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A B S T R A C T

Mathematical biology models can simulate cell behavior scenarios, specifically for tumor proliferation. In this
paper, we study a continuous model describing the evolution of high-grade gliomas from the point of view
of the theory of symmetry reductions in partial differential equations (PDEs). Malignant gliomas are the most
frequent and deadly type of brain tumor. Over the last few years, complex mathematical models of cancerous
growths have been developed increasingly, especially on solid tumors, in which growth primarily comes
from abnormal cellular proliferation. The presented PDE system includes two different cellular phenotypes,
depending on their oxygenation level. Furthermore, this mathematical model assumes that both phenotypes
differ in migration and proliferation rates. Specifically, it includes the possibility of hypoxic cells diffusing into
well-oxygenated areas of a tumor. Our main findings are obtained through the classical symmetries admitted
by the proposed system, and transformation groups are used to reduce the PDE system to ordinary differential
equations. By these means, we provide not only exact solutions but also capture a 3-dimensional representation
of the biological phenomenon. The simulations provided show the relationship between normoxic and hypoxic
phenotypes in high-grade gliomas.
1. Introduction

High-grade gliomas are tumors of the glial cells found in the brain
and spinal cord. They are called ‘‘high-grade’’ because these tumors
are fast-growing and spread quickly through brain tissue, making them
hard to treat. Median survival is generally less than one year from
the moment of diagnosis. Even in the most favorable situations, most
patients die within two years [1], with only slight improvement in
prognosis in recent years [2]. One of the main reasons for this is
the infiltrative character of tumor cells, promoted by the emission of
growth factors that are released under hypoxic conditions, i.e., lack of
oxygen [3].

Mathematical modeling is a powerful tool for analyzing biological
problems. These models can potentially become useful against cancer
in three ways: in personalized medicine, accessing unreachable scales,
and formulating novel hypotheses [4]. For example, the relationship
between proliferation and migration in high-grade gliomas has already
been addressed by the mathematical community [5–7] (see [8] for an
extended review). Using these methods, several biologically-grounded
solutions have been found for different problems in tumor dynamics
based on mathematical modeling. For example, in [9], tumor progres-
sion and cell motility were studied at the interface between gray and
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white brain matter, while in [10], some generalizations were included
regarding the proliferation rate, being interpreted in terms of the total
mass of the tumor.

Here, we consider a reduced continuous model describing the evo-
lution of high-grade gliomas in response to hypoxic events through
the interplay of different cellular phenotypes. This model was studied
in [11] to show how hypoxic events may have a role in accelerating the
growth speed of high-grade gliomas. Previously, the authors considered
other models in which they incorporated other phenomena. For exam-
ple, in [12], a mathematical model was developed which incorporated
the interplay among two tumor cell phenotypes, a necrotic core, and
the oxygen distribution. This work showed how the collapse of tumor
microvessels leads to slower glioma invasion. Also, in [13], a study was
proposed based on a mathematical model showing how hypoxic events
in space had a crucial part in the acceleration of the growth speed of
gliomas under the go or grow hypothesis.

Analytical solutions are rare and difficult to obtain. Hence, search-
ing for exact solutions to nonlinear PDEs plays a fundamental role in
analyzing nonlinear physical phenomena. Moreover, very few studies
search for exact solutions in cancer models. In [14], an explicit analyti-
cal solution was presented for a general two-type birth–death branching
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Fig. 1. Oxygenation levels influence tumor cell phenotype. A normal or lower oxygen level determines the normoxic or hypoxic phenotype in cancer cells, respectively. These
cells can switch from hypoxic to normoxic (𝜏ℎ𝑛) and from normoxic to hypoxic (𝜏𝑛ℎ). A higher level of oxygen drives proliferation, whereas fewer oxygen levels lead to motile
cells.
process with one-way mutation. In [15], some exact solutions were
derived for a model of growth and movement of certain cell cultures
and solid tumors in response to an arbitrary distribution of nutrients.
One of the most famous and established procedures for obtaining exact
solutions of differential equations is the classical symmetries method,
also called group analysis. The investigation of symmetries has mani-
fested as one of the most significant and fundamental methods in almost
every branch of science, including mathematics and physics. Among
the many papers using this method are [16–18]. Several authors have
studied this mathematically-based problem from the oncology field in
other contexts. To our knowledge, the application of Lie symmetry
analysis is relatively new to the biomathematical literature [19,20].
Lie symmetries are very useful in the theory of nonlinear PDEs and are
one of the most efficient tools for constructing exact solutions. As such,
they have been successfully employed in recent models [21–25] to
obtain applicable solutions in several problems from physical sciences.
Traveling fronts of the Lotka–Volterra systems, which have similar
structures to the system in study (see system (1) investigated below),
have been previously constructed in [26–28]. Moreover, other works
such as [29,30] (see also citation therein) have applied Q-conditional
symmetries to obtain solutions of Lotka–Volterra type systems.

In [11], the authors presented the results of 1-dimensional numeri-
cal simulations showing the acceleration of invasion by waves of cells
with a hypoxic phenotype. In this study, we generalize this previous
model and, using Lie symmetry groups, find analytical solutions for
several models of high-grade brain tumors. This work aims to look
for exact solutions using Lie symmetries which describe the previously
proposed scenario: the reproduction of how hypoxia in cancer can lead
to fast glioma progression. This effect can be shown by how hypoxic
cells have a higher diffusive phenotype, whereas normoxic cells are
more proliferative than the latter.

