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Abstract

Let G = (V,E) be a connected graph. A vertex w ∈ V distinguishes two
elements (vertices or edges) x, y ∈ E ∪ V if dG(w, x) 6= dG(w, y). A set S of
vertices in a connected graph G is a mixed metric generator for G if every two
elements (vertices or edges) of G are distinguished by some vertex of S. The
smallest cardinality of a mixed metric generator for G is called the mixed metric
dimension and is denoted by mdim(G). In this paper we consider the structure
of mixed metric generators and characterize graphs for which the mixed metric
dimension equals the trivial lower and upper bounds. We also give results about
the mixed metric dimension of some families of graphs and present an upper
bound with respect to the girth of a graph. Finally, we prove that the problem
of determining the mixed metric dimension of a graph is NP-hard in the general
case.
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1. Introduction1

Given a simple and connected graph G = (V,E) and two vertices x, y ∈ V ,2

the distance dG(x, y) (or d(x, y) for short) between x and y is the length of a3

shortest x−y path. A vertex v ∈ V is said to distinguish (we also use the terms4

“recognize” or “determine” instead of “distinguish”) two vertices x and y, if5

dG(v, x) 6= dG(v, y). A set S ⊂ V is called a metric generator for G if any pair6
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of vertices of G is distinguished by some element of S. A metric generator of7

minimum cardinality is a metric basis, and its cardinality the metric dimension8

of G, denoted by dim(G).9

The concept of metric dimension was introduced by Slater in [24], where10

the metric generators were called locating sets, according to some connection11

with the problem of uniquely recognizing the position of intruders in networks.12

On the other hand, the concept of metric dimension of a graph was indepen-13

dently introduced by Harary and Melter in [14], where metric generators were14

named resolving sets. After these two seminal papers, several works concern-15

ing applications, as well as some theoretical properties, of this invariant were16

published. For instance, applications to the navigation of robots in networks17

are discussed in [17] and applications to chemistry in [5, 6, 15]. Furthermore,18

this topic has found some applications to problems of pattern recognition and19

image processing, some of which involve the use of hierarchical data structures20

[19]. Some interesting connections between metric generators in graphs and the21

Mastermind game or coin weighing have been presented in [4].22

On the other hand, with respect to the theoretical studies on this topic,23

different points of view of metric generators have been described in the lit-24

erature, which have highly contributed to gain more insight into the mathe-25

matical properties of this parameter related with distances in graphs. Several26

authors have introduced other variations of metric generators like for instance,27

resolving dominating sets [2], independent resolving sets [7], local metric sets28

[21], strong resolving sets [20], simultaneous metric generators [23], k-metric29

generators [10, 26], resolving partitions [8], strong resolving partitions [13], k-30

antiresolving sets [25], etc. have been presented and studied.31

Moreover, several interesting articles concerning metric dimension of graphs32

can be found in the literature. However, according to the amount of results on33

this topic, we prefer to cite only those papers which are important from our34

point of view. In concordance with it, we refer the reader to the work [1], where35

it can be found some historical evolution, nonstandard terminologies and more36

references on this topic, and the recent work [11], where a general approach37

on metric generators is described. Some other interesting results and a high38

number of references can be found in the theses [9, 18, 22].39

In connection with describing other new variants of metric generators in40

graph, very recently a parameter used to uniquely recognize the edges of the41

graph has been introduced in [16]. Roughly speaking, there was used a graph42

metric to identify each pair of edges by mean of distances to a fixed set of43

vertices. This was based on the fact that a metric basis S of a connected graph44

G uniquely identifies all the vertices of G by mean of distance vectors, but not45

necessarily such metric basis uniquely recognizes all the edges of the graph. In46

this sense, the following concepts deserved to be considered.47

Given a connected graph G = (V,E), a vertex v ∈ V and an edge e =48

uw ∈ E, the distance between the vertex v and the edge e is defined as49

dG(e, v) = min{dG(u, v), dG(w, v)}. A vertex x ∈ V distinguishes (recognizes or50

determines) two edges e1, e2 ∈ E if dG(x, e1) 6= dG(x, e2). A set S of vertices51

in a connected graph G is an edge metric generator for G if every two edges52
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of G are distinguished by some vertex of S. The smallest cardinality of an53

edge metric generator for G is called the edge metric dimension and is denoted54

by edim(G). An edge metric basis for G is an edge metric generator for G of55

cardinality edim(G).56

Having defined the concept of edge metric generator, which uniquely deter-57

mines every edge of the graph, one could think that probably any edge metric58

generator S is also a standard metric generator, i.e. every vertex of the graph59

is identified by S or vice versa. However, as it was proved in [16], this is further60

away from the reality, although there are several graph families in which such61

facts occur. In [16], among other results, some comparison between these two pa-62

rameters above were discussed. As a consequence of the study, families of graphs63

G, for which edim(G) < dim(G) or edim(G) = dim(G) or dim(G) < edim(G)64

hold were described.65

In the present work we focus in a kind of mixed version of these two param-66

eters described above. That is, given a connected graph G, we wish to uniquely67

identify the elements (edges and vertices) of G by means of vector distances to68

a fixed set of vertices of G.69

Since the (edge or mixed) metric dimension is defined only over connected70

graphs, in order to avoid repetitions, from now on in this article, all the graph71

which will be considered are connected, even so we do not explicitly mention it.72

Moreover, we do not consider here any graph with only one vertex (a singleton).73

