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A wide family of position-dependent mass damped oscillators affected by an
external potential is investigated. First, a Lagrangian formulation is introduced
for the corresponding problem. The Lagrangian function is time-dependent,
and the problem cannot be approached with classical procedures because it
lacks variational symmetries. Therefore, the variational 𝜆-symmetry method is
applied to find exact solutions. Variational 𝜆-symmetries are determined for a
family of potential functions, which lead to a one-parameter family of exact
solutions. The results are applied to particular examples corresponding to some
interesting mass functions reported in the previous literature.
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1 INTRODUCTION

The interest of both classical and quantum particles with effective position-dependent mass has increased in the recent
years motivated by their wide range of applications [1–14]. For instance, the position-dependent mass formalism can be
applied to the movement of an object immersed into a dense fluid [9, 10], as well as to micro production techniques like
molecular-beam epitaxy and nanolithography [7, 8].

In this work, we aim to obtain exact solutions for a family of damped position-dependent mass oscillators affected by
an external potential. Throughout the work, we will denote by x and t the position and time, respectively; derivatives
with respect to the time t will be indicated by overdot, while prime will denote derivative with respect to the position x.
If p = p(x) stands for the linear momentum of the oscillator and m = m(x) is the corresponding position-dependent mass
function, then we have that

p(x) = m(x) .x. (1)

Newton's second law implies that

.p =  (t, x, .x), (2)

where  is the total force of the system. Apart from the external force FE(x) = −V ′(x) produced by a potential function
V = V(x), in the position-dependent mass formalism it has been proved the existence of an internally by-produced force
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RPDM given by [13, 14]

RPDM(x, .x) = 1
2

m′(x) .x2.

If we also consider a frictional force FR, then the total force splits into

 = FE + RPDM + FR,

which, by (2) and (1), yields

ẍm(x) + 1
2

m′(x) .x2 = −V ′(x) + FR. (3)

The value of the viscous friction depends on the design and the shape of the oscillator, as well as on the viscous coefficient
𝛾 of the material under which the oscillator is immersed. In the case of constant mass m, it is assumed that FR = −𝛾m .x
[15]; therefore, in our case, we consider that

FR = −𝛾m(x) .x.

Thus, by (3), the motion equation of the oscillator under study reads as follows:

ẍ + m′(x)
2m(x)

.x2 + 𝛾
.x + V ′(x)

m(x)
= 0. (4)

In general, Equation (4) only admits the vector field v = 𝜕t as Lie point symmetry [16–20]. This implies that Equation (4)
can be reduced to a first-order equation, by using the classical Lie method of reduction. It can be checked that by means
of the change 𝑦 = x and w = .x, Equation (4) is transformed into the Abel equation

w𝑦w + m′(𝑦)
2m(𝑦)

w2 + 𝛾w + V ′(𝑦)
m(𝑦)

= 0, (5)

for which the determination of some exact solutions is, in general, a difficult task. Some exact solutions of (5) for specific
forms of the arbitrary functions that appear in (5) can be found in Polyanin and Zaitsev [21]. However, without its general
solution, the classical Lie method cannot be applied to solve completely Equation (4).

Equation (4) is a special case of the Liénard II equation

ẍ + 𝑓 (x) .x2 + g(x) .x + h(x) = 0 (6)

for

𝑓 (x) = m′(x)
2m(x)

, g(x) = 𝛾, h(x) = V ′(x)
m(x)

.

The determination of Lagrangians for Liénard II equations of the type (6) has been intensively investigated in the recent
years. For instance:

• In previous works [22–24], Lagrangian functions for some families of the Liénard II equation were found by using
specific ansätze.

• The Jacobi last multiplier method was applied to obtain a Lagrangian formulation for several types of the Liénard II
and I type equation in [25] and [26], respectively.

• In Kudryashov and Sinelshchikov [27], new types of time-independent Lagrangians were obtained for some families
of Equation (6) by using nonlocal transformations [28–31].

• For the undamped case (𝛾 = 0), it is well known [3, 10] that Equation (4) admits the first integral

I(x, .x) = .x2m(x) + 2V(x). (7)
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• As a consequence of proposition 3.1 in Cieśliński and Nikiciuk [24], it can be checked that when the potential function
V = V(x) satisfies the condition

V ′′(x) = 2
9
𝛾2m(x) + V ′(x)m′(x)

2m(x)
, (8)

then Equation (4) admits the time-independent Lagrangian

L(x, .x) =
𝛾
√

m(x)
𝛾m(x) .x + 3V ′(x)

.