The structure of the paper is as follows: In Section 2, a description
of the mathematical model consisting of normoxic and hypoxic cells is
included; in Section 3, the Lie Symmetries of such system are proposed;
finally, in Section 4, these previous results are used to obtain some
exact solutions of the model with biological meaning, and then simulate
such solution and provide an interpretation.

2. Description of the mathematical model

A cancer model intends to describe certain aspects observed by
clinicians and biologists. In the field of oncology, there exist a large
number of aspects that, in principle, should be taken into account when
designing a model, for example, the different phenotypes of cells, the
family of nutrients and oxygen, the vasculature, and other aspects.
2

Malignant gliomas are the most common and lethal type of primary
brain tumor. Hypervascularized areas characterize these tumors under
moderate levels of hypoxia (deficit in oxygenation) [31]. Hypoxia is a
feature encountered in most solid tumors and displays a central role in
tumor progression and therapy resistance.

In this work, it is considered the mathematical model described
by [11], where it was proposed the idea that the effects of hypoxia may
be more perverse than initially considered in previous works [12,13].
Even minimal amounts of hypoxic events may lead to accelerated
progression in gliomas. To do this, following the idea behind the go
or grow dichotomy described in Fig. 1, the tumor was described as
consisting of two subpopulations corresponding to two different tumor
phenotypes: a proliferative (or normoxic) one to be denoted as 𝑢𝑛
and a migratory (or hypoxic) one 𝑢ℎ. In this model, the force driving
phenotype changes is the local oxygen pressure. The term 𝜏𝑛ℎ represents
the characteristic time of change of tumor cells to a mobile phenotype
in hypoxic conditions. On the contrary, under normoxia, tumor cells
acquire a proliferative phenotype in a time 𝜏ℎ𝑛 (see, e.g., [12,13]).

Then, in [11], using a reduced model intended to capture the essen-
tials of a striking phenomenon: the acceleration of tumor invasion due
to sporadic hypoxic events. Due to this, it was assumed that an initial
hypoxic event around a vessel induces a complete phenotype switch of
cells around it to a migratory phenotype. Initially, 𝑢𝑛(𝑥, 𝑡 = 0), 𝑢ℎ(𝑥, 𝑡 =
0) = 𝑢0ℎ(𝑥) was taken as tumor density around a tumor vessel. Once
the oxygen supply was restored, and considering that oxygenation was
maintained above the hypoxia level at all times, the oxygenation level
was increased. Due to this biological reasoning, the phenotypic◦ switch
from normoxic to hypoxic cells was omitted (𝜏𝑛ℎ). In that scenario, a
particular case of coupled Fisher–Kolmogorov equations (see [32]),
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𝜏𝑛ℎ

𝑢ℎ,
(1)

described the dynamics, where 𝐷𝑛, 𝐷ℎ are the diffusion coefficients
for the normoxic (proliferative) and hypoxic (migratory) phenotypes
respectively. The doubling times are 𝜏𝑛, 𝜏ℎ for both phenotypes and 𝜏ℎ𝑛
is characteristic time for the decay of hypoxic cells into the normoxic
phenotype.

In this paper, the model written in (1) was generalized in the
following manner: Here 𝑢(𝑡, 𝑥, 𝑦, 𝑧) denotes a proliferative (or normoxic)
phenotype, and 𝑣(𝑡, 𝑥, 𝑦, 𝑧) denotes a migratory (or hypoxic) phenotype,
where the force driving phenotype changes is the local oxygen pressure.
We considered the independent variables 𝑡 as the time and 𝑥, 𝑦, 𝑧 as the
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3-dimensional space. This model is based on a pair of coupled Fisher–
Kolmogorov equations (or diffusive Lotka–Volterra equations [33–35]),
but including a coupling term accounting for the decay of hypoxic cells
into the normoxic phenotype [11]. The generalized model is described
by the equations
{

𝐹1 ≡ 𝑢𝑡 − 𝑑1(𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧) − 𝜌1(1 − 𝑢 − 𝑣)𝑢 − 𝑔(𝑣) = 0,

𝐹2 ≡ 𝑣𝑡 − 𝑑2(𝑣𝑥𝑥 + 𝑣𝑦𝑦 + 𝑣𝑧𝑧) − 𝜌2(1 − 𝑢 − 𝑣)𝑣 + 𝑔(𝑣) = 0,
(2)

where 𝑑1 and 𝑑2 are the diffusion coefficients for the proliferative and
migratory phenotypes. These parameters satisfy 𝑑2 > 𝑑1, and 𝜌1, 𝜌2
are the proliferation rates for both phenotypes with 𝜌1 > 𝜌2. System
(2) is then a generalization of the prior system (1). The function 𝑔(𝑣)
corresponds to the migratory phenotype switch, changing from the
proliferative type to a hypoxic one, where there is a lack of oxygen.

3. Lie symmetries of system (2)

We present the corresponding Lie symmetry analysis for system (2)
with arbitrary parameters 𝑑1, 𝑑2, 𝜌1, 𝜌2 and arbitrary function 𝑔(𝑣). This
system is a particular case of the generalized systems found [36,37],
where the Lie symmetries were derived. However, we explicitly expose
these calculations as a means to later exploit exact solutions with
biological reasoning. The method for finding Lie point symmetries is
well known; see, for example, [19,20,38].