That is, from now on, all the studied graphs contain at least two vertices.74

In the next section we formally define mixed metric dimension of a graph75

and present an equivalent definition of the problem in the form of a linear pro-76

gram. Further, we study the structure of mixed metric generators. We present77

necessary conditions for a vertex to be included in a mixed metric generator.78

Moreover, we characterize graphs with extreme mixed metric dimensions (2 or79

number of vertices). In Section 4 we present results about the mixed metric di-80

mension of several families of graphs. Section 5 is used to give an upper bound81

for the mixed metric dimension of a graph with respect to the girth of the graph.82

Finally, in Section 6 we study the complexity of the problem of determining the83

mixed metric dimension of a graph and show that it is NP-hard in general. We84

conclude the paper with three open problems.85

2. Definition of the problem86

We say that a vertex v of a connected graph G distinguishes two elements87

(vertices or edges) x, y of G if dG(x, v) 6= dG(y, v). A set S of vertices of88

G is a mixed metric generator if any two elements (vertices or edges) of G89

are distinguished by some vertex of S. The smallest cardinality of a mixed90

metric generator for G is called the mixed metric dimension and is denoted by91

mdim(G). A mixed metric basis for G is a mixed metric generator for G of92

cardinality mdim(G).93

The problem of determining the mixed metric dimension of a given graph94

can also be restated as the following optimization problem. Let us now present95
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this mathematical programming model which can be used to solve the problem96

of computing the mixed metric dimension or finding a mixed metric basis for97

a graph G. A similar model for the case of the standard metric dimension was98

described in [5].99

Let G be a graph of order n and size m with vertex set V = {v1, v2, . . . , vn}
and edge set E = {e1, e2, . . . , em}. We consider the n × (n + m) dimensional
matrix D = [dij ] such that dij = dG(xi, xj) and xi ∈ V and xj ∈ V ∪ E. Now,
given the variables yi ∈ {0, 1} with i ∈ {1, 2, . . . , n} we define the following
function:

F(y1, y2, . . . , yn) = y1 + y2 + · · ·+ yn.

Clearly, minimizing the function F subject to the following constraints

n∑
i=1

|dij − dil|yi ≥ 1 for every 1 ≤ j < l ≤ n + m,

is equivalent to finding a mixed metric basis of G. Namely, the solution for y1, y2,100

. . . , yn represents a set of values for which the function F achieves the minimum101

value possible. This is equivalent to saying that the set W = {vi ∈ V : yi = 1}102

is a mixed metric basis for G. On the other hand, let W ′ be a mixed metric103

basis for G and let (y′1, y
′
2, . . . , y

′
n) be a vector such that for any i ∈ {1, 2, . . . , n},104

y′i = 0 if vi /∈ W ′, or y′i = 1 if vi ∈ W ′. Thus, it is straightforward to observe105

that F(y′1, y
′
2, . . . , y

′
n) gives a minimum subject to the constraints given before.106

3. The Structure of Mixed Metric Generators107

We next continue with several combinatorial properties of mixed metric108

generators. Firstly, it clearly follows that any mixed metric generator is also109

a metric generator and an edge metric generator. In this sense, the following110

relationship immediately follows. For any graph G,111

mdim(G) ≥ max{dim(G), edim(G)}. (1)

On the other hand, it is not difficult to see that the whole vertex set of112

any graph G forms a mixed metric generator. Also, any vertex of G and any113

incident edge with it, have the same distance to the vertex itself. In this sense,114

a vertex alone cannot form a mixed metric generator in G. As a consequence of115

these situations, the following remark is readily seen to be true.116

Remark 3.1. For any graph G of order n, 2 ≤ mdim(G) ≤ n.117

First, we present some necessary terminology and several useful proposi-118

tions about the structure of mixed metric generators. The open neighbourhood119

N(v) of a vertex v in a graph G is given by all the vertices which are adjacent120

to v and the closed neighbourhood of v is N [v] = N(v) ∪ {v}. The vertex v is121

called an extreme vertex if N(v) induces a complete graph. Two vertices u, v122

of G are called false twins if they are have the same open neighbourhoods, i.e.,123
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N(u) = N(v). Similarly, the vertices u, v are called true twins if N [u] = N [v].124

A vertex v is a true twin or a false twin in G, if there exists u 6= v such that125

u, v are true twins or false twins, respectively.126

Proposition 3.2. If u, v are true twins in a graph G, then u, v belong to every127

mixed metric generator for G.128

Proof. Since u, v are adjacent, it clearly follows that the edge uv and the vertex129

v have the same distance to every vertex of the graph, except u. Similarly, the130

edge uv and the vertex u have the same distance to every vertex of the graph,131

except v. As a consequence, u, v must belong to every mixed metric generator132

for G.133

Proposition 3.3. If u, v are false twins in a graph G and S is a mixed metric134

generator for G, then {u, v} ∩ S 6= ∅.135

Proof. If u, v are false twins, it clearly follows that they have the same distance136

to every vertex of G except themselves. Thus, if S is a mixed metric generator137

for G, then at least one of them must belong to S.138

Proposition 3.4. If u is an extreme vertex in a graph G, then u belongs to139

every mixed metric generator for G.140

Proof. Since N(u) induces a complete graph, for any vertex v ∈ N(u) it follows141

that the edge uv and the vertex v have the same distance to every vertex of the142

graph, except u. Therefore, the vertex u must belong to every mixed metric143

generator for G.144

As a direct consequence of Proposition 3.4 we get the following result.145

Corollary 3.5. If u is a vertex of degree 1 in a graph G, then u belongs to146

every mixed metric generator for G.147

We next deal with characterizing the families of graphs achieving the equal-148

ity in the bounds from Remark 3.1.149

Theorem 3.6. Let G be any graph of order n. Then mdim(G) = 2 if and only150

if G is a path.151

Proof. By Corollary 3.5 both end-vertices of the path must be in every mixed152

metric generator, therefore mdim(Pn) ≥ 2. It is straightforward to observe that153

