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1. Introduction

In the last years, the study of Poisson algebras has led to various related Poisson type
algebraic structures, including generic Poisson algebras, algebras of Jordan brackets,
Lie-Yamaguti algebras, Gerstenhaber algebras, Novikov-Poisson algebras, among many
others. In the paper [2], a dual class of the Poisson algebras was introduced, the trans-
posed Poisson algebras, by changing the roles of the two multiplications in the Leibniz
rule. Precisely, a transposed Poisson algebra is a vector space P over a field F of charac-
teristic p # 2 endowed with two operations: an associative commutative multiplication
—o— and an associated Lie bracket [, -]. Additionally, these two operations are required
to satisfy the transposed Leibniz rule, that is, for any x,y, z € P we have:

2w0ly,2] = [roy, 2] + [y.a 02 (1)

The authors show that transposed Poisson algebras share some common properties with
Poisson algebras, including the closure undertaking tensor products and the Koszul
self-duality as an operad. Since then, the interest in this class has been increasing.
The variety of transposed Poisson algebras coincides with the variety of commutative
Gelfand-Dorfman algebras, see [18]. The transposed Leibniz rule can be realized as the
left multiplication of the associative commutative algebra is a %-derivation of the Lie
bracket and this realization was fundamental on the classification of low-dimensional
transposed Poisson algebras [3] or on the generalization of the notion to the n-ary case
[4]. Recall that a i-derivation of a non-associative algebra (A, -) is a linear map D in
A such that 2D(z - y) = D(x) - y + « - D(y). Likewise, the notion of transposed Poisson
superalgebra has been introduced in the usual way, with the Z,-graded version of the
Leibniz rule being equivalent to the left multiplication of the associative commutative
algebra being a %—superderivation of the Lie bracket.

In this paper, we focus our interest on simple transposed Poisson (super)algebras.
Kac [9] used the classification of the simple Lie superalgebras and the TKK functor
for Jordan superalgebras in order to classify all the simple finite-dimensional Jordan
superalgebras over an algebraically closed field of characteristic zero. Later, Kantor [10]
introduced an invertible way to construct a Jordan superalgebra from a Poisson algebra
(the Kantor double), this construction preserves the simplicity in both directions, so
a classification of the simple finite-dimensional Poisson algebras over an algebraically
closed field of characteristic zero was obtained. Also, one of the families of known infinite
dimensional simple Jordan superalgebras is precisely the family of those superalgebras
that are obtained by the Kantor double [5].

Recently, it was proven that if a Poisson algebra (P, o,[-,-]) is simple, then the Lie
algebra [P, P]/([P,P] N Z), where Z denotes the center of (P,[,-]), is simple [1]. The
“transposed” version of this result does not hold, namely, in a simple transposed Poisson
algebra P, the algebra P o P/(PoP N Z), where Z is the center of (P, 0), is not always
simple. In fact, the Witt algebra together with the Laurent polynomials defines a simple
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transposed Poisson algebra, the algebra of Laurent polynomials is perfect and centerless,
but not simple. However, a stronger result holds. It turns out that simple transposed
Poisson (super)algebras are those that arise on simple Lie (super)algebras, if we omit
the trivial case in which the Lie (super)bracket is zero. On the first part of this paper,
we prove the following result for any field of characteristic p # 2.

Theorem. A transposed Poisson (super)algebra is simple if and only if the associated Lie
(super)bracket is simple.

This result has various consequences over an algebraically closed field of characteristic
zero. The classification of the simple finite-dimensional transposed Poisson (super)alge-
bras follows thanks to the previous studies of the %—(super)derivations of the simple Lie
(super)algebras [8,11]. Indeed, it turns out that there are no non-trivial simple finite-
dimensional transposed Poisson (super)algebras. Moreover, this implies that any simple
finite-dimensional weak Leibniz algebra (see [6]) is either an associative algebra or a Lie
algebra. In addition, we study the case in which one of the multiplications is perfect,
and we prove that the radical of the Lie algebra is an ideal of the transposed Poisson
algebra.

The situation is different when we consider fields of positive characteristic. We show
that there are non-trivial simple finite-dimensional transposed Poisson algebras by con-
structing all the transposed Poisson structures on the modular Witt algebra, which is
the Lie algebra of derivations of the algebra of truncated polynomials in one variable
F[z]/(2P), where char(F) = p. Precisely, we prove that any transposed Poisson structure
of this type has associative commutative part a mutation of an algebra isomorphic to
Fla]/(27).

On the second part of this paper we are considering the Kantor double of a transposed
Poisson algebra J(P). Let us recall this construction briefly. Following Kantor’s notation,
given a vector space V, we denote by V* the vector space which is a copy of V, but with
odd parity. Now, suppose (P,o,[-,]) is an algebra equipped with two multiplications:
the first one is associative and commutative and the second one is skew-symmetric.
This class of algebras are called dot-bracket algebras [13]. Consider the algebra J(P)
with underlying vector space P @ P*® and with the operation * given for a,b € P and
corresponding a®,b° € P*® by the following relations

axb=aob, a’xb=axb’=(aob)’, a°x*xb°=]a,b.

Thus, J(P) = P @ P* is a superalgebra with double the dimension of P, which is called
the Kantor double of P. A similar construction, can be considered if P is a dot-bracket
superalgebra [13]. Kantor proved that the double of a Poisson (super)algebra is a Jor-
dan superalgebra [10], but there exist other non-Poisson (super)algebras whose Kantor
doubles are Jordan superalgebras. Recall that a Jordan superalgebra is a superalgebra
(T :=Jo® Ji,) satisfying the supercommutativity, = - y = (—1)*Yy - z, and the Jordan
superidentity
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(=1)"*[Lgwy, L.] + (=1)Y*[Ly.2, Lg] + (—=1)*Y[ L2, Ly] = 0, (2)

for any homogeneous elements z,y,z € Jy U J1 and where L, € End(J) denotes the
linear operator of left multiplication by « € J and the bracket of operators is [L,, L,] =
L,L,— (=1)"L,L,.

The algebras that produce a Jordan superalgebra through the Kantor double are
usually called Jordan brackets [15]. In the case in which (P, o) is unital, Jordan brack-
ets are characterized by a set of functional identities [13], involving the distinguished
derivation D(x) = [z,1]. Later, it was shown that in the unital case, Jordan brackets
are in one to one correspondence with contact brackets [5], also known as generalized
Poisson algebras. Unital transposed Poisson algebras are contact brackets and Jordan
brackets, but for non-unital algebras they are not necessarily. In fact, one can prove
that for unital transposed Poisson algebras [4], the associated Lie algebra is given by
[x,y] = D(z) oy — x o D(y), where D(z) = [x,1]. Moreover, the Kantor double of the
commutator of a Novikov-Poisson algebra is a Jordan superalgebra [19]. Recall that if
we take the commutator of the Novikov multiplication of a Novikov-Poisson algebra,
we obtain a transposed Poisson algebra [2]. Characterizing the subclass of transposed
Poisson algebras that can be realized in this manner is an open problem. In any case,
finding new classes of Jordan brackets is an interesting issue in Jordan algebras theory,
and it turns out that transposed Poisson algebras are Jordan brackets. We will prove the

next result.