In this case, the symmetry v = 𝜕t is variational and Noether's theorem [32] provides the following first integral:

J(x, .x) = −
𝛾
√

m(x)
(
2𝛾m(x) .x + 3V ′(x)

)
(𝛾m(x) .x + 3V ′(x))2 .

From now on, we assume that 𝛾 ≠ 0. In the general case, that is, for arbitrary m = m(x), V = V(x) and 𝛾 , a Lagrangian
function for the family of equations (4) can be deduced by following proposition 2.1 in Cieśliński and Nikiciuk [24] (see
also the original work of Jacobi and Euler [25] and references therein):

L(t, x, .x) = e𝛾tm(x) .x2 + .x
(

2
𝛾

e𝛾tV ′(x) + ∫ Gx(x, t)dt + h(x)
)
+ G(t, x), (9)

where G = G(t, x) and h = h(x) are arbitrary smooth functions. Since variational symmetries are inherited as Lie point
symmetries of the corresponding Euler–Lagrange equation [16], in the general case the symmetry v = 𝜕t is the unique
candidate to be a variational symmetry of the Lagrangian (9). However,

𝜕t(L) = 𝛾e𝛾tm(x) .x2 + .x
(
2e𝛾tV ′(x) + Gx

)
+ Gt ≠ 0

for 𝛾 ≠ 0. Therefore, the Lie point symmetry 𝜕t is not variational and hence Noether's theorem cannot be applied to obtain
directly a first integral of the equation.

In this work, we address this problem by using the variational 𝜆-symmetry method, with the ultimate goal of obtaining
exact solutions for Equation (4). Variational 𝜆-symmetries were firstly introduced in Muriel et al. [33] as a generaliza-
tion of the classical notion of variational symmetry. An extension of variational 𝜆-symmetries for variational problems
with several independent variables was introduced in Cicogna et al. [34]. These generalizations have turned out to be
very effective to find exact solutions of variational problems, specially in the absence of standard variational symmetries
[35–37].

For ease of reading, in Section 2, we recall the notion of variational 𝜆-symmetry, as well as the associated procedure to
reduce the order of Euler–Lagrange equations, adapted to the case of first-order Lagrangians. In Section 3 we investigate
the existence of variational 𝜆-symmetries whose canonical representative [38] is defined by a function 𝜆 that is linear in
the first-order derivative. From this analysis, we obtain a family of potential functions, depending on an arbitrary smooth
function, which determines a wide family of equations of the form (4) that can be addressed by the variational 𝜆-symmetry
method.

In Section 4, we use the variational 𝜆-symmetry to reduce the original problem to an algebraic equation with trivial
solutions. After solving a first-order separable auxiliary ODE, a one-parameter family of exact solutions to the original
second-order equation is obtained. Remarkably, as a by-product of the presented approach, some particular solutions to
the underlying Abel equation (5) are also derived. Finally, in Section 5 we consider different particular examples by using
position-dependent mass functions that have been previously studied in the literature.

2 VARIATIONAL 𝜆-SYMMETRIES FOR FIRST- ORDER LAGRANGIANS

In this section, we recall the notion of variational 𝜆-symmetry, which was introduced in Muriel et al. [33] (see also
previous works [35, 36]) as a generalization of the classical concept of variational symmetry. Due to the nature of the
problem considered in this paper, we will focus on the case of non-degenerate first-order Lagrangians whose associated
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Euler–Lagrange equation becomes a second-order ordinary differential equation. We would like to emphasize that the
results presented in this section are also valid for a general scalar nth-order Lagrangian with associated Euler–Lagrange
equation of order 2n.

Variational 𝜆-symmetries are based on a deformed prolongation of a vector field which uses a smooth function 𝜆 as an
auxiliary object (see definition 2.1 in Muriel and Romero [39]):

Definition 1. Let v = 𝜉(t, x)𝜕t + 𝜂(t, x)𝜕x be a smooth vector field defined on an open set of the coordinate space
(t, x) and 𝜆 = 𝜆(t, x, .x) a smooth function. The first-order 𝜆-prolongation of v, denoted by v[𝜆,(1)], is defined as the
vector field

v[𝜆,(1)] = 𝜉(t, x)𝜕t + 𝜂(t, x)𝜕x + 𝜂[𝜆,(1)](t, x, .x)𝜕.x, (10)

where
𝜂[𝜆,(1)] = (Dt + 𝜆)𝜂 − .x(Dt + 𝜆)𝜉 (11)

and Dt = 𝜕t +
.x𝜕x + ẍ𝜕.x + · · · stands for the total derivative with respect to t.