for any path Pn the two leaves of the path distinguish all pairs of elements154

(vertices and/or edges) of the path. It follows that mdim(Pn) = 2.155

For the converse, assume G satisfies that mdim(G) = 2 and let S = {u, v}156

be any mixed metric basis. If there is a neighbour v′ of v such that d(v′, u) ≥157

d(v, u), then d(v′v, u) = d(v, u), which means that the edge v′v and the vertex v158

are not distinguished by any vertex of S, a contradiction. Thus, for any vertex159

v′ adjacent to v it follows that d(v′, u) = d(v, u)− 1.160
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Now, if there exist two vertices x and y belonging to two different shortest161

u− v paths such that d(x, u) = d(y, u), then also d(x, v) = d(y, v), which means162

x, y are not distinguished by S, a contradiction again.163

So, there exists exactly one shortest u−v path in G, say P = uw1w2 . . . wrv.164

Suppose there exists i ∈ {1, . . . , r} such that the vertex wi in P is of degree at165

least three and let w′ be a neighbour of wi which is not in P . Since S is a mixed166

metric basis, the edge wiw
′ and the vertex wi are distinguished by some x ∈ S.167

This means that d(wi, x) 6= d(wiw
′, x) = min{d(wi, x), d(w′, x)}. It follows that168

d(w′, x) < d(wi, x). Let x′ ∈ S \ {x}. Since d(w′, x) ≤ d(wi, x) − 1, there is a169

path Q = x . . . w′wi . . . x
′ of length d(x,w′) + d(w′, wi) + d(wi, x

′) ≤ d(wi, x)−170

1 + 1 + d(wi, x
′) = d(wi, x) + d(wi, x

′) from x to x′ (note that {x, x′} = {u, v}),171

a contradiction since this is either a u − v path shorter than P (which is the172

shortest u − v path) or a path of the same length than P (contradicting the173

uniqueness of P ). Thus, every vertex wi, with i ∈ {1, . . . , r}, in P has degree174

two.175

It remains to prove that u and v are both of degree 1. Suppose u is of176

degree at least 2. Let u′ be the neighbour of u which not in P . Since S is a177

mixed metric basis, the vertex v must distinguish the edge uu′ and the vertex178

u. It follows that d(u′, v) < d(u, v). Following the same line of thought as for179

the case above we obtain contradictions for all possibilities. Therefore u is of180

degree 1. Analogously, v is of degree 1. Since G is connected, it follows that G181

must be a path.182

Lemma 3.7. Let v be an arbitrary vertex in a graph G and let S = V (G)\{v}.183

If for every w ∈ N(v) there exists x ∈ S such that d(vw, x) 6= d(w, x), then S is184

a mixed metric generator for the graph G.185

Proof. If we want to prove that S is a mixed metric generator, we have to show186

that any two elements (vertices or edges) of the graph G are distinguished by187

some vertex from the set S. Any subset of V (G) with cardinality n−1 is a metric188

generator and also an edge metric generator. So, we only have to check pairs of189

elements, where one element is a vertex and the other is an edge. Let e ∈ E(G)190

be an arbitrary edge. The vertex v and the edge e are distinguished by at least191

one endpoint of the edge e. All vertices different from v are in the set S. This192

means that for an arbitrary vertex u ∈ V (G) \ {v} we only have to check the193

edges that are incident with the vertex u. If both endpoints of the edge e = uw194

are in the set S, then u and e are distinguished by the vertex w. It remains195

to check only the pairs of vertices w and edges wv for all w ∈ N(v). Since we196

know that for all such pairs there exists x ∈ S such that d(vw, x) 6= d(w, x) it197

follows that S is a mixed metric generator.198

Let v be a vertex of a graph G. A vertex u ∈ N(v) is said to be a maximal199

neighbour of the vertex v if all neighbours of v (and v itself) are also in the200

closed neighbourhood of u. Now, we are ready to characterize the family of201

graphs G satisfying that mdim(G) = n.202

Theorem 3.8. Let G be a graph of order n. Then mdim(G) = n if and only if203

every vertex of the graph G has a maximal neighbour.204
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Proof. First let mdim(G) = n. We want to prove that for every v ∈ V (G) there205

exists u ∈ N(v) such that N [v] ⊆ N [u]. Towards contradiction suppose that206

there exists v ∈ V (G) such that for every u ∈ N(v) it holds that N [v] 6⊆ N [u].207

Let S = V (G) \ {v}. We claim that S is a mixed metric generator.208

If S is not a mixed metric generator, then due to Lemma 3.7 there exists209

w ∈ N(v) such that for every x ∈ S it holds that d(vw, x) = d(w, x). Since210

w ∈ N(v) it follows that N [v] 6⊆ N [w], so there exists v′ ∈ N(v) such that211

wv′ /∈ E(G). It follows that 1 = d(vw, v′) 6= d(w, v′) = 2, a contradiction. So S212

is a metric generator and mdim(G) < n, a contradiction.213

For the converse assume that for every v ∈ V (G) there exists u ∈ N(v)214

such that N [v] ⊆ N [u]. Suppose that mdim(G) < n. Therefore there exists a215

mixed metric generator S with cardinality n − 1 and v ∈ V (G) : v /∈ S. Let216

u ∈ N(v) be a neighbour of v for which it holds that N [v] ⊆ N [u]. Since S is217

a mixed metric generator, there must exist x ∈ S, such that d(u, x) 6= d(uv, x).218