Let us consider a one-parameter Lie group of infinitesimal transfor-
mations in (𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣). The invariance of system (2) under a Lie group
of transformations with an infinitesimal generator of the form

𝑋 = 𝜏 𝜕
𝜕𝑡

+ 𝜉1 𝜕
𝜕𝑥

+ 𝜉2 𝜕
𝜕𝑦

+ 𝜉3 𝜕
𝜕𝑧

+ 𝜂1 𝜕
𝜕𝑢

+ 𝜂2 𝜕
𝜕𝑣

(3)

yields a system of equations for the coordinates 𝜏 = 𝜏(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣),
𝜉1 = 𝜉1(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣), 𝜉2 = 𝜉2(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣), 𝜉3 = 𝜉3(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣), 𝜂1 =
𝜂1(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣) and 𝜂2 = 𝜂2(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑣).

Applying the second prolongation 𝑝𝑟(2)𝑋 to system (2) yields an
overdetermined system of linear partial differential equations. The
symmetry determining Equation splits with respect to the 𝑥-derivatives,
𝑦-derivatives, 𝑧-derivatives and 𝑡-derivatives of 𝑢 and 𝑣, resulting in an
overdetermined linear system of equations for the infinitesimals. To
compute the determining equations, we used the software Maple (ver-
sion 2018), and subsequently applied the functions ‘‘rifsimp’’, ‘‘dsolve’’,
and ‘‘pdsolve’’ to solve the system. Specifically, ‘‘rifsimp’’ generates
a tree with all the solution cases and then, for each solution case,
function ‘‘dsolve’’ is applied to find function g(v) and ‘‘pdsolve’’ to
find the infinitesimals 𝜏(𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣), 𝜉𝑖(𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣), 𝑖 = 1, 2, 3 and
𝜂𝑗 (𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣), 𝑗 = 1, 2.

After solving the determining equations, different cases can be
distinguished, as shown in Appendix, in which the symmetries are ad-
mitted by system (2) for functional forms of 𝑔(𝑣). We distinguish as well
the corresponding generators and group transformations, depending on
three cases. Unfortunately, the conditions 𝑑1 = 𝑑2 and 𝜌1 = 𝜌2 need
to be fulfilled in Cases 2 and 3, leading to non-biologically grounded
transformations. Such cases are given below:

Case 1. For 𝑔 = 𝑔(𝑣) arbitrary function and 𝑑1, 𝑑2, 𝜌1, 𝜌2 arbitrary
constants after solving the determining equations (see determining
equations in Appendix A.1), the generators (already given in P.268
from [36]), are:

𝑋1 = 𝜕𝑡, 𝑋2 = 𝜕𝑥, 𝑋3 = 𝜕𝑦, 𝑋4 = 𝜕𝑧 (4a)
(𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑠),

𝑋5 = −𝑦𝜕𝑥 + 𝑥𝜕𝑦, 𝑋6 = −𝑧𝜕𝑥 + 𝑥𝜕𝑧, 𝑋7 = −𝑧𝜕𝑦 + 𝑦𝜕𝑧 (4b)
(𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑠).

These symmetries generate the respective transformation groups:

𝑋1 ∶ 𝑡 → 𝑡 + 𝜖;𝑋2 ∶ 𝑥 → 𝑥 + 𝜖;𝑋3 ∶ 𝑦 → 𝑦 + 𝜖;𝑋4 ∶ 𝑧 → 𝑧 + 𝜖;
𝑋5 ∶ (𝑥, 𝑦) → (cos(𝜖)𝑥 + sin(𝜖)𝑦,− sin(𝜖)𝑥 + cos(𝜖)𝑦);
𝑋6 ∶ (𝑦, 𝑧) → (cos(𝜖)𝑦 + sin(𝜖)𝑧,− sin(𝜖)𝑦 + cos(𝜖)𝑧);

(5)
3

𝑋7 ∶ (𝑧, 𝑥) → (cos(𝜖)𝑧 + sin(𝜖)𝑥,− sin(𝜖)𝑧 + cos(𝜖)𝑥).
Their commutators are given by:
[

𝑋2, 𝑋5
]

= −𝑋3,
[

𝑋2, 𝑋6
]

= −𝑋4,
[

𝑋3, 𝑋5
]

= 𝑋2,
[

𝑋3, 𝑋7
]

= −𝑋4,
[

𝑋4, 𝑋6
]

= 𝑋2,
[

𝑋4, 𝑋7
]

= 𝑋3,
[

𝑋5, 𝑋6
]

= −𝑋7,
[

𝑋5, 𝑋7
]

= −𝑋6,
[

𝑋6, 𝑋7
]

= 𝑋5.

