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1 | INTRODUCTION

Fuzzy relation equations (FRE) are one of the most common fuzzy tools in processes involving approximated reasoning
and dealing with uncertainty [1-5]. Its relevance has motivated a deep research on resolution techniques [6-9]. Simulta-
neously, a large number of applications for FRE have arisen in multiple fields such as logic programming [10], abductive
reasoning [11], optimization [12], medical diagnosis [13], and bipolar information [14-16].

The approach presented in Diaz-Moreno and Medina [17] defines FRE within a multi-adjoint framework, called
multi-adjoint relation equations (MAREs), in which different conjunctions are involved in the sup-composition operator.
Different results on solving MARE are shown in Diaz-Moreno and Medina [18] in terms of a property-oriented concept
lattice, establishing a link between formal concept analysis (FCA) and FRE.

The consideration of MARE instead of FRE increases the flexibility of the setting and therefore enlarges the number of
problems that can be potentially modeled. A question that naturally arises in the process of modeling a real-world problem
is: Once we define a first model of the problem, how to improve the model? In our framework, this implies wondering
how the solution set of a MARE can help to improve the model. The present paper aims at providing a first insight into
this matter.

Recently, it was shown in Lobo et al. [19] that modifying the sup-composition of a MARE has some effects on its greatest
solution and its minimal solutions. In particular, a larger composition entails a smaller greatest solution and vice versa,
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while their minimal solutions might be incomparable. This paper continues this philosophy complementing these results
and giving detailed examples. We will show that a modification of a specific conjunction in the sup-composition of a
MARE by a greater or smaller conjunction reverses the ordering in the corresponding component of its greatest solution.
As a result, it is possible to either increase or decrease a component of the vector of the greatest solution of a MARE by
conveniently modifying the corresponding conjunction in the sup-composition operator. Moreover, we will show that this
last property also holds for minimal solutions.

The ample range of applications of MARE makes possible applying these results to various real problems. In order to
illustrate this fact, this paper contains a full example where the modeling strategy of an abduction problem is discussed
and modified according to some observed values, using the results previously presented. This abduction problem is based
on multi-adjoint logic programming (MALP), a framework that is strongly related to MARE [10].

The case of a modification in the sup-composition of a MARE giving rise to an unsolvable MARE is also analyzed in the
paper. In such case, the resulting MARE is approximated by a solvable MARE according to the optimistic and conservative
procedures presented in Cornejo et al. [10]. Finally, we deal with the goal of computing the solution set of a MARE from
the solution set of another one with a different composition. Thus, this technique enables a reduction in the number of
operations required for the computation of the solution set of the second MARE.

The paper is organized as follows. First, in Section 2, some preliminary definitions and the results that connect FRE
with FCA are recalled. In Section 3, the selection of conjunctions in a MARE will be studied, including its effects in
greatest and minimal solutions. This section will also include an example showing its usability. In Section 4, a procedure
for optimizing the process of resolution of a MARE once its sup-composition operator has been changed will be shown,
as well as an example which graphically shows how this procedure works. This paper ends with some conclusions and
proposals for future work.

2 | PRELIMINARIES

In this section, we will recall some notions and results concerning FCA [20, 21] and FRE [7, 17, 18]. In both cases, the
theory of adjoint pairs plays a key role.

Hajek showed that the semantic interpretation of Modus Ponens can be extended to fuzzy sets through a left-continuous
t-norm and its residuated implication [22]. In this paper, we will employ a generalized version of residuated pairs, known
as adjoint triples [23, 24].

Definition 1 (Cornejo et al. [24]). Let (P1, <1 ), (P2, <2 ), (P3,<3) be posetsand & : Py X P, —» P3, /: P3; X P, >
P, \\: P; X P; - P, mappings; then, (&, //, \) is called an adjoint triple with respect to P;, P,, P5 if

x=z1z/y iff x&y=3z iff y < zNx,

foreachx € P, y € P,,z € Ps.

Notice that if the conjunction & is conmutative and the residuated implications exist, Definition 1 implies that N= .

A partial order can be defined between two conjunctions &;, &, : P; X P, — P; in a natural way: &< &, if
x &1y =3x &, y for all x € P;,y € P,. If the conjunctions &,,&, belong to adjoint triples, the ordering < is reversed for
their residuated implications, as the following result states.

Proposition 2. Let (&;, /', \1), (&2, /%, N\2) be adjoint triples such that &, < &,. Then, z,/%y <1 z./'y and
N2 X =5 Z\1x forallx e P,,y € Pand z € P;.

Proof. We will prove the inequality concerning ! and /2. Let y € P, and z € P;. By Definition 1, from
z/%y <1 z/%y, we obtain that

@&y =<z

Now, since &;=<; &3, the following chain holds:

@/ *y) &1y <3 2/ %) &2y <3 2.
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Again, applying Definition 1, the previous is equivalent to the inequality
z/%y =1 2/

O

The following example shows different adjoint triples on the unit interval.

Example 3. The Godel t-norm is part of an adjoint triple (&g, /¢, \g), where &g, /¢, \g: [0,1] X [0,1] — [0,1]
are defined as follows:
. if z <
x&cy = min{x,y} z,/Cy= { ¢ ifi 2y and /%=X
Also, the product t-norm belongs to an adjoint triple (&p, /F, \p), where the mappings &p, ,/F, \p: [0,1] X [0,1] —

[0,1] are
ofz<y

x&y=xy z/Fy= { y

P _
1 ify<z and /" = N\vp.

