s2,n2+1), σ2
2,n(s2,n2+1)), (3.6)

where

µ2,n(s2,n2+1) =µ2,0(s2,n2+1)+

K(s2,n2+1, s2,1:n2)[K(s2,1:n2 , s2,1:n2) + σ2
ηIn2 ]

−1(q2,1:n2 − µ2,0(s2,1:n2)),

(3.7)

and

σ2
2,n(s2,n2+1) =k(s2,n2+1, s2,n2+1)−

K(s2,n2+1, s2,1:n2)[K(s2,1:n2 , s2,1:n2) + σ2
ηIn2 ]

−1K(s2,1:n2 , s2,n2+1).
(3.8)

3.2.2 Gaussian Process with gradient information

The gradient information obtained through adjoint equations or finite differences
can also be included in the Gaussian Process (see Section 7 of [21] and Section 9.4
of [96]). The objective function and the observations of its gradient at s2,1:n2 are
considered in the following composite vector:
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q̃2,1:n2 =


q2,1:n2
∂q2,1:n2

∂s(1)
∂q2,1:n2

∂s(2)
...

∂q2,1:n2

∂s(N)

 ,

where s(i) is the ith design variable in a N -dimensional space.
Analogously (see Eq. 3.4), a prior can be set on both the objective function and

its derivative as follows:

P (q̃2,1:n2|s2,1:n2 ,ψ) = N (µ̃2,0(s2,1:n2), K̃(s2,1:n2 , s2,1:n2) + Σ̃
2
), (3.9)

where Σ̃
2

= diag(σ2
η11,n2 , (σ

(1)
η )211,n2 . . . , (σ

(N)
η )211,n2), with 11,n2 being the 1 × n2

ones matrix, (σ
(i)
η )2 the noise variance on the derivative observations in the ith di-

rection and ψ = (σf , λi, ση, σ
(i)
η )T. In the above,

µ̃2,0(s2,1:n2) =


µ2,0(s2,1:n2)
∂µ2,0(s2,1:n2 )

∂s(1)
∂µ2,0(s2,1:n2 )

∂s(2)
...

∂µ2,0(s2,1:n2 )

∂s(N)

 , (3.10)

and

K̃(s2,1:n2 , s2,1:n2) =

(
K(s2,1:n2 , s2,1:n2) Js′(s2,1:n2 , s2,1:n2)
Js(s2,1:n2 , s2,1:n2) H(s2,1:n2 , s2,1:n2)

)
, (3.11)

where

Js′(s2,1:n2 , s2,1:n2) =
(

∂
∂s′(1)

K(s2,1:n2 , s2,1:n2) . . . ∂
∂s′(N) K(s2,1:n2 , s2,1:n2)

)
, (3.12)

Js(s2,1:n2 , s2,1:n2) =


∂

∂s(1)
K(s2,1:n2 , s2,1:n2)

...
∂

∂s(N) K(s2,1:n2 , s2,1:n2)

 , (3.13)

and

H(s2,1:n2 , s2,1:n2) =


∂2

∂s(1)∂s′(1)
K(s2,1:n2 , s2,1:n2) . . . ∂2

∂s(1)∂s′(N) K(s2,1:n2 , s2,1:n2)
...

∂2

∂s(N)∂s′(1)
K(s2,1:n2 , s2,1:n2) . . . ∂2

∂s(N)∂s′(N) K(s2,1:n2 , s2,1:n2)

 .

(3.14)
Matrices Js′(s2,1:n2 , s2,1:n2), Js(s2,1:n2 , s2,1:n2) and H(s2,1:n2 , s2,1:n2) are obtained by

applying the following covariance rules

cov

(
f2,i,

∂f2,j

∂s(l)

)
=
∂k(s, s′)

∂s′(l)

∣∣∣∣
(s,s′)=(s2,i,s2,j)

, (3.15)

cov

(
∂f2,i

∂s(l)
, f2,j

)
=
∂k(s, s′)

∂s(l)

∣∣∣∣
(s,s′)=(s2,i,s2,j)

, (3.16)
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cov

(
∂f2,i

∂s(l)
,
∂f2,j

∂s(m)

)
=

∂2k(s, s′)

∂s(l)∂s′(m)

∣∣∣∣
(s,s′)=(s2,i,s2,j)

, (3.17)

where 1 ≤ l,m ≤ N and 1 ≤ i, j ≤ n2.
If we consider an additional design s2,n2+1 and the vector containing the objective

function value and its gradient f̃2,n2+1, the joint prior distribution can be written as

P (q̃2,1:n2 , f̃2,n2+1|s2,1:n2 , s2,n2+1,ψ) =

N

((
µ̃2,0(s2,1:n2)
µ̃2,0(s2,n2+1)

)
,

(
K̃(s2,1:n2 , s2,1:n2) + Σ̃

2
K̃(s2,1:n2 , s2,n2+1)

K̃(s2,n2+1, s2,1:n2) K̃(s2,n2+1, s2,n2+1)

))
.

(3.18)

Then, as with Eq. 3.6, by conditioning the prior, we arrive at

P (f̃2,n2+1|s2,1:n2 , s2,n2+1, q̃2,1:n2 ,ψ) = N (µ̃2,n(s2,n2+1), K̃2,n(s2,n2+1, s2,n2+1)) (3.19)

with

µ̃2,n(s2,n2+1) =µ̃2,0(s2,n2+1)+

K̃(s2,n2+1, s2,1:n2)[K̃(s2,1:n2 , s2,1:n2) + Σ̃
2
]−1(q̃2,1:n2 − µ̃2,0(s2,1:n2)),

(3.20)

and

K̃2,n(s2,n2+1, s2,n2+1) =K̃(s2,n2+1, s2,n2+1)−

K̃(s2,n2+1, s2,1:n2)[K̃(s2,1:n2 , s2,1:n2) + Σ̃
2
]−1K̃(s2,1:n2 , s2,n2+1).

(3.21)

3.2.3 Multi-fidelity Gaussian Process

As previously discussed, it is also possible to use various fidelity levels, i.e. one level
where the objective function is cheap to evaluate but inaccurate (the low-fidelity
model) and another one that is more expensive to sample but more accurate (the
high-fidelity model).

Following Kennedy and O’Hagan [48], the high-fidelity objective function can be
modelled as

f2(s) = ζf1(s) + ferr(s), (3.22)

where f2 is the high-fidelity objective function (e.g. in CFD: fine mesh, LES, tightly
converged objective function), f1 is the low-fidelity objective function (e.g. in CFD:
coarse mesh, RANS, loosely converged objective function), ζ is a scale parameter
and ferr is the so-called bridge function. In practice, f1 and ferr are modelled as
two independent Gaussian Processes:

f1(s) ∼ GP(µ1,0(s), k1(s, s′)), (3.23)

ferr(s) ∼ GP(µerr,0(s), kerr(s, s
′)), (3.24)

where µ1,0 and k1(s, s′) (respectively µerr,0 and kerr(s, s
′)) are respectively the prior

mean function and the covariance function of f1 (respectively ferr). In this study,
RBF kernels were chosen for both k1 and kerr:
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k1(s, s′) = σ2
1,f exp

(
−(s− s′)TΛ1(s− s′)

2

)
, (3.25)

kerr(s, s
′) = σ2

err,f exp

(
−(s− s′)TΛerr(s− s′)

2

)
, (3.26)

where σ2
1,f and σ2

err,f are the variances, and Λ1 (respectively Λerr) is a diagonal
squared matrix whose entries are 1/λ2

1,i (respectively 1/λ2
err,i) where λ1,i and λerr,i

are characteristic lengthscales along the i-th direction in the design space.
Let us now consider n designs. The first n1 designs are to be evaluated using

the low-fidelity model and the remaining n2 designs are to be evaluated using the
high-fidelity model. Then, we have

s1,1:n1 =
(
s1,1, s1,2 . . . s1,n1

)T
, s2,1:n2 =

(
s2,1, s2,2 . . . s2,n2

)T
,

and

q1,1:n1 =


q1,1

q1,2
...

q1,n1

 , q2,1:n2 =


q2,1

q2,2
...

q2,n2

 ,

which we write in compact form as smf,1:n = (s1,1:n1 , s2,1:n2)
T, and qmf,1:n = (q1,1:n1 ,q2,1:n2)

T.
The prior distribution is given by

P (qmf,1:n|smf,1:n,ψ) = N (µmf,0(smf,1:n),Kmf (smf,1:n, smf,1:n) + Σ2
mf ), (3.27)

where by construction,

µmf,0(smf,1:n) =

(
µ1,0(s1,1:n1)

ζµ1,0(s2,1:n2) + µerr,0(s2,1:n2)

)
, (3.28)

and

Kmf (smf,1:n, smf,1:n) =(
K1(s1,1:n1 , s1,1:n1) ζK1(s1,1:n1 , s2,1:n2)
ζK1(s2,1:n2 , s1,1:n1) ζ2K1(s2,1:n2 , s2,1:n2) + Kerr(s2,1:n2 , s2,1:n2)

)
,

(3.29)

with K1 and Kerr being the covariance matrices built with k1 and kerr, respectively,
Σ2
mf = diag(σ2

1,η11,n1 , ζ
2σ2

1,η11,n2+σ
2
err,η11,n2) with σ2

1,η being the noise variance of the
low-fidelity model, σ2

err,η being the noise variance of the model of the bridge function,
and ψ = (σ1,f , λ1,i, σerr,f , λerr,i, ζ, σ1,η, σerr,η)

T contains the hyperparameters of the
model.

Eq. 3.29 was obtained by applying the covariance rules

cov(f1,1:n1 , f1,1:n1) = K1(s1,1:n1 , s1,1:n1), (3.30)

cov(f1,1:n1 , f2,1:n2) = cov(f1,1:n1 , ζf1(s2,1:n2) + ferr(s2,1:n2))

= ζK1(s1,1:n1 , s2,1:n2),
(3.31)

cov(f2,1:n2 , f1,1:n1) = cov(ζf1(s2,1:n2) + ferr(s2,1:n2), f1,1:n1)

= ζK1(s2,1:n2 , s1,1:n1),
(3.32)

57



cov(f2,1:n2 , f2,1:n2) = cov(ζf1(s2,1:n2) + ferr(s2,1:n2), ζf1(s2,1:n2) + ferr(s2,1:n2))

= ζ2K1(s2,1:n2 , s2,1:n2) + Kerr(s2,1:n2 , s2,1:n2).
(3.33)

If we consider a set of test inputs smf,n+2 = (s1,n1+1, s2,n2+1)T, where s1,n1+1 and
s2,n2+1 are designs respectively on the low and high-fidelity objective functions, then
the joint prior prediction will be given by

P (qmf,1:n, fmf,n+2|smf,1:n, smf,n+2,ψ) =

N

((
µmf,0(smf,1:n)
µmf,0(smf,n+2)

)
,

(
Kmf (smf,1:n, smf,1:n) + Σ2

mf Kmf (smf,1:n, smf,n+2)
Kmf (smf,n+2, smf,n+2) Kmf (smf,n+2, smf,n+2)

))
,

(3.34)

where fmf,n+2 = (f1,n1+1, f2,n2+1)T, f1,n1+1 and f2,n2+1 being respectively the low and
high-fidelity objective functions at respectively s1,n1+1 and s2,n2+1.

Finally, the posterior distribution is given by

P (fmf,n+2|smf,1:n, smf,n+2,qmf,1:n,ψ) = N (µmf,n(smf,n+2),Kmf,n(smf,n+2, smf,n+2))
(3.35)

with

µmf,n(smf,n+2) = µmf,0(smf,n+2)

+ Kmf (smf,n+2, smf,1:n)[Kmf (smf,1:n, smf,1:n) + Σ2
mf ]
−1(qmf,1:n − µmf,0(smf,1:n)),

(3.36)

Kmf,n(smf,n+2, smf,n+2) = Kmf (smf,n+2, smf,n+2)

−Kmf (smf,n+2, smf,1:n)[Kmf (smf,1:n, smf,1:n) + Σ2
mf ]
−1Kmf (smf,1:n, smf,n+2).

(3.37)

3.2.4 Multi-fidelity Gaussian process with gradient infor-
mation

We now turn the attention to the case where gradient information is available on one
or the two fidelity models. The objective functions and its derivatives at low-fidelity
s1,1:n1 and high-fidelity s2,1:n2 designs are respectively written as

q̃1,1:n1 =


q1,1:n1
∂q1,1:n1

∂s(1)
∂q1,1:n1

∂s(2)
...

∂q1,1:n1

∂s(N)

 , q̃2,1:n2 =


q2,1:n2
∂q2,1:n2

∂s(1)
∂q2,1:n2

∂s(2)
...

∂q2,1:n2

∂s(N)

 .

Introducing

smf,1:n =

(
s1,1:n1

s2,1:n2

)
, and q̃mf,1:n =

(
q̃1,1:n1

q̃2,1:n2

)
,

where n = n1 + n2 as before, the prior distribution reads

P (q̃mf,1:n|smf,1:n,ψ) = N
(
µ̃mf,0(smf,1:n), K̃mf (smf,1:n, smf,1:n) + Σ̃

2

mf

)
. (3.38)
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In the above,

µ̃mf,0(smf,1:n) =

(
µ̃1,0(s1,1:n1)

ζµ̃1,0(s2,1:n2) + µ̃err,0(s2,1:n2)

)
, (3.39)

K̃mf (smf,1:n, smf,1:n) =(
K̃1(s1,1:n1 , s1,1:n1) ζK̃1(s1,1:n1 , s2,1:n2)

ζK̃1(s2,1:n2 , s1,1:n1) ζ2K̃1(s2,1:n2 , s2,1:n2) + K̃err(s2,1:n2 , s2,1:n2)

)
,

(3.40)

where (µ̃1,0, K̃1), and (µ̃err,0, K̃err) are calculated as in Section 3.2.2:

µ̃1,0(sj,1:nj
) =



µ1,0(sj,1:nj
)

∂µ1,0(sj,1:nj
)

∂s(1)
∂µ1,0(sj,1:nj

)

∂s(2)
...

∂µ1,0(sj,1:nj
)

∂s(N)

 , µ̃err,0(sj,1:nj
) =



µerr,0(sj,1:nj
)

∂µerr,0(sj,1:nj
)

∂s(1)
∂µerr,0(sj,1:nj

)

∂s(2)
...

∂µerr,0(sj,1:nj
)

∂s(N)

 , (3.41)

and

K̃1(sj,1:nj
, sj′,1:nj′

) =

(
K1(sj,1:nj

, sj′,1:nj′
) J1,s′(sj,1:nj

, sj′,1:nj′
)

J1,s(sj,1:nj
, sj′,1:nj′

) H1(sj,1:nj
, sj′,1:nj′

)

)
, (3.42)

K̃err(s2,1:n2 , s2,1:n2) =

(
Kerr(s2,1:n2 , s2,1:n2) Jerr,s′(s2,1:n2 , s2,1:n2)
Jerr,s(s2,1:n2 , s2,1:n2) Herr(s2,1:n2 , s2,1:n2)

)
, (3.43)

with j and j′ being equal to 1 or 2. J1,s′ , J1,s and H1 (respectively Jerr,s′ , Jerr,s
and Herr) are respectively the matrix of Eq. 3.12, Eq. 3.13 and Eq. 3.14 calculated

with K1 (respectively Kerr) instead of K. We also have by construction, Σ̃
2

mf =

diag(Σ̃
2

1, Σ̃
2

2) with

Σ̃
2

1 = (σ2
1,η11,n1 , (σ

(1)
1,η)

211,n1 , . . . , (σ
(N)
1,η )211,n1), (3.44)

and

Σ̃
2

2 =

([ζ2σ2
1,η + σ2

err,η]11,n2 , [ζ
2(σ

(1)
1,η)

2 + (σ(1)
err,η)

2]11,n2 , . . . , [ζ
2(σ

(N)
1,η )2 + (σ(N)

err,η)
2]11,n2),

(3.45)

where (σ
(i)
1,η)

2 (respectively (σ
(i)
err,η)2) is the noise variance on the derivative observa-

tions of the low-fidelity objective function (respectively the bridge function) in the ith

direction of the design space. ψ = (σ1,f , λ1,i, σerr,f , λerr,i, ζ, σ1,η, σ
(i)
1,η, σerr,η, σ

(i)
err,η)T

contains the hyperparameters of the model.
Finally, we consider the cases where gradient information is only available for one

of the models. If gradient information is only available for the low-fidelity model,
the following substitutions apply:

q̃mf,1:n =

(
q̃1,1:n1

q2,1:n2

)
, (3.46)
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K̃1(s1,1:n1 , s2,1:n2) =

(
K1(s1,1:n1 , s2,1:n2)
J1,s(s1,1:n1 , s2,1:n2)

)
, (3.47)

K̃1(s2,1:n2 , s1,1:n1) = (K1(s2,1:n2 , s1,1:n1),J1,s′(s2,1:n2 , s1,1:n1)), (3.48)

K̃1(s2,1:n2 , s2,1:n2) = K1(s2,1:n2 , s2,1:n2), (3.49)

K̃err(s2,1:n2 , s2,1:n2) = Kerr(s2,1:n2 , s2,1:n2), (3.50)

Σ̃
2

2 = [ζ2σ2
1,η + σ2

err,η]11,n2 , (3.51)

and

ψ = (σ1,f , λ1,i, σerr,f , λerr,i, ζ, σ1,η, σ
(i)
1,η, σerr,η)

T. (3.52)

Conversely, when the gradient is only available for the high-fidelity model, the
following substitutions apply:

q̃mf,1:n =

(
q1,1:n1

q̃2,1:n2

)
, (3.53)

K̃1(s1,1:n1 , s1,1:n1) = K1(s1,1:n1 , s1,1:n1), (3.54)

K̃1(s1,1:n1 , s2,1:n2) = (K1(s1,1:n1 , s2,1:n2),J1,s′(s1,1:n1 , s2,1:n2)), (3.55)

K̃1(s2,1:n2 , s1,1:n1) =

(
K1(s2,1:n2 , s1,1:n1)
J1,s(s2,1:n2 , s1,1:n1)

)
(3.56)

and

Σ̃
2

1 = σ2
1,η11,n1 . (3.57)

If we consider a set of test inputs smf,n+2 = (s1,n1+1, s2,n2+1)T, where s1,n1+1 and
s2,n2+1 are designs respectively on the low and high-fidelity objective functions, then
the joint prior prediction will be

P (q̃mf,1:n, f̃mf,n+2|smf,1:n, smf,n+2,ψ) =

N

((
µ̃mf,0(smf,1:n)
µ̃mf,0(smf,n+2)

)
,

(
K̃mf (smf,1:n, smf,1:n) + Σ̃

2

mf K̃mf (smf,1:n, smf,n+2)

K̃mf (smf,n+2, smf,1:n) K̃mf (smf,n+2, smf,n+2)

))
,

(3.58)

where f̃mf,n+2 = (f̃1,n1+1, f̃2,n2+1)T, f̃1,n1+1 and f̃2,n2+1 being respectively the low and
high-fidelity objective functions and derivatives at respectively s1,n1+1 and s2,n2+1.