Case 2. Applying the transformation 𝑢∗ = 𝑢 + 𝑣, system (2) reduces
to a semi-coupled system with the autonomous Fisher equation for 𝑢∗,
being this a particular case from Table 4, number 7 in [36]. Then, for
𝑔 = 𝑔1𝑣 + 𝑔2𝑣 ln 𝑣 with arbitrary values of the constants 𝑔1, 𝑔2 and 𝑑1 =
𝑑2, 𝜌1 = 𝜌2, system (2) (see determining equations in Appendix A.2)
admits the generators 𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6, 𝑋7, and the following:

𝑋8 = −𝑣𝑒−𝑔2𝑡𝜕𝑢 + 𝑣𝑒−𝑔2𝑡𝜕𝑣. (6a)

This symmetry generates the following transformation group:

𝑋8 ∶ (𝑢, 𝑣) →
(

−𝑣𝑒−𝑔2𝑡𝜖 + 𝑢, 𝑣𝑒−𝑔2𝑡𝜖
)

(7)

Their commutator is given by
[

𝑋1, 𝑋8
]

= −𝑋8.
Case 3. For 𝑔 = 𝑔1𝑣 + 𝑔2 with arbitrary values of the constants

𝑔1, 𝑔2 and 𝑑1 = 𝑑2, 𝜌1 = 𝜌2, system (2) (see determining equations in
Appendix A.3) admits the generators 𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6, 𝑋7, and
besides:

𝑋9 = −𝑒−𝑔1𝑡(𝑢 + 𝑣)𝜕𝑢 + 𝑒−𝑔1𝑡(𝑢 + 𝑣)𝜕𝑣, (8a)

𝑋10 = −𝑒(𝜌2−𝑔1)𝑡(𝑢 + 𝑣 − 1)𝜕𝑢 + 𝑒(𝜌2−𝑔1)𝑡(𝑢 + 𝑣 − 1)𝜕𝑣, (8b)

𝑋11 =

(

𝑔21
𝑔2𝜌2

𝑣 −
𝑔1
𝑔2

𝑣 − 𝑢 − 𝑣 +
𝑔1
𝜌2

)

(

𝜕𝑢 − 𝜕𝑣
)

. (8c)

These symmetries generate the respective transformation groups:

𝑋9 ∶ (𝑢, 𝑣) →
(

−(𝑢 + 𝑣)𝑒−𝑔1𝑡𝜖 + 𝑢, (𝑢 + 𝑣)𝑒−𝑔1𝑡𝜖 + 𝑣
)

;

𝑋10 ∶ (𝑢, 𝑣) →
(

−(𝑢 + 𝑣 − 1)𝑒(𝜌2−𝑔1)𝑡𝜖 + 𝑢, (𝑢 + 𝑣 − 1)𝑒(𝜌2−𝑔1)𝑡𝜖 + 𝑣
)

;

𝑋11 ∶ (𝑢, 𝑣) →
(

1
𝑔̃

(

𝑔̃𝑣 − 𝑢 − 𝑣 +
𝑔1
𝜌2

)

(

−𝑒−𝑔̃𝜖 + 1
)

+ 𝑢 ,

1
𝑔̃

(

𝑔̃𝑣 − 𝑢 − 𝑣 +
𝑔1
𝜌2

)

𝑒−𝑔̃𝜖 + 𝑢 + 𝑣 −
𝑔1
𝜌2

)

,

(9)

where 𝑔̃ =
𝑔21
𝑔2𝜌2

−
𝑔1
𝑔2

. Their commutators are given by:

[

𝑋1, 𝑋9
]

= −𝑔1𝑋9,
[

𝑋1, 𝑋10
]

= (𝜌2 − 𝑔1)𝑋10,
[

𝑋9, 𝑋11
]

= −𝑔̃𝑋9,
[

𝑋10, 𝑋11
]

= −𝑔̃𝑋10.

4. Some symmetry reductions and exact solutions

This section is focused on exact analytical solutions that present
several relevant applications in the field of mathematical biology. Lie
method allows us to obtain different solutions regarding the classifi-
cation from Section 3. However, due to the interest in the phenotypic
switch in normoxic and hypoxic cells [11], we focus on the simulation
of such scenarios. In our case, we consider a linear and quadratic
phenotypic switch and a limited decrease of hypoxic cells to track the
interpretability of the parameters used.

Therefore, we include a first Section 4.1 with the obtention of one
solution of system (2) with biological interest, describing the dynamics
between hypoxic and normoxic with several simulations in this mat-
ter. In a second Section 4.2, we present other highly nontrivial and
spherically symmetric solutions generalized for the 3-D space. To obtain
such solutions, we do not use the common procedure for reduction
of multidimensional PDEs to ODEs. Instead, we will construct several
ansätze (such as the line solitons in [39]) that allow us to reduce the
original PDE system to an ODE system or to a PDE system with two

independent variables. Our aim is not to obtain a general reduction, but
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to construct solutions behaving in an adequate form for the biological
tumor growth model. The obtention of the reduction of the PDEs in
question to ODEs can be derived by applying the relevant optimal
systems of three-dimensional subalgebras. In the case of the algebras
⟨𝑋1, 𝑋2, 𝑋3, 𝑋4⟩ and ⟨𝑋5, 𝑋6, 𝑋7⟩ the relevant optimal systems can be
ound in Ref. [40].