Theorem. The Kantor double J(P) of a transposed Poisson algebra P is a Jordan su-
peralgebra, i.e., transposed Poisson algebras are Jordan brackets. Moreover, the algebra
J(P) is simple if and only if P is simple and P o P =P.

Moreover, we prove that simple transposed Poisson algebras with a perfect associative
commutative multiplication are unital. Note that this is similar to the situation with the
commutator of Novikov-Poisson algebras, see [19]. As a consequence, there are no simple
Jordan superalgebras that can be constructed through the Kantor double from non-unital
transposed Poisson algebras. In other words, they are all unital contact brackets.

Lastly, we close this manuscript by considering the Jordan superalgebra that arise
from the Kantor double of the transposed Poisson structures constructed on the Witt
algebra. This Jordan superalgebras are special and simple under certain conditions. We
leave it as an open question whether there are exceptional Jordan superalgebras arising
from a transposed Poisson algebras.

Any vector space, algebra or homomorphism in this paper will be considered over an
arbitrary base field F of characteristic p # 2, if nothing is specified. We will denote the
associative commutative multiplication o by concatenation, and we will assume that it

is not necessarily unital.
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2. On the simple transposed Poisson algebras

This section is divided in three subsections. In the first one, we obtain some results on
the existence of transposed Poisson structures on a given Lie algebra. In the second one,
we prove that any simple transposed Poisson algebra has simple associated Lie bracket,
and some important consequences that are derived from this fact. In the third part, we
construct all the transposed Poisson structures on the modular Witt algebra, obtaining
an example of a non-trivial finite-dimensional simple transposed Poisson algebra. Let us
assume the Lie brackets of the transposed Poisson algebras in this section are not zero.

2.1. Note on the existence of transposed Poisson structures

As we have mentioned in the introduction, the existence of transposed Poisson
structures on a given Lie algebra is related to the %—derivations of the algebra. The
d-derivations Dery of Lie algebras are well studied, see for example [8]. In Lie theory, the
most important subspace of Der% is the centroid.

Definition 1. The centroid of an algebra (L, [+, -]) is the set I'(£) of linear maps ¢ : L — L
such that ¢([z,y]) = [z, #(y)], for any =,y € L. An algebra is called central if for every
¢ € T'(L) we have that ¢(z) = ax for some o € F and any = € P.

If £ is a Lie algebra, it is easy to see that any ¢ € I'(£) is a %—derivation. Now, let us
introduce another definition.

Definition 2. A dot-Lie bracket is an algebra (P,o,[-,]) such that the algebra P4 :=
(P, o) is associative and commutative and Pr, := (P, [-,-]) is a Lie algebra.

It was shown by [2, Proposition 2.13] that a dot-Lie bracket (P,o,[-,]) is a Poisson
algebra and a transposed Poisson algebra if and only if the identity z[y, z] = [xy, 2] =0
is satisfied for any z,y, z € P. However, it is important to mention this additional fact:
the identity [y, z] = [zy, 2] implies that x[y, 2] = [zy, z] = 0. We have collected this fact
and other equivalent statements in the following proposition.

Proposition 3. Let (P,o,[,]) be a dot-Lie bracket. Then, the following statements are
equivalent.

(1) The algebra P is a transposed Poisson algebra and a Poisson algebra.

(2) The identity [y, z] = [zy, 2] = 0 is satisfied for x,y,z € P.

(3) The identity x[y, z] = [zy, 2] is satisfied for x,y,z € P.

(4) P, € I(Py) for any x € P, where P, : P — P is the linear operator of left multipli-
cation given by P.(y) =z oy.
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Proof. We will prove that (3) implies (1), the other implications directly follow by the
cited result in [2]. Note that we have the following relation z[y, z] = —z[z,y] = —[zz,y] =
[y, zz]. So we can write 2z[y, z] = [zy, 2]+ [y, xz], implying that P is a transposed Poisson
algebra. By [2, Theorem 2.5], the algebra P satisfies the identity [y, z]+y[z, z]+z[z, y] =
0. Thus, we have the following relation

0=xly,z] +ylz, 2] + z[z,y] = xly, 2] + [yz, 2] + [z, 29] = z[y, 2] =[xy, 2].
Therefore, P is also a Poisson algebra. 0O
The next corollary follows directly by the previous proposition.

Corollary 4. Let £ be a Lie algebra such that I'(L) = Dery (L), then any transposed
Poisson structure on L is also a Poisson algebra. On the contrary, if T(L) = F, then
any non-trivial transposed Poisson structure on L is not a Poisson algebra.

Observe that given a Lie algebra £ such that [£, £] # £ and C(L) # 0, where C(L)
denotes the center of £, we can construct a non-trivial transposed Poisson structure.
Indeed, suppose £ = L2 @ M as vector spaces. Then fix some m € M and ¢ € C(L).
Now, the product o given by m o m = ¢ defines a transposed Poisson structure on L.
Moreover, we can prove the following result about the existence of transposed Poisson
structures on Lie algebras £ such that I'(£) = Der (£).

Theorem 5. Let L be a Lie algebra such that I'(L) = Dery(L). Then L admits a non-
trivial transposed Poisson structure if and only if C(L) # 0 and L is not perfect.

Proof. Suppose £ admits a non-trivial transposed Poisson structure P := (£, o0, [, ]).
Then there are elements g, yg € P such that xgyy # 0. By Corollary 4, the algebra P is
also a Poisson algebra, so we have z[y, z] = [zy, 2] = 0 for any z,y,z € P. Now, observe
that [zoyo, 2] = 0, that is zoyo € C(L). Also, if we suppose L is perfect, then z[y, z] =0
would imply that PP =0. O

Filippov proved an interesting fact that becomes relevant at this point, see [8, Theorem
6]. Recall that a non-zero Lie algebra L is called prime if for any two ideals I, J # 0, we
have that [I, J] # 0. It is well known that prime Lie algebras have no non-zero solvable
ideal; in particular, the algebra is not solvable itself and has trivial center. The mentioned
result due to Filippov is the following.

Theorem 6. Let L be a prime Lie algebra over a field of characteristic p # 2,3 endowed
with a non-degenerate symmetric invariant bilinear form. Then T'(L) = Dery (L).

The following result, which is a consequence of Filippovs theorem and Theorem 5,
generalizes the known fact that claims that a complex simple finite-dimensional Lie
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algebra do not admit a non-trivial transposed Poisson structure. Note that a similar fact
can be obtained for Lie superalgebras using [20, Theorem 4.8].

Corollary 7. Let L be a prime Lie algebras over a field of characteristic p # 2,3 endowed
with a non-degenerate symmetric invariant bilinear form. Then L does not admit a non-
trivial transposed Poisson structure.

2.2. On the simple transposed Poisson algebras

An ideal in a transposed Poisson algebra P is a proper subspace Z such that ZP C 7
and [Z,P] C Z. We say P is simple if it contains no ideals. Given a transposed Poisson
algebra P, if the Lie algebra (P, [-,]) is not perfect (that is, 77[2_1_] := [P, P] # P), then by
Leibniz identity (1) we have that 73[2_,_] is an ideal of the associative commutative algebra
(P, o), and so is an ideal of P. Therefore, in any simple transposed Poisson algebra the
Lie bracket must be perfect. Moreover, let us introduce the following notion.