The concepts of variational symmetry and divergence symmetry [16] can be extended when 𝜆-prolongations are
considered (see definition 2.1 in Muriel et al. [33]):

Definition 2. A pair (v, 𝜆), where v = 𝜉(t, x)𝜕t + 𝜂(t, x)𝜕x is a smooth vector field and 𝜆 = 𝜆(t, x, .x) is a smooth
function, is a variational 𝜆-symmetry of a first-order Lagrangian L = L(t, x, .x) if:

v[𝜆,(1)](L) + L(Dt + 𝜆)𝜉 = (Dt + 𝜆)(B), (12)

for some smooth function B = B(t, x).

Observe that the classical notion of variational symmetry [16] is included in Definition 2 as the particular case when
𝜆 = 0. If B = 0, then the pair (v, 𝜆) is called a strict variational 𝜆-symmetry. When a variational 𝜆-symmetry of a nth-order
Lagrangian is known, it is possible to construct a reduced Lagrangian, of order n − 1, whose associated Euler–Lagrange
equation (of order 2n−2) provides a (2n−1)-parameter family of exact solutions for the original 2nth-order Euler–Lagrange
equation (see theorem 1 in Muriel et al. [33]).

Since the problem addressed in this work corresponds to a first-order Lagrangian, in what follows we briefly sketch the
reduction method associated to variational 𝜆-symmetries for the particular case when n = 1. For further details of the
reduction method associated to nth-order Lagrangians, the reader is referred to the literature [33, 35].

Step 1: In an open neighborhood where v does not vanish, it is possible to introduce rectifying coordinates (𝑦, 𝛼) such
that v = 𝜕𝛼 . In order to simplify the notation, we keep denoting such coordinates as (t, x).
Step 2: Consider the Lagrangian L̂ = L + Dt(A), where B = −Ax. Thus, the Lagrangian L̂ is equivalent to L and (v, 𝜆)
becomes a strict variational 𝜆-symmetry for L̂ (proposition 2.1 in Muriel et al. [33]).
Step 3: Calculate a function w = w(t, x, .x) such that v[𝜆,(1)](w) = 0.
Step 4: The Lagrangian L̂ can be expressed in terms of the coordinates (t,w). Therefore, a reduced zero-order Lagrangian
L̃ = L̃(t,w) is obtained.
Step 5: The corresponding reduced Euler–Lagrange equation turns out to be L̃w = 0, which is related to the original
Euler–Lagrange equation by means of the formula (see eq. (29) in Muriel et al. [33]):

E
[

L̂
]
= (Dt + 𝜆)

(
−w.xL̃w

)
, (13)

where L̃w is assumed to be expressed in terms of the original coordinates (t, x, .x).
Step 6: Assuming that it is possible to obtain an expression w = H(t) from L̃w = 0, consider the first-order equation
w(t, x, .x) = H(t) and denote its general solution by x = h(t; k) where k ∈ R. Then the right-hand side of (13) evaluated
on x = h(t; k), assuming that is well defined, must vanish. Therefore, x = h(t; k) provides a family of exact solutions,
depending on the parameter k, to the original second-order Euler–Lagrange equation.

In the next section, we apply this procedure to the Lagrangians (9) in order to obtain exact solutions to the motion
equation (4).
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RUIZ SERVÁN and MURIEL PATINO

3 VARIATIONAL 𝜆-SYMMETRIES FOR POSITION-DEPENDENT MASS
DAMPED OSCILLATORS

Once a Lagrangian formulation for the motion Equation (4) has been obtained, in terms of the Lagrangians given in (9), in
this section we search for a variational 𝜆-symmetry (v, 𝜆) for the Lagrangian (9) with the goal of obtaining exact solutions
to Equation (4).