.1. An study of a solution of system (1) with biological interest

We focus on Case 1 from Section 3 with 𝑔(𝑉 ) = 𝑔0𝑉 , where 𝑔0 is the
linear influence on the switch from hypoxic to normoxic cells. System
(2) without restrictions on the diffusion (𝑑𝑖) and proliferation (𝜌𝑖) pa-
rameters is only invariant under translations and rotations. Therefore,
we set the plane wave ansatz:

𝜉 = 𝜆𝑥 + 𝜇𝑦 + 𝜈𝑧 + 𝑡, 𝑢 = 𝑈 (𝜉), 𝑣 = 𝑉 (𝜉). (10)

The substitution of these variables into system (2) yields:
{

−𝑑1 (𝜆2 + 𝜇2 + 𝜈2)𝑈𝜉 𝜉 + 𝑈𝜉 − 𝜌1(1 − 𝑈 − 𝑉 )𝑈 − 𝑔(𝑉 ) = 0,

−𝑑2 (𝜆2 + 𝜇2 + 𝜈2)𝑉𝜉 𝜉 + 𝑉𝜉 − 𝜌2(1 − 𝑈 − 𝑉 )𝑉 + 𝑔(𝑉 ) = 0.
(11)

Considering the special form of 𝑔(𝑉 ) = 𝑔0𝑉 (𝜉) and with

𝛼2 = 𝜆2 + 𝜇2 + 𝜈2 (12)

coming from (10), we can obtain 𝑈 = 𝑈 (𝜉) from (11) in terms of
𝑉 = 𝑉 (𝜉) such as

𝑈 (𝜉) = −
𝑑2𝛼2𝑉𝜉𝜉 + 𝜌2𝑉 2 + 𝑔0𝑉 − 𝜌𝑉 + 𝑉𝜉

𝜌2𝑉
. (13)

We look then for solutions of the form

𝑉 (𝜉) = 𝐶 + 𝑣0𝑒
−𝑣1𝜉 , (14)

so that the decay of hypoxic cells into the normoxic cells is exponential,
and they begin with an initial condition 𝐶. The choice of an exponential
behavior is due to the fact that real cancers can indeed be unbounded,
yet life constraints limit their growth in a finite time [41].

By substituting (14) into (11), this yields

𝑈 (𝜉) =
𝐴 + 𝐵𝑒−𝑣1𝜉 − 𝜌2𝑣02𝑒−2𝑣1𝜉

𝜌2
(

𝐶 + 𝑣0𝑒−𝑣1𝜉
) ,

here

𝐴 = −𝐶2𝜌2 − 𝐶𝑔0 + 𝐶𝜌2, (15a)

𝐵 = 𝑑2𝑘
2𝑣0𝑣1

2 − 2𝐶𝜌2𝑣0 − 𝑔0𝑣0 + 𝑣0𝜌2 + 𝑣0𝑣1. (15b)

Substituting both (13) and (14) into (11), the conditions that must be
verified for the system to hold can be computed. Considering that the
parameters are non-zero, the following equations must be verified:

𝑑1 =
𝐶𝜌21 − 2𝐶𝜌1𝜌2 + 𝐶𝜌22 − 𝜌21 + 𝜌2𝜌1 − 𝜌1𝑣1

𝛼2𝜌1𝑣21
, (16a)

2 = − 1
𝑘2𝑣1

, (16b)

𝑔0 = 𝜌2 − 𝜌2𝐶 +
𝜌22𝐶
𝜌1

. (16c)

A solution of the previous system is included by setting the pa-
rameters found in the literature and described in Table 1. Using such
values and substituting into system (16), we were able to obtain the
parameters 𝑣1, 𝐶 and 𝑔0.

To sum up, a solution of system (2) is considered, which was
obtained as

𝑢 = 𝑈 (𝜉) =
𝐴 + 𝐵𝑒−𝑣1𝜉 − 𝜌2𝑣02𝑒−2𝑣1𝜉

𝜌2
(

𝐶 + 𝑣0𝑒−𝑣1𝜉
) ,

−𝑣 𝜉

(17)
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𝑣 = 𝑉 (𝜉) = 𝐶 + 𝑣0 ⋅ 𝑒 1 ,
where 𝜉 = 𝜉(𝑥, 𝑦, 𝑧, 𝑡) = 𝜆𝑥+𝜇𝑦+𝜈𝑧+ 𝑡, both (15) and (16) hold, and the
unction 𝑔 in system (2) is given by 𝑔(𝑉 ) = 𝑔0𝑉 (𝜉) with 𝛼2 = 𝜆2+𝜇2+𝜈2.

For system (2) to hold, parameters 𝑑1 and 𝑑2 are considered as
iven [11]. This leads to the computation of 𝑣1 and 𝐶, respectively
rom (16a) and (16b). In the following simulations, the initial condition

is set to be close to 1, which regulates 𝑣1 in (16a). In this model
here is no affection of the tumor growth or its reduction. However,
he location of the more hypoxic area is determined by the parameters
, 𝜇, and 𝜈. Once parameter 𝑣1 is set, parameter 𝑘 is estimated by
djusting the three latter to be close to the original estimation of 𝑑2
n (16b). The final parameters selected to simulate and interpret the
olution (17) are those presented in Table 1. The code for estimating
he parameters and generating such simulations can be found in https:
/github.com/salvadorchulian/hypoxia.lie.symmetries.

Considering the above, we simulated solutions in a sphere, setting
he space of variables 𝑥, 𝑦, 𝑧, thus approximating the space to the shape
f a tumor. Our aim would be to understand how normoxic 𝑢 and
ypoxic 𝑣 cells are distributed in the tumor. The solutions of such
scenario are presented in Figs. 2 and 3, where cell density varies

epending on the cell type.
In Fig. 2, the influence of each one of the space and time variables

n the distribution of normoxic (red) and hypoxic cells (blue) can
e observed. Dashed and dotted lines represent the impact of the
orresponding parameter of distance influence, i.e., 𝜆 for variable 𝑥,
for 𝑦, and 𝜈 for 𝑧. In such cases, the parameter is doubled (dashed

ines) or divided by two (dotted lines). It is observed how they all have
n exponential decrease for the hypoxic cells (blue) and growth for
ormoxic ones (red). The qualitative behavior is similar in all cases.
or the case of time, the time unit was converted from hours to days
or clarity of the results. The time variable is also doubled (dashed line)
nd divided by two (dotted line), obtaining a similar outcome.