In the same way, the Lukasiewickz t-norm leads to the adjoint triple (&g, // L \1), where &;, /%, N\4: [0,1]1%[0,1] —

[0,1] are defined as

x&py=max{0,x+y—-1} z/Fy=min{1-y+z1} and /F=X\,..
Notice that the following chain of inequalities holds [25]:
&< &p< &g
As a result, by Proposition 2, we have that
/8 < /P < /F andthat Ng < \o»p < \b

Commutativity is not a necessary property in the conjunction of an adjoint triple. For example, if we consider & :
[0,1] X [0,1] — [0, 1], defined as x&y = x?y, it is part of an adjoint triple (&, ,/, \) where

1 ify=0 1 ifx=0
2/ y= min{\/g,l} else and  z\x= min{%,l} else.
y X
O

In the different examples contained in the paper, for the sake of simplicity, we will consider the discretization of adjoint
triples presented in Example 3 in a partition of the unit interval.

Namely, the discretization of a t-norm in a partition of the form! [0, 1],,, can be defined in a general form [26]. Moreover,
given an adjoint triple (&, //, \), the triplet (E, 7, () is an adjoint triple with respect to [0, 1], [0, 1],, and [0, 1]k, as it is
shown in Cornejo et al. [27].

The following result shows that the existing ordering on &g, &p, &g can be extended to the discretized conjunctions.

Proposition 4. Let [0, 1], be the regular partition of the unit interval in n Dpieces ﬂfzd &_i&_P, and &_L the discretization
of the Gadel, product, and Eukasiewicz t-norms, respectively. It holds that &g < &p < &g.

A multi-adjoint property-oriented frame is an algebraic structure formed by two lattices and a poset endowed with a
set of adjoint triples.

Definition 5 (Medina [28]). Let (L1, <; ), (L2, <2 ) be two lattices, (P, <) a poset, and {(&;, /,\)) | i € {1, ... ,n}}
a set of adjoint triples with respect to P, L, L;. The tuple

(L17L25P7 517 525 5’ &17 /1a \1’ LRI &m /n’ \n)

1[0, 1],, denotes a regular partitions of [0, 1] into m pieces, for example, [0, 1], = {0,0.25,0.5,0.75,1}.
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is called multi-adjoint property-oriented frame.

In the particular case in which L; = L, = P, the property-oriented multi-adjoint frame will be denoted as

(Psﬁs &1,/1’\17 cee 9&}1’/"9\")'

The notion of context is a formal interpretation of a dataset. It consists of two sets, a fuzzy relation between them, and a
mapping that assigns (the index of) an adjoint triple to each pair of elements formed by one element of each set.

Definition 6 (Medina [28]). Let (Li,L,P, <1, <3, <, &1, /L N1, --. » &0 /" \n) be a property-oriented
multi-adjoint frame. A context is a tuple (A, B, R, 6) where A and B are non-empty sets, R: A X B — P is a fuzzy
relation, and 6 : A X B — {1, ... ,n} is a mapping.

In Definition 6, A is interpreted as a set of attributes and B as a set of objects. Hence, the mapping o assigns an
adjoint triple to each pair attribute-object. In the next definitions, we will fix a property-oriented multi-adjoint frame
(L1,Ly, P, <1, <0,=<, &1, /N0 .. » &, /™ N\») and a context (4, B, R, 0).

Consider the fuzzy subsets of attributes L{‘ ={f | f: A— Li} and the fuzzy subsets of objects Lf ={g|g: B— Ly}
It is possible generalizing the necessity and possibility operators defined in Diintsch and Gediga [29] by means of the
mappings '+ : L} — L4 and W L%, which are defined as

g @ =\/, {R@b) & ungb)|be B}, ¢))

7w = N\, {f@Noa@nR(@,b)|a € A}, )

foreach f € L’{‘ and g € L%, where \/, and )\, represent the supremum and infimum of subsets of the lattices (L;, <; )and
(L, <, ), respectively. These operators were introduced in Medina [28] together with the main property of the pair ('~,""),
that is, it forms an isotone Galois connection. This property gives rise to the notion of multi-adjoint property-oriented
concept lattice. Consider the order relation <,y defined as(g;, f1) <.~ (g2, f>)ifand onlyif f; <; f>, orequivalently,if and
only if g; <, g». The multi-adjoint property-oriented concept lattice associated with the multi-adjoint property-oriented
frame (L1, L,, P, &4, ... , &,) is defined as follows:

MnN(A,B,R,6)={(g,f}eL’ij{‘|g=fl”,f=gu}_ 3)

The set M,y with the order <,y isa complete lattice [28]. Given a concept (g, ), g is called the extent of the concept
and f is called the intent. The set of all extents will be denoted as £(Mx) and the set of all intents as Z(M ,y). For further
details, we refer the reader to Medina [28].

Next, some notions related to MARE will be recalled, as well as their relationship with FCA. A detailed study of this
relation can be found in Diaz-Moreno and Medina [17]. From now on, we will fix a property-oriented multi-adjoint frame:

(Ll,Lz,P, 51’ 527 < &1’ /1a \1’ ey &n, /Vl’ \n):

three sets U, V, W and three fuzzy relations R € PY*V, S € LYV, T € LUV,
A MARE is an expression of the form R © S = T, where © is a multi-adjoint composition operator and either R or S is
unknown. In this work, two different compositions will be considered, having both a multi-adjoint nature.