Then, the posterior distribution is given by

P (f̃mf,n+2|smf,1:n, smf,n+2, q̃mf,1:n,ψ) = N (µ̃mf,n(smf,n+2), K̃mf,n(smf,n+2, smf,n+2))
(3.59)
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with

µ̃mf,n(smf,n+2) = µ̃mf,0(smf,n+2)

+ K̃mf (smf,n+2, smf,1:n)[K̃mf (smf,1:n, smf,1:n) + Σ̃
2

mf ]
−1(q̃mf,1:n − µ̃mf,0(smf,1:n)),

(3.60)

K̃mf,n(smf,n+2, smf,n+2) = K̃mf (smf,n+2, smf,n+2)

− K̃mf (smf,n+2, smf,1:n)[K̃mf (smf,1:n, smf,1:n) + Σ̃
2

mf ]
−1K̃mf (smf,1:n, smf,n+2).

(3.61)

3.2.5 Estimation of hyperparameters

All the models aforementioned depend on the hyperparameters contained in vector
ψ. For single-fidelity models, if we generically define current observations q̃2,1:n2

(that may or not include derivatives) on the high-fidelity objective function at design
points s2,1:n2 , µ̃2,0(s2,1:n2) the prior mean of the GP evaluated at s2,1:n2 , K̃ the

covariance matrix and Σ̃
2

the noise variance matrix, the value of ψ is determined
by maximizing the logarithm of the marginal likelihood of the model [96]

logP (q̃2,1:n2|s2,1:n2 ,ψ) =

− 1

2
(q̃2,1:n2 − µ̃2,0(s2,1:n2))

T(K̃ + Σ̃
2
)−1(q̃2,1:n2 − µ̃2,0(s2,1:n2))

− 1

2
log |K̃ + Σ̃

2| − n

2
log(2π).

(3.62)

For multi-fidelity models, the hyperparameters treatment is done similarly to [46]
and [114]. The first step is to maximize the logarithm of the marginal likelihood of
the model on the low-fidelity data given by

logP (q̃1,1:n1|s1,1:n1 ,ψ1) =

− 1

2
(q̃1,1:n1 − µ̃1,0(s1,1:n1))

T(K̃1 + Σ̃
2

1)−1(q̃1,1:n1 − µ̃1,0(s1,1:n1))

− 1

2
log |K̃1 + Σ̃

2

1| −
n

2
log(2π),

(3.63)

where q̃1,1:n1 and µ̃1,0(s1,1:n1) are respectively the observations and predictions on
the low-fidelity objective function (that may or not include gradients information)

at s1,1:n1 , K̃1 and Σ̃
2

1 are respectively the associated covariance and noise variance

matrices. ψ1 contains σ1,f , λ1,i, σ1,η and if the derivatives are considered, σ
(i)
1,η .

Then, the logarithm of the marginal likelihood of the bridge function is maxi-
mized

logP (d̃1:n2|s2,1:n2 ,ψerr, ζ) =

− 1

2
(d̃1:n2 − µ̃err,0(s2,1:n2))

T(K̃err + Σ̃
2

err)
−1(d̃1:n2 − µ̃err,0(s2,1:n2))

− 1

2
log |K̃err + Σ̃

2

err| −
n

2
log(2π),

(3.64)
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where d̃1:n2 = q̃2,1:n2 − ζq̃1,1:n1(s2,1:n2). q̃2,1:n2 , q̃1,1:n1(s2,1:n2) are the observations
of respectively the high-fidelity and low-fidelity objective functions (and possibly
derivatives) at s2,1:n2 . If observations on the low-fidelity objective function (and
possibly gradients) are not available at some points s2,i:j of s2,1:n2 , the low-fidelity
prediction µ̃1,n1

(s2,i:j) is used instead (see Section 8 of [21] and [114]). If derivative
observations are available only on one fidelity, only the objective functions observa-
tions are used in q̃2,1:n2 and q̃1,1:n1(s2,1:n2). µ̃err,0(s2,1:n2) is the prior mean prediction

of the bridge function at s2,1:n2 , K̃err and Σ̃
2

err represent respectively the covariance
and noise variance matrices of the bridge function whereas ψerr contains σerr,f ,
λerr,i, σerr,η and for the multi-fidelity model with derivative information on both

fidelities σ
(i)
1,f and σ

(i)
err,f . Note that Eq. 3.63 and Eq. 3.64 are independent and can

be maximized in parallel.
In this study, Eq. 3.62, Eq. 3.63 and Eq. 3.64 are maximized with a quasi-Newton

method with 10 different starting points chosen randomly.

3.2.6 Scaling

As advised in Forrester et al. [21], it is good practice to normalize the design
parameters onto the unit cube [0, 1]N to avoid scaling issues. We adhere to this
recommendation and this step is performed through:

s(i) =
s

(i)
ini − s

(i)
ini,low

s
(i)
ini,up − s

(i)
ini,low

, i = 1, 2, . . . , N (3.65)

where s(i) are the new design variables in the unit cube, s
(i)
ini,low and s

(i)
ini,up are,

respectively, the lower and upper bounds of the design variables s
(i)
ini in the original

design space.
It is also habitual to set the prior means µ2,0(s), µ1,0(s) and µerr,0(s) equal to 0

in the whole design space S. By construction, µ̃2,0(s), µ̃1,0(s) and µ̃err,0(s) are also
equal to 0. We also adhere to this common practice for the rest of the chapter.

As done in Takeno et al. [109], the GP will use normalized observations with
zero mean and standard deviation equal to one:

qj,1:nj
=

qj,1:nj ,ini −ME(qj,1:nj ,ini)

SD(qj,1:nj ,ini)
, j = 1, 2, (3.66)

where qj,1:nj
are the nj normalized training observations of qj,1:nj ,ini, ME(qj,1:nj ,ini)

and SD(qj,1:nj ,ini) are respectively the mean and the standard deviation of the set
qj,1:nj ,ini. The normalized observations enable to be more coherent with the as-
sumption of the prior means µ2,0(s), µ1,0(s) and µerr,0(s) equal to 0. In numerical
experiments involving the one-dimensional example presented in Section 3.3.1, it
was observed that the optimization of Eq. 3.62, Eq. 3.63 and Eq. 3.64 was more
robust using normalized observations.

Owing to the normalization of both the design variables and observations, the
derivative observations of the GP are also scaled:

∂q
(i)
j,1:nj

∂s(i)
=
s

(i)
ini,up − s

(i)
ini,low

SD(qj,1:nj ,ini)

∂q
(i)
j,1:nj ,ini

∂s
(i)
ini

, j = 1, 2, (3.67)
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where
∂q

(i)
j,1:nj

∂s(i)
and

∂q
(i)
j,1:nj,ini

∂s
(i)
ini

are respectively the normalized and non-normalized

derivative observations in respectively the unit cube and original design space of
the objective function j in the ith direction.

The predicted value µj,n,ini of the objective function fj at the original design sini
after n total samples is found with

µj,n,ini(sini) = SD(qj,1:nj ,ini)× µj,n(s) + ME(qj,1:nj ,ini), j = 1, 2, (3.68)

where µj,n(s) is the mean of the GP at s of the normalized objective function fj.

3.3 Validation of the models

We show in this section how the developments in the previous section can be used
to improve the accuracy of the surrogate model when the costs of evaluating the
gradients and the low-fidelity model are not considered. In the remaining of the
chapter, we adopt the following conventions when referring to the characteristics of
the different models: SF and MF stand for, respectively, the single- and multi-fidelity
models, and in the models where gradient information is used, it is followed by G, G1

and/or G2, to indicate the usage of gradients, gradients from the low-fidelity model
and gradients from the high-fidelity models, respectively. These variants have been
described in Section 3.2

In the following, validation and results are performed using the emukit soft-
ware [87]. An in-house kernel version was developed for SFG, MFG1G2, MFG1 and
MFG2 and implemented in the software.

To assess the accuracy of each model, we use the normalized root mean squared
error (NRMSE) defined as

NRMSE =

√∑M
j=1

(µ2,n,ini(sj,ini)−f2(sj,ini))2

M

max f2(s1:M,ini)−min f2(s1:M,ini)
(3.69)

where sj,ini is the jth design of M sample points s1:M,ini drawn from a uniform
Cartesian grid when N = 2 or a Sobol design [11] when N > 2. Low values of the
NRMSE are desired for an adequate approximation of the high-fidelity function. For
the computation of the NRMSE, we set the value M = 10000.

Also, for the multi-fidelity models, to determine whether the difference between
the true underlying function and the model comes from the low-fidelity function or
the bridge function, we define the following coefficient of determinations:

R2
1 = 1−

∑M
j=1[f 1(sj)− µ1,n(sj)]

2∑M
j=1[f 1(sj)−ME(f 1(sj))]2

, (3.70)

R2
err = 1−

∑M
j=1[f err(sj)− µerr,n(sj)]

2∑M
j=1[f err(sj)−ME(f err(sj))]

2
, (3.71)

where

f 1(sj) =
f1(sj,ini)−ME(q1,1:n1,ini)

SD(q1,1:n1,ini)
, (3.72)
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f err(sj) =
f2(sj,ini)−ME(q2,1:n2,ini)

SD(q2,1:n2,ini)
− ζ f1(sj,ini)−ME(q1,1:n1,ini)

SD(q1,1:n1,ini)
, (3.73)

with ME and SD being the mean and standard deviation of the set between the
parenthesis. As the NRMSE, the coefficients of correlation quantify the precision of
the models where values equal to 1 indicate that the model is accurate.

3.3.1 One-dimensional example

To illustrate the models presented in Section 3.2, we now turn the attention to the
one-dimensional function considered in Forrester [21]. The high-fidelity model is
given by

f2(sini) = (6sini − 2)2 sin(12sini − 4), (3.74)

whereas the low-fidelity model reads

f1(sini) = Af2(sini) +B(sini − 0.5)− C, (3.75)

Following Chapter 8 in [21], the design space is already the unit cube s = sini ∈ [0, 1]
and the following numerical values are considered: A = 0.5, B = 10 and C = −5.

Four high-fidelity objective function evaluations q2,1:n2,ini are performed at the
points s2,1:n2,ini = (0, 0.4, 0.6, 1)T. With the multi-fidelity models, seven low-fidelity
objective function evaluations q1,1:n1,ini at s1,1:n,ini = (0, 0.2, 0.4, 0.6, 0.7, 0.8, 1.0)T

are also included. Gradient information is evaluated at every point and included
into the respective models.

The mean µn,2,ini of f2 for all the models described previously is depicted in
Fig. 3.1. On Fig. 3.1a, the mean of the high-fidelity objective function for SF, SFG
and MF are represented with the low and high-fidelity objective functions. As it
can be observed, including gradient information or using a multi-fidelity model leads
to improvements in accuracy with respect to the SF, as it is able to detect the dip
around sini = 0.75. However, both SFG and MF exhibit areas where the model can
be further improved. In Fig. 3.1b, the mean of the high-fidelity objective function
for MFG1G2, MFG1 and MFG2 is shown. In comparison to SFG and MF, combining
gradients and multi-fidelity results into a model with higher accuracy.

3.3.2 Two-dimensional validation

As a two-dimensional example, we use the same objective functions as in Yamazaki
et al. [123]. The high-fidelity function is defined in sini ∈ [−2, 2]N , N = 2, and it
reads

f2(sini) = cos(
N∑
k=1

s
(i)
ini). (3.76)

Several low-fidelity models are considered:

fMulti
1 (sini) = 0.1f2(sini), (3.77)

fShift1 (sini) = f2(sini)− 1, (3.78)
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Figure 3.1: Mean µ2,n,ini of f2 for the different models and the Forrester function.
The solid black line is the high-fidelity objective function f2 and the dashed black
line represents the low-fidelity objective function f1. The circle markers are the
observations of f2 whereas the square markers are for f1. (a) When the sources of
information are used separately: SF, SFG and MF. (b) When the gradient informa-
tion and multi-fidelity are combined: MFG1G2, MFG1 and MFG2.

fXshift1 (sini) = f2(sini + 0.1), (3.79)

and

fLin1 (sini) = f2(sini) + 0.1(s
(1)
ini + s

(2)
ini). (3.80)

For the multi-fidelity models, we use n1 = 50 low-fidelity samples drawn from a
Sobol design. The gradients are evaluated at each sample. We focus the attention to
the evolution of the NRMSE as high-fidelity samples n2 are included in the model.
We sample n2 = 5i, i = [1, 2, . . . , 10], high-fidelity samples. The samples are again
drawn from a Sobol design, and they coincide with the first n2 points of the low-
fidelity sample points. In the case of models that include gradient information into
the high-fidelity model, the gradients are also evaluated at each new sample.

The hyperparameters of the models are determined by maximizing the marginal
likelihood using a gradient-based method starting from ten different guesses. In
this process it is thus possible that a local minimum of the marginal likelihood is
found or that the marginal likelihood presents several minima corresponding then
to different values of the hyperparameters. With the aim of obtaining results that
are statistically relevant, for each choice of n2, the experiment is repeated ten times
and the median of the results are considered. The median of a quantity is the
intermediate value between the worst half and the best half quantity values obtained
on all the runs. It is an indicator of the general central tendency of the results and
is less sensitive to extreme results obtained during a run than the average.

The median NRMSE as a function of the number of high-fidelity samples n2 for
the four low-fidelity models defined previously is depicted in Fig. 3.2.

65



10 20 30 40 50
n2

10 5

10 4

10 3

10 2

10 1

100

M
ed

ia
n 

NR
M

SE

SF
SFG
MF
MFG1G2
MFG1
MFG2

(a)

10 20 30 40 50
n2

10 5

10 4

10 3

10 2

10 1

100

M
ed

ia
n 

NR
M

SE

SF
SFG
MF
MFG1G2
MFG1
MFG2

(b)

10 20 30 40 50
n2

10 5

10 4

10 3

10 2

10 1

100

M
ed

ia
n 

NR
M

SE

SF
SFG
MF
MFG1G2
MFG1
MFG2

(c)

10 20 30 40 50
n2

10 5

10 4

10 3

10 2

10 1

100

M
ed

ia
n 

NR
M

SE

SF
SFG
MF
MFG1G2
MFG1
MFG2

(d)

Figure 3.2: Median NRMSE of the different models for the high-fidelity cosine func-
tion Eq. 3.76 as a function of the number of high-fidelity sample points. The low-
fidelity objective function is taken as: a) fMulti

1 , b) fShift1 , c) fXshift1 , d) fLin1 . For
the multi-fidelity models, n1 = 50 low-fidelity samples are used.
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As it can be observed, SFG and MF outperform SF. Generally, with few high-
fidelity samples (n2 ≤ 15), MF is more accurate than SFG but as n2 increases the
opposite is observed. The only exception in that case is for fXshift1 where for each
n2 considered SFG has a lower NRMSE than MF. One explanation is due to the
linear model considered for MF in Eq. 3.22. Whereas fMulti

1 , fShift1 and fLin1 can
be easily expressed as in Eq. 3.22, fXshift1 can not. Yamazaki and Mavriplis [123]
also observed worse performances for this test function and concluded that the most
important aspect for the MF model was not that the values of the low and high-
fidelity functions were close but rather than these two functions had similar trends.

In almost all the test cases considered, and for all the considered n2, MFG1G2,
MFG1 and MFG2 perform better than MF. The only exception is for fXshift1 with
the MFG2 model when n2 = 5. With a high number of high-fidelity samples, we do
not observe however a significant improvement of the MFG1G2, MFG1 and MFG2

models over SFG. Also, when the MF model is accurate, as for fMulti
1 , fShift1 and fLin1 ,

adding the gradient information on a high number of low-fidelity samples performs
better than including the gradient information on few high-fidelity samples (cf. the
NRMSE of MFG1 and MFG2 for n2 ≤ 10 in Fig. 3.2a, Fig. 3.2b and Fig. 3.2d).

Even if for some configurations MFG1 and MFG2 have slightly lower NRMSE
than MFG1G2, the latter model is robust and accurate even when the high-fidelity
objective function is not a linear function of the low-fidelity objective function
(Fig. 3.2c).

The absolute error AE(sini) = |µ2,n,ini(sini) − f2(sini)| is represented in Fig. 3.3
for fMulti

1 and n2 = 5. In the case of SF, the model is highly inaccurate far away
from the high-fidelity samples, as can be observed, for example, in the bottom left
corner of Fig. 3.3b.

Adding gradient information (Fig. 3.3c) enables us to get a better estimation in
this area and leads to a reduction of the maximum AE by a factor of two, approxi-
mately.

The MF model (Fig. 3.3d) approximates areas located far away from high-fidelity
samples better than SFG since low-fidelity samples are set in these areas. Note that
the highest AE of SFG is reduced by approximately a factor of 22 with MF.

Finally, combining gradients and multi-fidelity gives the most accurate represen-
tation of f2. Indeed, even if MF performs fairly well in this example as the AE
does not exceed 2.8× 10−2 elsewhere, using the models MFG1G2, MFG1 and MFG2

reduces the maximum AE of MF approximately by a factor of 14, 14 and 2, respec-
tively. Indeed, the uncertainties in the top right and bottom left corner of Fig. 3.3d
are reduced as the gradients yield a better approximation in these locations.