In Fig. 3(A), it can be observed how, in the same tumor, normoxic
panel A.1) and hypoxic cells (panel A.2) distribute themselves sepa-
ately. The existence of a blood vessel could be considered around the
oint (1, 1, 1), where the normoxic cells are denser than hypoxic ones.
his was set by choice of the parameters 𝜆, 𝜇, and 𝜈. On the contrary,
he point (−1,−1,−1) could represent an area lacking oxygen.

In Fig. 3(B), slices of the center of the tumor are represented along
time; this is when 𝑧 = 0. In panel B.1, normoxic cells 𝑢 tend to expand
along the tumor space, even considering the hypoxic area. On the
other hand, in panel B.2, hypoxic cells tend to disappear due to the
appearance of normoxic cells. This can be due to the fact that hypoxic
cells change their type with the function 𝑔(𝑣) to a normoxic one.

4.2. Other solutions derived from the admitted symmetries

In this subsection, a highly nontrivial solution, derived in [30],
is generalized on the 3D space for system (2). Firstly, we find exact
solutions of the form:

𝜉 = 𝜆𝑥 + 𝜇𝑦 + 𝜈𝑧, 𝑢 = 𝑈 (𝜉, 𝑡), 𝑣 = 𝑉 (𝜉, 𝑡). (18)

The substitution of these variables into system (2) yields:
{

−𝑑1 (𝜆2 + 𝜇2 + 𝜈2)𝑈𝜉 𝜉 + 𝑈𝜉 − 𝜌1(1 − 𝑈 − 𝑉 )𝑈 − 𝑔(𝑉 ) + 𝑈𝑡 = 0,

−𝑑2 (𝜆2 + 𝜇2 + 𝜈2)𝑉𝜉 𝜉 + 𝑉𝜉 − 𝜌2(1 − 𝑈 − 𝑉 )𝑉 + 𝑔(𝑉 ) + 𝑉𝑡 = 0.

(19)

Following [30], a quadratic form of function 𝑔 is considered, with

𝑔 (𝑉 ) = 𝑏1𝑉
2 + 𝑏2𝑉 + 𝑏3. (20)

and we set the ansatz

𝑉 (𝜉, 𝑡) = 𝐶1 + 𝑘2 cosh
(

𝑘1𝜉
)

𝑒𝑘𝑡. (21)

For Eqs. (19) to hold, we need, with 𝛼2 = 𝜈2 + 𝜆2 + 𝜇2 that

𝑏1 =
𝜌22 , (22a)
𝜌1 − 𝜌2

https://github.com/salvadorchulian/hypoxia.lie.symmetries
https://github.com/salvadorchulian/hypoxia.lie.symmetries
https://github.com/salvadorchulian/hypoxia.lie.symmetries
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Table 1
Parameters used for simulation in Figs. 2 and 3.
Parameter Meaning Value Unit Source

𝑑1 Diffusion rate of 𝑢 cells 10−12 cells∕cm3∕s [11]
𝑑2 Diffusion rate of 𝑣 cells 10−11 cells∕cm3∕s [11]
𝜌1 Proliferation rate of 𝑢 cells 1/24 cells∕h [11]
𝜌2 Proliferation rate of 𝑣 cells 1/48 cells∕h [11]
𝛼 General parameter of influence in 𝑢 level ≈ 5.1 ⋅ 104 s∕cm (12)
𝜆 Influence of distance 𝑥 in 𝑢 level 3 ⋅ 104 s∕cm Estimated
𝜇 Influence of distance 𝑦 in 𝑢 level 3 ⋅ 104 s∕cm Estimated
𝜈 Influence of distance 𝑧 in 𝑢 level 3 ⋅ 104 s∕cm Estimated
𝐶 Initial density of hypoxic cells ≈1 cells∕cm3 (16a)
𝑣0 Transformation rate of 𝑢 into 𝑣 cells −3/4 cells∕cm3 Estimated
𝑣1 Exponential decay from 𝑢 into 𝑣 cells ≈-0.01 1∕s (16b)
𝑔0 Linear influence of function 𝑔(𝑉 ) ≈0.01 Unitless (16c)
Fig. 2. Influence of each independent variable in the normoxic 𝑢 and hypoxic 𝑣 levels. In each row, the impact of each independent variable 𝑥, 𝑦, 𝑧, 𝑡 is included, while the
behavior for normoxic 𝑢 and hypoxic 𝑣 cells is presented in the left and right panels. Respectively, dashed and dotted lines represent multiplying or dividing by two either the
distance influence parameters 𝜆, 𝜇, 𝜈 for 𝑥, 𝑦, 𝑧 and the doubling or dividing by two the time 𝑡 in the last case. Parameters used for simulation are those in Table 1.
𝑏2 =

(

1 − 𝐶1
)

𝜌31 + 𝜌2
(

3𝐶1 − 1
)