Thus, it follows that d(v, x) < d(u, x). On an arbitrary shortest path between x219

and v there exists v′ ∈ N(v) such that d(v, x) = d(v′, x) + 1. Since N [v] ⊆ N [u]220

it follows that d(v, x) ≥ d(u, x), a contradiction. Therefore mdim(G) = n.221

4. Mixed Metric Dimension of Some Families of Graphs222

In this section we determine the mixed metric dimension of cycles, complete223

bipartite graphs, trees and grid graphs.224

Proposition 4.1. For any positive integer n ≥ 4, mdim(Cn) = 3.225

Proof. From Remark 3.1 and Theorem 3.6 we know that mdim(Cn) ≥ 3. On226

the other hand, let V (Cn) = {v0, v1, . . . , vn−1} where vivi+1 ∈ E(Cn) for every227

i ∈ {0, . . . , n− 1} and operation i+ 1 is done modulo n. Let S = {v0, v1, vdn
2 e}.228

It is clear that the vertices v0, v1 distinguish every pair of two distinct vertices229

or two distinct edges. Now, let e be an edge and let vi be a vertex. If d(e, v0) =230

d(vi, v0) and d(e, v1) = d(vi, v1), then it must happen either e = vivi+1 or231

e = vi−1vi. Thus, it follows either d(e, vdn
2 e) = d(vi+1, vdn

2 e) < d(vi, vdn
2 e) or232

d(e, vdn
2 e) = d(vi−1, vdn

2 e) < d(vi, vdn
2 e). Therefore, the edge e and the vertex vi233

are distinguished by vdn
2 e and, as a consequence, S is a mixed metric generator234

of cardinality three, which completes the proof.235

Proposition 4.2. For any positive integers r, t ≥ 2,236

mdim(Kr,t) =

{
r + t− 1, if r = 2 or t = 2,
r + t− 2, otherwise.

Proof. From [3] and [16] we know that dim(Kr,t) = edim(Kr,t) = r + t− 2. So,237

by using (1) we have mdim(Kr,t) ≥ r + t − 2. Let U and V be the bipartition238

sets of Kr,t with |U | = r and |V | = t. We first consider the case r = 2. Suppose239

mdim(Kr,t) = r + t − 2 and let S be a mixed metric basis for K2,t. Since any240

metric basis or edge metric basis must contain at least r − 1 vertices of U and241
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t − 1 vertices of V , we deduce that |U ∩ S| = 1 and |V ∩ S| = t − 1. Let242

u ∈ U ∩ S and v ∈ V − S. We observe that the vertex u has distance 0 to itself243

(vertex u) and distance 1 to every other vertex in S. Moreover, the edge uv244

has distance 0 to the vertex u and distance 1 to every other vertex in S. Thus,245

the vertex u and the edge uv are not distinguished by S, a contradiction. A246

similar contradiction is obtained if t = 2. Therefore, mdim(Kr,t) ≥ r+ t−1 and247

the proof is completed by using Theorem 3.8, since no vertex of Kr,t admits a248

maximal neighbour.249

From now on, assume r, t ≥ 3. Let S be set of cardinality r + t − 2 such250

that it does not contain exactly one vertex from each bipartition set of Kr,t.251

Since S is a metric basis and also an edge metric basis, we only need to check252

that S distinguishes those pairs given by an edge and by a vertex. But, this is253

straightforward to observe since any edge of Kr,t has distance 0 or 1 to every254

vertex of S and for any vertex there is at least one vertex in S at distance 2,255

since r ≥ 3 and t ≥ 3. Therefore, S is a mixed metric generator of cardinality256

r + t− 2 and the result follows.257

Theorem 4.3. For any tree T with l(T ) leaves, mdim(T ) = l(T ).258

Proof. Let S be the set of all leaves of T and let x, y be any two distinct elements259

of T . From [17] and [16] is known that there are a metric basis and an edge260

metric basis which are both subsets of leaves in T . Thus, if x, y are either two261

vertices or two edges, then they are distinguished by S, which is formed by all262

leaves of T . Now, assume x = x1x2 is an edge and y is a vertex. Without loss263

of generality, we consider there is an x1 − y path containing x2 (notice that it264

could happen y = x2). Now, let x′ and y′ be two leaves of T such that x1, x2, y265

lie in the x′ − y′ path (notice that it could be x′ = x1 and y′ = y or viceversa).266

Thus, it is easy to see that at least one of the leaves x′ or y′ distinguishes x267

and y. The case when only one of these two leaves distinguishes x and y is268

given when x2 = y. Therefore, S is a mixed metric generator and we have that269

mdim(T ) ≤ l(T ). On the other hand, since every leaf of T is of degree 1 from270

Corollary 3.5, we obtain that mdim(T ) ≥ l(T ), which completes the proof.271

The Cartesian product of two graphs G and H is the graph G�H, such272

that V (G�H) = {(a, b) : a ∈ V (G), b ∈ V (H)} and two vertices (a, b) and273

(c, d) are adjacent in G�H if and only if, either (a = c and bd ∈ E(H)), or274

(b = d and ac ∈ E(G)). Let h ∈ V (H). We refer to the set V (G) × {h} as a275

G-layer. Similarly {g} × V (H), g ∈ V (G) is an H-layer. When referring to a276

specific G or H layer, we denote them by Gh or gH, respectively. Obviously,277

the subgraph induced by a G-layer or by an H-layer is isomorphic to G or H,278

respectively. Next we give the value of the mixed metric dimension of the grid279

graph, which is the Cartesian product of two paths Pr and Pt with r and t280

vertices, respectively.281

Proposition 4.4. Let G be the grid graph G = Pr�Pt, with r ≥ t ≥ 2. Then282

mdim(G) = 3.283
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Proof. In order to simplify the procedure, we shall embed G into Z2. That is,284

each vertex of the grid is represented as an ordered pair of coordinates (x, y). In285

this sense, G is embedded into Z2 where (0, 0), (r− 1, 0), (0, t− 1), (r− 1, t− 1)286

are the corner vertices of G (the vertices of degree two). We shall prove that287

the set S = {(0, 0), (0, t− 1), (r− 1, 0)} is a mixed metric generator for the grid288