Since the first step of the associated reduction procedure requires rectifying coordinates for the vector field v, we can
assume, for simplicity, that v = 𝜕x. In order to ease the search of the corresponding function 𝜆, we can assume that it is
of the form

𝜆 = 𝛼(x) .x + 𝛽(x). (14)

By using (11), it can be checked that the first-order 𝜆-prolongation of v = 𝜕x, by using a function 𝜆 of the form (14),
becomes

v[𝜆,(1)] = 𝜕x + (𝛼(x) .x + 𝛽(x)) 𝜕.x.

Strict variational 𝜆-symmetries of the form (14) arise from condition (15) with B = 0 ∶

v[𝜆,(1)](L) = Lx + (𝛼(x) .x + 𝛽(x))L.x = 0, (15)

where L is given by (9). Since 𝛼 = 𝛼(x) and 𝛽 = 𝛽(x) do not depend on .x, (15) splits into the following system of determining
equations for 𝛼 and 𝛽 ∶

Equation 1: 2𝛼(x)m(x) + m′(x) = 0,

Equation 2: 2e𝛾t (𝛾m(x)𝛽(x) + 𝛼(x)V ′(x) + V ′′(x)
)

+ 𝛾

(
𝛼(x)h(x) + 𝛼(x)∫ Gx(t, x)dt + h′(x) + ∫ Gxx(t, x)dt

)
= 0,

Equation 3: 2e𝛾t𝛽(x)V ′(x) + 𝛾

(
𝛽(x)

(
h(x) + ∫ Gx(t, x)dt

)
+ Gx(t, x)

)
= 0.

(16)

From Equation (1) in (16), we get

𝛼(x) = − m′(x)
2m(x)

. (17)

In order to continue with the analysis of system (16), we distinguish the following cases:

3.1 Case 1: 𝛽(x) = 0
By setting 𝛽(x) = 0 in Equation (3) in (16), we obtain

Gx(x, t) = 0. (18)

Therefore, taking (17) and (18) into account, Equation (2) in (16), with 𝛽(x) = 0, becomes

2e𝛾t (2V ′′(x)m(x) − V ′(x)m′(x)
)
= 𝛾

(
h(x)m′(x) − 2m(x)h′(x)

)
. (19)

Since the right-hand side of (19) does not depend on t and 𝛾 ≠ 0, then we deduce that

2V ′′(x)m(x) − V ′(x)m′(x) = 0 and h(x)m′(x) − 2m(x)h′(x) = 0,
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which yields

V(x) = C2 + C1 ∫
√

m(x)dx, h(x) = C3
√

m(x), C1,C2,C3 ∈ R. (20)

The family of potential functions V = V(x) given in (20) provides, through (4), the following motion equation:

ẍ + m′(x)
2m(x)

.x2 + 𝛾
.x + C1√

m(x)
= 0. (21)

It can be checked that Equation (21) admits several Lie point symmetries that could be used to integrate completely the
equation [16, 19, 20]. Alternatively, a family of integrating factors that only depends on t and x can be found by solving the
determining equations (3.365a)–(3.369b) presented in Bluman and Anco (p. 194) [19]. Such integrating factors become
𝜇(t, x) =

(
c1 + c2e𝛾t)√m(x), for c1, c2 ∈ R. We can choose, for instance, c1 = 0 and c2 = 1, and use the integrating factor

𝜇(t, x) = e𝛾t
√

m(x) to write Equation (21) in the form:

e𝛾t
√

m(x)

(
ẍ + m′(x)

2m(x)
.x2 + 𝛾

.x + C1√
m(x)

)
= Dt

(
e𝛾t

(
C1

𝛾
+
√

m(x) .x
))

= 0.

From

e𝛾t
(

C1

𝛾
+
√

m(x) .x
)

= k1, k1 ∈ R,

we get the general solution to Equation (21) in implicit form:

k1e−𝛾t + C1t + 𝛾 ∫
√

m(x)dx = k2, k1, k2 ∈ R.