𝜌21 − 3
(

𝐶1𝜌2 −
𝑘1(𝑑1−𝑑2)𝛼2

3

)

𝜌2𝜌1 + 𝜌32𝐶1

𝜌1
(

𝜌1 − 𝜌2
) ,

(22b)

𝑏3 =

(

𝜌22𝐶1 +
((

−2𝐶1 + 1
)

𝜌1 − 𝑘21
(

𝑑1 − 𝑑2
)

𝛼2
)

𝜌2 + 𝜌21
(

𝐶1 − 1
))

𝐶1

𝜌1 − 𝜌2
,

(22c)

𝑘 =
𝛼2𝜌1𝑑2𝑘21 − 𝛼2𝜌2𝑑1𝑘21 + 𝐶1𝜌21 − 2𝜌1𝐶1𝜌2 + 𝜌22𝐶1 − 𝜌21 + 𝜌1𝜌2

, (22d)
5

𝜌1 − 𝜌2
where 𝐶1, 𝑘1 and 𝑘2 are arbitrary constants.

For this case, we verify that

𝑈 (𝜉, 𝑡) = 1 − 𝐶1 −
cosh

(

𝑘1𝜉
)

𝜌2𝑘2𝑒𝑘 𝑡

𝜌1
(23)

holds Eqs. (19). In Fig. 4, a representation of solutions (21) and (23)

are shown.
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Fig. 3. 3-dimensional representation of normoxic and hypoxic levels in a tumor. (A) In panels (A.1) and (A.2), 3-dimensional representations of a sphere with the distribution
of respectively normoxic and hypoxic cells in a tumor are shown. (B) In panels (B.1) and (B.2) slices of the 𝑧 = 0 level of the spherical distribution are presented for normoxic
and hypoxic cells in (A), as well as how they change along time 𝑡. Parameters used for simulation are those in Table 1.

Fig. 4. Representation of solutions 𝑈 and 𝑉 as in (21) and (23). Panels (A.1) and (A.2) represent, respectively, the change in time for normoxic (𝑢) and hypoxic cells (𝑣). Panels
(B.1) and (B.2), represent respectively, as well, the spatial distribution of this solution, considering the tumor to be spherically shaped. The parameters used for this representation
are the followings: 𝜆, 𝜇, 𝜈 = 3 ⋅ 104, 𝜌1 = 1∕24, 𝜌2 = 1∕48, 𝑑1 = 10−12 , 𝑑2 = 10−11, 𝑘1 = 0.016, 𝑘2 = −0.33, 𝐶 = 7∕10. Parameters 𝑏1 , 𝑏2 , 𝑏3 and 𝑘 are obtained from the priors using (22).
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Secondly, spherically-symmetric solutions, which are generated by
the rotating Lie symmetries 𝑋5, 𝑋6, 𝑋7, are derived. We consider:

𝜉 = 𝑥2 + 𝑦2 + 𝑧2, 𝑢 = 𝑈 (𝜉, 𝑡), 𝑣 = 𝑉 (𝜉, 𝑡), (24)

obtaining the reduced system

−4𝑑1𝜉𝑈𝜉𝜉 − 6𝑑1𝑈𝜉 + 𝜌1 (𝑉 − 1)𝑈 + 𝜌1𝑈2 − 𝑔(𝑉 ) + 𝑈𝑡 = 0,

−4𝑑2𝜉𝑉𝜉𝜉 − 6𝑑2𝑉𝜉 + 𝜌2 (𝑈 − 1)𝑉 + 𝜌2𝑉 2 + 𝑔(𝑉 ) + 𝑉𝑡 = 0.
(25)

Considering 𝑔(𝑉 ) with a quadratic form (see Eq. (20)), and

𝑉 (𝜉, 𝑡) =
𝑘1𝑒𝑘𝑡
√

𝜉
, (26)

ith 𝑘1 an arbitrary parameter, the following system must hold

1 =
−𝜌2

(

𝜌1 − 𝜌2
)

𝜌1
, (27a)

2 = 𝜌1, (27b)

3 = 0, (27c)

= −𝜌1, (27d)

ielding the solution

𝑈 (𝜉, 𝑡) = 1 −
𝑘1𝜌2
𝜌1
√

𝜉
𝑒−𝜌1𝑡,

𝑉 (𝜉, 𝑡) =
𝑘1𝑒−𝜌1𝑡
√

𝜉
.

(28)

. Conclusions and future work

Mathematical models in biology are a growing field, especially
hose that can be applied to biomedical problems. In this study, a
eneralized coupled system of PDEs has been examined. This system
odeled biological invasions between phenotypically different cells

nd was analyzed from the point of view of Lie symmetries. The study
f nonlinear phenomena has been a continuous source of new problems.
t has motivated the introduction of new methods in mathematical
nalysis, partial differential equations, and other disciplines, thereby
ecoming one of the most active areas of mathematical research over
he last decades. The investigation of exact solutions of nonlinear PDEs
lays an essential role in analyzing nonlinear phenomena, particularly
n obtaining analytical solutions for biomedical problems such as can-
er. In this sense, the Lie symmetry method greatly simplifies many
onlinear problems.