3.4 Parametric study

Until now, we have considered that the computational cost associated with the eval-
uation of the gradient and the low-fidelity model were negligible compared to that
of the high-fidelity objective function. In practice, this is rarely the case as even if
the low-fidelity function is usually cheaper to evaluate, its computational cost might
represent a significant fraction of the total available computational budget. Further-
more, obtaining gradient information has a computational cost that is comparable
to that of the evaluation of the objective function. This is typically the case when
the gradients are obtained, for instance, using the adjoint equations.
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Figure 3.3: a) f2 (blue) and fMulti
1 (dark orange) in the initial design space. AE

with fMulti
1 and n2 = 5: b) SF, c) SFG, d) MF, e) MFG1G2, f) MFG1 and g) MFG2.

Red dots and black squares are respectively the high and low-fidelity design points.

68



In the following, the different models are compared for modelling and optimiza-
tion purposes when the cost of each source of information is considered. Different
budgets and gradient costs are used to evaluate the performances of the models on
two benchmark objective functions and one CFD application.

In order to assess the efficiency of the optimization algorithms, the normalized
inference regret (NIR) and the normalized simple regret (NSR) are defined as follows:

NIR =
f2(arg minµ2,n,ini(sini))−min f2(sini)

max f2(s1:M,ini)−min f2(s1:M,ini)
, (3.81)

and

NSR =
min q2,1:n2,ini −min f2(sini)

max f2(s1:M,ini)−min f2(s1:M,ini)
, (3.82)

where min f2(sini) is obtained with the L-BFGS-B algorithm and represents the true
minimum. The inference regret and simple regret are commonly used in the multi-
fidelity setting; see, for instance, [109]. The inference regret (respectively the simple
regret) represents the gap between the objective function evaluated at the point with
the lowest mean (respectively the current minimum obtained) on the high-fidelity
level and the true minimum. The inference regret is necessary in the multi-fidelity
setting since adding low-fidelity samples to the model does not change the simple
regret but can improve the minimum prediction. On the other hand, the simple
regret quantifies the current gain that we observed on the high-fidelity objective
function. As the NRMSE, the inference and simple regret are normalized by the
range as in Eq. 3.81 and Eq 3.82.

We also introduce the computational cost factor (CCF) as the total cost of the
objective function and gradients observations. We define c1 and c2 as the costs of
observing respectively the low and high-fidelity objective functions. For simplicity
and since it is often the case in CFD, we consider that the ratio between the com-
putational cost of the gradient observation and the objective function evaluation on
the same fidelity is the same for both fidelity. We denote this ratio by c∇. Thus, for
the different models, we have

CCF(SF) = n2 × c2, (3.83)

CCF(SFG) = n2 × c2(1 + c∇), (3.84)

CCF(MF) = n2 × c2 + n1 × c1, (3.85)

CCF(MFG1G2) = n2 × c2(1 + c∇) + n1 × c1(1 + c∇), (3.86)

CCF(MFG1) = n2 × c2 + n1 × c1(1 + c∇), (3.87)

and
CCF(MFG2) = n2 × c2(1 + c∇) + n1 × c1. (3.88)

For optimization purposes, we will use the Algorithm 2, described for the MFG1G2

model. For all the other models, the initial data set D has to be adapted according to
the data possible and obviously, if the gradients are not available on the high-fidelity
model, they are not evaluated.

In Algorithm 2, the CCFmax is the maximum CCF used for the optimization.
It also should be noted that the next design s2,n2+1 is not selected using Expected
Improvement [85] or the Probability of Improvement [54] acquisition criteria, as it is
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Algorithm 2: Optimization algorithm

Initialization:
Dini = {s1,1:n1 , s2,1:n2 ,q1,1:n1,ini,∇q1,1:n1,ini,q2,1:n2,ini,∇q2,1:n2,ini};

Compute the CCF ;
while CCF < CCFmax do

Rescale Dini in order to obtain
D = {s1,1:n1 , s2,1:n2 ,q1,1:n1 ,∇q1,1:n1 ,q2,1:n2 ,∇q2,1:n2} (Eq. 3.66 and
Eq. 3.67) ;

Update the Gaussian Process with D ;
Find the design s2,n2+1 = arg minµ2,n(s) ;
Retrieve the original design s2,n2+1,ini (with Eq. 3.65);
Observe the high-fidelity objective function q2,n2+1,ini = f2(s2,n2+1,ini)
and the gradient ∇q2,n2+1,ini = ∇f2(s2,n2+1,ini) ;
Dini = Dini ∪ {s2,n2+1,q2,n2+1,ini,∇q2,n2+1,ini} ;
n2 = n2 + 1 ;
Update the CCF ;

end
Find the minimum q∗2,n∗2,ini and the corresponding design s∗2,n∗2 in Dini ;

return {s∗2,n∗2 , q
∗
2,n∗2,ini

}

often done in Bayesian Optimization. The reason is the same as mentioned in Lam
et al. [58]: after a large number of high-fidelity objective functions n2, optimizing
these acquisition functions is equivalent to find an isolated peak in a flat zone. This
can become challenging and can introduce error in the results when the optimum is
not found. We also tried to determine the next design with the following acquisition
criterion:

s2,n2+1 = arg min[µ2,n(s)− βσ2,n(s)], (3.89)

where σ2,n(s) is the standard deviation of the high-fidelity model at s and β = 2.
This acquisition criterion was intended in order to balance the exploitation (sam-
pling in promising areas) and exploration (sampling in zones where the uncertainty
is high in order to improve the model) as is normally performed in Bayesian Op-
timization. However, the lowest NSR values were obtained when the exploitation
term (second right-hand side term of Eq. 3.89) was not included. Thus, the next
design is determined with

s2,n2+1 = arg minµ2,n(s). (3.90)

This acquisition criterion was then chosen for all the models in order to avoid that
the difference of performances between two models could be related to a different
choice of acquisition functions.

In the following, numerical experiments have been carried out ten times in order
to compute the median of the NRMSE, NIR and NSR due to the hyperparameters
treatment (see 3.3.2).
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3.4.1 Two-dimensional test function

The first example is the Styblinski-Tang function. Both low and high-fidelity objec-
tive functions are introduced in Takeno et al. [109] and are defined as

f1(sini) =
1

2

2∑
i=1

[0.9(s
(i)
ini)

4 − 15(s
(i)
ini)

2 + 6s
(i)
ini], (3.91)

and

f2(sini) =
1

2

2∑
i=1

[(s
(i)
ini)

4 − 16(s
(i)
ini)

2 + 5s
(i)
ini], (3.92)

where sini ∈ [−5, 5]2. As in Takeno et al. [109], we set the costs of the low and
high-fidelity objective function observations to c1 = 1 and c2 = 5. The costs of
evaluating gradient information on the low and high-fidelity models are, respectively,
c∇c1 and c∇c2. We consider three different cases, c∇ = 0.2, 1, 2. Two total budgets
corresponding to 12 (CCF/c2 = 12) and 24 (CCF/c2 = 24) high-fidelity sameples are
used. All the models are initialized with the same budget and the DOE are drawn
from a Sobol sequence. For the models with derivative information, the gradients
are added at every point in the DOE. For the multi-fidelity models, we test all the
combinations of n1 and n2 that satisfy the prescribed total budget. However, we
do not consider the cases n2 = 1 and n2 > n1. Note that all the n2 high-fidelity
points are a subset of the n1 low-fidelity points. The noise variance for the objective
function evaluations and its derivatives is set to 10−4 .

Modelling

The median NRMSE as a function of n2 is represented for each case in Fig. 3.4. For
all the cases, SF is never the model with the lowest NRMSE.

SFG performs better than SF when c∇ = 0.2 as shown in Fig. 3.4a and Fig. 3.4b.
However, the opposite is observed when c∇ = 2 (Fig. 3.4e and Fig. 3.4f). When
c∇ = 1, the NRMSE of SFG is lower than the NRMSE of SF with few high-fidelity
objective function evaluations (Fig. 3.4c) but higher with a more significant budget
(Fig. 3.4d). This means that SFG is more useful for modelling than SF only if
enough samples can be provided.

For all the cases, MF has a lower NRMSE than SF. However, some combinations
of n1 and n2 lead to smaller NRMSE than others for the MF model (e.g. the
right column of Fig 3.4). By looking at the coefficients of determination defined in
Eq. 3.70 and Eq. 3.71 (not shown here), it is observed that enough low and high-
fidelity samples are necessary to have a high accuracy on respectively the low and
the error bridge functions. Obviously, for a given budget, these two conditions are
competitive as a higher number of low-fidelity samples n1 implies a lower number
of high-fidelity samples n2 with the consequence of deteriorating the quality of the
bridge function model. On the contrary, if there is a higher number of high-fidelity
samples, fewer low-fidelity samples can be used and the accuracy of the low-fidelity
model decreases.

Except for the case CCF/c2 = 12 and c∇ = 2 (Fig. 3.4e), we note that MFG1G2

requires fewer high-fidelity samples than MF to decrease the NRMSE, since the
approximation of the bridge function is better due to the derivative information
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Figure 3.4: Median NRMSE as a function of the number of high-fidelity samples n2

for all the models considered on the Styblinski-Tang objective function. From top
to bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left column: for a total budget of 12c2,
right column: for a total budget of 24c2.
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provided (observed with the coefficients of determination). In addition, since the
gradient information is also included in the low-fidelity model, the low-fidelity ob-
jective function is better modelled with fewer low-fidelity samples than with MF.
Thus, for c∇ = 0.2 and n2 ≥ 4 (number of high-fidelity samples to start to ap-
proximate correctly the bridge function), the median NRSME obtained with all the
possible configurations of n1 and n2 with MFG1G2 is lower than the best NRMSE
possible with the MF model (Fig. 3.4a and Fig. 3.4b). Also, in both cases, the lowest
NRMSE obtained with MFG1G2 was the best among all the possible models. How-
ever, as with the MF model, the NRMSE of the MFG1G2 model increases when very
few low-fidelity samples are included in the model, since the low-fidelity objective
function becomes poorly modelled (as in Fig. 3.4d for n2 > 7). The performance
of the model also deteriorates rapidly for a low budget and high gradient cost as
fewer low and high-fidelity samples can be included in the model. As an example,
when c∇ = 2 and CCF/c2 = 12 (Fig. 3.4e), MFG1G2 becomes worse than MF since
there are not enough samples to accurately approximate the low-fidelity and bridge
functions.

The modelling performance of MFG1 is generally equal or better than that of
MF for all the budgets and c∇ considered. Its performance is generally the same as
MF with few high-fidelity samples since the bridge function is poorly approximated.
However, with a higher number of high-fidelity samples, its performance does not
deteriorate as quickly as MF, since fewer low-fidelity samples are required to ap-
proximate the low-fidelity function than with MF due to the gradient information
(as in Fig. 3.4b). The modelling performance of MFG1 can even be increased with
a higher number of high-fidelity samples since the bridge function is better mod-
elled and there are enough low-fidelity samples for the low-fidelity function (as in
Fig. 3.4c).

Finally, we note that the NRMSE of MFG2 is generally higher than MF for
the same number of high-fidelity samples. Note that by the construction employed
for the multi-fidelity model, when the gradient information is only available on the
high-fidelity model, it is not employed to build either the low-fidelity model or the
bridge function model. Thus, it does not increase the accuracy of these two functions
and less low-fidelity samples are employed compared to MF due to the cost of the
gradient information.

Note also that the relationship between the two Styblinski-Tang functions is not
linear and the multi-fidelity models used struggle more to correctly approximate the
high-fidelity objective function.

Initial minimum prediction

The median NIR for the Styblinski-Tang objective function as a function of n2 is
represented in Fig. 3.5. Globally, the NIR follows the same trend as the NRMSE
presented in Fig. 3.4. However, we can still observe some differences.

For example, the NIR of the SFG model is lower than the NIR of the SF model
for all the gradient costs and budgets considered. Thus, even if for high gradient
cost, SFG was not efficient for global modelling purposes as the number of sampled
points largely decreased (see Fig. 3.4e and Fig. 3.4f), it can still be useful in local
modelling for the determination of the minimum of an objective function. However,
except for a small budget of 12 high-fidelity functions and c∇ = 0.2 (Fig. 3.5a), the
median NIR of SFG was higher the one found with the best configuration for MF.
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Figure 3.5: Median NIR as a function of the number of high-fidelity samples n2 for
all the models considered on the Styblinski-Tang objective function. From top to
bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left: for a total budget of 12c2, right: for a
total budget of 24c2. The black solid line represents the NSR as a function of n2.
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Figure 3.6: Median NSR as a function of CCF/c2 for all the models considered on
the Styblinski-Tang objective function. a) c∇ = 0.2, b) c∇ = 1 and c) c∇ = 2. The
CCF and the NSR are updated at each new objective function observation.

Another difference between the NRMSE and the NIR is that for CCF/c2 = 24,
the NIR of MFG1 is generally higher than the one found with MF (e.g. Fig. 3.5b)
whereas the opposite was observed with the NRMSE (e.g. Fig. 3.7a).

Once again, despite the gradient information added on the high-fidelity objective
function, we generally observe that the MFG2 model performs worse in the prediction
of the minimum than the MF model, except for few configurations of n2 and n1.
We also can observe that the best median NIR is obtained with the MFG1G2 model
when c∇ = 0.2 and CCF/c2 and is equal to 3.60× 10−11.

In most cases, the median NIR is below the lowest NSR: even with few high-
fidelity samples, the minimum predicted by the models is generally better than the
minimum obtained if all the budget was spent in high-fidelity samples. The only
exceptions are with the SF model where the median NIR is higher than the NSR
for the two budgets considered and for the multi-fidelity models MF, MFG2 and
MFG1G2 when very few low-fidelity samples are used (corresponding to high n2

and/or high c∇). However, for all the cases, the median NIR of the MFG1 model is
lower than the best NSR.
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Optimization

We now investigate the performance of the different models in an optimization frame-
work. As before, c∇ = 0.2, 1, 2. All the models are initialized with CCF/c2 = 12
objective functions and gradients observations. For the multi-fidelity models, n1

and n2 are chosen such it returns the best initial NIR (cf Fig. 3.5a, Fig. 3.5c and
Fig. 3.5e). The Algorithm 2 is then applied with CCFmax/c2 = 40.

The median NSR as a function of CCF/c2 is depicted in Fig. 3.6. When c∇ = 0.2
(Fig. 3.6a), we can note that including the gradients on the high-fidelity objective
function improves the NSR. MF and MFG1 perform similarly even if the NSR is
slightly lower with MFG1 for low CCF/c2 than with MF. Finally, SF initially per-
forms the worst but reaches a lower median NSR than MF and MFG1 at the end of
the budget.

When c∇ = 1, MFG1G2 is the one with the lowest median NSR at each iteration.
MFG1 diminishes faster the NSR than MFG2 but the latter reaches in the end of
the optimization budget a lower NSR than the first one. The MFG1 and MFG2

models perform better than the MF model. In that case, SFG is slow to diminish
the NSR but reaches a NSR lower than all the models except MFG1G2 at the end
of the optimization budget.

However, note that when c∇ = 2, SFG performs better than when c∇ = 1,
whereas it is initialized with fewer points. At each iteration, the NSR of SFG is
lower than the NSR of the SF model and requires CCF/c2 = 19 to reach a lower NSR
than the MF model. It is also the model with the lowest median NSR at the end of
the optimization budget. MFG1G2 also performs well and a median NSR lower than
10−7 is obtained for CCF/c2 = 19. In that case however, MFG2 is the worst model
to use. Also, the best initial NIR of MFG2 was more than 100 times higher than for
the MF, MFG1 and MFG1G2 models (Fig. 3.5e). Again, the MF and MFG1 models
perform in a similar way. We can also note that despite the aggressive optimization
strategy used and more high-fidelity samples are added, the MF model did not
reach a NSR value lower than the best NIR value predicted for the DOE study with
CCF/c2 = 24 (Fig. 3.5b for example). Thus, a more explorative acquisition strategy
and/or adding more low-fidelity sample points during the optimization process could
improve the results of the MF model.

3.4.2 Six-dimensional test function

The second example is the Hartmann-6 test function. Various forms of the low and
high-fidelity objective functions have been designed. The objective functions defined
in Takeno et al. [109] are used in this study:

f1(sini) = −
4∑
i=1

(αi − 0.2) exp

(
−

6∑
j=1

Aij(s
(j)
ini − Pij)2

)
, (3.93)

f2(sini) = −
4∑
i=1

αi exp

(
−

6∑
j=1

Aij(s
(j)
ini − Pij)2

)
, (3.94)
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with α = (1.0, 1.2, 3.0, 3.2)T,

A =


10 3 17 3.50 1.7 8

0.05 10 17 0.1 8 14
3 3.5 1.7 10 17 8
17 8 0.05 10 0.1 14

 , (3.95)

P = 10−4


1312 1696 5569 124 8283 5886
2329 4135 8307 3736 1004 9991
2348 1451 3522 2883 3047 6650
4047 8828 8732 5743 1091 381

 , (3.96)

and sini ∈ [0, 1]6. Again, we set c1 = 1, c2 = 5 and consider the cases c∇ = 0.2, 1, 2
for two budgets corresponding to 24 and 48 high-fidelity samples. All the models
are initialized with the same budget, the DOE drawn from a Sobol design and the
derivative information for the corresponding models are added to every point of the
DOE. The noise variance is set to 10−6 for the objective functions and derivative
observations.

Modelling

The median NRMSE as a function of n2 is depicted in Fig. 3.7. Instead of a Cartesian
grid to compute the NRMSE, we used 10000 points drawn from a Sobol Design.
Among all the possibilities, SF is never the best model to use.

In this case, SFG is better than SF for all the cases except for a budget of 24
high-fidelity samples and c∇ = 2 (Fig. 3.7e). For this case, the number of samples (8)
is too low to get an approximation of quality of the high-fidelity objective function
with SFG.

For a low number of high-fidelity samples, MF performs better than SF and
SFG for all the budgets and gradient costs considered. However, as the number
of high-fidelity samples increases, its performance deteriorates as the low-fidelity
objective function is no longer well approximated (observed with the coefficients of
determination not shown here).