3.2 Case 2: 𝛽(x) ≠ 0
Solving Equation (3) in (16) for V ′(x) yields:

V ′(x) = −
𝛾e−𝛾t (𝛽(x) (h(x) + ∫ Gx(t, x)dt

)
+ Gx(t, x)

)
2𝛽(x)

. (22)

Since the potential function V does not depend on t, the right-hand side of Equation (22) cannot depend on t neither.
This fact restricts the possible choices of the functions h = h(x) and G = G(t, x) that appear in the Lagrangian (9). If we
set, for instance,

h(x) = 0, G(t, x) = e𝛾tq(x) + g(t), (23)

where q = q(x) and g = g(t) are arbitrary smooth functions, then Equation (22) becomes

V ′(x) = −
q′(x)(𝛾 + 𝛽(x))

2𝛽(x)
. (24)

After substituting (17) and (24) into Equation (2) in (16), the following first-order Bernoulli-type differential equation
for 𝛽 is obtained:

−2m(x)q′(x)𝛽′(x) +
(
2m(x)q′′(x) − q′(x)m′(x)

)
𝛽(x) − 4m(x)2𝛽(x)3 = 0. (25)

It can be checked that, by means of the standard change of dependent variable 𝛽 = 𝛽−2, Equation (25) is mapped into
the following first-order linear equation:

m(x)q′(x)𝛽
′
(x) −

(
2m(x)q′′(x) − q′(x)m′(x)

)
𝛽(x) − 4m(x)2 = 0. (26)
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RUIZ SERVÁN and MURIEL PATINO

Observe that if q′(x) = 0 Equation (26) implies that m(x) = 0; therefore, we assume from this point on that q = q(x) is a
non-constant function. It can be checked that general solution to (26) becomes

𝛽(x) =
m(x)(4q(x) + C)

q′(x)2 , C ∈ R.

Since 𝛽 = 𝛽−2, the general solution to Equation (25), assuming that 4q(x) + C > 0, becomes

𝛽(x) = ± q′(x)√
m(x) (4q(x) + C)

, C ∈ R. (27)

The corresponding potential functions V = V(x) arise from (24), where 𝛽 is given by (27):

V ′(x) = −1
2

(
q′(x) ± 𝛾

√
m(x) (4q(x) + C)

)
. (28)

Therefore, the family of position-dependent mass damped oscillators (4) whose potential functions V = V(x) satisfy (28)
becomes

ẍ + m′(x)
2m(x)

.x2 + 𝛾
.x −

q′(x) ± 𝛾
√

m(x) (4q(x) + C)
2m(x)

= 0. (29)

A corresponding Lagrangian formulation is obtained by substituting (23) and (28) into (9), which produces

L = e𝛾t
(

m(x) .x2 ∓ x1
√

m(x) (4q(x) + C) + q(x)
)
+ g(t). (30)

Previous discussion proves the following theorem.

Theorem 1. The family of position-dependent mass damped oscillators modeled by Equation (29) can be written as the
Euler–Lagrange equation of the Lagrangian function (30), and it admits the variational 𝜆-symmetry given by the pair(

𝜕x,−
m′(x)
2m(x)

.x ±
q′(x)√

m(x) (4q(x) + C)

)
, C ∈ R, (31)

where q = q(x) is a non-constant smooth function and the condition 4q(x) + C > 0 is satisfied.

4 EXACT SOLUTIONS DERIVED FROM THE VARIATIONAL 𝜆-SYMMETRY

Once the variational 𝜆-symmetry (31) for the Lagrangian function (30) has been obtained, we can use the procedure
described at the end of Section 2 to obtain exact solutions for the family of equations (29).

According to (11), the first-order 𝜆-prolongation for (31) becomes

v[𝜆,(1)] = 𝜕x +

(
− m′(x)

2m(x)
x1 ±

q′(x)√
m(x) (4q(x) + C)

)
𝜕.x. (32)

It can be checked that {t,w} where
w = x1

√
m(x) ∓ 1

2
√

4q(x) + C (33)

is a complete set of differential invariants for v[𝜆,(1)]. The Lagrangian (30) can be expressed in terms of the invariants {t,w}
as the following zero-order reduced Lagrangian:

L̃ = e𝛾t
(

w2 − C
4

)
+ g(t).
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RUIZ SERVÁN and MURIEL PATINO

The associated Euler–Lagrange equation (of zero order) becomes

𝜕L̃
𝜕w

= 2e𝛾tw = 0,

with trivial solution w = 0.
Therefore, by using the expression (33) in w = 0, a one-parameter family of exact solutions to the family (29) can be

retrieved by solving the auxiliary first-order equation

x1
√

m(x) ∓ 1
2
√

4q(x) + C = 0.

This is a separable equation whose general solution is implicitly defined by

t ∓ ∫
2
√

m(x)√
4q(x) + C

+ k = 0, k ∈ R.