Even if challenging to investigate, exact solutions are yielded using
ie symmetry group theory. In this paper, by using the symmetries
erived in [36,37] we have provided a particular case of system (2)
f biological interest, such as tumor progression due to phenotypic
witching. As such, we find analytical solutions for this model and
imulate the dynamics of cells depending on the oxygen levels; this
s for normoxic and hypoxic cell distributions. Furthermore, we have
onsidered the particular form of 𝑔 and 𝑉 based purely on the linearity
f phenotypic change and the limitation of tumor growth. For the
orresponding equations of the coupled system (2), we have obtained
nalytical solutions for a tumor progression model.

We have qualitatively studied a case that simulates the cell density
ehavior in a 3-dimensional space. This study is consistent with the
iological description of the go or grow model exposed in Section 2,
ith cells having distinctive proliferative and migratory behaviors.
he results in Figs. 2–4 show that both normoxic and hypoxic cells

ncrease and decrease exponentially, respectively. The locations of the
reas with higher cell density in each case were determined by the
arameters obtained by the Lie symmetry analysis, i.e., 𝜆, 𝜇, and 𝜈.

In future work, these features could be fitted to experimental data
y, for example, considering an irregular shape of the tumor or multiple
7

reas with different oxygenation levels. Mathematically, an extended
odel could improve the generalization already made here by includ-
ng how the phenotypic switch can be made from normoxic to hypoxic
ells. These results can be used as predictive tools to understand tumor
rowth dynamics.
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ppendix. Determining equations for each case presented

For each of the Cases presented in the manuscript, we show the
orresponding determining equations.

.1. Determining equations for Case 1

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

𝜏𝑡 = 0, 𝜏𝑥 = 0, 𝜏𝑦 = 0, 𝜏𝑧 = 0,

𝜉1𝑡 = 0, 𝜉1𝑥 = 0,

𝜉2𝑡 = 0, 𝜉2𝑦 = 0,

𝜉3𝑡 = 0, 𝜉3𝑧 = 0,

𝜂1 = 0, 𝜂2 = 0,

𝜉2𝑥𝑥 = 0, 𝜉3𝑥𝑥 = 0,

𝜉3𝑥𝑦 = 0, 𝜉3𝑦𝑦 = 0,

𝜉1𝑦 = −𝜉2𝑥,

𝜉1𝑧 = −𝜉3𝑥,

𝜉2 = −𝜉3

(A.1)
⎩
𝑧 𝑦
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A.2. Determining equations for Case 2

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑑1 = 𝑑2, 𝜌1 = 𝜌2,

𝜏𝑡 = 0, 𝜏𝑥 = 0, 𝜏𝑦 = 0, 𝜏𝑧 = 0,

𝜉1𝑡 = 0, 𝜉1𝑥 = 0,

𝜉2𝑡 = 0, 𝜉2𝑦 = 0,

𝜉3𝑡 = 0, 𝜉3𝑧 = 0,

𝜉2𝑥𝑥 = 0, 𝜉3𝑥𝑥 = 0,

𝜉3𝑥𝑦 = 0, 𝜉3𝑦𝑦 = 0,

𝜂2𝑥 = 0, 𝜂2𝑦 = 0, 𝜂2𝑧 = 0, 𝜂2𝑢 = 0,

𝜉1𝑦 = −𝜉2𝑥 , 𝜉
1
𝑧 = −𝜉3𝑥, 𝜉

2
𝑧 = −𝜉3𝑦 ,

𝜂1 = −𝜂2, 𝜂2𝑣 = 𝜂2

𝑣 ,

𝑔𝑣𝑣 = −
𝑔 − 𝑔𝑣𝑣

𝑣2
,

𝜂2𝑡 =
−𝜂2𝑔𝑣𝑣 + 𝜂2𝑔

𝑣

(A.2)

A.3. Determining equations for Case 3

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑑1 = 𝑑2, 𝜌1 = 𝜌2,

𝜏𝑡 = 0, 𝜏𝑥 = 0, 𝜏𝑦 = 0, 𝜏𝑧 = 0,

𝜉1𝑡 = 0, 𝜉1𝑥 = 0,

𝜉2𝑡 = 0, 𝜉2𝑦 = 0,

𝜉3𝑡 = 0, 𝜉3𝑧 = 0,

𝜉2𝑥𝑥 = 0, 𝜉3𝑥𝑥 = 0,

𝜉3𝑥𝑦 = 0, 𝜉3𝑦𝑦 = 0,

𝜂2𝑥 = 0, 𝜂2𝑦 = 0, 𝜂2𝑧 = 0,

𝑔𝑣𝑣 = 0,

𝜉1𝑦 = −𝜉2𝑥 , 𝜉
1
𝑧 = −𝜉3𝑥, 𝜉

2
𝑧 = −𝜉3𝑦 ,

𝜂2𝑢𝑢 = 0, 𝜂2𝑢𝑣 = 0, 𝜂2𝑣𝑣 = 0,

𝜂1 = −𝜂2,

𝜂2𝑡 = 𝜌2
(

𝜂2𝑢
(

𝑢2 + 𝑢𝑣
)

+ 𝜂2𝑣
(

𝑣𝑢 + 𝑣2
)

− 𝑢
(

𝜂2𝑢 + 𝜂2
)

− 𝑣
(

𝜂2 + 𝜂2𝑣
))

+

+𝑔
(

𝜂2𝑣 − 𝜂2𝑢
)

+ 𝜂2
(

𝜌2 − 𝑔𝑣
)

(A.3)
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