Definition 7 (Diaz-Moreno and Medina [17]). Given a mappingo: V — {1, ... ,n}.

1. The operator ®, : PU*V x LYW — LUXW defined as

RO, Sw,w) = \/ {RW,v) &S, w)|ve V} (4)

is called sup- &,-composition.
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2. The operator <,: LYW x PU*V — LY*V defined as

T <,R(v,w) = /\Q{T(u,w) Neo() Ru,v) [ue U} (5)

is called inf-\ ;-composition.

Different equations can be defined using the sup-compositions from Definition 7, depending on which is the unknown
fuzzy relation.

Definition 8 (Diaz-Moreno and Medina [17]). A MARE with sup- &,-composition is an equality of the form

RO, X =T, (6)

or of the form
YO,5=T, @)

where, in both cases, X € L}V, Y € LYV are unknown fuzzy relation.

Notice that, we need L; and L, to be complete lattices if we want expressions (4) and (5) to be well-defined.
In this paper, we will restrict our study to MARE of the form (6). Nevertheless, a dual version of the results with respect
to MARE (7) can be obtained, considering a similar strategy to the one used in Diaz-Moreno and Medina [17, 18].
Notice that the equation R ®, X = T can be written as a set of systems of equations. Specifically, for each w € W, we
have the following system:
an&ixy Vo o... V aim&uxy = 4
(®)

A &1 X1 VooV Qun &mXm = Ity

where a;; = Ru;, v;), X(vj,w) = x;, T(u;, w) = t;, and &;= &g(vl,), forallie {1, ... ,n},j€{(1, ... ,m}.

We say that MARE (6) is solvable if there exists at least one solution, that is, a relation X € L;’ *W satisfying Equation (6).
Otherwise, we say it is unsolvable.

If we want to use the procedures that were introduced in Diaz-Moreno and Medina [17], the first step for solving a
MARE is establishing a correspondence between a MARE and a multi-adjoint context.

Definition 9 (Diaz-Moreno and Medina [17]). The multi-adjoint context associated with the MARER®, X = T is
the multi-adjoint context (U, V, R, o).

The relation between a MARE and its associated context entails a necessary and sufficient condition for the solvability
of the MARE in terms of the Galois connection (Tﬂ,lN). Moreover, if it is solvable, the greatest solution of the MARE is also
characterized.

Proposition 10 (Diaz-Moreno and Medina [17]). Let R ©®, X = T be a MARE and (M,n, <.~ ) its associated context.
Then, RO, X = T is solvable if and only if T,, € T(M,y) for allw € W. In that case, T <, R € Ly *" is the greatest
solution, being (T <, R),, = T foreachw € W.

Notice that there exists an equivalency between the condition T,, € I(M,y) and the equality T&NT” = T,,. The following
corollary provides a direct way for computing the greatest solution of a solvable MARE.

Corollary 11 (Diaz-Moreno and Medina [17]). Let R ®, X = T be a solvable MARE. Its greatest solution X is given by

Xw,w) = N\ T w)Now Rw,v) |u€ U}
foreach v,w) e VX W
Let (L, <) be a lattice and x € L. The set of lower bounds of x, i.e, {a € L|a < x} will be denoted as (x]. In this

framework, we are specially interested in the set of predecessors of a concept:

Pre;(x) = {x’ € L | x' < x and there isno x” € L such that x' < x” < x}.
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The importance of the set of predecessors relies on the strong relation that they have with the solution set of a MARE.
The last theorem of this section characterizes the whole solution set of a MARE in terms of its associated concept lattice.

Theorem 12 (Diaz-Moreno and Medina [18]). Let R ®, X = T be a solvable MARE and (M .y, <.n ) its associated
context. If U, V are finite sets, the solution set of the MARE is

{X eLYVIX, € <T1LN] \U {(g] | g € Presan ) (T‘tN)} for each w € W} .

Theorem 12 enables to obtain the whole solution set of any solvable MARE.

3 | ONTHE EFFECTS OF SUP-COMPOSITIONS IN MULTI-ADJOINT
RELATION EQUATIONS

The multi-adjoint paradigm provides great flexibility in the selection of the conjunctions involved in a reasoning process.
In the literature, this flexibility has been usually used with the aim of expressing preferences in environments related to
FCA [21]. In this way, desired attributes or objects are assigned to conjunctions that produce higher values, while the rest
are assigned to other conjunctions that produce lower values.

In this section, we will also consider fixed a property-oriented multi-adjoint frame:

(LI’L27P9 ﬁla 527 §3’ &17 l/la \19 LRI &m l/n’ \n),

three sets U, V, W and the fuzzy relations R, T.

In the case of MARE, as several conjunctions are involved in the sup-composition operator, they can be conveniently
selected following a similar philosophy to FCA. The selection of such composition may have a direct impact in the resolu-
tion of the MARE. For instance, not only the solvability but the greatest or minimal solutions could be affected. In order
to elucidate the scope of these consequences, we devote this section to study the effects of changing the sup-composition
operator of a MARE.