As a result of the previous discussion, the following theorem has been proved:

Theorem 2. Consider the family of position-dependent mass damped oscillators given by

ẍ + m′(x)
2m(x)

.x2 + 𝛾
.x −

q′(x) ± 𝛾
√

m(x) (4q(x) + C)
2m(x)

= 0, (34)

where q = q(x) is a non-constant function, C is a constant and the condition 4q(x) + C > 0 is satisfied. A one-parameter
family of exact solutions, associated to the variational 𝜆-symmetry (31), is given, in implicit form, by

t ∓ ∫
2
√

m(x)√
4q(x) + C

dx + k = 0, k ∈ R. (35)

As an indirect by-product, the one-parameter family of solutions (35) can be used to obtain a particular solution to a
subfamily of the underlying reduced Abel equation (5) associated to (34), as stated in the following corollary:

Corollary 1. A particular exact solution for the family of Abel equations

w𝑦w + m′(𝑦)
2m(𝑦)

w2 + 𝛾w −
q′(𝑦) ± 𝛾

√
m(𝑦) (4q(𝑦) + C)
2m(𝑦)

= 0, (36)

where q = q(𝑦) is a non-constant function, C is a constant and the condition 4q(𝑦) + C > 0 is satisfied, is given by

w = ±
√

4q(𝑦) + C

2
√

m(𝑦)
. (37)

Proof. The family of Abel equations (36) has been obtained from (29) through the transformation 𝑦 = x and w = .x.
Implicit differentiation of (35) with respect to t yields

1 ∓
2
√

m(x)√
4q(x) + C

.x = 0.

By setting 𝑦 = x and w = .x in this expression, we obtain the one-parameter family of solutions (37), which proves the
result. □
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RUIZ SERVÁN and MURIEL PATINO

5 PARTICULAR EXAMPLES

In this section, we consider several equations of the family given in Theorem 2, that correspond to mass functions that
have been previously studied in the literature. Graphical representations of the corresponding applied external forces,
together with the corresponding exact solutions, are also plotted in Figures 1–7 for particular values of the integration
constant k that appears in (35).

5.1 Constant mass and cubic external force
For the case of constant mass function m(x) = m0, C = 0 and q(x) = (ax2 + bx + c)2, with a, b, c ∈ R, a ≠ 0, the family of
equations (29) becomes

ẍ + 𝛾
.x + 𝛼x3 + 𝛽x2 + 𝜇x + 𝛿 = 0, (38)

where

𝛼 = −2a2

m0
, 𝛽 = −

a
(
𝛾
√

m0 + 3b
)

m0
, 𝜇 = −

b𝛾
√

m0 + 2ac + b2

m0
, 𝛿 = −

c
(
𝛾
√

m0 + b
)

m0
. (39)

Physically, Equation (38) models a usual damped oscillator affected by a quartic potential that produces a cubic external
force given by

FE = −m0
(
𝛼x3 + 𝛽x2 + 𝜇x + 𝛾

)
. (40)

Equations of the form (38) are known in the literature as damped Duffing equations with cubic nonlinearities, which
have been widely investigated in the recent literature from both analytical and numerical methods. For instance, in Dem-
ina and Sinelshchikov [40], the case of linear damping and cubic nonlinearity was studied by means of linearizability

FIGURE 1 External force (40) and exact solution (41) of Equation (38) for a = b = c = m0 = 1 and k = 0. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 2 External force (40) and exact solution (42) of Equation (38) for a = −1, b = c = 3, m0 = 1 and k = −1. [Colour figure can be
viewed at wileyonlinelibrary.com]
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RUIZ SERVÁN and MURIEL PATINO

FIGURE 3 External force (40) and exact solution (43) of Equation (38) for a = −1, b = 5, m0 = 1 and k = 0.1. [Colour figure can be viewed
at wileyonlinelibrary.com]

FIGURE 4 External force and exact solution (47) of Equation (46), respectively, for 𝛾 = 1, a = 2, m0 = 1, C = 4 and k = −4. [Colour figure
can be viewed at wileyonlinelibrary.com]

FIGURE 5 External force and exact solution (51) of Equation (50), respectively, for k = −1, m0 = 1, l = C = 1∕10 and 𝛾 = 1. [Colour figure
can be viewed at wileyonlinelibrary.com]

via nonlocal transformations, whereas an approximate solution was obtained in Pirbodaghis et al. [41] for the undamped
case and for cubic-quintic nonlinearities.