Definition 8. A transposed quasi-ideal of a transposed Poisson algebra (P,o,[-,]) is a
proper subspace Z of P such that [P,Z] C Z and [PZ,P] C Z.

This notion is the transposed version of the notion of a quasi-ideal of a Poisson algebra.
Recall that a quasi-ideal is a proper subspace Z of P such that PZ C Z and [P,Z]P C Z.
Any simple Poisson algebra contains no quasi-ideals and the same is valid for transposed
Poisson algebras and transposed quasi-ideals as we show in the next result.

Lemma 9. A simple transposed Poisson algebra contains no transposed quasi-ideals.

Proof. Suppose 7 is a transposed quasi-ideal of P. Consider a maximal subspace Z’ such
that [P,Z'] C Z. We will show that Z’ is an ideal of P. Observe that the Lie bracket is
perfect, because P is simple, so Z' # P. Also, we can assume PZ C Z’, by the maximality
of 7" and since 7 is a transposed quasi-ideal. Now, since z[y, z] +y[z, z] + z[z,y] = 0 (see
[2, Theorem 2.5]), we have that Z'[y, z] C y[z,Z'] + z[Z’,y] C Z'. Finally, the Lie bracket
is perfect so Z'P C 7', and also [P,Z'] C Z C Z'. Therefore, 7’ is a proper ideal, which
contradicts the simplicity of P. O

Lemma 10. Let (P, o, [-,-]) be a transposed Poisson algebra and suppose that the associated
Lie bracket is perfect, i.e., 73[2_ 1= P. Then any ideal in the Lie algebra (P,[,"]) is a
transposed quasi-ideal.

Proof. Suppose that Z is an ideal of the associated Lie bracket of a transposed Poisson
algebra P. By Theorem 2.5 in [2], we have the identity [hz,[y,z]] = —[hy, [z, z]] —
[hz, [x,y]], so we can write

[PZ,[P,P]]| C [PP,[P,I]] + [PP,|Z,P]] C T.
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Therefore [PZ,P] C Z, that is, Z is a transposed quasi-ideal. O

As a consequence of the previous two lemmas, we have the following result that shows
that a transposed Poisson algebra is simple if and only if the Lie bracket is simple.

Theorem 11. Any simple transposed Poisson algebra has simple Lie bracket.

Proof. Suppose P is a simple transposed Poisson algebra, then the Lie bracket (P, [-,-])
is perfect. Now, if we suppose that (P, [-,]) is not simple, then any ideal is a quasi-ideal
by Lemma 10, but this contradicts Lemma 9, because P is simple. Therefore, the Lie
bracket must be simple. O

It follows that any complex simple finite-dimensional transposed Poisson algebra is
trivial.

Theorem 12. Suppose that F is algebraically closed and char(F) = 0, then any simple
finite-dimensional transposed Poisson algebra is trivial.

Proof. By Theorem 11, any simple transposed Poisson algebra is defined on a finite-
dimensional simple Lie bracket. By Corollary 7, any transposed Poisson algebra has
trivial associative commutative multiplication (take the Killing form). 0O

We can conclude the following about a finite-dimensional transposed Poisson algebra
P over an algebraically closed field of characteristic zero, by looking at its Lie bracket.
There are three non-trivial possibilities summarized below.

(1) If the Lie bracket is simple, then the associative commutative multiplication is trivial.

(2) If the Lie bracket is perfect and non-simple, then there exist a transposed quasi-ideal,
and, therefore, an ideal. We will study this case in the next section and prove that
the associative part must be nilpotent.

(3) If the Lie bracket is non-perfect and non-zero, then 73[2,7_] is an ideal of P.

Remark 13. Observe that there are simple infinite dimensional Lie algebras that admit a
non-trivial transposed Poisson structure over the complex field, such as the Witt algebra
(simple), with the algebra of Laurent polynomials (non-simple).

Another consequence of Theorem 11 is the next corollary.

Corollary 14. A non-trivial transposed Poisson structure defined on a simple associative
commutative algebra has simple associated Lie bracket.

Note that an example of a non-trivial transposed Poisson algebra with simple associa-
tive commutative part can be constructed by defining the bracket [z, y] = d(z)y — zd(y)
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on the field of formal series in one variable C[[z]], where d is a formal derivative. It
is well known that this construction gives rise to a transposed Poisson algebra, see [2,
Proposition 2.2]. By the previous corollary, this Lie bracket is simple, since it is clearly
not zero. This example was found by A. Dzhumadil’daev.

Theorem 15. Let (P, o,[,:]) be a transposed Poisson algebra. The associated Lie algebra
(P,[,]) is a direct sum of simple ideals if and only if the transposed Poisson algebra P
1s a direct sum of simple ideals.

Proof. Suppose the Lie algebra (P,[-,]) is a direct sum of the simple ideals Z, for r
in some set of indices I, then it is perfect. Also, each of these ideals is a quasi-ideal,
by Lemma 10. Now, observe that the maximal subspace Z, such that [P,Z]] C Z,,
from the proof of Lemma 9, is Z = Z,, because [P,Z;] = I for k € I. Hence, by a
similar argument, it follows that Z,P C Z,., so every Z,. is a ideal of the transposed
Poisson algebra P. Finally, since the ideals Z, are simple as Lie algebras, they are simple
as transposed Poisson algebras. Conversely, it is clear that if the transposed Poisson
algebra P is a direct sum of ideals, then the associated Lie algebra is also a direct sum of
these ideals. Now, since they are simple as transposed Poisson algebras, their Lie bracket
must be simple, by Theorem 11. O

In an algebraically closed field of characteristic zero, finite-dimensional semisimple
(radical is zero) Lie algebras are precisely those that can be written as a direct sum of
simple ideals. Also, semisimple Lie algebras have no non-trivial 1-derivations [7]. Hence,
they have no non-trivial transposed Poisson structures. By the previous theorem, we
have a more general result than Theorem 12.

Theorem 16. Suppose that F is algebraically closed and char(F) = 0. Let (P,o,[-,-]) be
a finite-dimensional transposed Poisson algebra. If the transposed Poisson algebra P is
a direct sum of simple ideals, then it is trivial.

The last consequence of Theorem 12 we are mentioning is related with the weak
Leibniz algebras. A weak Leibniz algebra L is an algebra satisfying, for x,y,z € L, the
identities

(zy)z — (yr)z = 2x(y2) — 2y(x2) and z(yz) — x(2y) = 2(zy)2z — 2(x2)y.

Given a transposed Poisson algebra (P, o, [+, ]), we can consider a new multiplication
-in P, defined by z-y = zoy+ [z, y] for any x,y € P. The new algebra (P, -) is called the
depolarization of P. Conversely, given a weak Leibniz algebra (L, -), we can consider the
multiplications o and [+, ] in £, defined by zoy = & (z-y+y-z) and [z, y] = 1 (z-y—y-z), for
any x,y € L. This new algebra (L, o,[,+]) is called the polarization of L. It was proven
that any depolarized transposed Poisson algebra is a weak Leibniz algebra and that
any polarized weak Leibniz algebra is a transposed Poisson algebra, see [6]. It is clear
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that simplicity is preserved by polarization and depolarization. Therefore, the following
corollary is obtained.

Corollary 17. Suppose that F is algebraically closed and char(F) = 0, then any simple
finite-dimensional weak Leibniz algebra is a commutative associative algebra or a Lie
algebra.