G. Consider any two different elements x, y of G.289

Case 1: x, y are vertices. From [17] we know that S′ = {(0, 0), (0, t − 1)} is a290

metric generator for G. Thus, x and y are distinguished by (0, 0) or by (0, t−1).291

Notice that also S = {(0, 0), (r − 1, 0) is a metric generator for G.292

Case 2: x, y are edges. From [16] we know that S′ = {(0, 0), (0, t − 1)} or293

S = {(0, 0), (r − 1, 0) are edge metric generators for G and we are done for this294

case.295

Case 3: x is a vertex and y is an edge, say x = (i, j) and y = (k, a)(k, b)296

(notice that vertices of any edge have either equal first components or equal297

second components). Without loss of generality we assume a < b (which means298

b = a + 1). Suppose the vertex x and the edge y are not distinguished by S.299

This means the following.300

i + j = d(x, (0, 0)) = d(y, (0, 0)) = k + a,
301

i + t− 1− j = d(x, (0, t− 1)) = d(y, (0, t− 1)) = k + t− 1− b = k + t− 2− a,
302

j + r − 1− i = d(x, (r − 1, 0)) = d(y, (r − 1, 0)) = a + r − 1− k.

Thus, we obtain the following system of equations

i + j − k − a = 0

i− j − k + a = −1

−i + j + k − a = 0

which is straightforward to observe to be a not compatible system of linear303

equations, a contradiction. An analogous procedure gives a similar contradiction304

in the case x = (i, j) and y = (a, k)(b, k). Thus, at least one of the vertices in305

S identifies the pair x, y. As a consequence, S is a mixed metric generator of306

cardinality three. Therefore, by using Theorem 3.6 we complete the proof.307

5. An Upper Bound for the Mixed Metric Dimension of Graphs308

The girth g(G) of G is the order of the smallest cycle in G. We can give309

an upper bound for mdim(G) in terms of the girth of the graph.310

Theorem 5.1. Let G be a graph of order n. If G has a cycle, then mdim(G) ≤311

n− g(G) + 3.312

Proof. Let C = v0v1 . . . vr−1v0 be a cycle of order r = g(G) in the graph G. We313

claim that S = V (G)− V (C) ∪ {v0, v1, vd r
2e}} is a mixed metric generator.314

Let x, y ∈ V (G) be two arbitrary distinct vertices. If at least one of them,315

say x, is in S, then they are clearly distinguished by x, since 0 = d(x, x) 6=316
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d(x, y) > 0. If none of them is in S, then they are vertices of the cycle C317

and, by Proposition 4.1, they are distinguished by at least one of {v0, v1, vd r
2e}.318

Therefore, S is a metric generator.319

Now, let e, f ∈ E(G) be two distinct edges of G. If at least one of them, say320

e, has both end-vertices in S, then they are clearly distinguished by at least one321

end-vertex of e. Suppose now, that e = uv, with u ∈ S and v ∈ V (G)− S. If e322

and f are disjoint or their common end-vertex is v, then they are distinguished323

by u. If e = uv and f = uv′ and v, v′ ∈ V (C), then the vertex that distinguishes324

v and v′ also distinguishes e and f . The remaining case, where e and f have325

no end-vertices in S is covered by Proposition 4.1. It follows that S is an edge326

metric generator.327

To conclude the proof we need to prove that any vertex and any edge328

are distinguished by at least one vertex of S. Towards contradiction suppose329

that there exist e ∈ E(G) and v ∈ V (G) that are not distinguished by any330

vertex of S; in other words, for every x ∈ S it holds that d(e, x) = d(v, x).331

Suppose both end-vertices of e = xy are in S (note that it could happen that332

v ∈ {x, y}). Then e and v are distinguished by the endpoint of e that is not333

v, a contradiction. Suppose that both end-vertices of e = xy are in V (G) − S334

(again, it could be that v ∈ {x, y}). If v ∈ S, then e and v are distinguished335

by v, a contradiction. The case where v 6∈ S is covered by the fact that C is a336

smallest cycle in G and Proposition 4.1, again a contradiction. The remaining337

case is where e = xy, with x ∈ S and y ∈ V (G) − S. If v is not an end-vertex338

of e or v = y, then e and v are distinguished by x, a contradiction. Finally,339

say v = x. If x ∈ V (C), again, since C is a smallest cycle in G at least one340

vertex of {v0, v1, vd r
2e} distinguishes the edge e and vertex v by Proposition341

4.1, a contradiction. Therefore, x /∈ V (C). Let v′ ∈ {v0, v1, vd r
2e} be a vertex342

closest to y. Then d(e, v′) ≤ d(y, v′) ≤ r
4 . On the other hand, since v′ ∈ S by343

assumption d(v, v′) = d(e, v′) ≤ d(y, v′) ≤ r
4 . Let Pv′,y be the shortest path in344