As a first insight into the topic, the results shown in Lobo et al. [19] focus on the impact of a sup-composition alteration
in the solution set of a MARE. The first result that is presented in Lobo et al. [19] states that considering larger conjunc-
tions will decrease the greatest solution of a MARE. This occurs because greatest solutions are computed by means of
implications, which reverse the ordering of conjunctions (Proposition 2). Analogously, considering lower conjunctions
will increase the value of the greatest solution.

In what follows, we define a partial order in the set of sup-composition operators, which is induced by the partial order in
the set of conjunctions. The whole structure of adjoint triples is studied in Cornejo et al. [24]. Given two sup-composition
operators Oy, Oy : PYXLY — LY, wesaythat 0, < Oy if &g < &gy forallv e V.

Proposition 13 (Lobo et al. [19]). Let RO, X = T and R ©®, X = T be two solvable MARE such that ©, < O, and
let X, X, be their greatest solutions respectively. Then, X ; <, X,.

Proposition 13 applies when the sup-composition operators are ordered, what means that all conjunctions are ordered
in the same way, that is, &)< &4 forallv € V or &)< &) for allv € V. In the following result, this condition will
be weakened, so that for each pair of ordered conjunctions, their order is inverted in the corresponding argument in the
greatest solution.

Theorem 14. Let RO, X = T and ROy, X = T be two solvable MARE and let X,, X, be their greatest solutions
respectively. Forallve V,w e W

a. If &) < &oriry then X o (v, w) <5 X, (v, W).
b. If &p1vy < &o(wy, then X,(v,w) <5 Xo (v, W).

Proof. By Corollary 11, forallve V,we W,

Xo,w) = N\ (T wW)Now R, V) |1 € U),
Xy ,w) = N (T w)Noe) Rw,v) |u€ U},
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Consider fixed v € V, w € W and suppose that &) < &,«). Applying Proposition 2, forallu € U,
T(u, W\ R, v) <5 T(u, w)N\ow) R(U, V).

This implies that every lower bound of {T(u,w)N\sw Rw,v)|u € U} is also a lower bound of
{T(u,w)N\ow Ru,v) | u € U}. Consequently, because of the definition of infimum,

}_(,,/(v, w) = /\2{T(u, W\ R, v) |u € U}
< N\ AT@WNow R ) |1 € U =X, 0,w).

Hence, as w € W was fixed, X, (v, w) <, X, (v, w) for all w € W. The case in which &o1w) = &4y 1s analogous. [

Among others, Theorem 14 can be applied in cases in which the sup-compositions ©, and ®, areincomparable, but
the underlying conjunctions preserve some kind of ordering. The following example illustrates how Theorem 14 can be
applied.

Example 15. Consider the sets U = {uy,uy}, V = {v1,v2,v3}, W = {w} and the multi-adjoint frame

([09 1]87 S? &_La 7L7 <L7 &_P7 7Pa <P7 &_G7 7G7 (G)? (9)

where &_L &_p, &_G are the discretization of the Lukasiewick t-norm, the product t-norm, and the Gdédel t-norm,

respectively. Let
0.5 0.5 0.25 0.25
R=<0.5 1 0.75) T=<o.5>’

RO, X=T, (10)

and consider the MARE

where o1(v;) = P, 01(v,) = G, and o7(v3) = L.
If it is solved, it is obtained that its greatest solution is

_ 0.5
X, =( 025 ).
0.75

If we wanted now to decrease the value of the first and the third variables and to increase the value of the second one,
by Theorem 14, it is possible defining c,(v1) = G, 02(v3) = G, so that they are assigned to greater conjunctions and
02(v2) = L, so that it is assigned to a lower conjunction.
If we consider now the MARE
RO, X=T, (11)

_ 0.25
X, = 05 |,
0.5

which verifies the conditions that were required. O

it is obtained that its greatest solution is

Theorem 14 does not ensure anything when conjunctions are not comparable. This example shows that, if this occurs,
the behavior of the variables cannot be predicted.

Example 16. Consider the sets U = {uy, Uy, us}, V= {v1,v,,v3}, W = {w} and the multi-adjoint frame

<[05 1]16’ S’ &_Pa 7P’ <P7 &2’ /29 \2’ &37 /37 \3) > (12)

where &_p is the discretization of the product t-norm, &, is the discretization of the conjuntion defined as &, (x, y) =
x? \/}1, and &j; is the discretization of the conjuntion defined as &3(x, y) = \/)_cyz. It can be easily checked that &p|| &,
and &p||&;. Let

R=(05 025 1) T=(025),
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and consider the MARE
RopX=T. (13)

If we calculate its greatest solution, we obtain the following:

_ 0.5
Xp=( 1 ).
0.25

If we now define ¢’ (v1) = 2, 6/(v2) = 3, ¢’(v3) = 2 and consider the MARE
RO, X =T. (14)

It is clear that Theorem 14 cannot be applied, because of the incomparability of the different conjunctions. Its
greatest solution is
1
X = 06875 ).
0.0625

As a consequence, it has been shown that nothing can be assured about the order when conjunctions are not
comparable. &, has increased the first variable, but has decreased the third, while &; has decreased the second
variable. O

Clearly, Proposition 13 and Theorem 14 only make sense when a solvable MARE remains solvable after the change in
the sup-composition operator. However, the solvability of a MARE might be affected by such a modification. To be precise,
changing the sup-composition in a solvable MARE could lead to an unsolvable MARE.