2.3. A nmon-trivial simple finite-dimensional transposed Poisson algebra

In this section we show that there are non-trivial simple finite-dimensional transposed
Poisson algebras over fields of positive characteristic. Let us first discuss a non-example
briefly. Consider the special linear Lie algebra sl,(F), where F is a field of characteristic
p > 2. It is well known that sl,(IF) is simple if and only if p { n. An straightforward
calculation shows that the Killing form of sl,,(F) is given by k(z,y) = 2n tr(zy) where
x,y € sl,(F) and zy denotes the composition, which is non-degenerate if and only if
p 1 2n. For p > 3, it follows by Corollary 7 that any transposed Poisson structure on
50, (F) with p t n is trivial.

Now, we will provide an example of a non-trivial simple finite-dimensional transposed
Poisson algebras in characteristic p > 3. The case in which p = 3 will be discussed later.
Recall the definition of the modular Witt algebra. Let A, = F[z]/(z?) be the truncated
polynomial algebra in one variable, where (z?) is the ideal generated by z? and F has
characteristic p. The modular Witt algebra W, is the Lie algebra of derivations of A,. It
is well known that WV, is simple for p > 2 and that it has a basis e_1, e, ..., e,_2 such
that the multiplication is given by [e;, e;] = (j —i)ei4; for —1 < 4,5 < p — 2 and where
we assume that e, = 0 if & < —1 or k > p — 2. Moreover, note that sly(IF) coincides
with the modular Witt algebra in characteristic p = 3, that is W5;. We will construct the
transposed Poisson structures on W, for every p > 3. First, let us study its %—derivations.

Lemma 18. The space of %—dem’vations of the algebra W, for p > 3 is generated by
the linear maps Do, Dy € End(W,), where Dy is the identity and D4(e;) = e;y1, for
1<i<p-2.

Proof. Let D be a %—derivation of W, then it is given by D(e;) = Z—1gkgp—2 Qk,i€k
for ay; € F. Observe that

2i Z ager = 2iD(e;) = 2D([eg, e;]) = [D(eo), €i] + [eo, D(e;)]
C1<k<p—2

= Z ak)o(i — k)ei+k + Z a;m-kek (3)

—1<k<p—2 —1<k<p—2

- Z ak—i0(2i — k)ex + Z ayg,iker.

i—1<k<i+p—2 —1<k<p-2
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Thus, we obtain the relation (2i — k)ay; = (20 — k)ag_;o for i —1 <k <i+p—2and
(2i — k)ag,; =0 for —1 < k < i — 2. Moreover, we also have the following equation

2i+1) Y akicrer =2(i+1)D(ei1) = 2D(fe_1, ¢;))
—1<k<p—2

[D(e-1),e:i] + [e—1, D(e;)]
= > ara(i—Keri+ Y, okilk+ Der

—1<k<p—2 —1<k<p—2
= E ak_i7_1(2i — k:)ek + Z ak+17i(k + 2)€k.
i—1<k<i+p—2 —2<k<p-3

(4)

From here, if we assume i > 1 we obtain the relation 2(¢ + 1)oy i1 = (20 — k)ag—s —1 +
(k+2aptrifori—1<k<i+p—2and 2(i+ ag—1 = (k+ 2)agy1; for k <i—2.

Now, by the relations obtained above we have the condition a;; = 0 if 7 > k and
o = ap—;—1,—1 otherwise. Consequently, setting o; := a;, 1 for —1 < i < p—2, we
have D(e;) = > ;< jcpri1 ®j—i—1€;. At this point, a straightforward verification shows
that we do not need any additional condition for D to be a %—derivation.

Finally, it is clear that Dy and D, generates the space of %—derivations of the algebra
Wp. O

Let us construct the transposed Poisson structures on the modular Witt algebra W,.
This kind of problem has been considered over the complex field in [3,7] for the 3-
dimensional Lie algebras and for the infinite-dimensional Witt algebra (see Remark 42).
Also, see [12, Section 7.3] and the references therein for similar studies. Now, recall the
notion of a mutation of an algebra.

Definition 19. Let (P,0) be an associative commutative algebra and choose ¢ € P. A
mutation of the algebra P by the element ¢ is a new algebra (P,o,), where for any
xz,y € P, we have the product

Tgy=mz0qOY.
If P is unital, a mutation of P is called trivial if ¢ = 1.

Theorem 20. Let WV,, 0, [-,-]) be a transposed Poisson structure defined on the modular
Witt algebra W, with p > 3. Then the algebra (W, 0) is a mutation of an algebra
isomorphic to the algebra of truncated polynomials in one variable A,. In particular, this
mutation can be trivial. Moreover, if it is non-trivial, it is not a Poisson algebra.
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Proof. For every e; with —1 < ¢ < p— 2 there is an associated %-derivation ©;, such that
pi(ej) = e;oej =ejoe; = pj(e;). Denoting p;(e;) = > <j<pp o ¥ j_1€k, We have the
following equation

pilej) = Z Qaf_j_ 16k = Z ek = pjlei).

J<k<p—2 i<k<p—2
Hence, for i = —1, we have ai =0 with -1 <k < j5—1 and ai = a,;_lj_l with

7 <k <p—2. Observe that this condition is sufficient to guarantee the commutativity.
Therefore, we can write

_ 7 _ —1 _ 1
pile;) = Z Ap—j—16k = Z Qp—i—j—26k = E: Q" Chtitj+2

J<k<p—2 J<k<p—2 —i—2<k<p—i—j—4
(5)
— -1 C e — -1 -
= Q. €L Citj+1 = Qp €L Citj+1,
—1<k<p—i—j—4 —1<k<p—2

where the product - in W, is given by e; - ¢; = €;4;4+1, with the convention e, = 0 if
k > p — 2. Note that the algebra (W,,) is isomorphic to A, setting e_; — 1 € A,
and eg — z. lf weset g=3 ;o o oy, ey, we have that the initial product e; o e; =
q-€itj+1 = q- € - ej. Meaning that (W,,0) is a mutation of an algebra isomorphic to
A,. Since A, is associative and (W,,0) is a mutation of an algebra isomorphic to A,,
the algebra (W,, o) is also associative.

Finally, since the modular Witt algebra is perfect, the non-trivial transposed Poisson
structures on W, are not Poisson algebras, by virtue of Proposition 3. O

Now, let us discuss the case when p = 3. Observe that the algebra Wjs is given by the
products

le—1,e0] =e—1, [e—1,e1] =2e0, [eo,e1] =es.

Remark 21. The space of %—derivations of Wj is linearly spanned by the maps
D_5,D_1,Dqy, D1, Dy € End(Ws), where Dy, is given by Dy(e;) = ejyp for —1 < i <1,
with the usual convention. Note that D%l = D_y and D? = Dy, but D_1D; and D;D_;
are not Dy, which makes the study harder. The proof of this fact is similar to that of
Lemma 18, so we will omit it.