C from v′ to y. Let Pv′,v be the shortest path in G from v′ to v. But then the345

subgraph of G induced by vertices of Pv′,y and Pv′,v admits a cycle of size at346

most d(v, v′)+d(y, v′)+d(y, v) ≤ r
4 + r

4 +1 = r
2 +1 < r (the case where the two347

paths Pv′,y and Pv′,v have no internal vertices in common; otherwise the cycle348

in question is even smaller), a contradiction with the fact that r is the girth of349

the graph G. Since we obtained a contradiction in all cases, it follows that any350

vertex and any edge are distinguished by at least one vertex of S.351

Combining all of the above it follows that S is a mixed metric generator352

and the proof is completed.353

Clearly the bound from Theorem 5.1 is sharp as the following examples354

show. For any cycle Cn, mdim(Cn) = n − g(Cn) + 3 = 3. For any complete355

graph mdim(Kn) = n− g(Kn) + 3 = n. For any complete bipartite graph K2,t356

we have mdim(K2,t) = t + 2 − g(K2,t) + 3 = t + 1. For any graph G such357

that every vertex has a maximal neighbour the girth is g(G) = 3, therefore by358

Theorem 3.8, mdim(G) = n− g(G) + 3.359
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6. The Complexity of the Mixed Metric Dimension Problem360

Due to the close relationship between the mixed metric dimension, edge361

metric dimension and the standard metric dimension, it is natural to think how362

computationally difficult the problem of computing the mixed metric dimension363

of a graph is. The decision problems concerning the metric dimension and the364

edge metric dimension of a graph are already known as NP-complete problems.365

The proofs are presented in the book [12] (a formal proof of it appeared in [17])366

and in [16], respectively. Let us take a look if the decision problem for the mixed367

metric dimension is also NP-complete. We will use a reduction from the 3-SAT368

problem, as in the case of the metric dimension proof in [17] and edge metric369

dimension proof in [16] with slight improvements to the gadgets in construction.370

From now on, in this section we show that the problem of finding the mixed371

metric dimension of an arbitrary connected graph is NP-hard. We first deal372

with the following decision problem.373

MIXED METRIC DIMENSION PROBLEM (MDIM problem for short)
INSTANCE: A connected graph G of order n ≥ 3 and an integer 2 ≤ r ≤ n.
QUESTION: Is mdim(G) ≤ r?

374

To study the complexity of the problem above we make a reduction from the375

3-SAT problem, which is one of the most classical problems known to be NP-376

complete. For more information on this problem, and NP-completeness reduc-377

tions in general, we suggest [12].378

Theorem 6.1. The MDIM problem is NP-complete.379

Proof. First let us show that MDIM is in NP. For a set of vertices S guessed380

by a non-deterministic algorithm for the problem, one needs to check that this381

is a mixed metric generator. This can be checked in polynomial time. One has382

to compute the distances from vertices of S to all elements (edges and vertices)383

and check that all pairs of these elements have different distance vectors with384

respect to the set S.385

We now describe a polynomial transformation of the 3-SAT problem to the386

MDIM problem. Consider an arbitrary input of the 3-SAT problem, a collection387

C = {c1, c2, . . . , cm} of clauses over a finite set U = {u1, u2, . . . , un} of Boolean388

variables. We shall construct a connected graph G = (V,E) and set a positive389

integer r ≤ |V | such that the graph G has a mixed metric generator of size at390

most r if and only if C is satisfiable. The construction will be made up of several391

components augmented by some additional edges for communicating between392

various components.393

For each variable ui ∈ U we construct a truth-setting component Xi =394

(Vi, Ei), with Vi = {Ti, Fi, ai, bi, ci, di} and Ei = {Tici, aici, aibi, bidi, cidi, diFi}395

(see Figure 1 for reference). The vertices Ti and Fi are the TRUE and FALSE396

ends of the component, respectively. Each component is connected with the397

rest of the graph only through these two vertices which gives us the following398

proposition.399
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Proposition 6.2. Let ui be an arbitrary variable in U . Any mixed metric400

generator must contain at least one vertex from the set {ai, bi}.401

Proof. Suppose that there exists an edge metric generator S without any of402

these vertices in it. Since the component Xi is attached to the rest of the graph403

only through the vertices Ti and Fi, due to the symmetry, this implies that the404

vertex ci and edge aici have the same distances to all vertices in the set S, a405

contradiction.406

Ti Fi

dici

biai

Figure 1: The truth-setting component for variable ui.

For each clause cj ∈ C we construct a satisfaction testing component Yj =407

(V ′j , E
′
j), with V ′j = {c1j , . . . , c6j} and E′j = {c1jc2j , c2jc5j , c1jc3j , c2jc4j , c6jc3j , c3jc4j} (see408

Figure 2 for reference). The component is attached to the rest of the graph only409

through vertices c1j and c2j which gives us the following proposition.410

Proposition 6.3. Let cj be an arbitrary clause in C. Any mixed metric gen-411

erator must contain the vertices c5j and c6j .412

Proof. Suppose that there exists an edge metric generator S without vertex c5j413

in it. Since all the shortest paths from any vertex x 6= c5j to the vertex c2j and to414

the edge c2jc
5
j go through the vertex c2j , this implies that the vertex c2j and the415

edge c2jc
5
j have the same distance to all vertices in the set S, a contradiction. A416

similar argument applies for the vertex c6j .417

c1j c2j

c3j c4j

c5j

c6j

Figure 2: The satisfaction testing component for clause cj .