When c∇ = 0.2 and for the same number of high-fidelity samples, MFG1G2 has
a lower NRMSE than MF for the two budgets considered (Fig. 3.7a and Fig. 3.7b).
Indeed, due to the gradient information provided, both the low-fidelity and bridge
functions are better approximated with MFG1G2 than with MF. When c∇ = 1
(Fig. 3.7c and Fig. 3.7d), for a low number of high-fidelity samples, MFG1G2 still
performs better than MF. However, its efficiency decreases as n2 increases since
fewer low-fidelity samples are evaluated, reducing then the accuracy of the low-
fidelity objective function. The worse performance of MFG1G2 over MF becomes
more obvious when c∇ = 2 (Fig. 3.7e and Fig. 3.7f).

Regarding MFG1, this model shows again an overall better efficiency than MF
for all the cases considered. For this test function and for the same number of
high-fidelity samples, MFG1 has also an overall better performance than MFG1G2.

Finally, MF is again more efficient than MFG2 for modelling purposes than MF.
As a final note on this test function, all the MF models fail to completely describe

the low-fidelity objective function or the bridge function as maximum values of
R1 ≈ 0.97 and Rerr ≈ 0.71 are found in the best cases. Thus, in order to approximate
accurately the high-fidelity objective function, a higher budget or a different DOE
would be required.
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Figure 3.7: Median NRMSE as a function of the number of high-fidelity samples n2

for all the models considered on the Hartmann-6 objective function. From top to
bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left: for a total budget of 24c2, right: for a
total budget of 48c2.
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Initial minimum prediction

The median NIR as a function of n2 for the Hartmann-6 objective function is de-
picted in Fig. 3.8. Once again, as with the Styblinski-Tang objective function, the
median NIR of the SFG model is lower than the one found with SF for all the cases
considered.

When the number of high-fidelity samples n2 is sufficient (as in Fig. 3.8a, Fig. 3.8b,
Fig. 3.8d and Fig. 3.8f), SFG performs better than MF for all possible configurations
of n1 and n2. However, when too few high-fidelity objective functions are used for
SFG (Fig. 3.8c and Fig. 3.8e), there exists some n1 and n2 such that the median
NIR of the MF model is lower than the median NIR of SFG.

Also, MFG1G2 performs generally better in the minimum prediction than MF
for low n2, even with a limited budget and computationally expensive gradient
observations (as in Fig. 3.8c and Fig. 3.8e). However, when very few low-fidelity
samples n1 are added to the model, for the same number of high-fidelity samples n2,
the median NIR of MF becomes lower than the one of MFG1G2.

In this case, the model MFG1 exhibits a lower median NIR than the MF model
for all the gradients costs, budget and number of high-fidelity samples considered.

Once again, we do not observe a major improvement of the MFG2 model over
the MF model for the minimum prediction.

Again, we note that the NIR is higher than the NSR with the SF model, with
the multi-fidelity models when very few low-fidelity samples are added or with the
SFG model when n2 is low. Conversely, in most cases, the MFG1 and MFG1G2

models have a lower NIR than the NSR.

Optimization

The performance of all the models is again investigated in an optimization framework
for c∇ = 0.2, 1, 2 for the Hartmann-6 objective function. All the models are initial-
ized with the same initial computational cost factor CCF/c2 = 24. For the multi-
fidelity models, n1 and n2 are chosen such it has the lowest initial NIR (cf Fig. 3.8a,
Fig. 3.8c and Fig. 3.8e). The Algorithm 2 is then applied for CCFmax/c2 = 60.

The median NSR as a function of CCF/c2 is displayed in Fig. 3.9. As can be
seen for all the gradient costs considered, MFG1G2 and SFG are the models that
reach the lowest median NSR once the computational budget is consumed. For all
the gradient costs considered, both of these models reach final NSR values below
2 × 10−10. The best median NSR value is found with MFG1G2 when c∇ = 0.2
and is equal to 1.16 × 10−11. As the gradient cost increases, we note however,
that MFG1G2 and MFG1 diminish the NSR faster than SFG for low CCF/c2 (as
in Fig. 3.9c). MFG1 performs better than both MF and MFG2 for all the gradient
costs considered. Indeed, at each iteration, the NSR of MFG1 is lower than the
ones obtained with MF and MFG2. Note also, that the NSR of the SF model is
slower to decrease but reaches lower NSR values than MF and MFG2 at the end of
the optimization budget for all the gradient costs considered. The SF model also
obtains a better final minimum than MFG1 when c∇ = 2.
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Figure 3.8: Median NIR as a function of the number of high-fidelity samples n2

for all the models considered on the Hartmann-6 objective function. From top to
bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left: for a total budget of 24c2, right: for a
total budget of 48c2. The black solid line represents the NSR as a function of n2.
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Figure 3.9: Median NSR as a function of CCF/c2 for all the models considered on
the Hartmann-6 objective function. a) c∇ = 0.2, b) c∇ = 1 and c) c∇ = 2. The
CCF and the NSR are updated at each new objective function observation.
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St Cd Cl

Ref. [4] 0.193 1.19± 0.042 ±0.64
Ref. [69] 0.192 1.31± 0.049 ±0.69
Ref. [56] 0.190 - -
Ref. [98] 0.19 - -
Ref. [67] 0.197 1.34± 0.044 ±0.69
Ref. [108] 0.196 1.35± 0.048 ±0.68

Present study 0.195 1.33 ±0.67

Table 3.1: Comparison with the literature of the Strouhal number St, the time
averaged drag coefficient Cd and the maximum and minimum of the lift coefficient
Cl at Re = 200.

3.4.3 Cylinder drag at Re = 200

Problem description

We now consider the numerical simulation of an external flow around a two-dimensional
cylinder at Re = 200. 96 equally-spaced Lagrangian points are set on a cylinder of
diameter D = 1. Once the transients have vanished, at each of these points j, we
prescribe a tangential velocity

vθ,j(sini)

U∞
= s

(1)
ini

∞∑
k=−∞

e

−1

2

(
θj − s(2)

ini − 2πk

s
(3)
ini

)2

, (3.97)

where U∞ is the free stream velocity, and θj is the angular position from the aft of

the cylinder of the point j. We define as boundaries, s
(1)
ini ∈ [−1, 1], s

(2)
ini ∈ [−π, π]

and s
(3)
ini ∈ [0.1, π/4].

The simulation is then run during an additional time ∆T1 = 2.5D/U∞ or ∆T2 =
10D/U∞, respectively, for the low and high-fidelity models. The following low and
high-fidelity functions are then defined

f1(sini) =
1

∆T1

∫ ∆T1

0

C2
d(t; sini) dt+

α

96

96∑
j=1

v2
θ,j(sini), (3.98)

f2(sini) =
1

∆T2

∫ ∆T2

0

C2
d(t; sini) dt+

α

96

96∑
j=1

v2
θ,j(sini), (3.99)

where α is a penalty term set here to 2, and Cd(t; sini) = 2fx/(ρ∞U
2
∞D) is the drag

coefficient with ρ∞ being the free stream density, and fx is the force exerted on the
cylinder in the streamwise direction.

Numerical set-up

The domain is rectangular and is included in [−15.46, 41.11] in the streamwise di-
rection x and [−28.29, 28.29] in the cross-flow direction y. 384 cells were used both
in the streamwise and cross-flow directions. The mesh size around the cylinder is
∆x = 0.033 whereas far away, we have ∆x = 0.20. The cylinder is composed of
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96 Lagrangian markers corresponding to the points aforementioned and is centered
at (0, 0). A first simulation without any control is run for t = 100D/U∞ with the
in-house software IBMOS [22].

The Strouhal number St, the time averaged drag coefficient Cd and the maximum
and minimum of the lift coefficient Cl are compared with the literature in Table 3.1.
These quantities are calculated from t = 50D/U∞ to t = 100D/U∞. We can observe
that the present case is in good agreement with previous studies.

From the snapshot obtained at t = 100D/U∞, the velocity prescribed in Eq. 3.97
is applied and the simulation is run during ∆T1 or ∆T2 accordingly. Due to the
values of ∆T1 and ∆T2 proposed, we set c1 = 1 and c2 = 4. We normally have
c∇ ≈ 1 but in order to study the influence of the cost of gradient evaluations, we
consider c∇ = 0.2, 1, 2. As before, two budgets of 18 and 24 high-fidelity evaluations
are considered. The noise variance is set to 10−6.

Modelling

The median NRMSE of the different models for the cylinder at Re = 200 is displayed
in Fig. 3.10. 10000 points drawn from a Sobol design were used for the computation
of the NRMSE.

When c∇ = 0.2 (Fig. 3.10a and Fig. 3.10b) or c∇ = 1 (Fig. 3.10c and Fig. 3.10d),
SFG performs better than SF.

MF also performs generally better than SF for the two budgets considered. MF
is only less efficient than SF for a high n2 since the low-fidelity function is poorly
modelled.

MFG1G2 is generally more accurate than MF when c∇ = 0.2 (Fig. 3.10a and
Fig. 3.10b). However, when c∇ ≥ 1, (Fig. 3.10c and Fig. 3.10d), the NRMSE of
MFG1G2 becomes lower than the NRMSE of MF for most cases due to an insufficient
number of samples (Fig. 3.10c, Fig. 3.10d, Fig. 3.10e and Fig. 3.10f).

When c∇ = 0.2 (Fig. 3.10a and Fig. 3.10b) or c∇ = 1 (Fig. 3.10c and Fig. 3.10d),
MFG1 is always better than MF for the same number of high-fidelity samples. How-
ever, when c∇ = 2 (Fig. 3.10c and Fig. 3.10d), the modelling performance of MFG1

starts to deteriorate and reaches similar NRMSE values as the MF model since very
few low-fidelity samples are included in the model.

Once again, it is observed that in most cases MFG2 performs worse than MF.

Initial minimum prediction

The median NIR for the cylinder problem is depicted in Fig. 3.11.
When c∇ = 0.2 (Fig. 3.11a and Fig. 3.11b), or c∇ = 1, (Fig. 3.11c and Fig. 3.11d),

SFG has a lower NIR than SF. For a low budget of 18 high-fidelity samples and
c∇ = 2 (Fig. 3.11e) the NIR of the SFG model is however slightly higher than the
SF model which is not the case with a higher budget (Fig. 3.11f).

For a low budget of 18 high-fidelity samples, the NIR of SFG is also lower than
MF for every possible configuration of n2 and n1 when c∇ = 0.2 (Fig. 3.11a and
c∇ = 1 Fig. 3.11c). For a higher budget of 24 high-fidelity samples (Fig. 3.11b and
Fig. 3.11d), some sampling schemes of n1 and n2 can lead to a better NIR with MF
than with SFG.

We also observe that, for the same number of high-fidelity samples, the MFG1G2

model has a lower NIR than the MF model in all the cases. Also, compared to MF,
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Figure 3.10: Median NRMSE as a function of the number of high-fidelity samples
n2 for all the models considered on the cylinder problem at Re = 200. From top to
bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left: for a total budget of 18c2, right: for a
total budget of 24c2.
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Figure 3.11: Median NIR as a function of the number of high-fidelity samples n2

for all the models considered on the cylinder problem at Re = 200. From top to
bottom: c∇ = 0.2, c∇ = 1 and c∇ = 2. Left: for a total budget of 18c2, right: for a
total budget of 24c2. The black solid line represents the NSR as a function of n2.
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Figure 3.12: Median NSR and standard deviation as a function of CCF/c2 for all
the models considered on the cylinder problem at Re = 200. a) c∇ = 0.2, b) c∇ = 1
and c) c∇ = 2. The CCF and the NSR are updated at each new objective function
observation.

the MFG1G2 model reached the lowest NIR for all the cases except for a budget of
24 high-fidelity samples and c∇ = 2 (Fig. 3.11f).

Generally, the NIR found with the MFG1 model is lower than the one found with
the MF model for the same number of high-fidelity samples n2. There is only one
exception when c∇ = 1 and n2 = 8 (Fig. 3.11c and Fig. 3.11d). The best NIR found
with the MFG1 model was also lower than with the MF model or the SFG model
for all the cases, and than with the MFG1G2 model when c∇ = 1 (Fig. 3.11c and
Fig. 3.11d) and c∇ = 2 (Fig. 3.11e and Fig. 3.11f).

Finally, we observe that for a low number of high-fidelity samples n2, the MFG2

model can sometimes perform better than the MF model as in Fig. 3.11c but should
not be established as a general conclusion.

In that case, the median NIR of the SF, SFG, MFG1G2 and MFG1 models were
in every case and for all the configurations of n1 and n2 lower than the NSR. Again,
the minimum predicted with the MF or MFG2 models were generally worse than
the minimum of the DOE when n1 was low.
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Optimization

The performance of the models is again investigated in the optimization framework
described in Algorithm 2 for c∇ = 0.2, 1, 2. The models are initialized with a compu-
tational cost factor CCF/c2 = 18. n1 and n2 are chosen such that all the models have
the lowest initial NIR (cf Fig. 3.11a, Fig. 3.11c and Fig. 3.11e). The optimization
algorithm is run for CCFmax/c2 = 40.

The median NSR as a function of CCF/c2 is represented in Fig. 3.12. For this
test case, the models with the gradient information on the high-fidelity objective
function (SFG, MFG2 and MFG1G2) are the ones with the lowest NSR at the end
of the budget. However, MFG1 is generally the faster to decrease the NSR and
to reach NSR values lower than 10−3. All the multi-fidelity models with gradients
(MFG1G2, MFG1 and MFG2) perform generally better than the MF model, the
exception being the end of the optimization process for MFG1 and c∇ = 2. Finally,
note that the median NSR of the SF model decreases extremely slowly.

Flow fields

The optimal tangential velocity profile around the cylinder is represented in Fig. 3.13a.
It corresponds to the optimal design s∗ ≈ (1, 0.33, 0.42)T equivalent to s∗ini ≈
(1, 5.19, 0.39)T. Thus, the maximal amplitude of the actuator is located at the
bottom back part of the cylinder. The drag coefficient as a function of time for the
uncontrolled case and optimal solution is depicted in Fig. 3.13b. From tU∞/D = 50
to tU∞/D = 100, we obtain a time averaged drag coefficient of Cd = 0.97 for the
optimal solution, equivalent to a 27% drag reduction over the uncontrolled case.
Note also that even if they are not shown here, the lift fluctuations are also reduced
as they are equal to ±0.20 around the time averaged lift coefficient Cl = −0.62
(also averaged from tU∞/D = 50 to tU∞/D = 100) whereas for the uncontrolled
case these fluctuations are ±0.67. The Strouhal numbers remain relatively close
however, as we obtain St = 0.205 for the optimal solution against St = 0.195 for the
uncontrolled case.

The averaged streamwise velocity with the streamlines is displayed in Fig. 3.13c
for the uncontrolled case and Fig. 3.13d for the optimal solution. A snapshot was
stored each 0.24tU∞/D time units during 100tU∞/D time units. The averaged
streamwise velocity was derived from the instantaneous snapshots obtained from
tU∞/D = 48 to tU∞/D = 99.84. Note that with optimal solution, the recirculation
zone is increased and the wake amplitude reduced but slightly shifted upwards. The
actuation set does not enable to suppress vortices but delay further downstream their
detachments. Finally, the velocity profiles vx/U∞ and vy/U∞ as a function of y/D at
x/D = 1.73 are respectively represented in Fig. 3.13e and Fig. 3.13f. At this location,
the streamwise velocity vx/U∞ is positive for each y/D for the uncontrolled case
whereas the minimum of vx/U∞ for the optimal solution is negative, confirming the
recirculation zone. Also compared to the uncontrolled case, the cross-flow velocity
vy/U∞ amplitudes are reduced at y/D = ±0.5. Note that due to the asymmetric
actuation, assymetric velocity profiles are obtained in Fig. 3.13e and Fig. 3.13f for
the optimal solution. Indeed, the maximal amplitudes of vx/U∞ and vy/U∞ are
higher when y/D < 0 than when y/D > 0 due to the actuation set on the bottom
back part of the cylinder. Also, the minimum of vx/U∞ and vy/U∞ are obtained
when y/D is slighly greater than 0, confirming that the wake is shifted upwards.
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Figure 3.13: a) Optimal velocity profile around the cylinder. b) Drag coefficient as a
function of time for the uncontrolled case and optimal solution. Averaged streamwise
velocity with streamlines (white lines and arrows) for c) the uncontrolled case and d)
the optimal solution. For the uncontrolled case and optimal solution, as a function
of the cross flow direction y/D: e) vx/U∞ and f) vy/U∞. These two last quantities
are taken at x/D = 1.73. As an illustration of this position, the red dot in c) and
d) is located at (x/D, y/D) = (1.73, 0).
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3.5 Conclusions

In this work, we compared the different possible models with Gaussian Processes
when gradient information and a lower fidelity objective function are available. The
global models accuracies as well as their minimum prediction were investigated on
three different objective functions of various dimensions for different budgets, gra-
dient costs and for the multi-fidelity models, the sample ratio between the low and
high-fidelity objective functions.

Below we summarize the main observations on the test cases presented in this
chapter:

• Among all the possible models and design of experiments initializations for
the multi-fidelity models, SF was never the best model to use whether for
modelling or optimization. However, when very few low-fidelity samples are
added in MF, SF can outperform the latter for modelling. Similarly, when the
gradient cost was high and for a small total budget, SF was more accurate for
global modelling than SFG since too few samples were possible with the latter
model. Also, since SF is generally the one with the least information provided,
the optimization of the hyperparameters is computationally cheaper than for
the other models. Thus, it is generally the fastest model to build.

• Including the derivative information in the Gaussian Process was efficient for
modelling when the cost of obtaining the gradient was low or for a large com-
putational budget. SFG appears being more useful for optimization since it
was able to find a better minimum than SF even when the cost of evaluating
the gradient was equal to twice the objective function cost.