Theorem 22. Let (Ws, 0, [-,]) be a transposed Poisson structure. Then the algebra (Ws, o)
is a mutation of an algebra isomorphic to the algebra of truncated polynomials in one
variable As. In particular, this mutation can be trivial. If it is non-trivial, it is not a
Poisson algebra.
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Proof. Let us denote by ¢; the %—derivation corresponding to e; for —1 < ¢ < 1. By
the previous remark, we can write ¢; = > oo af Dy for some «f € F. Then, the
commutativity ¢;(e;) = ¢;(e;), gives us the following equation

S oajjen= Y oiDiles) = ile;) = ;(e;)

—1<k<1 —2<k<2
- Y )= Y e
—2<k<2 —1<k<1
This equation implies the relation azfj = ai_i. It follows that there are a_g3,..., a3 € F

such that ¢, = 272<k<2 ai—i; Dy, by setting a; := 04? for -2 <i <2, a_3:= a£2 and
o3 = oy !, This condition is sufficient to guarantee the commutativity.
Next, it can be proven that (Ws, o) is a mutation of one of the following algebras

B : ee.=e where 7 denotes i mod 3,
By : ejej = eiqj4+1 with the convention e, = 0 for k > 1,
Bs : e;e; = e;j4j—1 with the convention e, = 0 for £ < —1,

By : e.e. = ﬁijem where 8;; =2 if i = j = £1 and 3;; = 1 otherwise.

The four algebras defined above are isomorphic to As, so the statement of the theorem
follows. O

3. Transposed Poisson algebras with a perfect multiplication

Suppose F is an algebraically closed field of characteristic zero in this section. We
have proven that there are no non-trivial simple finite-dimensional transposed Poisson
algebras. In this section, we study how one of the multiplications being perfect affects
the other one. Let us recall a useful result about generalized derivations of Lie algebras.

A generalized derivation of a Lie algebra (L, [-,-]) is a linear map D : £ — L such
that there exist two additional linear maps D’, D" : £ — L such that

[D(x),y] + [z, D'(y)] = D"([x,y]).

Leger and Luks proved that the generalized derivations of a finite-dimensional Lie algebra
preserve the radical of the algebra [14, Theorem 6.4]. Observe that %—derivations are gen-
eralized derivations, and recall that the left multiplication of the associative commutative
operation in any transposed Poisson algebra constructed on £ is a %—derivation of L. Let
us denote the descending derived series of an ideal as T(?) = T and Z(F) = [Z7(+=1) T(k=1)]
for k > 1. The next result follows.
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Theorem 23. Let (P,o,[-,]) be a finite-dimensional transposed Poisson algebra. Denote
by R the radical of the associated Lie algebra (P,[-,-]), then R™ is a (not necessarily
proper) ideal of the transposed Poisson algebra P, for i > 0.

Proof. The radical R of the associated Lie algebra is an ideal of P, as we have shown
above. Now, for the second part, we note that for an arbitrary ideal Z of a transposed
Poisson algebra P we have that

P|Z,7) C [PT,7)+ [Z,PI] C [Z,I], [P,[Z,T]]C |Z,[P,1]]+[Z,]Z,P]] C |Z,T].

Hence, the subspace [Z,Z] is an ideal of P. In particular, we conclude that R(*) is an
ideal of P. O

Corollary 24. Let (P,o,[,-]) be a finite-dimensional transposed Poisson algebra. Then
PP CR as subspaces.

Proof. If R = P, this is clear. Suppose R # P, then the algebra (P/R,[,-]) is semisim-
ple, hence (P/R,o,[-,]) is trivial and (P/R, o) is the zero algebra. Therefore, it follows
that PP CR. O

Observe that the previous result does not hold in prime characteristic and a counterex-
ample can be found in Theorem 22. The consequence is the next result about transposed
Poisson algebras with perfect associative commutative part.

Corollary 25. Let (P, o,[-,]) be a finite-dimensional transposed Poisson algebra such that
PP = P, then the associated Lie algebra is solvable. In particular, if the associative
commutative algebra is unital, then the associated Lie algebra is solvable.

Note that the example in Remark 37 shows that PP is not always an ideal of the Lie
part. Also, the next remark shows that the solvability can not be replaced by nilpotency
in Corollary 25.

Remark 26. The complex Lie algebra with a basis ey, es,es3 given by the products
[e1,e3] = e1,[ea,es] = ez is non-nilpotent solvable, and together with the unital as-
sociative commutative algebra given by ejes = e1,eses = es,eses = es, they form a
transposed Poisson structure.

On the other hand, if the Lie part is perfect, we have the following result.

Corollary 27. Let (P,o,[-,]) be a finite-dimensional transposed Poisson algebra such that
[P,P] =P, then the associative commutative algebra (P, o) is nilpotent.
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Proof. Let us show that P2"*1 ¢ R(™ for n > 1. We proceed by induction using the
equation (13). For n = 1, we have that PP[P,P] C [PP,PP]+ [PP,PP] C [R,R] +
[R,R] = RW, so P> ¢ RM. For n > 1, we have

P2 P P, Pl c [PPYT, PP C [RD, RO c R™,

So P2"+1 ¢ R(™. Since R is solvable, there exist some k such that P2"+1 ¢ R(*) = 0.
Therefore, (P, o) is nilpotent. O

4. On the simple transposed Poisson superalgebras

Let F be an arbitrary field of characteristic different from two. In this section, we
show that the results in the second section are also valid for superalgebras. Although our
arguments are the same, they deserve a special mention. A transposed Poisson superal-
gebra is a Zo-graded vector space P = Py @ P; endowed with two multiplications: an
associative supercommutative multiplication —o— and a Lie superalgebra multiplication
[-,-]- Recall that the Jacobi superidentity can be written as

&(a,y,2) = (=) [z, y], 2] + (D ly, 2], 2] + (D)2, 2], 5] = 0. (7)

Additionally, these two operations are required to satisfy the (transposed) Leibniz su-
peridentity:

2z 0 [ya Z} = [l‘ °Y, Z] + (_1)\z\|y|[y7 €T o ZL (8)

for homogeneous elements x,y,z € Py U P;. As usual, |z| denotes the parity of x. Al-
though, we may write (—1)* := (—1)Il.

The identities in [2, Theorem 2.5] can be generalized to the superalgebra case as
follows. They can be constructed with the usual rules to construct superidentities from
identities and their proof is analogous to the proof for identities in [2].

Proposition 28. Let P = Py & P1 be a transposed Poisson superalgebra. Then for
z,y, 2, h,u,v € Py UP; we have:

(=1)aly, 2] + (=1)""ylz, 2] + (-1)*z2[z,y] = (9)
(=1)**[hlz, yl, 2] + (=1)**[hly, 2], 2] + (=1)*Y[h[z, z],y] = 0 (10)
(=) [ha, [y, 2]] + (=1)*"[hy, [z, 2]] + (=1)*[hz, [z,y]] = 0 (11)
(=D [h, 2lly, 2] + (=1)**[h, Y]z, 2] + (=1)*[h, 2][2,y] = O (12)

[zu, vy] + (—=1)"“[2v, uy] = 2(—1)“* T yvlz, y] (13)
(=) [u, yo] + (=1)"Folzy, u] + (1) yulv, 2] = 0 (14)
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Recall that a Zs-graded ideal in a transposed Poisson superalgebra P = Py ® P; is a
Zy-graded vector space Z = Zy @ Z; such that ZP C Z and [Z, P] C Z. A superalgebra
is simple if it contains no graded ideals. If the Lie superalgebra (P, [,]) associated to a
transposed Poisson superalgebra is not perfect, then by the Leibniz identity (8), Pi_] is
a graded ideal of P. Indeed, we have

'P’P[Q_’_] = (7)0 EBP1)[P0 @ P1,Po @7)1] C Z [Pipj,Pk} + Z [lepi,Pk} C 'P[?’.].

i,5,k€EZL2 i,5,k€EZL2

Therefore, in any simple transposed Poisson superalgebra the Lie bracket must be perfect.
Now, let us introduce the key notion of a graded transposed quasi-ideal.