In that case, following the approach presented in Cornejo et al. [10], it is possible to recover the solvability of a MARE by
modifying its right-hand side. Specifically, we will focus on increasing or decreasing all terms of the right-hand side. Given
an unsolvable MARE R ©, X = T, if the resulting MARE R ©, X = T* is solvable, we say that it is an approximation of the
unsolvable MARE. Besides, we say that it is an optimistic approximation if T < T* and a conservative/pessimistic approx-
imation if T* < T. In Cornejo et al. [10], two different procedures are presented to define conservative and optimistic
approximations of an unsolvable MARE.

Given an optimistic or a conservative approximation of an unsolvable MARE, it remains to determine under which con-
ditions an existing ordering in the underlying conjunctions entails an ordering relation in the corresponding component
of the greatest solutions. The following result sheds lights on this matter.

Theorem 17. Let R ®, X = T be a solvable MARE, R ®,» X = T an unsolvable MARE, and let R®, X = T* be an
approximation of R ©, X = T. Given X, the greatest solution of R ®, X = T and X, the greatest solution of R O, X =
T*, forallv € V,w € W, the following statements hold:

a) If &su) < &) and R ©n X = T* is a conservative approximation, then )_(Z/ W, w) <5 X, (v, w).
b) If &) = &, and R Oy X = T* is an optimistic approximation, then X,(v,w) <, X, ::: v, w).

Proof. We will only prove a, as b follows analogously. Let v € V, w € W such that &, < &) and suppose that

RO, X = T* is a conservative approximation, that is, T}, <1 T.
Applying Proposition 2, for all u € U,

T (u, W)\ R, V) <5 T (U, W)Now) R, V).
As the mapping \ 4 is increasing in the first argument, it also holds that

T (u, W)N\ow R, v) <2 T(u, w)Now) R(u,v),
so the following inequality holds:

T (u, W)\ ) R, v) <2 T, w)N\ow Ru,v).
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This implies that every lower bound of {T*(u,w)N\sw Ru,v)|u € U} is also a lower bound of
{T(u,w)N\ow Ru,v) | u € U}. Consequently, because of the definition of infimum,

Xo,w) = A\ (T, W)\ RWv) | u € U)
< A\ (T W) Now R V) [u € U} =X, ,w).

O

Notice that the way in which a MARE is approximated has special relevancy in Theorem 17. In some cases, depending
on the required effect on the solution set, after the modification of the composition, it may be necessary applying an
optimistic or conservative approximation.

In case that the sup-composition operators are ordered, either optimistic approximations or the conservative approxi-
mations reverse the order between the sup-compositions in the corresponding greatest solutions.

Corollary 18. Let R®, X = T be a solvable MARE, R ®,» X = T an unsolvable MARE, and let RO, X = T* be an
approximation of R ©, X = T. Given X, the greatest solution of R ©, X = T and X the greatest solution of R O, X =
T*, the following statements hold:

@) If Osw) < Opwy and R O, X = T* is a conservative approximation, then X ; < X,.
b) If Oswy < Osw) and R O X = T* is an optimistic approximation, then X, <, X

Proof. It straightforwardly folllows from Theorem 17. O

The following example illustrates the previous results.

Example 19. Consider the sets U = {uy,uy}, V = {v1,v,}, W = {w} and the multi-adjoint frame

- —t — — —P — — —G —
([09 1]87 S? &L’ l/ s’ \L’ &P7 l/ 5 \P’ &G7 l/ ’ \G)? (15)
as in Example 15. Let
0.5 0.25 0.25
R=(1 0.5) T=<0.25>’
and consider the MARE
RO, X=T, (16)

where o1(v1) = G and o1(v,) = P. We can now obtain the greatest solution of this MARE, which is

= 0.25
Xo = < 0.5 ) :
If we wanted now to increase both variables, by Theorem 14, it is possible defining o,(v;) = P, 6,(v,) = L, so that they

are assigned to lower conjunctions.
However, if we consider now the MARE

RO, X=T, a7

it is unsolvable. Therefore, it is necessary applying Theorem 17, which states that an optimistic approximation of
MARE (17) is necessary. This approximation can be computed by means of the methods given in Cornejo et al. [10],

obtaining that
. (025
r= <0.375> :

RO, X =T, (18)

If we now solve the MARE,
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we obtain that its greatest solution is
- 0.375
Xo, = <0.875 > ’
which verifies that X, o = X, Zz. O

In Lobo et al. [19], it was shown that ordered sup-compositions may provide incomparable minimal solutions. However,
if they are comparable, only one inequality arises.

Theorem 20 (Lobo et al. [19]). Let RO, X = T and R ®, X = T be two solvable MARE such that ©, < O, . Given

X, a minimal solution of R ©, X = T and X, a minimal solution of R O, X = T such that X, } X, then X, <5 X,,.

Proof. Suppose that X, <, X,/. By hypothesis, RO, X, = T and R®, X, = T. Consider fixedu € Uandw € W.
Taking into account that &,w) < &4y for allv € V, it holds that

R(u,v) &)X (v, w) <1 R(U, V) &1 1) X (V, W),

for all v € V. This implies that every upper bound of {R(u,v) &, Xs(v,w)|v € V} is also a upper bound of
{R(u,v) &, Xs(v,w) | v € V}. Consequently, because of the definition of suprema,

RO, X,(u,v) = \/ (R, V) &o X, (v, W) [V € V)
<1 \/{RW ) &y X, (v, W) |V € V} = ROy X(u,V).