• Except for some sample ratios between the low and high-fidelity objective
functions, MF generally showed better results than SF for both modelling
and optimization purposes. Also, this model showed generally better results
than SFG for modelling purposes when the gradient cost was higher or equal
to the cost of evaluating the high-fidelity objective function. However, the
difference in computational cost between the low and high-fidelity function
was much higher in that case than the difference in cost between the objective
function observation and gradient evaluation. When the cost of evaluating the
gradient was the same as evaluating the low-fidelity sample, the results were
approximately similar for global modelling. Note also, that MF depends on
the precision of the low-fidelity model and the bridge function. This means
that it requires a moderate number of low-fidelity samples to approximate
correctly the low-fidelity objective function, and also a reasonable number of
high-fidelity objective functions to approximate correctly the bridge function.
Still, the number of low-fidelity samples must be higher than the number of
the high-fidelity samples.

• Adding derivative information to both fidelity in the multi-fidelity setting gave
generally the best results for both modelling and optimization purposes when
the computational cost associated with the gradient was negligible. However,
for global modelling purposes, the precision of MFG1G2 rapidly decreases as
the cost of evaluating the gradient cost is increased. Still, for optimization
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purposes, even when the gradient cost was twice the cost of evaluating the
objective function, this model gave generally better results.

• Including the gradients only to the low-fidelity model in the multi-fidelity set-
ting showed promising results for both modelling and the minimum prediction.
Indeed, the NRMSE of MFG1 was often lower than for MF for the same num-
ber of high-fidelity samples. Also, MFG1 required a lower CCF than all the
other models to reach a NSR value below 10−3 during the optimization of the
cylinder problem. This model appears particularly interesting in the context of
RANS/LES simulations where the gradients can easily be obtained for RANS
simulations but are unavailable in LES.

• For a given budget, we generally observed no real interest in adding the gradi-
ent information only on the high-fidelity objective function in the multi-fidelity
setting. Indeed, the global modelling accuracy was generally worse than for
MF. MFG2 gave clearly better results than the MF for modelling when the
gradient cost was negligible. However, compared to MF, the results were gen-
erally improved for optimization purposes with MFG2. Still, compared to
SFG, the results were generally worse for the optimization. Also, note that
compared to the other multi-fidelity models with gradient information, and
with the multi-fidelity formulation used in this chapter, the gradient informa-
tion of MFG2 is not included in the hyperparameters optimization. Indeed,
the gradient information is just added in the final covariance matrix. Thus, its
accuracy heavily depends on the accuracy of MF. This model may prove to be
more useful if the gradient information could be included in the optimization
of the hyperparameters.

• Generally speaking, the gradient information on the high-fidelity function was
useful for modelling when its cost was low or for a high budget available.
Including the gradient information on the low-fidelity model enabled to get
a better initial modelling and provided better initial minimum predictions.
However, within an optimization framework, including the gradients on the
high-fidelity function gave the most accurate results at the end of the opti-
mization algorithm.

These conclusions are valid for the three objective functions studied in this chap-
ter. Thus, additional experiments with different objective functions would be needed
to confirm our findings. Nonetheless, even with different objective functions, we ex-
pect similar conclusions.

As a final note, in this study the cost of building the model has been neglected
as we considered the cost of evaluating the objective functions and gradients signif-
icantly higher. However, the cost of building a Gaussian Process grows cubically
with the number of observations provided [57]. This rapidly makes the models with
gradient information impractical for problems where the cost of observing the objec-
tive function is moderate or in high dimensions. Improving the efficiency of building
single and multi-fidelity Gaussian Process with derivative information can lead to
important gains in this regard. Among the possibilities, we can cite adding the
gradients only at certain points as in Yamazaki and Mavriplis[123], providing to the
Gaussian Process the derivative information only on some design variables as in Wu
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et al. [122], or decomposing the model into a series of submodels with smaller cor-
relation and weighing them in order to decrease the cost associated with the initial
large correlation matrix as in Han et al. [32].

Another improvement can also be to use non-linear multi-fidelity models such
as the ones developed in [91]. Indeed, the performance of the linear multi-fidelity
model decreased when the relationship between the high and low-fidelity model was
not linear. Finally, the last improvement that we propose is to develop acquisition
functions for optimization and/or modelling purposes that can take into account the
cost of the various sources of information. Arguably, the most adequate acquisition
functions are the ones relying on the Value Of Information (VOI). These acquisition
functions aim to sample at design points that bring the more information about the
objective function or its minimum. For optimization purposes, the most promising
ones are probably the ones relying on the Max-Value Entropy Search [117, 109] and
the Knowledge Gradient class of acquisition functions [24, 122, 93]. The first ones are
cheap to compute but would require extensions to deal with derivative information
whereas the second one has been tested for derivative information and multi-fidelity
but are computationally expensive.

91



Chapter 4

Multi-objective Bayesian
Optimization and dimension
reduction: applications to
numerical flow simulations

4.1 Introduction

The main drawback of Bayesian Optimization (BO) and other methods who rely
on surrogate model is directly related to the curse of dimensionality. Indeed, as the
dimension of the design space increases, the computational resources to build a reli-
able surrogate model and find the minimum of the objective function also increase.
For this reason, even if in Chapter 2, BO was successfully applied to optimization
problems with up to 31 design parameters, typical guidelines restrict the usage of
BO to problems with a moderate number of dimensions, i.e. N ≤ 10. As stated in
Lam [57], two strategies can be adopted to overcome this drawback: including the
gradient information (cf paragraph 9.4 of Rasmussen and Williams [96] for exam-
ple) or reduce the dimension of the design space. However, the cost of building the
surrogate model increases cubically with the number of observations [57]. Thus, it
rapidly becomes inefficient to include the gradient information in the GP model, as
in Chapter 3, for high-dimensional problems since N + 1 observations are included
in the model for each objective function and gradient evaluation. The alternative
approach is to reduce the dimension of the design space. For example, Carpen-
tier and Munos [9] combined compressed sensing with the linear bandit problem
to decrease the regret for high dimensional problems. Chen et al. [12] proposed a
two-staged algorithm. First, the active variables are determined using hierarchical
diagonal sampling (HDS). Then, BO is applied on the active variables. Hutter et
al. [38] used random forests instead of a GP as a surrogate model. As mentioned
in Shahriari [103], random forests can naturally determine the most active variables
but are poor extrapolators. Wang et al. [116] developed the Random EMbedding
Bayesian Optimization (REMBO) algorithm. The idea is to generate a random ma-
trix and then project the initial design through this matrix in an embedded space of
lower dimension. BO is then applied in this lower dimensional space. This method
was successfully applied to a two-dimensional function embedded in a space of one
billion of dimensions. A similar idea is to employ Active Subspaces (AS) [13]. AS
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aims to build linear combinations of the parameters to find a design space of reduced
dimension. In order to reduce the cost of this operation, Lam [57] followed this ap-
proach in the context of multi-fidelity information. Recently, Kusner et al. [55] used
a variational autoenconder to reduce the dimension and a Gaussian Proccess latent
variable model (GPVLM) [62] that includes the uncertainty in the input.

All the aforementioned methods showed promising results in the context of BO
in high dimensional space. However, to the best knowledge of the author, there
are few studies that address multi-objective BO (MOBO) in high dimensional prob-
lems. Multi-objective optimization aims at optimizing several objective functions
concurrently. From the initial work of Jones [43], Knowles developed the ParEGO
algorithm [50]. The idea is to represent all the objective functions by a unique objec-
tive function and set random weights from a predetermined set at each iteration on
each objective function. The Expected Improvement (EI) criterion is then applied
to determine the next design point to evaluate. Instead of building a unique objec-
tive function depending on the objective functions considered, it is also possible to
develop acquisition criteria. For example, Keane [45] developed the Euclidean EI
(EEI) criterion, Emerich et al. [18] proposed the expected hypervolume criterion
(EHVI), Svenson and Santner [107] used the truncated maximum fitness function.
However, these methods consider optimization problems with a dimension up to 10.

Some authors developed methods to combine multi-outputs and dimension re-
duction for high dimensional problems. For example, Lamboni et al. [60] developed
an algorithm that combines Principal Component Analysis (PCA) and a global sen-
sitivity analysis for multivariate and function outputs. PCA is firstly applied to
identify the dominant dynamics in a time dependant signal. A sensitivity analysis
is then performed on the most informative components. Ji et al. [42] developed
AS for multiple outputs in the context of uncertainty quantification. Finally, Zahm
et al. [125] generalized the concept of AS through ridge functions for uncertainty
quantification. However, none of these studies have been applied in the context of
MOBO.

Ling et al. [66] designed a MOBO algorithm for high dimensional space. The
algorithm was successfully applied to the solution of an engineering problem with
37 design parameters. However, no dimension reduction technique was employed
there. Lukaczyk et al. [73] applied BO to the shape optimization of the ONERA-
M6 transonic wing. 50 design parameters were used and the design space dimension
was finally reduced to 2 using Active Subspaces. As an objective function, they
considered the drag that was subject to a lift constraint. They were thus able to
link the active subspaces associated with the drag and the lift forces to proceed the
optimization. However, even if several outputs in the context of BO were considered,
this approach differs from MOBO in the sense that only one objective function was
optimized subject to a constraint on the other one. Later, Grey and Constantine [30],
applied the Active Subspaces algorithm to decrease the dimension of two different
airfoil shape parameterizations. The lift and drag coefficient were both reduced from
a maximum number of 11 design parameters to a two-dimensional space. Through
visualizations of the drag and lift coefficients in the reduced space, they were able
to find the Pareto front (solutions where an objective function can not be improved
without deteriorating another one). However, no optimization algorithm was applied
in that case and relied exclusively on visual inspections.

The goal of this chapter is to develop a method that combines dimension reduc-
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Figure 4.1: (a) Example of the Pareto front (indicated by the red triangles) and
the hypervolume (blue shaded area) calculated from the reference point r = (1, 1)
depicted by the black dot. (b) Illustrations of the proximity and diversity concepts.
The red triangles exhibit a good proximity but a poor diversity compared to the
green squares that have a higher diversity but a lower proximity. The true Pareto
front is indicated by the black dash-dotted line.

tion techniques and MOBO. The proposed method is independent of the dimension
reduction algorithm. This article is organized as follows: first, the methodology
is presented in Section 4.2. Then, we introduce definitions, the initial MOBO al-
gorithm and the dimension reduction techniques and the proposed technique. In
Section 4.3, the developed algorithm is applied to a test function and onto two
Computational Fluid Dynamics (CFD) applications. The flow fields and the perfor-
mance of the proposed algorithm are then presented. Finally, conclusions are given
in Section 4.4.

4.2 Methodology

Multi-objective optimization deals with the minimization of l objective functions f1,
f2, . . . , fl concurrently. More precisely, this problem can be written as

s∗ = arg min
s∈S

(f1(s), f2(s), . . . fl(s)). (4.1)

Optimizing some of these functions may be conflicting in the sense that min-
imizing one could maximize another one. Thus, the concept of optimum in the
single-objective function case differs from the one in the multi-objective setting.
In this case , a solution si is said to dominate another solution sk if it fulfills the
following two conditions:{

∀j ∈ [1, 2, . . . , l], fj(si) ≤ fj(sk),

∃j ∈ [1, 2, . . . , l], fj(si) < fj(sk).
(4.2)

If the design si is not dominated by any other s ∈ S, then si is said to be a
Pareto optimum. The set of all the Pareto optima define the Pareto front.

To compare the different algorithms that will be introduced later, we consider
the hypervolume metric (HV) (see [50], for example). If the Pareto front, composed
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of n∗ solutions, is denoted by s∗1:n∗ , then the HV corresponds to the volume in the
objective functions space that is dominated by the solutions s∗1:n∗ :

HV(s∗1:n∗ , r) =

∫
Q

dq, (4.3)

where:

Q = {q ∈ Rl|∃i ∈ [1, 2, . . . , n∗],∀j ∈ [1, 2, . . . , l] : fj(s
∗
i ) ≤ qj ≤ rj} (4.4)

with r = (r1, r2, . . . , rl)
T a reference point, which must be chosen such as it is

dominated by every point in s∗1:n∗ . As a reference point, we will take the anti-ideal
point, i.e. the point with the worst value on all the objective functions, shifted by a
small value:

rj = max j + δr(max j −min j), ∀j ∈ [1, 2, . . . , l], (4.5)

where max j and min j are, respectively, the maximum and minimum of the objective
function j. If max j and min j are not known, we will instead take respectively the
maximum and minimum objective function j found among all the solutions evaluated
of all the algorithms tested. Here, we set δr = 0.01.

A graphical representation of the Pareto front and the HV for two objective
functions is shown in Fig 4.1a. The HV enables us to quantify both the proximity,
i.e. closeness to the true Pareto front, and the diversity, i.e. coverage of the Pareto
front. When the proximity and diversity raise, the HV also increases. Both proximity
and diversity are desirable in the multi-optimization process and are illustrated in
Fig. 4.1b. Thus, a high HV is an indicator of the efficiency of the multi-optimization
algorithm. Note that there are metrics to measure independently the proximity and
the diversity as in Zuhal et al. [127] but will not be considered here.

4.2.1 Multi-objective Bayesian Optimization

In this work, Multi-objective Bayesian Optimization (MOBO) will be based on the
ParEGO algorithm [50]. In the following, we describe how this algorithm works in
the original design space S.

Gaussian Process

As a first step, the augmented Tchebycheff function is introduced to deal with the
l objective functions:

ftot(s) =
l

max
j=1

(ωjfj(s)) + ξ
l∑

j=1

ωjfj(s), (4.6)

where s is a point in the design space S, ftot is the resulting objective function, fj
the jth objective function fj normalized between 0 and 1, and ξ a small positive
value set to 0.05 as in the original implementation [50]. The first term on the right
hand side of Eq. 4.6 ensures that points on non-convex regions of the Pareto front
are also explored. The weights ωj are drawn uniformly, at each iteration, from the
set Ω:
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Ω =

{
ω = (ω1, ω2, ..., ωl)|

l∑
j=1

ωj = 1 ∧ ∀j, ωj =
ψ1

ψ2

, ψ1 ∈ {0, ..., ψ2}

}
. (4.7)

In the remaining of this chapter, we set ψ2 = 10, resulting in 11 weight factors as in
the original implementation [50] for two objective functions.

Next, ftot is approximated by a surrogate model f̂

ftot(s) ≈ f̂(s), (4.8)

In this work, the GP model is used. The function ftot is considered as the realization
of a stochastic process

ftot(s) ∼ GP(µ0(s), k(s, s′)). (4.9)

We set µ0(s) = 0 and we commit here to the Radial Basis Function (RBF) kernel:

k(r) = σ2
f exp

(
−r

2

2

)
, (4.10)

where σ2
f is the variance, r = (s − s′)TΛ(s − s′) with Λ a diagonal squared matrix

whose entries are 1/λ2
i , λi being a characteristic length scale along the i-th direction.

For each design sk in the original design space, we can observe the objective
function ftot with possibly some noise as:

qtot,k =
l

max
j=1

(ωjqj,k(sk)) + ξ
l∑

j=1

ωjqj,k(sk)

= ftot(sk) + ηk,

(4.11)

where qj,k is the observation qj,k of the objective function fj at sk normalized between
0 and 1, and ηk is the noise assumed to be drawn from a normal distributionN (0, σ2

η)
in the observations at the input sk.

After n observations of the objective function qtot,1:n = (qtot,1, qtot,2, . . . , qtot,n)T

at designs s1:n = (s1, s2, . . . , sn)T, the joint prior distribution at sn+1 is[
qtot,1:n

ftot,n+1

]
∼ N

(
0,

(
K + σ2

ηIn k
kT k(sn+1, sn+1)

))
, (4.12)

where, K = [kij], k = [ki,n+1] with kij = k(si, sj), and 1 ≤ i, j ≤ n.
As in Chapter 2, a posterior predictive distribution can then be obtained:

P (ftot,n+1|D1:n, sn+1) = N (µn(sn+1), σ2
n(sn+1)), (4.13)

where

µn(sn+1) = kT[K + σ2
ηIn]−1qtot,1:n, (4.14)

and

σ2
n(sn+1) = k(sn+1, sn+1)− kT[K + σ2

ηIn]−1k, (4.15)
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where µn and σ2
n are, respectively, the updated mean and variance functions after n

observations.

Again, as in Chapter 2, the vector of hyperparameters ψ = (σf , λi, ση)
T is found

by maximizing the logarithm of the marginal likelihood of the model

logP (qtot,1:n|s1:n,ψ) = −1

2
qT
tot,1:n(K + σ2

ηIn)−1qtot,1:n −
1

2
log |K + σ2

ηIn| −
n

2
log(2π)

(4.16)
using gradient-based optimization.

Acquisition function

Once the posterior mean and variance are obtained and the hyperparameters opti-
mized, we rely on the Expected Improvement (EI) acquisition function to determine
the next design sample:

EIn(s) =

{
σn(s)ZΦ(Z) + σn(s)φ(Z) if σn > 0,

0 if σn = 0,
(4.17)

where EIn is the EI criterion after n objective function observations, Z = (q∗tot −
µn(s) − κ)/σn(s), q∗tot being the best objective observation minimum found so far
with the augmented Tchebycheff function, κ is a trade-off parameter, Φ and φ are
respectively the cumulative density function and the probability density function.
The combination of the augmented Tchebycheff function and EIn is known as the
ParEGO algorithm [50].

Finally, as mentioned in Lam [58], optimizing EIn is difficult especially at the
end of the optimization process. Thus, for this reason, if the Expected Improvement
at the point suggested by the algorithm is lower than a threshold set here at 10−6,
the next candidate point is determined by

sn+1 = arg minµn(s). (4.18)

MOBO algorithm without dimension reduction

The MOBO algorithm without dimension reduction is detailed in Algorithm 3. For
GP modelling and the optimization of the acquisition function EIn and µn, we use
the software emukit [87]. An in-house python program was developed to interface
between this software and the numerical flow solver.