By Theorem 2, a one-parameter family of explicit solutions can be obtained from (35):

• If 4ac − b2 > 0:

x(t) =

√
4ac − b2 tan

(
1
2

√
4ac−b2

m0
(t + k)

)
− b

2a
. (41)

• If 4ac − b2 < 0:

x(t) =
−
√

b2 − 4ac tanh
(

1
2

√
b2−4ac

m0
(t + k)

)
− b

2a
. (42)
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RUIZ SERVÁN and MURIEL PATINO

FIGURE 6 External force and exact solution (56) of Equation (55), respectively, for C = −3 and 𝜆 = 𝛾 = 1, m0 = 1∕4 and k = −28. [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 External force and exact solution (60) of Equation (59), respectively, for C = −1, 𝛾 = l = m0 = 1 and k = −3. [Colour figure can
be viewed at wileyonlinelibrary.com]

• If 4ac − b2 = 0:

x(t) = −
b(t + k) + 2

√
m0

2a(t + k)
. (43)

In this particular example, the reduced Abel equation (5) becomes

w𝑦w + 𝛾w + 𝛼𝑦3 + 𝛽𝑦2 + 𝜇𝑦 + 𝛿 = 0, (44)
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RUIZ SERVÁN and MURIEL PATINO

where the coefficients 𝛼, 𝛽, 𝜇 and 𝛿 are given in (39). As a by-product of the present approach, according to Corollary 1,
the following particular solution to Equation (44) is obtained:

• If b2 − 4ac ≠ 0 : w = 1√
m0

(
a𝑦2 + b𝑦 + c

)
.

• If b2 − 4ac = 0: w = 1
4a

√
m0
(2a𝑦 + b)2.

5.2 Constant mass and an external force with square root nonlinearity
In this case, we consider a constant mass function, that is, m(x) = m0 and a function q of the form q(x) = ax, with a ∈ R,
a ≠ 0. This situation corresponds to a classical damped oscillator affected by an external force modelled by the function

FE(x) =
a + 𝛾

√
m0 (4ax + C)

2
, C ∈ R, (45)

defined for x < − C
4a

if a < 0 and for x > − C
4a

if a > 0. The associated motion equation (29) becomes

ẍ + 𝛾
.x −

a + 𝛾
√

m0 (4ax + C)
2m0

= 0. (46)

The corresponding solution (35), derived in Theorem 2 by the variational 𝜆-symmetry approach, provides the following
one-parameter family of exact solutions to Equation (46):

x(t) = a2(t + k)2 − m0C
4am0

, k ∈ R. (47)

5.3 Mathews–Lakshmanan type position-dependent mass function
Mathews and Lakshmanan [3] derived interesting dynamical properties of a nonlinear oscillator that corresponds to the
nonlinear equation (4) for the case 𝛾 = 0, a position-dependent mass function given by

m(x) = m0

1 + lx2 , l > 0, (48)

and a quadratic oscillator potential function.
In this example, we consider the motion Equation (4) with the same mass function (48). By setting, for instance q(x) =

x2, which produces a external force given by

FE(x) =
1

2(1 + lx2)

(
𝛾
√

m0(4x2 + C)(1 + lx2) + lx3 + x
)
, (49)

it can be checked that the corresponding motion equation (29) becomes

ẍ − lx
1 + lx2

.x2 + 𝛾
.x −

𝛾
√

m0
(
4x2 + C

) (
1 + lx2

)
+ 2x(1 + lx2)

2m0
= 0. (50)

The external function (49), as well as the motion Equation (50), are well defined for any value of the dependent variable
x if C ≥ 0 or for |x| > √

−C∕2 if C < 0.
For this equation, Theorem 2 provides the following one-parameter family of exact solutions that can be obtained

from (35):

• For C > 0 and lC < 4,

x(t) =
√

C
2

sc

(
t + k√

m0
;
√

1 − lC
4

)
, k ∈ R, (51)
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RUIZ SERVÁN and MURIEL PATINO

where sc denotes the Jacobi sc elliptic function [42].
• For C < 0,

x(t) =
√
−C
2

sc

(
t + k√

m0
;
√

1 − lC
4

)
, k ∈ R.