As u, w were fixed, R ©, X,(u,w) <1 R Oy X,(u,w) for all (u,w) in U X W, and hence,
R0O; X5 21 ROy X;.
Now, as &,y is increasing on the second argument for all v € V and X,, <, X,», it can be similarly proved that
ROy X; <1 ROy Xy,
Consequently, the following chain of inequalities holds:
T=RO;X; X1 ROy X; 21 ROy Xy =T.
Therefore, R ©, X, = T, s0 X, is a solution of R ©, X = T verifying that X, <, X,-.

As X, is a minimal solution of R®, X = T, it must be verified that X, = X,,. We conclude that necessarily
Xo" 52 Xo‘- I:l

The following example illustrates that, in general, comparable sup-compositions do not give rise to comparable minimal
solutions. Moreover, if M; and M, are the sets of minimal solutions of the original and the modified MARE, respectively,
it may happen that, for some i, € My, for all 7, € M,, it holds that 1, ||771,. Therefore, the hypothesis of comparability
cannot be removed from Theorem 20.

Example 21. Consider the sets U = {uy, Uy, U3, s}, V = {v1,v5, 03,04}, W = {w} and the multi-adjoint frame
_— —tf — — —p —
([09 1]87 Sv &Lvl/ ’\L’ &pvl/ a\p) s (19)

where &, &_p are the discretization of the Lukasiewick t-norm and the product t-norm, respectively. Let

025 0.75 0.875 0.5 0.375
r—| 05 025 075 0125 r_|0375
=l025 025 0125 0.25 =[ o125 |

0.5 0.125 0.375 0.75 0.375
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and consider the MARE
ROy X =T, (20)
and the MARE
ROp X =T, (21)

which are both solvable. Applying Proposition 10 and Theorem 12, we obtain that MARE (20) has a greatest solution

0.875
= 0.625
Xe=| 05
0.625
and two minimal solutions
0.875 0.875
0.625 0
XL,I = 0 XL,Z = 0.5
0 0
On the other hand, MARE (21) has a greatest solution
0.5
= 0.5
Xp=102375 |
0.5
and a smallest solution
0
0
Xp1=0375
0.375

Clearly, Xp1|| X1 and Xp ;|| Xz 2, but, by Proposition 4, we have that ©x < Op. Figures 1 and 2 show the sublattices
that allow the computation of these solutions by Theorem 12.

The following result introduces the analogous result of Corollary 18 for minimal solutions, taking into account
that the minimal solutions could be incomparable. If two minimal solutions are comparable, considering a greater

((0.875, 0.625, 0.5, 0.625), (0.375, 0.375, 0.125, 0.375))

((0.875, 0.5, 0.375, 0.625), (0.25, 0.375, 0.125, 0.375)) ((0.75, 0.625, 0.5, 0.625), (0.375, 0.25, 0.0, 0.375))

FIGURE 1 Sublattice of the concept lattice associated with MARE (20).
- _///\_/_
@ 0.5), (0.375, 0.375, @ ((0.5, 0.5, 0.5, 0.25), (0@
@. 0.25), (0.375, 0.3@

(0.5, 0.5, 0.25, 0.5), (0.375, 0.25, 0.125, 0.375))

FIGURE 2 Sublattice of the concept lattice associated with MARE (21).
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sup-composition and a conservative approximation ensures lower minimal solutions, while lower sup-compositions with
optimistic approximations entail greater minimal solutions.

Theorem 22. Let RO, X = T be a solvable MARE, R ®,» X = T an unsolvable MARE, and let R ®, X = T* be an
approximation of R ©, X = T. Given X, a minimal solution of R ©, X = T and X}, a minimal solution of R ©, X = T,
it holds that

a) If ©, < Oy and ROy X = T* is a conservative approximation, then X7 <2 X, or X5 ||X7,.
b) If 0 <X O, and RO, X = T* is an optimistic approximation, then X, <, X, or X, ||1X7,.

Proof. We will prove a. Suppose that X, <, X?,. Following an analogous procedure as in the proof of Theorem 20, we
obtain that

R oo” Xo‘ ﬁl R Qo" X:/v

which leads to the following chain:
T=RO; X; 21 ROy X; <1 ROy X, =T".

Therefore, T <; T* and by hypothesis T* <; T. Consequently, T = T* what contradicts the unsolvability of R @, X =
T. This proves that necessarily X, <, X,. |

In the following example, we show the usability of the results presented along Section 3. This will be done in a MALP
framework, in which an abduction problem will be considered.

A multi-adjoint logic program is a set of rules with associated weights, where each rule has a body (antecedent) and a
head (consequent) [30]. An abduction problem is the process of looking for possible antecedents when consequents and
weights are known. This process in a MALP is equivalent to a MARE [11]. Because of this connection between MALP
and MARE, the possible antecedents of a situation are described by the solution set of a MARE. It may occur that, after
some particular cases, it is determined that this solution set is not coherent with the reality under study. The presented
results will be used for modifying this solution set so that the new solutions are coherent with these values that have been
observed. For instance, if the greatest solution is lower than expected, we will increase it until the expected values are part
of the solution set.

Additionally, the logic program that leads to the abduction process will have the same requirements as the one presented
in Lobo et al. [11], that is:

1. There are no cyclic dependencies in the rules of the program.
2. Bodies of the rules can only contain one propositional symbol.
3. For the sake of simplicity, we will assign the same residuated implication to all rules with the same body.