We also add some edges between truth-setting and satisfaction testing com-418

ponents as follows. If a variable ui occurs as a positive literal in a clause cj , then419
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we add the edges Tic
1
j and Fic

2
j . If a variable ui occurs as a negative literal in a420

clause cj , then we add the edges Tic
2
j and Fic

1
j . For each clause cj ∈ C denote421

those six added edges with E′′j . We call them communication edges. Figure 3422

shows the edges that were added corresponding to the clause cj = (u1∨u2∨u3),423

where u2 represents the negative literal corresponding to the variable u2.424

For all k ∈ {1, . . . , n} such that neither of uk and uk occur in clause cj , add425

the edges Tkc
2
j to the graph G. For each clause cj ∈ C denote them with E′′′j .426

We call them neutralizing edges, because no matter what value is assigned to427

the variable uk (or equivalently which vertex vk from the corresponding truth-428

setting component Xk is chosen for a mixed metric generator), this gives the429

same distance from such vk to the edges c1jc
2
j and c2jc

4
j from the satisfaction430

testing component corresponding to the clause cj . These two edges play an431

important role later in the proof.432

Finally, for each clause cj and every k ∈ {1, . . . ,m}, k 6= j, add the edge433

c2jc
2
k to the graph G (if it does not exist). For each clause cj ∈ C denote them434

with E′′′′j . These edges keep the graph to be connected. We call these edges435

correcting edges.436

c1j c2j

T1 F1 T3 F3

T2 F2

Figure 3: The subgraph associated to the clause cj = (u1 ∨ u2 ∨ u3).

The construction of our instance of the MDIM problem is then completed437

by setting r = 2m + n and G = (V,E), where438

V =

(
n⋃

i=1

Vi

)
∪

 m⋃
j=1

V ′j


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and439

E =

(
n⋃

i=1

Ei

)
∪

 m⋃
j=1

(
E′j ∪ E′′j ∪ E′′′j ∪ E′′′′j

) .

It is not hard too see that the construction can be done in polynomial440

time. It remains to show that C is satisfiable if and only if G has a mixed441

metric generator of size r. From Propositions 6.2 and 6.3 we get the following.442

Corollary 6.4. The mixed metric dimension of the graph G is at least r =443

2m + n.444

We now continue with the following lemmas which complete the proof of445

NP-completeness of MDIM problem.446

Lemma 6.5. If C is satisfiable, then the mixed metric dimension of the graph447

G is r.448

Proof. We know that the mixed metric dimension is at least r. We now construct449

a mixed metric generator S of size r based on a satisfying truth assignment for450

C. Let t : U → {TRUE,FALSE} be a satisfying truth assignment for C. For each451

clause cj ∈ C put in the set S vertices c5j and c6j . For each variable ui ∈ U put in452

the set S either the vertex ai if t(ui) = TRUE, or the vertex bi if t(ui) = FALSE.453

We now show that S is a mixed metric generator for the graph G.454

Let ej,k be an arbitrary correcting edge between the satisfaction testing455

components cj and ck. We notice that ej,k is uniquely determined by the set of456

vertices {c5j , c5k}, because this is the only element in the graph G having distance457

1 to both of the vertices c5j and c5k.458

Let i ∈ {1, . . . , n} and j ∈ {1, . . . ,m} be arbitrary indices and let vi ∈459

Vi ∩ S. Since we have already checked that any correcting edge is uniquely460

determined by some vertices in S, we do not have to check any pair of elements461

in which at least one correcting edge occurs. Also, one can check that each462

communication edge and each neutralizing edge between a truth-setting com-463

ponent Xi and a satisfaction testing component Yj is distinguished from all the464

remaining elements by the vertices vi, c
5
j and c6j .465

We next take a look at the elements in a truth-setting component. Let466

i ∈ {1, . . . , n} be an arbitrary index and let x ∈ Vi ∪Ei be an arbitrary element467

from Xi. Since we have already checked that all correcting, communication and468

neutralizing edges are distinguished from all other elements by some vertices469

from S we only need to check that x has different distance vectors: (1) from470

all other elements in Xi, (2) from all elements in other truth-setting compo-471

nents, and (3) from all elements in the satisfaction testing components. This472

is addressed next. (1) For checking that x has different distance vectors to all473

other elements in Xi suppose that ui or ui is a literal in clause cj . It is not474

difficult to check that the vertices vi, c
5
j and c6j distinguish the element x from475

all other elements in Xi. For (2), let k ∈ {1, . . . , n}, k 6= i, be an arbitrary index.476

The vertex vi distinguishes the element x from all elements x′ ∈ Vk ∪ Ek (the477

elements in the truth-setting component Xk). For (3), let j ∈ {1, . . . ,m} be an478
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arbitrary index. Hence, the vertices c5j and c6j distinguish element x from all479

elements y ∈ V ′j ∪ E′j (the elements in the satisfaction testing component Yj).480

Finally, we take a look at the elements from the satisfaction testing com-481

ponents. Let j ∈ {1, . . . ,m} be an arbitrary index. Every element of {c2j , c3j , c5j ,482

c6j , c
2
jc

5
j , c

3
jc

6
j} and any other element not covered in previous cases are distin-483

guished by the set of vertices {c5j , c6j}. Let D1 = {c1jc2j , c2jc4j}, D2 = {c1jc3j , c3jc4j}484

and D3 = {c1j , c4j}. The set of vertices {c5j , c6j} also distinguishes any pair of485

elements where one element is from Di, for i ∈ {1, 2, 3}, and the other element486

is any element that has not been covered in previous cases and is not in Di.487

To complete the proof, we have to show that for any pair (x, y), where488

x 6= y and x, y ∈ Di, for some i ∈ {1, 2, 3} there exists a vertex in the set S that489

distinguishes x and y. Since C is satisfiable, suppose that cj is satisfied by the490

variable ui. For the variable ui there are two possibilities:491

• ui occurs as a positive literal in cj and t(ui) = TRUE,492

• ui occurs as a negative literal in cj and t(ui) = FALSE.493

Thus, if t(ui) = TRUE, then we have added the vertex ai to the set S. In such494

case, the distance from ai to the edge c1jc
2
j is 3, while the distance to the edge495

c2jc
4
j is 4. Similarly, the distance from ai to the edge c1jc

3
j is 3 and to the edge496

c3jc
4
j is 4. The distance from ai to the vertex c1j is 3 and to the vertex v4j is 5.497