• For C = 0,

x(t) = ±

√
−l

(
tanh2

(
k+t√

m0

)
− 1

)
l tanh

(
k+t√

m0

) , k ∈ R. (52)

5.4 Hyperbolic type position-dependent mass
Cruz et al. [4] considered the position-dependent mass function

m(x) = m0tanh2(lx), l ≠ 0, (53)

in the framework of the classical position-dependent mass harmonic oscillator. By setting q(x) = tanh(lx), we obtain the
following external force:

FE(x) =
1
2

tanh(lx)
(
𝛾
√

m0 (4 tanh(lx) + C) − l tanh(lx)
)
+ 1

2
l, (54)

which is well defined provided that 4 tanh(lx) + C > 0. The corresponding motion Equation (29), defined also for
4 tanh(lx) + C > 0, turns out to be

ẍ − l(tanh2(lx) − 1)
tanh(lx)

.x2 + 𝛾
.x −

tanh(lx)
(
𝛾
√

m0 (4 tanh(lx) + C) − l tanh(lx)
)
+ l

2m0tanh2(lx)
= 0. (55)

According to (35), a one-parameter family of exact solutions to (55) in implicit form becomes

• For C ≠ ±4,

l(t + k)
√

C2 − 16 = 2
√

m0(C + 4)arctanh

(√
4 tanh(lx) + C

C − 4

)
+ 2

√
m0(C − 4)arctanh

(√
4 tanh(lx) + C

C + 4

)
, (56)

where k ∈ R.

• For C = 4,

t + k =

√
m0

(√
2(tanh(lx) + 1)arctanh

(
1
2

√
2(tanh(lx) + 1)

)
+ 2

)
2l
√

tanh(lx) + 1
,

where k ∈ R.
• For C = −4,

t + k =

√
m0

(√
2(tanh(lx) − 1)arctanh

(
1
2

√
2(tanh(lx) − 1)

)
− 2

)
2l
√

tanh(lx) − 1
,

where k ∈ R.
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5.5 Position-dependent mass function in exponential form
Dong et al. [5] considered the mass function

m(x) = lm0

1 − e−l
e−lx (57)

in the context of Schrödinger equations with position-dependent mass. The authors analyzed the solutions of the corre-
sponding Schrödinger equation by considering different external potential functions such as a confined hard-all potential
and a harmonic oscillator, among others. On the other hand, potential functions of exponential-type play an important
role in quantum chemical calculations since they are used in the theoretical study of vibration properties for diatomic
molecules [5].

The position-dependent mass function (57) along with q(x) = x leads, through (28), to the following external force:

FE(x) =

√
1 − e−l − 𝛾

√
lm0(4x + C)e−

1
2

lx

2
√

1 − e−l
, (58)

and, by means of (29), to the following family of equations:

ẍ − 1
2

l .x2 + 𝛾
.x +

𝛾
√

lm0(4x + C)(1 − e−l) + e−l − 1
2lm0e−lx

= 0. (59)

Both expressions (58) and (59) are defined for x > −C∕4. According to Theorem 2, a one-parameter family of exact
solutions to (59) is given in implicit form by

t
√

1 − e−l +
√

2𝜋m0e
1
8

lCΨ

(√
2l(4x + C)

4

)
+ k

√
1 − e−l = 0, (60)

where the function Ψ = Ψ(z) is such that

Ψ′(z) = 2e−z2√
𝜋
.

6 CONCLUDING REMARKS

In this work, the variational 𝜆-symmetry method has been applied to a family of second-order ordinary differential
equations that models the motion equation of position-dependent mass damped oscillators. The considered family of
equations only admits one Lie point symmetry and its corresponding reduced equation turns out to be an Abel equation
for which the determination of some exact solutions seems, in general, a difficult task. Indeed, the admitted Lie point
symmetry is not variational, and hence, Noether's theorem cannot be applied to obtain any solution of the considered
equations.

In this work, the existence of variational 𝜆-symmetries whose canonical representative is defined by a function 𝜆 that
is linear in .x has been investigated. As a consequence, we have determined a family of potential functions for which the
variational 𝜆-symmetry method can be applied. The procedure provides a one-parameter family of exact solutions for a
wide class of the considered equations, involving an arbitrary smooth function and an arbitrary parameter.

These results have been applied to construct exact solutions for some particular equations, corresponding to different
choices of the mass functions that have been considered in the previous literature.
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