Example 23. Consider the following set of propositional symbols:
Q = {high_engine_temperature, low_tyres_pressure, low_oil_level, high_fuel consumption, engine_failure},
and the multi-adjoint frame
(10,115, 10, 114, [0, 15, <, &1, 7> N & 27> s &0 7 G-
As weights are elements of [0, 1]4, we can consider that a rule is irrelevant (0), bad (0.25), acceptable (0.5), good (0.75),
and excellent (1). Remember that each rule containing a different body can be associated with a different implication.

In this environment, the following multi-adjoint logic program can be considered:

(engine_failure N, high_engine_temperature ;1)
(high_fuel_consumption N, high_engine_temperature ;0.5)

(high_fuel consumption N low_tyres_pressure ;0.75)
(engine_failure N low_oil_level ;0.75)
(high_fuel consumption ~Njp low_oil level ;0.25)
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This multi-adjoint logic program can be used in order to perform an abduction process, in which the observed values
of engine failure and high fuel consumption are used to estimate the values of the other propositional symbols. As
described in Lobo et al. [11], the abduction process is modeled by the following MARE:

1&pxh_e_t V 0.75&X1 o1 =le 1, 22)
025&pxpn et V 05&X 01 V 0.75&cX1 ¢ p = tnte

whose resolution allows the calculation of the hypothetical values associated with the propositional symbols in the

bodies of the rules. If we define o(h_e_t) = P, 6(I_o_l) = £. and o(I_t_p) = G, MARE (22) is expressed as

RO, X =T,

Xh_e_t
_( 1 075 0 _ o e | tes
R‘(ozsos 0%) X“<M°1> T_<ﬂﬂc>’
Xi_tp -

and T must be substituted by the observed values that will be used in the abduction process.
Suppose now that we have observed an engine has failure with certain value 0.5 and high fuel consumption with
certain value 0.5. The resolution process of the MARE leads to a greatest solution

_ 0.5
X=|( 075
0.5
0 0.5
X, =( 075 Xx=( o |.
0.5 0.5

The greatest solution represents the higher possible hypothetical values for the antecedents, which are x,  ; =
0.5,x.01 = 0.75, and x; ¢ , = 0.5, while the minimal solutions are lower bounds of the possible values of the
propositional symbols in the antecedents of the rules (hypothesis).

Suppose now that, after the abduction process, we measure engine temperature, tire pressure, and oil level, obtain-
ing xy ¢ ¢ = 0.5, x 61 = 0.5,and x_;_, = 0.75. As these values are not in the solution set, we can assert that the logic
program is not properly modeled.

Since we only want to increase one variable and decrease other, by Theorem 14, it is enough with defining
o'(h_e_t)=P,06'(lLo_1) = G,and ¢’(1_t_p) = £ and solving now R ©,» X = T. The new greatest solution is

N 0.5
Xs=1 05 ],
0.75

what is compatible with the values obtained in the measurement and, hence, coherent with the reality.

Something similar may had occurred if we had measured that x, ¢ = 0, X 01 = 0.5, and x;_ , = 0.25, because
these values are lower than one of the minimal solutions of the MARE. In this case, by Theorem 20, we can define
o’(h_e_t) =P, 6’(I_o_l) = G, and ¢'(I_t_p) = G, what turns the minimal solution into

0
Xo",l = 05 5
0

what is coherent with the situation that was obtained in the measurements.

where

and two minimal solutions
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4 | COMPUTING THE SOLUTION SET OF A MARE FROM ANOTHER ONE

The results introduced in Section 3 allow to perform a change on the sup-composition operator of a MARE in order to
increase or decrease its most relevant solutions, resulting in an enlargement or decrement of its solution set. Although the
usability of this change has been illustrated in Example 23, it implies the resolution of a new MARE and the computation
of a new concept lattice.

It is well-known that the computational cost of this procedure scales quickly when the number of variables increases.
This is because, as stated in Belohlavek et al. [31], “the problem of computing all formal concepts reduces to the problem
of computing all fixpoints of an operator,” what entails a large number of operations. Moreover, in some cases, a single
change is not enough to turn an unsolvable MARE into a solvable one, but the sup-composition operator may have to
be modified several times, with its subsequent cost. For the sake of improving this process, this section presents a first
approach to the use of the concept lattice associated with a MARE in the resolution process of another MARE in which
only the sup-composition operator has been modified.

As Theorem 12 states that the solution set of a MARE is fully determined by a concept and its predecessors in a
property-oriented concept lattice, the procedures introduced in this section will try to reduce the number of candidates
for being predecessors in that concept lattice. The first result of this section gives a way for easily locating some of the
needed predecessors.

In order to improve readability, in the following results, we will differentiate between the concept lattice and the Galois
connection associated with the MARE R ®; X = T and the ones associated with the MARE R®,; X = T by means of
subscripts.

Proposition 24. LetR © X = T and R ©, X = T be two solvable MARE andw € W. For each predecessor (8,1, fp1) €
N N
M1 of <T]f,l , T > there exists a predecessor (g2, fp2) € Mzn Of <T,ﬁf, Tw> such that

W12 o
<fp1’fp1 > =< <gp,25fp,2> < <Tw 7Tw>-

Proof. The result follows immediately from the fact that

512
fpl <fp1<TW7

512

what implies that or < fp 1 fp > is a predecessor or there must exist a predecessor (g, fp,2) verifying that

<flfli’fpuI ><<gP2’fp2><< , T >

O

Proposition 24 can be used to compute a subset of the set of lower bounds of a concept in which at least a predecessor
must be contained. The following result uses all the predecessors located by Proposition 24 in order to reduce the number
of candidates for being predecessors of a concept. As a consequence, the computational cost of the calculation of the set
of predecessors of a concept is reduced.