The case when t(ui) = FALSE is symmetric.498

Therefore, any two elements of a graph G are distinguished by at least one499

vertex from the set S, and as a consequence, S is a mixed metric generator for500

a graph G, which completes the proof of this lemma.501

Lemma 6.6. If the mixed metric dimension of graph G is r, then C is satisfi-502

able.503

Proof. Let S be an arbitrary mixed metric generator for graph G with cardinal-504

ity r. From Propositions 6.2 and 6.3, the set S must contain at least one vertex505

from the set {ai, bi} for each truth-setting component Xi and at least vertices506

c5j , c
6
j from each satisfaction testing component Yj . Since the cardinality of S507

equals r = 2m + n, it follows that in the set S there is exactly one vertex from508

each truth-setting component and exactly two vertices from each satisfaction509

testing component. We shall find a function t : U → {TRUE,FALSE} such that it510

represents a satisfying truth assignment for the collection of clauses C. For an511

arbitrary i ∈ {1, . . . , n}, let vi ∈ Vi∩S. Hence, we define a function t as follows:512

t(ui) =

{
TRUE, vi = ai,
FALSE, vi = bi.

We shall show that t produces a satisfying truth assignment for C. To this513

end, let cj be an arbitrary clause. We claim that at least one of its literals has514

value TRUE. We prove that fact, by tracing which vertex from S distinguishes515

the edges e1j = c1jc
2
j and e2j = c2jc

4
j , and showing that the corresponding function516

t satisfies cj .517
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Let k ∈ {1, . . . ,m} be an arbitrary index. For the clause ck the vertices in518

the set S are c5k and c6k. If j = k, then both edges e1j and e2j are at distance 1519

from c5k and at distance 2 from c6k. If j 6= k, then by using the correcting edges,520

we deduce that the edges e1j and e2j are at distance 2 from c5k and at distance 4521

from c6k. Therefore, none of these vertices distinguish e1j from e2j .522

Now, consider any variable ui which does not occur in cj . If vi = ai, then523

both edges e1j , e
2
j are at distance 3 from vi. If vi = bi, then both edges are at524

distance 4 from vi. Thus, the vertex of S distinguishing the edges e1j , e
2
j must525

belong to one of the truth-setting components that corresponds to a variable526

uk that occurs in the clause cj . We recall that we have added communication527

edges in such a manner that vk distinguishes the edges e1j and e2j only if one of528

the following statements holds:529

• uk occurs as a positive literal in cj and vk = ak - in this case t(uk) = TRUE,530

• uk occurs as a negative literal in cj and vk = bk - in this case t(uk) =531

FALSE.532

In both cases the clause cj is satisfied by the setting assigned to the variable533

uk. As a consequence, the formula C is satisfiable, which completes the proof534

of this lemma.535

As a consequence of the Lemmas 6.5 and 6.6 above, the polynomial trans-536

formation from 3-SAT to the MDIM problem is done, and the proof of the537

theorem is now completed.538

As a consequence of Theorem 6.1 we have the following result.539

Corollary 6.7. The problem of finding the mixed metric dimension of a con-540

nected graph is NP-hard.541

7. Conclusion and open problems542

In this paper we have introduced a new parameter concerning distances in543

graphs, namely, the mixed metric dimension, mdim(G), of a graph G, and have544

begun the study of its several combinatorial and computational properties. We545

have given a linear programming model which can be used to solve the problem546

of computing mdim(G) and have proved that such problem is computationally547

NP-hard. We have presented several tight bounds for mdim(G) and, in some548

cases, characterized the extremal families achieving such bounds. In addition,549

we have computed the exact value of mdim(G) for some families of graphs. As a550

consequence of the study, a number of the following open problems have arisen.551

Considering the close relation between the metric dimension, the edge met-552

ric dimension and the mixed metric dimension the following two problems arise553

naturally.554

Problem 7.1. Characterize graphs G for which mdim(G) = dim(G).555
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Problem 7.2. Characterize graphs G for which mdim(G) = edim(G).556

The bound from Theorem 5.1 is achieved for several families of graphs557

therefore the following problem would also be interesting to explore.558

Problem 7.3. Characterize graphs G for which the bound from Theorem 5.1559

is achieved.560

Computing the (standard, edge and mixed) metric dimension of graphs is561

NP-hard. Moreover, the (standard and edge) metric dimension can be approx-562

imated within a constant factor.563

Problem 7.4. Can the mixed metric dimension be approximated within a con-564

stant factor?565

The standard metric dimension has been studied for several families of566

product graph.567

Problem 7.5. Provide relationships between the mixed metric dimension of568

product graphs and that of its factors.569

A mixed metric generator is a a set of vertices of a graph that uniquely570

distinguishes all the elements (vertices and edges) of the graph. Considering a571

different kind of a generator might also be interesting.572

Problem 7.6. Study a different kind of a mixed metric generator in which the573

distinguishing elements would not only be vertices, but vertices and edges of574

the graph.575
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