4.2.2 Dimension reduction

In this chapter, two different dimension reduction techniques are used: the Ac-
tive Subspaces (AS) estimated with gradients (see [13]), and a method based on
a quadratic model. The AS estimation with gradients was used when the gradi-
ents were available and cheap to evaluate. We also developed a method based on a
quadratic model to easily tackle non-linear dimension reduction since the AS with
gradients is a linear dimension reduction.
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Algorithm 3: MOBO algorithm without dimension reduction

Initialization: D = {s1:n,q1,1:n,q2,1:n, . . .ql,1:n};
Initialize iteration counter: i = 0 ;
while i < imax do

Compute the augmented Tchebycheff observations qtot,1:n+i ;
Update the Gaussian Process with {s1:n+i,qtot,1:n+i} ;
Find the design sn+i+1 = arg max EIn+i(s) ;
if EIn+i(sn+i+1) < 10−6 then

sn+i+1 = arg minµn+i(s) ;
end
for j ∈ [1, 2, . . . , l] do

Observe the objective function qj,n+i+1(sn+i+1) ;
end
D = D ∪ {sn+i+1, q1,n+i+1(sn+i+1), q2,n+i+1(sn+i+1), . . . , ql,n+i+1(sn+i+1)} ;
i = i+1 ;

end
Find the non-dominated solutions s∗1:n∗ and the corresponding objective
functions observations q∗1:n∗ in D ;

return {s∗1:n∗ ,q
∗
1:n∗}

Active Subspace estimated with the gradients

Active Subspaces is a method aiming to obtain a reduced design variable from a
linear combination of the initial design variables. First, the inputs are normalized
into the design space [−1, 1]N . The design in the initial design space can be found
with

sini =
1

2
((sini,up − sini,low)s + (sini,up + sini,low)), (4.19)

where s is the normalized input, sini,up and sini,low represent respectively the upper
and lower bounds of the original design space.

A sampling density is then chosen to build an initial data set in the normalized
design space [−1, 1]N . When the gradients are available and cheap to compute, for
each sample sk, we observe the objective function j, qj,k = qj(sk) and its gradient
∇sqj,k = ∇qj(sk). For n samples drawn from the sampling density, we can calculate
the following matrix and its eigenvalue decomposition:

Ĉj =
1

n

n∑
k=1

∇sqj,k∇sq
T
j,k = ŴjΛ̂jŴ

T
j , (4.20)

where Ŵj is the eigenvectors matrix and Λ̂j is the diagonal eigenvalues matrix.

Since the matrix Ĉj is symmetric, all its eigenvalues are real. Both Ŵj and Λ̂j

are sorted by decreasing eigenvalues. If a large gap is observed between the mj and

mj + 1 eigenvalues of Λ̂j, a reduced variable of dimension mj can be obtained and

Ŵj and Λ̂j can be recast in the following form

Ŵj =
(
Uj Vj

)
, Λ̂ =

(
Λj,1 Λj,2

)
, (4.21)
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where Uj and Λj,1 contain the mj first eigenvectors and eigenvalues, respectively,
whereas Vj and Λj,2 contain the remaining N − mj eigenvectors and eigenvalues,
respectively. A reduced variable can then be obtained as follows:

hj(s) = UT
j s. (4.22)

Method based on a quadratic model

Since the mapping provided by AS between the reduced variable and the original
design space is a linear relationship, this method is not really adapted to the case
when the objective function can be written as a quadratic sum of the initial design
variables. We then develop a method to alleviate this drawback.

A quadratic model is fitted to the design variables such as

hj(s) =
N∑
i=1

(aj,is
(i)2 + bj,is

(i)) + cj, (4.23)

where hj(s) is a one-dimensional variable, s(i) is the ith variable of the design s in
the design space S = [−1, 1]N . If we have n observations qj,1:n at n initial design
points s1:n, we can then introduce the corresponding hj(s1:n) and fit a GP on the
data Dn = {hj(s1:n),qj,1:n}. We then choose the coefficients aj,i, bj,i and cj that
maximize the marginal likelihood of the GP through gradient-based optimization
with the L-BFGS-B algorithm. The gradients can be obtained with the chain rule:

∂P (qj,1:n|hj(s1:n),ψ)

∂aj,i
=

∂P (qj,1:n|hj(s1:n),ψ)

∂hj(s1:n)

∂hj(s1:n)

∂aj,i
,

∂P (qj,1:n|hj(s1:n),ψ)

∂bj,i
=

∂P (qj,1:n|hj(s1:n),ψ)

∂hj(s1:n)

∂hj(s1:n)

∂bj,i
,

∂P (qj,1:n|hj(s1:n),ψ)

∂cj
=

∂P (qj,1:n|hj(s1:n),ψ)

∂hj(s1:n)

∂hj(s1:n)

∂cj
.

(4.24)

Once a dimension reduction hj is obtained, we can express the objective function
fj as:

fj(s) ≈ gj(hj(s)). (4.25)

4.2.3 Multi-objective Bayesian Optimization and dimension
reduction

Dimension reduction

In the case of MOBO, the dimension reduction can be performed on each of the ob-
jective functions that we are seeking to minimize. For each fj, n initial observations
of the objective function qj,1:n are performed at n designs s1:n in the original space.
A dimension reduction hj(s) is then performed on the data pair {s1:n,qj,1:n}.

We can then build a variable ŝ = (h1(s), h2(s), . . . , hl(s))T of dimension N̂ =∑l
j=1 Nj, where Nj is the dimension of the reduced space. For example, let us

consider two objective functions f1 and f2 we wish to minimize that can be expressed
in reduced dimensional spaces as h1(s) in one dimension and h2(s) in two dimensions,
respectively. We then build a three dimensional variable where the first coordinate
is h1(s) and the two others are associated with h2(s).
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For each dimension reduction hj(s), the boundaries of the i-th coordinate h
(i)
j (s)

are indicated by

h
(i)
j,low = min

s∈S
h

(i)
j (s),

h
(i)
j,up = max

s∈S
h

(i)
j (s),

(4.26)

where hj,low and hj,up are respectively the lower and upper bounds of h
(i)
j (s). Eq. 4.26

can be solved either with an optimization scheme or analytically.
Also, a constraint is required on the subspace for optimization. Indeed, in order

to perform the mapping from the subspace towards the original design space, for
each point in the subspace ŝ = (ŝ(1), ŝ(2), . . . , ŝ(N̂))T, at least one design point s must
be find in S such that ŝ = (h1(s), h2(s), . . . , hl(s))T. For this reason, during the
optimization process in the subspace, we only consider the points ŝ satisfying the
constraint:

min
s∈S

l∑
j=1

‖hj(s)− ŝ(
∑j−1

i=1 Ni:
∑j−1

i=1 Ni+Nj))‖ ≤ εdes, (4.27)

with ŝ(
∑j−1

i=1 Ni:
∑j−1

i=1 Ni+Nj) is a vector of dimension j containing the coordinates of ŝ
from

∑j−1
i=1 Ni to

∑j−1
i=1 Ni +Nj. The term on the left hand side of Eq. 4.27 is solved

with a quasi-Newton method. Ideally, εdes = 0 but this value is numerically hard to
obtain. For this reason, we set εdes = 10−6.

Gaussian Process, acquisition function and constraint

The Gaussian Process and the acquisition function steps are done as in the case
without dimension reduction. The difference is that the model and the acquisition
functions are then designed in the subdimensional space of dimension N̂ instead of
N , and the variable ŝ is used instead of s for the design space. The boundaries of
the design space are then set through Eq. 4.26 and the constraint 4.27 is applied
when optimizing the acquisition function.

Mapping to the original space

Once a design ŝn+1 has been selected through the acquisition function step, a map-
ping towards the original design space of dimension N is necessary to evaluate the
objective functions. Thus, in order to retrieve the design sn+1 in the original design
space, we have to solve:

sn+1 = arg min
s∈S

l∑
j=1

‖hj(s)− ŝ
(
∑j−1

i=1 Ni:
∑j−1

i=1 Ni+Nj)
n+1 ‖. (4.28)

Eq. 4.28 is solved with a quasi-Newton method.

MOBO algorithm with dimension reduction

The MOBO algorithm with dimension reduction is described in Algorithm 4. Again,
for Gaussian Process modelling and the optimization of the acquisition function EIn
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and µn, we use the software emukit [87]. All the dimension reduction algorithms as
well as the mapping toward the design in the original design space were implemented
in the python interface we developed between emukit and the CFD software.

Algorithm 4: MOBO algorithm with dimension reduction

Initialization: D = {s1:n,q1,1:n,q2,1:n, . . .ql,1:n};
Initialize iteration counter: i = 0 ;
while i < imax do

for j ∈ [1, 2, . . . , l] do
Find a dimension reduction hj(s) with {s1:n+i,qj,1:n+i} of dimension
Nj ;

for i ∈ [1, 2, . . . , Nj] do

Compute the boundaries of h
(i)
j,low and h

(i)
j,up (Eq. 4.26) ;

end

end
Create the variable ŝ = (h1(s), h2(s), . . . , hj(s))T ;
Compute the augmented Tchebycheff observations qtot,1:n+i ;
Update the Gaussian Process with {ŝ1:n+i,qtot,1:n+i} ;
Set the constraint defined in Eq. 4.27 ;
Find the design in the subspace ŝn+i+1 = arg max EIn+i(ŝ) ;
if EIn+i(ŝn+i+1) < 10−6 then

ŝn+i+1 = arg minµn+i(ŝn+i+1) ;
end
Find the original design sn+i+1 by solving Eq. 4.28 ;
for j ∈ [1, 2, . . . , l] do

Observe the objective function qj,n+i+1(sn+i+1) ;
end
D = D ∪ {sn+i+1, q1,n+i+1(sn+i+1), q2,n+i+1(sn+i+1), . . . , ql,n+i+1(sn+i+1)} ;
i = i+1 ;

end
Find the non-dominated solutions s∗1:n∗ and the corresponding objective
functions observations q∗1:n∗ in D ;

return {s∗1:n∗ ,q
∗
1:n∗}

4.3 Applications

4.3.1 Fonseca-Fleming problem

We test the algorithm on the Fonseca-Fleming problem introduced in [20]. The
following objective functions are considered:

f1(sini) = 1− exp

(
−

N∑
i=1

(
s

(i)
ini −

1√
N

)2
)

f2(sini) = 1− exp

(
−

N∑
i=1

(
s

(i)
ini +

1√
N

)2
), (4.29)
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where s
(i)
ini is the ith variable of sini and N is the dimension of the design space.

The Pareto front is composed of all the points sini satisfying

s
(1)
ini = s

(2)
ini = · · · = s

(N)
ini ∧ −

1√
N
≤ s

(i)
ini ≤

1√
N
. (4.30)

Initially, we set −4 ≤ s
(i)
ini ≤ 4 for the design space. However, when we increased

the dimension N to large values, no valuable information was extracted from the
DOE as f1 and f2 were equal to 1 for all the design points. For this reason, we
decided to set −2/

√
N ≤ s

(i)
ini ≤ 2/

√
N . We consider the following cases with

increasing dimension N = 2, 5, 10, 20, 50 and 100.
Latin Hypercube Sampling [11] was used to draw 7, 17, 24, 30, 40 and 47 initial

samples for, respectively, N = 2, 5, 10, 20, 50 and 100. Then, the quadratic model
dimension reduction discussed in in 4.2.2 was applied to the DOE for f1 and f2.
Finally, the developed algorithm (Algorithm 4) was run for each case and compared
with the case without dimension reduction (Algorithm 3). A maximum number of
100 iterations was chosen for each N considered. For consistency, the same ω in
Eq. 4.7 was used at each iteration for both methods. For the optimization, we set
the following boundaries in the reduced design space:

hj,low = −
N∑
i=1

(|aj,i|+ |bj,i|)− |cj|,

hj,up =
N∑
i=1

(|aj,i|+ |bj,i|) + |cj|,

(4.31)

where hj,low and hj,up are respectively the lower and upper boundaries of the di-
mension reduction function hj associated to the function fj. The coefficients of
the quadratic model aj,i, bj,i and cj (see Eq. 4.23) are related to the mapping hj.
hj,low and hj,high are lower and higher, respectively, than they should theoretically be
with Eq. 4.31. However, setting them in that way avoids to solve Eq. 4.26 with an
optimization algorithm. Moreover, since only the designs satisfying the constraint
defined in Eq. 4.27 are considered, a larger subspace domain does not influence the
optimal solution found.

The design space of the MOBO algorithm without dimension reduction is S =
[−1, 1]N . The MOBO algorithm with dimension reduction performs the mapping
from ŝ towards S through Eq. 4.28. Once a design point is selected in S, the design
point is found in the original design space by sini = 2s/

√
N .

On Fig. 4.2 is depicted the Pareto Front found with the MOBO algorithms with
and without dimension reduction for 100 optimization iterations. As can be seen
on this figure, for N = 2, both methods are able to find a reasonable number of
points on the true Pareto front defined in Eq. 4.30. However, the performance of
the MOBO algorithm without dimension reduction significantly decreases as the
dimension space is increased since a poorer proximity to the true Pareto front is
observed. On the other hand, with the dimension reduction, the algorithm is still
able to find a significant number of points close to the true Pareto front even for
N = 100. A better diversity than without dimension reduction can also be observed.

The hypervolume (HV) calculated from the reference point r = (1.01, 1.01) (com-
puted with Eq. 4.5) as a function of the iteration algorithm is shown on Fig. 4.3. As
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Figure 4.2: Pareto fronts found with the MOBO algorithm with dimension reduc-
tion (red triangles) and the MOBO algorithm without dimension reduction (green
squares) for the Fonseca-Fleming problem with (a) N = 2, (b) N = 5, (c) N = 10,
(d) N = 20, (e) N = 50 and (f) N = 100. The initial DOE is represented with blue
dots and the black dash-dotted line is the true Pareto front defined in Eq. 4.30.
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Cd Ld/D
Ref. [14] - 2.13
Ref. [113] 1.59 -
Ref. [16] 1.52 2.35
Ref. [67] 1.54 2.28
Ref. [108] 1.55 2.33

Present study 1.58 2.38

Table 4.1: Comparison with the literature of the drag coefficient Cd and length of
the recirculation zone from the aft of the cylinder Ld/D at y = 0 for Re = 40.

can be seen, with the dimension reduction, the HV is lower than for the MOBO al-
gorithm without dimension reduction at each iteration for all the cases. We can also
note that changing the design space is even efficient for the case N = 2, whereas the
dimension of the reduced design space is also equal to the dimension of the original
design space. Finally, after 100 iterations, the HV computed with the algorithm
with dimension reduction achieves respectively 92%, 90%, 85%, 83%, 73% and 83%
of the HV of the Pareto front computed from 200 points linearly spaced on the line
defined in Eq. 4.30 for respectively N = 2, 5, 10, 20, 50 and 100.

4.3.2 Cylinder at Re = 40

Problem description

An external flow around a two-dimensional cylinder at Re=40 is considered. The
surface of the cylinder is discretized using 79 equispaced Lagrangian points. At each
of these points j, a tangential velocity vθ,j/U∞ = g

(j)
filter(s) is specified, where U∞

is the free stream velocity, s ∈ [−1, 1]79 and g
(j)
filter is the jth element of the filter

function, given by

gfilter(s) = G4s, (4.32)

with G a 79× 79 sparse matrix defined by

G =


0.5 0.25 0 . . . 0.25
0.25 0.5 0.25 . . . 0

...
...

...
...

...
0.25 0 . . . 0.25 0.5

 . (4.33)

The filter function smooths the final velocity profile by weighting at each point
i the prescribed tangential velocity s(i) by the values around the point.

Our aim is to minimize both the drag coefficient and the actuation cost. Thus,
we consider the following objective functions:

f1(s) = C2
d(s), f2(s) = sTs, (4.34)

where Cd is the drag coefficient once the steady flow is obtained.
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Figure 4.3: Hypervolume as a function of the iteration for the Fonseca-Fleming
problem with the reference point r = (1.01, 1.01). (a) N = 2, (b) N = 5, (c)
N = 10, (d) N = 20, (e) N = 50 and (f) N = 100. The red dashed and green solid
lines are the MOBO algorithms respectively with and without dimension reduction
whereas the black dash-dotted line corresponds to the HV computed from 200 points
linearly spaced on the line defined in Eq. 4.30.
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Figure 4.4: (a) Eigenvalues obtained with the AS method with gradients for f1

defined in Eq. 4.34. (b) f1 as a function of the reduced variable.

Numerical set-up

We use an in-house solver [22] that is based on the immersed boundary method of
Taira and Colonius [108]. The domain is rectangular and is included in [−14.28, 38.32]
in the streamwise direction and in [−22.3, 22.3] in the cross-flow direction. 288 cells
were used in the streamwise direction and 256 in the cross-flow direction. The mesh
is refined around the cylinder where the mesh size is ∆x = 0.04. Far from the
cylinder, the grid is stretched until the mesh size is ∆x = 0.25. A cylinder of unit
diameter is centered at the origin (0, 0) is represented by 79 Lagrangian markers.

Values of the drag coefficient Cd and the length of the recirculation zone starting
from the aft of the cylinder are compared with the literature in Table 4.1. It is
observed that even if the length of the recirculation zone is slightly higher than the
other studies, the results are in good agreement with them.

We apply the AS method with gradients to the first objective function f1 de-
scribed in 4.2.2. 44 initial points were drawn from a Latin Hypercube Sampling.
The eigenvalues, shown in Fig. 4.4a, suggest that the dependency of f1 can be re-
duced to a single variable since a large gap can be observed between λ1 and λ2. Its
dimension reduction is represented in Fig. 4.4b as

f1(s) = g1(UT
1 s) (4.35)

where U1 is the eigenvector associated to the highest eigenvalue.
Regarding the second objective function f2, a straightforward dimension reduc-

tion that can be written as a one-dimensional function is

f2(s) = g2(h2(s)) = h2(s) = ssT. (4.36)

A design space of dimension 2 is then built with UT
1 s as the first coordinate and

ssT as the second coordinate. The boundaries of the first dimension were directly
obtained with h1,low = −|UT|1 and h1,up = |UT|1, where 1 is a column vector where
each entry is equal to one. For the dimension reduction of f2, the boundaries of
h2(s) are straightforward h2,low = 0 and h2,up = 79 (when ∀i, s(i) = ±1).