N
Proposition 25. Let P; C M be the set of predecessors of <T‘fvl , TW> in Mn1and P, C M, the set of predecessors
N
of(Tj;, TW> in M2 It holds that

Py € (T TOINU{ (G 519 for cach (g,. 1) € Pi}
where ({(g, f)]| denotes the set {(gi,fi) € Lg xL}’ | (g, f1) < (g,f)}.

Proof. By definition, the predecessors of a concept are lower bounds of it, so it holds that

Py C ((T¥,1,)]
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Moreover, for each (g, fp) € P, it is satisfied that, by Theorem 24, there exists a predecessor (gp2, fp2) verifying
that

(£ 127 ) < oo foa) < (T Th).

N
Therefore, we can conclude that, by definition of predecessor, the predecessors of <le,2, Tw> are not in any set of the

form ( < fp , prNTZ>]l . Consequently,

{2 £39)] for each (g, 5,) € P} = 2

and it holds that

P, C ( TiN ]]\U{ fij?v,fégﬁ)] for each (g,, f,) € Pl}

The following example illustrates the results introduced in Section 4.

Example 26. Consider the MARE
RO, X=T, (23)

defined over the multi-adjoint frame

([O’ 1]47 [0’ 1]49 [09 1]43 &P’ &G)’

0.75 0.25 0.5
R= ( 0.5 0.75)’ r= (0.5)'

where 61(v1) = G, 61(v;) = Pand

((0.5, 0.5), (0.5, 0.5))

((0.25, 1), (0.25, 0.75))

((0.25, 0.5), (0.25, 0.5))

FIGURE 3 Sublattice of the concept lattice associated with MARE (23).

w2

FIGURE 4 Representation of the application of Proposition 25. [Colour figure can be viewed at wileyonlinelibrary.com]
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Applying the results presented in Diaz-Moreno and Medina [17, 18], MARE (23) can be solved by means of its associ-
ated concept lattice. Among others, the computation of the sublattice shown in Figure 3 is required to determine its
solution set.

Suppose now that the sup-composition operator of MARE (23) is modified, resulting in MARE (24) given by

RO, X=T, 24
where

0'2(111) =P and 0'2(1)2) =G.

According to Proposition 25, it is possible using the sublattice shown in Figure 3 in order to compute the solution set
of MARE (24). Firstly, applying Proposition 10, it can be checked that MARE (24) is solvable, as

52 12
pi: _ (05 _ (05 _(05)_
0.5 0.5 0.5

Additionally, the greatest solution of MARE (24) is

W 0.5
= <0.5 >
By Theorem 12, the computation of the whole solution set of MARE (24) depends on the predecessors of the concept
<T¢§, T). Applying Proposition 25, they belong to the set of lower bounds of (TU;, T) that are no lower bounds of

((0.25,0.5)'2,(0.25,0.5)'217) = ((0.25,0.5), (0.25.0.5)).

As the complete lattices M,y and I(M,n ) are isomorph, we can graphically see how Proposition 25 works. The
left side of Figure 4 represents the complete lattice Z(M,n 1) and the right side is associated with any mapping from
U to [0, 114, that is, the lattice ([0, 1]421’ <), where the order is defined pointwise. Applying B toT (in blue) and to the
intent of its predecessor (in green), we can see at the right which are the lower bounds of T3 in the lattice (0,112, 2)
(in orange).

Now, applying 1212 to the predecessor of T, we can discard all the lower bounds of this mapping (Proposition 25),
what is shown in red in Figure 5. As a consequence, only three possibilities for being the predecessors of T in Z(M n2)
remain, which can be seen in the right side of Figure 5.

Making the corresponding computations, it is obtained that

((0.25,0.5), (0.25,0.5)) and ((0.5,0.25), (0.5, 0.25))

w2

@
@

FIGURE 5 Representation of the application of Proposition 25. [Colour figure can be viewed at wileyonlinelibrary.com]
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are the predecessors of ((0.5,0.5),(0.5,0.5)) in M,n,. These predecessors allow the computation of the whole
solution set.

The relevancy of this reduction is greater in examples in which a large number of variables is involved.

5 | CONCLUSIONS AND FUTURE WORK

This work has introduced a study about the consequences of modifying the sup-composition operator of a MARE. As a
result, it is shown how an intentional modification of the sup-composition operator enables to manipulate the MARE in
order to model better a reality under study. An example involving logic programming illustrates this fact. Furthermore,
a procedure has been detailed for showing how it is possible to take advantage of the computation of the solutions of a
MARE to solve a variant in which the composition has been modified.

The presented results have been applied to theoretical examples and an abduction problem, but they are potentially
applicable in many other problems such as control theory, bipolar reasoning, and optimization, which will be studied
in the near future. In addition, the introduced study will be applied to real examples, such as in Digital Forensics in the
framework of the COST Action DigForAsp. Moreover, more properties will be studied to reuse the computations of the
whole set of solutions of a MARE and reduce its complexity.
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