Definition 29. A graded transposed quasi-ideal of a transposed Poisson superalgebra
P =Py @ Py is a Zs-graded proper subspace Z = Zy & Z; of P such that [P,Z] C Z and
[PZ,P] CT.

The following results are the equivalents of Lemma 9 and Lemma 10 for superalgebras.
The proof is a repetition of the proof of the corresponding lemmas, but considering a
graded ideal and using the equations in Proposition 28. The same applies for Theorem 32.

Lemma 30. A simple transposed Poisson superalgebra contains no graded transposed
quasi-ideals.

Lemma 31. Let (P,o,[-,-]) be a transposed Poisson superalgebra and suppose that the
associated Lie superalgebra is perfect, i.e., 73[? 1= P. Then any graded ideal in the Lie
superalgebra (P, [-,+]) is a graded transposed quasi-ideal.

Using the previous lemmas, the equivalent of Theorem 11 for superalgebras is ob-
tained.

Theorem 32. Any simple transposed Poisson superalgebra has simple (or trivial) Lie super
bracket.

By a similar argument as in Theorem 12, but using the fact that simple finite-
dimensional Lie superalgebras have no non-trivial 3-derivations (see [11,20] for details),
we can conclude the classification theorem for simple finite-dimensional transposed Pois-
son algebras. See also [7, Corollary 12].

Theorem 33. Suppose that F is algebraically closed and char(F) = 0, then any simple
finite-dimensional transposed Poisson superalgebra is trivial.
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5. Transposed Poisson algebras and Jordan superalgebras

This section contains three subsections. In the first part, we prove that transposed
Poisson algebras are Jordan brackets. In the second part, we stablish a simplicity criterion
for the Kantor double of a transposed Poisson algebra. In the third part, we study some
properties of the Jordan superalgebras that arise from the transposed Poisson structures
defined on the Witt algebra.

5.1. The Kantor double of a transposed Poisson algebra

On this section, let F be an arbitrary field of characteristic p # 2. Let us recall the
Kantor double construction on the most general context. Let (P = Py @ P1,0,[,])
be a superalgebra equipped with two multiplications: the first one is associative and
supercommutative and the second one is super skew-symmetric. This class of algebras
are called dot-bracket superalgebras [13]. We will assume that they are not necessarily
unital, as in the rest of the paper. Denote by P*® a duplication of the space P with
opposite parity of the elements, so if x € P;, its corresponding copy x* € P? has parity
i+ 1 € Zsy. Then let J(P) be the vector space P @ P* endowed with the multiplication
x given for homogeneous elements x,y € Py U Py by

zry=woy, a°xy=(-1)"zxry’ =(zroy)’, a”xy’=(-1)%xyl.

By this construction, the algebra J(P) is a superalgebra with even space J(P)o = Po®P;
and odd space J(P)1 = P1®P§. Also, J(P) = J(P)oBJ(P);1 has “double” the dimension
of P, hence its name: the Kantor double of P.

We will prove that the Kantor double of a transposed Poisson (super)algebra is a
Jordan superalgebra. We may refer to superalgebras simply by algebra if the context is
clear. Let (P = Py ® Py,0,[,]) be a transposed Poisson superalgebra and denote by
P,,Q. : P — P the linear operators corresponding to the left multiplications given by
P,(x) = ax and Qq(z) = [a, z], for an homogeneous element a € Py UP;. Then, we have
the following useful relations between these linear operators.

Proposition 34. Given P a transposed Poisson superalgebra and x,y,z € Py U Py, we
have the relations:

(1) The associativity of o is equivalent to [Py, Py] = 0, since o is also supercommutative.

(2) The Jacobi superidentity (7) is equivalent to [Qz, Qy] = Q[z,y, due to the super
skew-symmetry.

(3) The Leibniz rule (8) can be written as [Py, Qy] = 3(Quy — (—1)™QyPy) or Quy +

(4) Moreover, a consequence of this identity is

(D" Qe + (=1)"" Q22 + (—1)*Qz.41y = 0.



190 A. Ferndndez Ouaridi / Journal of Algebra 641 (2024) 175-198

Note that the bracket of linear operators is graded, that is, for A, B € End(P), we have
[A,B] := AB — (—1)*BBA.

Proof. The relations (1) and (2) are well known for associative commutative and Lie
superalgebras. The first relation in (3) applied to an element z € P gives us z[y, 2] —
(=1)*¥[y, 2] =  ([zy, 2] — (—1)"Y[y, z2]), which is equivalent to the Leibniz rule. For the
second relation in (3), when applied to z € P, we obtain [zy, 2]+ (=1)"[y, 2] = 2z[y, z].
The relation (4) is a consequence of the linearity of @ and the identity (9). O

Additionally, we have the next relations involving the left multiplication operators of
a transposed Poisson superalgebra.

Proposition 35. Given P a transposed Poisson superalgebra and x,y,z € P, we have the
following relations:

( ) ( ) szP[:v,y] +( )IzQzP[yz ( 1) Qyp[z:r =0.

®3) (= 1) Q[ry]P +( 1) Q[sz +( 1) szm y = 0.

()Qxsz - (= )”*Z”Q Py = 2Pz[y,Z] and (—DWQsza: + (D)@ Py =
“F PryQ-.

vtz p Qxy ( l)yIPnyz:Px[y,z]-

’\l\')
/—\
;_n

[ N

-1

Proof. These relations are obtained, respectively, by rewriting the identities of the Propo-
sition 28 using the maps P and Q. O

The following Theorem establishes a connection between the class of transposed Pois-
son superalgebras and the class of Jordan superalgebras through the Kantor double
construction. Namely, transposed Poisson algebras are Jordan brackets.

Theorem 36. If P is a transposed Poisson algebra, then the algebra J(P) is a Jordan
superalgebra.

Proof. We verify the supercommutativity first. Given =,y € Py U Py and corresponding
x%,y® € P§ U P, by the definition of the multiplication we have that = xy = zy =
(=D)™yx = (=1)™y *x,

2y = (2y)” = (~1)"(y2)* = (1) y x

2* ey’ = (—1)7[z,y] = —(=1)™ 0y a] = (1) = (~1)E DI g,

Since the parity of *® is |z| + 1, we conclude that J(P) is supercommutative.
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Now, we check the Jordan superidentity (2). Observe that the left multiplication on
the superalgebra J(P) are the linear operators L, Lgs : J(P) — J(P) corresponding to

the matrices
— Pa 0 — 0 (_]-)aQa
La= < 0 (—1)@Pa) 0 e = (Pa 0 )

where a € PoUP;. A straightforward verification shows that |L,| = |a| and |Lgs| = |a|+1.
Thus, by the equations (1-3) in Proposition 34, we have the following relations between
the multiplication operators in J(P).