The Algorithm 4 was then used to solve the above optimization problem. The
number of iterations is 100 and the results were compared with those obtained
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f1(s) f2(s) Cd Cl a/D Ld/D
1.21 77.2 1.10 −6.06× 10−3 - -
1.33 41.8 1.15 −4.24× 10−4 - -
1.45 30.5 1.21 −3.06× 10−5 - -
1.61 20.9 1.27 −8.73× 10−5 - -
1.98 6.5 1.41 −5.93× 10−5 0.03 0.85
2.21 2.1 1.49 −9.28× 10−5 0.03 1.52
2.28 1.0 1.51 −3.48× 10−5 0.03 1.71

Table 4.2: Objective functions f1(s), f2(s), drag coefficient Cd, lift coefficient Cl,
distance between the aft of the cylinder and the beginning of the recirculation zone
a/D, length of the recirculation zone calculated between its two horizontal extrem-
ities Ld/D for some of the Pareto solutions for Re = 40.

using the MOBO algorithm without dimension reduction (Algorithm 3). No ad-
ditional gradient evaluations were performed during the optimization process. In
other words, the dimension reduction h1 and its boundaries h1,up and h1,low were not
changed after its computation with the DOE.

Results

Some Pareto solutions are depicted in Table 4.2. The drag coefficient value, the
lift coefficient and the length of the recirculation zone are represented. A minimum
drag reduction of 4% was achieved for f2(s) = 1.0, whereas we were able to reach a
30% drag reduction for f2(s) = 77.2. For all these cases, the lift coefficient is close
to zero. Finally, for low amplitude actuation, we can observe a recirculation zone
as with (f1(s), f2(s)) = (1.98, 6.5). This recirculation zone is increased as the total
actuation amplitude is decreased (see (f1(s), f2(s)) = (2.21, 2.1) and (f1(s), f2(s)) =
(2.28, 1.0)).

We represent in Fig. 4.5a the optimal velocity profiles of these Pareto front solu-
tions with the optimal velocity profile found by optimizing f1 with adjoint methods.
The solution at (f1(s), f2(s)) = (1.21, 77.2) is very close to the one obtained with
the adjoint solution. We should also note that on the front of the cylinder, there is a
small zone between θ = 3π/4 and θ = 5π/4 where the actuation is set in the opposite
way of the free stream direction. This was already observed in Fig. 2.3. This means
that setting the actuators in that way could participate to the drag reduction. The
remaining optimal solutions are close to the ones found in Fig. 2.3, even if a two
bumps form can be observed for some solutions (e.g. (f1(s) = 1.45, f2(s)) = 30.5)).

The streamwise velocity and streamlines are also depicted in Fig. 4.5 with (f1(s), f2(s)) =
(1.21, 77.2) in Fig. 4.5b, (f1(s), f2(s)) = (1.33, 41.8) in Fig. 4.5c, (f1(s), f2(s)) =
(1.45, 30.5) in Fig. 4.5d, (f1(s), f2(s)) = (1.61, 20.9) in Fig. 4.5e, (f1(s), f2(s)) =
(1.98, 6.5) in Fig. 4.5f, (f1(s), f2(s)) = (2.21, 2.1) in Fig. 4.5g and (f1(s), f2(s)) =
(2.28, 1.0) in Fig. 4.5h. When we decrease the actuation, the flow behind the cylin-
der will slow down until to form a recirculation bubble with two counter-rotating
vortices, resembling the characteristics of the uncontrolled flow. The size of these
vortices increase when the actuation is lowered (Fig. 4.5f, 4.5g and 4.5h).

The Pareto front is depicted in Fig. 4.6a. A total of 42 Pareto solutions were
found with the dimension reduction against 11 for the MOBO algorithm without

107



0 /4 /2 3 /4 5 /4 3 /2 7 /4 2
1.0

0.5

0.0

0.5

1.0

v
/U f1 = 1.20, f2 = 79.0, adjoint

f1 = 1.21, f2 = 77.2
f1 = 1.33, f2 = 41.8
f1 = 1.45, f2 = 30.5
f1 = 1.61, f2 = 20.9
f1 = 1.98, f2 = 6.5
f1 = 2.21, f2 = 2.1
f1 = 2.28, f2 = 1.0

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.5: Fluid results at Re = 40. (a) Optimal velocity profiles. Streamwise
velocity for (b) f1 = 1.21, f2 = 77.2 (c) f1 = 1.33, f2 = 41.8, (d) f1 = 1.45, f2 = 30.5
(e) f1 = 1.61, f2 = 20.9, (f) f1 = 1.98, f2 = 6.5, (g) f1 = 2.21, f2 = 2.1, and (h)
f1 = 2.28, f2 = 1.0. Streamlines and its directions are indicated by the white lines
and arrows.
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Figure 4.6: (a) Pareto fronts found with the MOBO algorithm with dimension
reduction (red triangles) and the MOBO algorithm without dimension reduction
(green squares) for the cylinder at Re = 40 and the objective functions defined in
Eq. 4.34. Blue dots represent the initial DOE. (b) Hypervolume as a function of
the iteration of the algorithm. The red dashed and green solid lines are the MOBO
algorithms respectively with and without dimension reduction.

dimension reduction. None of the Pareto solutions found with the MOBO algo-
rithm with dimension reduction are dominated by the ones found with the MOBO
algorithm without dimension reduction. The Pareto front obtained by the former
method is also more diverse than for the latter one. This is confirmed by the HV,
as computed from the reference point r = (4.08, 79.79) (calculated with Eq. 4.5) in
Fig. 4.6b. Indeed, the HV found with dimension reduction is higher at each iteration
than the algorithm without dimension reduction.

4.3.3 NACA0012 profile at Re = 1000

Problem description

We consider now an external flow around a bi-dimensional NACA0012 profile at
Re = 1000 with an angle of attack AoA = 10° and a chord length c = 1. We
set N = 10, 20, 40 or 80 points around the profile at a regular interval ∆e with e
being the airfoil profile arc length. Again, for each of these points ei, we consider a
tangential velocity vθ,i/U∞ = s(i)/4 where s ∈ [−1, 1]N . Then, we perform a linear
interpolation around the airfoil profile and for each Lagrangian marker j on the
airfoil, we have

vθ(ej) =
N∑
i=1

vθ,iΛ

(
ej − ei

∆e

)
, with Λ(x) = max (1− |x| , 0), (4.37)

where ej (respectively ei) is the arc length between the nose and the Lagrangian
marker j (respectively the point i where we set the velocity vθ,i).

Finally, as with the cylinder example, a gfilter function is applied to vθ to get
smoother velocity profiles. For each Lagrangian marker j, the final velocity is vθ,j =

g
(j)
filter(vθ(ej)) where g

(j)
filter is the jth element of the gfilter function:
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Mesh Cd Cl St CPU time (min)
Mesh 1 0.167 0.436 0.887 565
Mesh 2 0.166 0.434 0.883 663
Mesh 3 0.166 0.434 0.883 330
Mesh 4 0.166 0.434 0.883 223
Mesh 5 0.168 0.439 0.889 2971

Ref. [53] 0.165 0.417 0.876 -
Ref. [84] 0.165 0.420 0.862 -

Table 4.3: Comparison of the mean coefficient Cd, the mean lift coefficient Cl and
the Strouhal number St for the different meshes described in A.4. In the present
study, all the quantities are extracted after U∞t/c = 50. Results are compared
with the literature. In both references, the mean drag and lift coefficients were not
explicitly mentioned and were thus extracted from the plots with WebPlotDigitizer
[97]. Computations were performed on a 48-node cluster, each node with 2 CPUs
Intel Xeon E5 2670 at 2.6 GHz. Since these CPUs are octo core, 16 cores are
available on each node. Each simulation was run using all the cores on one node.
The mesh 4 (in bold) is chosen for the optimization process.

gfilter(vθ(e)) = G5vθ(e), (4.38)

where e contains the arc length of all the 552 Lagrangian markers and G is conse-
quently a 552× 552 sparse matrix:

G =


0.5 0.25 0 . . . 0.25
0.25 0.5 0.25 . . . 0

...
...

...
...

...
0.25 0 . . . 0.25 0.5

 . (4.39)

In this case, our aim is to minimize the drag coefficient and maximize the lift co-
efficient. Both functions are subject to a penalty term proportional to the actuation
cost. Thus, we consider the two following objective functions:

f1(s) =
1

∆T

∫ T+∆T

T

Cd(s, t) dt + αd

N∑
i=0

sTs

N
,

f2(s) = − 1

∆T

∫ T+∆T

T

Cl(s, t) dt + αl
∑
i=0

N
sTs

N
,

(4.40)

where Cd is the drag coefficient and Cl the lift coefficient. αd and αl were chosen
such that the first right hand-side term was roughly equivalent to the second one.
Thus, we set αd = 0.5 and αl = 1.35.

Numerical set-up

Five different meshes were created and are described in A.4. The mean drag coeffi-
cient Cd, the mean lift coefficient Cl and the Strouhal number St were extracted and
compared in order to select a mesh for the optimization process. As can be seen in
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Table 4.3, all the quantities examined are fairly similar for the five meshes. For this
reason, mesh 4 was chosen for its computational efficiency. The results are slightly
higher than in the literature but are relatively close to for this mesh and we do not
exceed a relative error of 4.1% in the worst case.

The airfoil profile is described by 552 Lagrangian markers. We first build the
airfoil at AoA = 0° with the leading edge located at x/c = 0 and the trailing edge at
x/c = 1. Then, a rotation is performed around the center (0.5, 0) in order to obtain
AoA = 10°.

The simulations were initially run for tU∞/D = 100 to obtain an statistically
steady regime. The actuation was then introduced starting from this time and run
an additional ∆TU∞/c = 20 time unit.

24, 30, 37 and 44 initial designs were extracted from a Latin Hypercube Sampling
for respectively N = 10, 20, 40, 80. Both objective functions f1 and f2 were reduced
fitting a quadratic model as described in 4.2.2. The reduced design space is thus
two-dimensional. Again, the boundaries of the dimension reduction fj were directly
obtained as with the Fonseca-Fleming problem (Eq. 4.31).

The Algorithm 4 was then launched for 100 iterations and compared with the
Algoritm 3. For the j functions, aj, bj, cj, hj,low and hj,up were computed at each
iteration as it does not require significant additional computational cost.

Results

Some of the optimal tangential velocity vθ(e) found for the different N considered
with the MOBO algorithm with dimension reduction as a function of x/c are shown
in Fig. 4.7. In this figure, the light blue and red velocity profiles are respectively
associated with the solutions with the lowest drag and highest lift coefficients found
by the algorithm. As can be seen for all N , the main differences between the optimal
Pareto solutions are located at the trailing edge of the airfoil. Indeed, when the
tangential velocity is positive, the drag and the lift are decreased. On the contrary,
when the tangential velocity is negative, both the drag and lift are raised. Note that
as we increase the number of design parameters N , the velocity profile concentrates
its spatial support at the trailing edge.

Compared to the uncontrolled case, with N = 10, we have in the best cases
f1 = 0.163 (equivalent to approximately a 2% reduction over the uncontrolled case),
and f2 = −0.484 (corresponding to a 11% diminution). When we increase N ,
these reductions are further increased and with N = 80, we obtain in the best cases
f1 = 0.161 (almost a 3% reduction) and f2 = −0.656 (equivalent to a 51% decrease).

To investigate long-time averaged quantities from the optimal designs, the simu-
lations were run again from the initial snapshot without control during ∆TU∞/c =
100 and for N = 80.

Fig. 4.8 displays the drag and lift coefficients of the optimal solutions found
in Fig. 4.7d as a function of the time. Only the solution with a positive tangential
velocity (blue line) has a lower drag coefficient than the uncontrolled case (Fig. 4.8a).
Averaged from tU∞/c = 50 to tU∞/c = 100, the lowest drag coefficient found is equal
to Cd = 0.149 (approximately equivalent to a 10% reduction over the uncontrolled
case), whereas for the same time-window average, the highest lift coefficient is Cl =
0.707 (corresponding to a 63% augmentation over the uncontrolled case). Also, note
that as we decrease the tangential velocity at the tail, the lift and drag oscillations
increase.
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Figure 4.7: Some optimal tangential velocity profiles around the NACA 0012 airfoil
as a function of the horizontal position for AoA = 10°. a) N = 10, b) N = 20, c)
N = 40 and d) N = 80.
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Figure 4.8: Coefficients as functions of the time for the optimal velocity profiles and
the uncontrolled case for N = 80. a) Drag coefficient, b) lift coefficient. The lines
use the same color code as the one used in Fig. 4.7 and are thus associated to the
corresponding optimal tangential velocity profiles. The black line is the uncontrolled
case.
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Figure 4.9: Averaged streamwise velocity with streamlines (white lines) and its
directions (white arrows) for N = 80. a) Uncontrolled case, b), c), d) and e) are
respectively the blue, yellow, green and red Pareto optimal solutions represented in
Fig. 4.7d.
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Figure 4.10: Pareto fronts found with the MOBO algorithm with dimension reduc-
tion (red triangles) and the MOBO algorithm without dimension reduction (green
squares) for the objective functions defined in Eq. 4.40. Blue dots represent the
initial DOE. a) N = 10, b) N = 20, c) N = 40, and d) N = 80.

The averaged streamwise velocity and the streamlines associated with the un-
controlled cases for various optimal solutions are represented in Fig. 4.9. For each
case, a snapshot was stored each 0.3tU∞/c time units during the 100tU∞/c addi-
tional time units. All the stored snapshots were then averaged in order to compute
the averaged streamwise velocity. When AoA = 10°, as mentioned in [53], two
counter-rotating vortices can be observed for the uncontrolled case on the end of the
suction side due to the boundary layer detachment (Fig. 4.9a). These vortices are
still present for the optimal solutions (Fig. 4.9b, 4.9c, 4.9d, 4.9e). As highlighted in
the optimal velocity profiles, the main difference between the optimal solutions is
located at the trailing edge of the airfoil. Indeed, when a positive tangential velocity
is set in this zone, on the lower surface, the pressure on the trailing edge decreases
and thus both the lift and drag also diminish. On the contrary, when a negative
velocity is set there, the fluid velocity decreases and the pressure is raised, resulting
into a higher lift and drag, as can be seen in Fig. 4.9e.

The Pareto fronts for N = 10, 20, 40, 80 at the end of the optimization pro-
cesses are displayed in Fig. 4.10. We find 11, 19, 16, 11 Pareto optimal solutions
with the MOBO algorithm with dimension reduction and 18, 3, 5, 6 Pareto optimal
solutions with the MOBO algorithm without dimension reduction for respectively
N = 10, 20, 40, 80 (Fig. 4.10a, 4.10b, 4.10c, 4.10d). Thus, when N > 10, the num-
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Figure 4.11: Hypervolume as a function of the iteration of the algorithm for the
NACA problem. The red dashed and green solid lines are the MOBO algorithm
respectively with and without dimension reduction. a) N = 10, b) N = 20, c)
N = 40, and d) N = 80.

ber of Pareto optimal solutions found was higher with the MOBO algorithm with
dimension reduction than without. When N = 10, the Pareto fronts were similar
for both algorithms (Fig. 4.10a). However, as we increase N , the performance gap
between the two algorithms also increase. Indeed, with N = 20, 40, 80 the algorithm
with dimension reduction find better (or at least as good) Pareto optimal solutions
than for N = 10. This is not the case of the algorithm without dimension reduction
where no significant improvement over the DOE can be observed. All the Pareto so-
lutions found by the algorithm are dominated by the ones obtained with the MOBO
algorithm with dimension reduction.

The HV of the two algorithms as a function of the iteration for N = 10, 20, 40, 80
is displayed in Fig. 4.11. In each case, the reference point is computed with Eq. 4.5.
As can be seen, even if for N = 10, more Pareto optimal solutions were obtained
with the algorithm without dimension reduction, the HV in the end is similar to
the one obtained with dimension reduction (Fig. 4.11a). Even it the final HV is
higher with the algorithm without dimension reduction, the HV difference with the
algorithm with dimension reduction does not exceed 0.03%. Moreover, we can note
that the algorithm without dimension reduction requires a significant number of
function evaluations to reach a higher HV than the one obtained with the algorithm
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with dimension reduction. With N = 20 (Fig. 4.11b), N = 40 (Fig. 4.11b) and
N = 80 (Fig. 4.11d), the algorithm without dimension reduction is unable to reach
an HV value similar to the one obtained with the algorithm with dimension reduction
before the end of the optimization budget. Also, for all the experiments performed,
we observe a rapid increase and stabilization of the HV for the algorithm without
dimension reduction. Indeed, the difference between the HV at the end of the
optimization budget and the HV after 30 optimization iterations is lower than 5%.

4.4 Conclusions

In this chapter, a method that combines Multi-Objective Bayesian Optimization
based on the ParEGO algorithm and dimension reduction was presented.

This method was first demonstrated on the Fonseca-Fleming test case. The
dimension reduction was performed through a quadratic model. Results showed
that the algorithm was able to find Pareto solutions close to the true Pareto front
up to 100 design parameters. At each iteration, The hypervolume found by the
algorithm with dimension reducion was also higher than for the algorithm without
dimension reduction for all the dimensions considered (N = 2, 5, 10, 20, 50, 100).

We then applied the multi-objective Bayesian Optimization with dimension re-
duction algorithm to the two-dimensional cylinder case at Re = 40. The design
parameters were the amplitudes of 79 tangential actuators and the objective func-
tions were the drag plus a penalization term consisting of the sum of the square of
the amplitudes. The dimension reduction of the drag was performed through Active
Subspaces estimated with gradients. The optimal solutions found were close to the
ones obtained in Chapter 2 for the two-dimensional cylinder at Re = 500. A Pareto
solution found was similar to the one obtained with gradient-based optimization
on the drag. None of the Pareto solutions found with the multi-objective Bayesian
Optimization with dimension reduction were dominated by the ones found with the
multi-objective Bayesian Optimization without dimension reduction. Also, more
solutions were found with the former algorithm than with the latter one.