[[Lx,Ly]]_([[waPy]] (1)”110[[Px,Py]]>_0' (15)
oLyl = (§ 3V @ CI7QPY, (16)
~1)*(Qz Py, + (—1)*YQy Py 0

an iyl = (CVQ@BAECDTQE) L 00 mgy) O

Proceed by considering the various cases that arise depending on the parity.

(1) For z,y,z € PyUP;. Then the Jordan superidentity (2) is verified, as a consequence
of (15).
2) For homogeneous elements z,y € P and 2° € P*®, we have
g
(_1)I(z+1)[[Lw*vazsﬂ + (_1)yr[[Ly*ZsaLw]] + (_1)(z+1)y[[Lzs*wa Lyﬂ
= (1) Ly, Loe] + (~DP L aypgeyes Lol + (D) EHY[ Ly, L]

Applying (16), we can write the expression above as the sum of matrices

(71)M+$ <8 %(—I)Z(sz _ (0_1)$Z+yZQZsz))

_( 1)£EZ+U+€D 0 % _1>y+Z(QIyz - (_1)xy+szsza:>)
0 0
yx O (- )T+Z(Qyzm - (_1 yz—&-ychszy)

The upper right term, up to %(71)”27 is equal to

( )xZ(waz - ( )xz+yZQz Ty ) ( )xz(Qa:yz - ( )xy+xZQyz a:)
( ) (Qyzx - ( )yZerIsz )

After the simplification using the supercommutativity of the transposed Poisson
superalgebra, we have
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_(_1)$zszz - (_1)yzQzP1y + (_]-)lyQszz + (_]—)yzszPy

Using the second relation in (3) of Proposition 34 and the equation (5) in Proposi-
tion 35, this is zero.
For homogeneous elements x € P and y°, z° € P*, we have

(_l)z(erl)[[Lx*ys’Lzs]] + (_1)(y+1)z[[Ly5*zs7L;cﬂ + (—1)(Z+1)(y+1)[[Lzs*x,Lysﬂ
= (=D)L pyeaye, Lae] + (=D [L1yagy 21, Lal
+ (=1)EDEIDIL s L]

By the equations (15) and (17), the previous expression can be written as the fol-
lowing sum of matrices

N GRACES it ° )
0 (_1)Z(P1yQZ + (_1)Iz+y2Pszy)
+ (_1)Zy+z+y+1
X ((_1)Z+T(Qz;ﬂPy + (_l)zy—i—myQszx) 0 )
0 (71)y(PzzQy + (71)zy+wyPszm) '

The upper left term is, up to (—=1)**¥, equal to

(71)IZ(szPz + (71)wz+yzQszy) - (71)Zy(szPy + (*1)Zy+waszz)
= (=1)"*QquyP: + (=1)"*Q.Ppy — (—1)*YQ.2 Py — (—1)"QyPiy.

By the relation (5) in Proposition 35, we have the Leibniz rule.
(_1)$Z2Px[y,z] + (_l)yZQszy - (_]—)MIQszz =0.

The lower right term is, up to (—1)#, equal to

(_l)zz(Pwaz + (_1)Iz+y2Pzwa) - (_l)zy(Pszy + (_1)Zy+zyPszx)
= (*1)1"2 zsz + (*1)yZPszy - (*1)Zypzach - (*1)$yPszm

From here, we can use equation (6) in Proposition 35 to obtain an expression which
is zero, by (1) in Proposition 35.

(=1)** ey@z — (=1) PpQy + (=1)* zly,2]
= (=1)"P(PyQ. — (1) P.Q, + P[yvz]) =0.
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(4) Lastly, for homogeneous elements x*®, y*, 2° € P*  the Jordan identity is
(=) @HDCEADL e L] 4+ (1) @TDEED[L o L]
+ (1) EDEIDIL oo, Lye]
= (—1)EHVEDL 1oy, Lae] + (= D)ETVED Ly, ), L]
—+ (—1)<z+1)(y+1)[[L(,l)z[z’x],Lys]].

Applying the equation (16) and arguing as before, every term in the operator matrix
is zero except for

()" Q) — (=1 Q:Pay + (=1)"" Qpy.2jz — (-1)7Qu Py o)
+ (71)ZyQ[z,z]y - (71)$yQyP[z,a:]

Using the relation (4) in Proposition 34, we obtain the next expression, which is
zero, by (2) in Proposition 35.

_(_1)yzQzP[x,y] - (_l)zanmP[y,z] - (_1)$yQyP[z,x] = 0.

Due to the cyclic nature of the Jordan superidentity, the four cases considered here
are enough to prove that J(P) satisfies the Jordan superidentity (2), and therefore, it is
a Jordan superalgebra. 0O

There is another functor introduced by Kantor in [10]. Kantor defines a second con-
struction that produces a Lie superalgebra, given a Poisson algebra, by defining a new
product *; on P ®P? in the following way. Given a,b € P and corresponding a®,b° € P*,
we set

a*b=1Ja,b], a’xb=axb" = (a,b])’, a’*b°=aobd.
Following the spirit of [2], we will call it the transposed Kantor double.

Remark 37. A straightforward verification of the Jacobi superidentity for the complex 3-
dimensional transposed Poisson algebra P with a basis eq, es, e3 defined by the non-zero
products:

P €3-€3 = €1,
[e1,e3] = e1 + eq,
shows that the transposed Kantor double is not a Lie superalgebra. Indeed, the Leibniz

superidentity

L£(e3,e5,e5) = —3(e1 + e2)® # 0.
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We leave as an open problem the study of the class obtained by considering the
transposed Kantor double of the variety of transposed Poisson algebras.

5.2. Simplicity criterion for the Kantor double of transposed Poisson algebras

Observe that if a transposed Poisson algebra P has an ideal Z, then its Kantor double
has an ideal Z & Z*. Therefore, if J(P) is simple, then P is simple. The converse is more
complicate. Kantor proved that the double of a non-trivial Poisson (super)algebra P is a
simple Jordan superalgebra if and only if P is simple [10]. Later, King and McCrimmon
extended this result to unital non-trivial Jordan brackets [13]. For non-unital Jordan
brackets and, in particular, for non-unital transposed Poisson algebras, this result does
not hold, as we can see in the next remark.

Remark 38. Consider the family of simple transposed Poisson algebras P(«,3) with
af = 0 over a field of characteristic 3 that can be extracted from Theorem 22.

pab . e1oe; = ey, e30ez = fey,
le1,e2] = e3, [es,ex] = —2e2, [e3,e1] = 2e;.

The Kantor double of P*# is the Jordan superalgebra defined on P & P*, with mul-
tiplication given by

€1 xe1 = aez, e€1*xe]=ae, e] xe1 = aey,

J— s __ S S _ S
ea xeg = fey, ez xey = fe], e5 * eg = fej,
e] xe5 =e3, es*es;=—2e, e5%ke] =2e.

Note that J(P)es = e3J(P) = 0. Hence, the superalgebra J(P) is not simple. Also, note
that PP # P and that the proper subspace Z = span(fe;, aes) is a quasi-ideal of P.

Moreover, suppose P is a simple transposed Poisson algebra such that PP # P, then
P @ (PP)® is an ideal of J(P). Indeed, we have

(P® (PP)*) x (P& P*) C PP+ (PP)* + ((PP)P)* + [PP,P] C (P& (PP)*).