Finally, we applied this algorithm to the drag reduction in the flow around a two-
dimensional NACA0012 profile at Re = 1000 with an angle of attack AoA = 10°.
The design parameters were N = 10, 20, 40, 80 equidistant tangential actuators set
on the airfoil and the objective functions were the time-averaged drag and lift coef-
ficients. A penalty term was added to both functions in order to penalize the cost of
the actuation. The dimension reduction was performed through a quadratic model.
Again, the developed multi-objective optimization algorithm showed better perfor-
mances than the one without dimension reduction. As we increased the dimension
of the design space, better Pareto solutions were found using the multi-objective
Bayesian Optimization with dimension reduction algorithm.

In the future, this method could be extended in several ways. A first step could
be to use another dimension reduction technique such as variational autoenconders
[55] with a Gaussian Process latent variable model (GPVLM) to take into account
the uncertainty in the input as in [104]. Additionally, acquisition criteria such as the
Euclidean Expected Improvement (EEI) [45] or the expected hypervolume criterion
(EHVI) [18] could be implemented. According to Zuhal [127], these methods showed
better performances than the ParEGO algorithm. Finally, the performance of the
method on cases with more than two objective functions and where the objective
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functions can be reduced to design variables with a dimension greater than one
should be investigated.
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Chapter 5

Conclusions

5.1 Summary and conclusions

In this thesis, Bayesian Optimization was investigated for Computational Fluid Dy-
namics applications. The fundamental goals of this thesis were to demonstrate the
Bayesian Optimization efficiency on numerical simulations that can typically arise
in fluid mechanics, compare all the possible Gaussian Process models with multi-
fidelity and/or derivative information for modelling or optimization and develop a
numerical method laying on Bayesian Optimization to tackle multi-objective opti-
mization problems in a high-dimensional space.

Firstly, Bayesian Optimization was applied to the canonical case of the cylinder
at Re = 500. Tangential velocities were set on the cylinder wall at different locations.
The goal was to minimize the root mean square of the sum of the drag coefficient
and a penalty term proportional to the kinetic energy associated with the tangen-
tial actuation. Bayesian Optimization was considered both in serial and parallel and
compared against other derivative-free methods such as CMA-ES, Particle Swarm
Optimization, Nelder-Mead and Explorative Gradient Method. Results showed on
that case that Bayesian Optimization in serial or in parallel was more efficient than
other competitive algorithms. Whereas serial Bayesian Optimization was more ef-
ficient than all the other algorithms in terms of function evaluations, the parallel
Bayesian Optimization performed the best in terms of the number of iterations. The
influence of the Bayesian Optimization parameters were also studied. No influence
of the size of the Design of Experiments, kernel or optimizer were noticed. The most
important variables in the performance of the algorithm were the acquisition func-
tions and the number of design parameters. Bayesian Optimization behaved well
with the curse of dimension in that example since less than the double of function
evaluations were required when the number of design parameters was more than
doubled. The optimal solutions found by Bayesian Optimization indicated that the
most important area of the cylinder where the momentum should be set is around
the boundary layer detachment zone. Finally, the same method and parametriza-
tion were applied to the drag cylinder minimization of a three-dimensional cylinder
at Re = 3900. A penalty term proportional to the kinetic energy associated with
the actuators was again added to the objective function. With 7 design parameters,
the optimum design was found in 36 iterations (with 5 initial samples). The most
important location to reduce the drag was around the boundary layer detachment
zone. A 23 % drag reduction was obtained. Results also showed that, compared
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to the uncontrolled case that oscillated between a mode L and a mode H respec-
tively associated with low and high drag coefficients, the actuation set could fix
permanently the cylinder on a mode close to the mode L.

Secondly, the efficiency of Bayesian Optimization was investigated when various
sources of information were available. Examples of sources of information include the
gradients of the objective function according to the design parameters or the multi-
fidelity model. In total, six possible Gaussian Process models produced by different
combinations of multi-fidelity and gradients observations were studied. These six
models were tested for modelling and optimization purposes on three different test
cases: two benchmark objective functions and one Computational Fluid Dynamics
case. For the latter, a tangential velocity profile similar to a wrapped normal dis-
tribution was set around a cylinder at Re = 200. The design parameters were the
amplitude, the standard deviation and the angle on the cylinder where the maxi-
mum amplitude is reached. The objective function was the sum between the root
mean square drag coefficient and a penalty term proportional to the kinetic energy
set by the actuator. The normalized root mean square error and the normalized
inference regret were investigated onto the three objective functions with different
initialization costs, various gradient costs and different configuration of the Design
of Experiments for the multi-fidelity models. Then for each model, a Bayesian Op-
timization algorithm was run for each gradient cost considered and the minimum
obtained at each objective function observation was compared between the different
models. On the three test cases investigated, it was generally observed that adding
gradients on the high-fidelity objective function was especially useful for optimiza-
tion, even when the gradient cost was twice the cost of the objective function. It
was also efficient for modelling when enough samples could be set in the Design
of Experiments. Adding gradient information on the low-fidelity objective function
also generally gave better results than without for both modelling and optimization.
The multi-fidelity model with gradient information only on the low-fidelity objective
function was generally the fastest to decrease the objective function.

Thirdly, the multi-objective Bayesian Optimization in high dimensions was inves-
tigated. Two strategies are possible with Bayesian Optimization in high dimensions:
adding the derivative information in the Gaussian Process model or reduce the di-
mension of the design space. Since adding the gradients in the model is difficult
in high dimensions due to the cost of the Gaussian Process that raises cubically
with the number of observations, the dimension reduction option was chosen. A
method combining multi-objective Bayesian Optimization and dimension reduction
was developed. A quadratic dimension reduction technique was also created to tackle
non-linear dimension reduction problems. The multi-objective Bayesian Optimiza-
tion algorithm was then applied to the Fonseca-Fleming benchmark optimization
problem. Results showed that, in contrast to the case without dimension reduction,
the developed algorithm was still able to find solutions close to the true Pareto
front with a dimensional space up to 100 design parameters and for a total budget
inferior to 150 function evaluations. The second case was the cylinder at Re = 40.
79 tangential actuators were set on the cylinder surface. The two objective func-
tions were the drag coefficient and an objective function proportional to the kinetic
energy set by the actuators. The multi-objective Bayesian Optimization with dimen-
sion reduction was again compared with the multi-objective Bayesian Optimization
without dimension reduction. Results showed that the developed method found a
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more diverse and efficient Pareto front than without using a dimension reduction
method. The optimal velocity profiles found when mapping to the initial design
space were coherent and a solution close to the one obtained with the adjoint tech-
niques was found. The method was then deployed to the NACA0012 profile at
Re = 1000 and with an angle of attack of AoA = 10°. The objective functions were
the time-averaged drag coefficient and the negative time averaged lift coefficient.
Both objective functions were subject to a penalty term in order to limit the design
parameters and highlight the critical zones of the airfoil. The design parameters
were the tangential velocity amplitudes set at equally space points. The developed
algorithm was compared with the multi-objective Bayesian Optimization without di-
mension reduction for N = 10, 20, 40 and 80 design parameters. The former method
was able to find better Pareto solutions than the classical multi-objective Bayesian
Optimization method, with N = 20, 40 and 80. Results also showed that the most
critical area contributing to the drag reduction or lift increase is located at the trail-
ing edge of the airfoil, on the pressure side. A streamwise velocity contributes to
decrease the drag as less pressure is applied on the lower side of the airfoil whereas a
negative streamwise velocity blocks the streamlines under the profile and increases
the lift.

These findings suggest that BO and some of its variants investigated in this
thesis are competitive tools to tackle optimization problems of practical interest in
fluid systems. However, precaution must be exercised as their performance heavily
depend on the sampling process, the choice of the surrogate model, the computa-
tional cost associated with each source of information and the acquisition function.
Face to the intensive research efforts and new alternatives that have been proposed
recently, careful assessment is required before they can routinely be used in flow
optimization. The results shown in this work form an educated sneak peek of the
complex landscape to be explored.

5.2 Suggestions for future work

Bayesian Optimization could easily be applied to other LES applications where the
gradients are not accessible. An interesting idea is to keep on investigating on the
drag cylinder minimization at Re = 3900 through a spanwise control [49, 81]. The
optimization of a time-dependent control system can also be considered.

Secondly, the performances of the different possible Gaussian Processes models
with gradient information and/or multi-fidelity for global modelling and optimiza-
tion deserve further research efforts. Indeed, guidelines on how to choose a priori the
model according to the cost of each information and to the available budget should
be examined with other cases to confirm the conclusions suggested by our results.
The non-linear multi-fidelity model of [91] can also be investigated with gradient in-
formation as done in Chapter 3 to compare the performances of this model with the
linear multi-fidelity formulation. Existing methods to alleviate the cost of building
the models with gradients should also be combined with multi-fidelity models. A
cheap-to-evaluate acquisition function who relies on the Value of Information (VOI)
would also be an improvement for the multi-fidelity and single-fidelity models with
derivative information. This acquisition function could take into account the cost
of the derivative information and decide dynamically at each iteration if obtaining
the gradients at a design point is more valuable than performing objective function
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observations at the same computational cost.
Finally, the algorithm developed in Chapter 4 of this thesis should be assessed on

problems of higher complexity and/or more objective functions and compared with
other techniques to determine the most efficient algorithm to tackle high-dimensional
multi-objective optimization problems.
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Appendix A

Appendix

A.1 Grid independence study and validation of

the two-dimensional case

We present here a grid independence study of the two-dimensional case presented
in Section 2.3. A finer and coarser grid consisting of a C-H grid topology centred
around the cylinder is considered. In both cases, the computational domain is given
by [−9D, 25D]× [−9D, 9D], and it is refined in the region [−4D, 15D]× [−4D, 4D].
The main parameters of the meshes are presented in Table A.1. It should be noted
that depending on the order of the elements p that is chosen, the number of solution
points will vary as well as the distance of the first solution point to the cylinder
surface.

Mesh # points cylinder ∆y/D #steps extrusion # Quads # Tri
coarse 32 0.0678 7 224 3020
fine 65 0.041 14 910 9901

Table A.1: Meshes used for validation. The # points cylinder is the number of
points along the cylinder, ∆y is the distance of the first mesh point to the cylinder,
#steps extrusion corresponds to the number of the steps performed for the extrusion
around the cylinder in order to build the boundary layer, # Quads is the number
of quads used (all in the boundary layer), and # Tri the number of triangles.

Simulations based on these two meshes were performed for three different el-
ement orders p, namely second, third and fourth order, and four different time
steps U∞∆t/D: 10−3, 5 · 10−4, 2.5 · 10−4 and 10−3 with adaptive time-stepping. In
Table A.2, the Strouhal number St, the time-averaged drag coefficient Cd and the
RMS value of the lift coefficient C ′l for the uncontrolled case and the optimal solution
for the case with 32 actuators and α = 8 are presented. The uncontrolled case was
run from t = 0 to t = 100D/U∞ and the comparative statistics were calculated from
t = 40D/U∞ to t = 100D/U∞. We ran the optimal case starting from the long-
time integration of the uncontrolled case (100D/U∞) during 100D/U∞ additional
time units. In that case, we computed the averaged statistics from t = 50D/U∞ to
t = 100D/U∞.

A comparison between the uncontrolled simulations and results reported in the
literature is also given. The configuration highlighted in bold is selected for compu-
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tational efficiency reasons.

Mesh Order U∞∆t/D St Cd C′l St∗ Cd
∗

C∗′l CPU time (s)
coarse 2 10−3 0.232 1.444 0.847 0.261 0.764 0.205 739
coarse 2 5 · 10−4 0.232 1.444 0.847 0.261 0.764 0.205 1385
coarse 2 2.5 · 10−4 0.232 1.444 0.847 0.261 0.764 0.205 2733
coarse 2 adaptive 0.232 1.444 0.847 0.261 0.764 0.205 270
coarse 3 10−3 0.228 1.492 0.872 0.245 0.832 0.317 805
coarse 3 5 · 10−4 0.228 1.492 0.872 0.245 0.832 0.317 1647
coarse 3 2.5 · 10−4 0.228 1.492 0.872 0.245 0.832 0.317 3276
coarse 3 adaptive 0.228 1.492 0.872 0.245 0.832 0.317 574
coarse 4 10−3 0.228 1.490 0.865 0.245 0.836 0.310 1115
coarse 4 5 · 10−4 0.228 1.490 0.865 0.245 0.836 0.310 2226
coarse 4 2.5 · 10−4 0.228 1.490 0.865 0.245 0.836 0.310 4580
coarse 4 adaptive 0.228 1.490 0.865 0.245 0.836 0.310 1228

fine 2 10−3 0.228 1.487 0.878 0.245 0.828 0.314 1248
fine 2 5 · 10−4 0.228 1.487 0.878 0.245 0.828 0.314 2551
fine 2 2.5 · 10−4 0.228 1.487 0.878 0.245 0.828 0.314 5178
fine 2 adaptive 0.228 1.487 0.878 0.245 0.828 0.314 941
fine 3 5 · 10−4 0.228 1.492 0.868 0.244 0.838 0.314 3501
fine 3 2.5 · 10−4 0.228 1.492 0.868 0.244 0.838 0.314 7027
fine 3 adaptive 0.228 1.492 0.868 0.244 0.838 0.314 2462
fine 4 2.5 · 10−4 0.228 1.484 0.848 0.244 0.842 0.316 20208
fine 4 adaptive 0.228 1.484 0.848 0.244 0.842 0.316 12734

Ref. [126] - - 0.23 1.463 0.837 - - - -
Ref. [121] - - - 1.28 0.622 - - - -
Ref. [3] - - 0.235 1.518 0.876 - - - -
Ref. [70] - - 0.225 1.440 0.818 - - - -

Table A.2: Grid independence study and validation of the two-dimensional case
at Re = 500. St, Cd, C ′l are respectively, the Strouhal number, the average drag
coefficient and the RMS value of the lift coefficient for the uncontrolled case. St∗,
C
∗
d, and C∗l refer to the quantities for the optimal solution found in Section 2.3

with 32 actuators and α = 8. In the last column, the computational cost of each
simulation is given in seconds. Computations were performed on a cluster composed
of 48 nodes, where each node has two Intel Xeon E5 2670. Since these CPUs are
octo core, 16 cores are available on each node. Each simulation was run using all
the cores on one node.
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A.2 Validation of the three-dimensional case

We present here the details of the simulation for the three-dimensional cylinder at
Re = 3900. The extent of the computational domain is [−9D, 25D]× [−9D, 9D]×
[0, π] in respectively the streamwise, cross-flow and spanwise directions. The cylinder
is centered at (0, 0, 0). The mesh is composed of 79 344 prismatic elements and 227
298 tetrahedral elements. Again, the Mach number is set to Ma = 0.2, the Prandtl
number is Pr = 0.71 and γ = 1.4. Riemann invariant boundary conditions are set
on the far-field boundary conditions whereas periodicity is imposed in the spanwise
direction. Finally, at the wall of the cylinder, the tangential velocity profile is given
by Eq. (2.23), the normal velocity is set to zero and the temperature is set to the
free-stream value. A comparison against previously reported results is presented in
Table A.3.

Case fvsD/U∞ Cd Ld/D −Cpb

Ref. [63] 0.215 1.015 1.36 0.935
Ref. [5] 0.215 1.016 1.372 0.941
Ref. [51] 0.21 1.04 1.35 0.94
Ref. [23] 0.209 0.978 1.64 0.85
Ref. [74] 0.218 1.0 1.35 -
Ref. [76] 0.206 0.99 - 0.86
Ref. [89] 0.208 - 1.51 -

Present study 0.208 1.027 1.51 0.895

Table A.3: Comparison of the three-dimensional long-time averaged uncontrolled
case at Re = 3900 with the literature. fvsD/U∞ is the non-dimensional vortex shed-
ding frequency, Cd the mean drag coefficient, Ld/D the length of the recirculation
zone measured from the aft of the cylinder and Cpb the base pressure coefficient.
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Figure A.1: Three-dimensional cylinder at Re = 3900. Time-averaged streamwise
velocity profiles. Comparison with the long time-averaged quantities of Vermeire et
al. [115], with the modes H and L of Witherden et al. [119] and the experimental
results of Parnaudeau et al. [89].
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Figure A.2: Three-dimensional cylinder at Re = 3900. Time-averaged streamwise
(left) and cross-flow (right) velocity profiles. Top row: x/D = 1.06, middle row:
x/D = 1.54, bottom row: x/D = 2.02. Comparison with the long time-averaged
quantities of Vermeire et al. [115], with the modes H and L of Witherden et al. [119]
and the experimental results of Parnaudeau et al. [89].
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A.3 NACA 0012 meshes

In this section, we present the meshes used for the validation of the NACA0012 simu-
lations with an angle of attack of AoA = 10° at Re = 1000. The main characteristics
of the meshes are presented in Table A.4.

Mesh xu/c xd/c yt/c Nxu Nxd Nyt ∆x0/c U∞∆t/c
Mesh 1 -10.53 10.31 9.51 85 395 224 0.0037 0.0005
Mesh 2 -14.34 18.16 21.75 87 450 235 0.0037 0.0005
Mesh 3 -14.34 18.16 21.75 87 450 235 0.0037 0.001
Mesh 4 -14.34 18.16 21.75 87 450 235 0.0037 0.0015
Mesh 5 -17.68 37.19 26.65 114 820 610 0.002 0.0005

Table A.4: Meshes used for the validation of the NACA 0012 profile at AoA = 10°.
xu/c, xd/c and yt/c are respectively the upstream, downstream and top boundaries;
Nxu , Nxd and Nyt are the number of points used in the upstream, downstream and
top direction; ∆x0/c is the mesh size around the NACA profile and U∞∆t/c is
the non-dimensional time. For all the meshes, final meshes sizes of ∆xd/c = 0.14,
∆xu/c = 1.85 and ∆yt/c = 1.23 are respectively used in the upstream, downstream
and top direction. The bottom boundary yb/c is the symmetry of the mesh in the
top direction according to the axis x = 0.
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[104] E. Siivola, A. Paleyes, J. González, and A. Vehtari. Good practices for
bayesian optimization of high dimensional structured spaces. Applied AI Let-
ters, 2(2):e24, 2021.
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