Hence, if J(P) is simple, then P is simple and PP = P. The converse of this fact also
holds, as we will see. To prove it, we need the following lemma on simple transposed
Poisson algebras with perfect associative part.

Lemma 39. Any simple transposed Poisson (super)algebra (P, o,[,+]) such that PP =P
contains no quasi-ideals.

Proof. Suppose 7 is a quasi-ideal of P. Choose a maximal subspace Z’ such that Z'P C
Z. Then T € 7' and 7' # P, because PP = P. Now, we have Z'P C Z C 7' and
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[Z,P] C 7', by the maximality of Z'. Moreover, using the transposed Leibniz rule, we
have the following inclusion

[Z',PP] C PIZ',P] + [PT,P].

So [Z/,P] C P[Z,P] + [PZ',P]. The first term satisfies P[Z',P] C Z’, since
PPIZ',P] C [Z'P,PP] C T', using equation (13) and PP = P. The second term is
[PZ',P] C |[Z,P] C Z'. Therefore, the subspace Z’ is an ideal, which contradicts the
simplicity. O

We can prove the simplicity criterion for the Kantor double of a transposed Poisson
algebra. The converse was proved above.

Theorem 40. Let (P,o,[,-]) be a simple transposed Poisson (super)algebra such that
PP =P, then J(P) is simple.

Proof. Suppose 7 is an ideal with projections Zy, Z7 on P and P?, respectively. By the
definition of the Kantor double, we have the following relations

PLy Cc IoN1Ly, PI, C1, [P,Il] C Ip.

The subspace J := ZyNZ; is a quasi-ideal of P, since JP C J and [J,P]P C ZyP C
J. So either 7 = 0 or J = P, by Lemma 39. If 7 = 0, then Zy? = 0 and, using
the equation (13) we have P[Zy, P] = 0, since PP[Zy, P] C [ZoP, PP] + [ZoP,PP] C 0,
so Zy is a quasi ideal, and then either Zy = 0 or Zy = P. In the first case, we have
that Z; is a non-zero ideal of P, so Z; = P. But then Z P = Z7 « P* = [P, P] # 0,
which is a contradiction. In the second case, Zy = P implies that PP C J = 0, another
contradiction. If J = P, then the arguments are analogous to [10, Theorem 3.4]. O

Now, we want to investigate whether it is possible to obtain a simple Jordan superal-
gebra from a non-unital transposed Poisson algebra. It turns out that it is not possible.
They have to be unital (and therefore, contact brackets) to give rise to a simple Jordan
superalgebra, as the following theorem shows.

Recall that an algebra is differentiably simple for a family of derivations ® if it is non-
trivial and it contains no ®-invariant ideals. We say an algebra is differentiably simple
if this is true for some family of derivations. Posner proved that differentiably simple
associative commutative algebras are unital [17].

Theorem 41. Let (P,o,[-,]) be a simple transposed Poisson algebra such that PP = P,
then (P, o) is differentiably simple and, therefore, unital.

Proof. Let us prove that (P,o) is differentiably simple. Consider the set © of linear
endomorphisms of P given by
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D ={Dyy:z,y € P},
where D, : P — P is given by Dy (a) = [ax,y] — alz,y]. We have

Dgy(a)b+ aDyy(b) = blaz, y] — ablz,y] + albx, y] — ablx, y]
1 1
T2 2
= [abz,y] — ablz,y] = Dyy(ab).

1 1
[abxa y] + [(l(E, by] - (Lb[{L’,y] + i[abﬁay] + 5[1).%, ay] - ab[xvy]

Therefore, © is a family of derivations of the algebra (P,0o). Suppose there is some
D-invariant ideal Z of (P, o). Let us show that it is a quasi-ideal of P. Indeed, using
equation (13), we have

PPIZ,P| C [IP,PP] C [IP,P).

Since 7 is D-invariant, we have [az,y| — a[z,y] € Z, for any x,y € P and a € T.
That is, [az,y] € Z and [ZP,P] C Z. So PP[Z,P] C Z. Since PP = P, we can write
P|Z,P] C Z, implying that Z is a quasi-ideal. This contradicts Lemma 39, so (P, o) is
differentiably simple. Hence, by [17, Theorem 5], it is unital. O

5.8. The Jordan superalgebra that arise from the Laurent-Witt transposed Poisson
algebra

Let us fix F to be the complex field in this section. The Lie algebra of derivations of
the algebra of Laurent Polynomials £ is the Witt algebra W. The Witt algebra is the
complex vector space generated by {e; : i € Z} together with the multiplication [e;, ;] =

(J —i)eitj

Remark 42. In [7, Theorem 20|, the authors proved that any transposed Poisson structure
on the Witt algebra is a mutation of the algebra of Laurent polynomials. Precisely, if
(W, o,[,]) is a transposed Poisson algebra, then there exist some ¢ € W such that
e;oe; = q- ey, where W,-) = L is given by e; - ¢; = e;4;. Let us denote by P},
the transposed Poisson algebra consisting of the Witt algebra with the mutation of the
Laurent polynomials corresponding to the element gq.

The algebras in the family P}, are simple, none of them is a Poisson algebra and
they are unital if and only if the element ¢ in the mutation is an invertible Laurent
polynomial. Let us construct the Jordan superalgebras that arises from these algebras.

Remark 43. Fixed some ¢ € W, the Kantor double of Py}, is the vector space J(P),,) =
W @& W?# with the multiplication:

eikej =qeiry, € xej=(qeir;)’, eixef=(qeiy;)’, € xej = (] —i)eit;.
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The associative commutative part of P}, is perfect if and only if it is unital, by
Theorem 41. Therefore, the Jordan superalgebra J(Py),) is simple if and only if ¢ is
invertible in £, by Theorem 40.

Let us recall the definition of being special for a Jordan superalgebra. Let (A = Ay &
Aj, e) be an associative superalgebra. Consider a new product given for z,y € AgU.A; by
z-y = 3(zey+(—1)"yex), then A := (A, ) is a Jordan superalgebra. Now, a Jordan
superalgebra J = Jy @ J is called special if it can be embedded in a superalgebra A,
for some associative superalgebra A. Otherwise, it is called exceptional.

Moreover, a transposed Poisson algebra (P = Py & P1,0,[-,-]) is called a transposed
Poisson algebra of vector type if there is a derivation D of (P,o) such that [z,y] =
xzoD(y)—(—1)*yo D(x) for any x,y € PyUP;. In particular, unital transposed Poisson
algebras are of vector type, by choosing the derivation D such that D(z) = [z, 1].

Remark 44. It was proven by McCrimmon that unital associative commutative algebras
with a derivation (A, o, D), together with the bracket [z,y] = z o D(y) — (=1)"Yy o
D(z) produce a special Jordan superalgebra when considering their Kantor double [16,
Theorem 4.4]. It follows that if ¢ is an invertible Laurent polynomial, then J(Py,) is
special.

Let us close the manuscript with a natural question.

Open question. Is there any exceptional Jordan superalgebra arising from the Kantor
double of a transposed Poisson algebra?

Data availability
No data was used for the research described in the article.

References

[1] H. Alahmadi, H. Alsulami, Simplicity of Lie algebras of Poisson brackets, arXiv:1905.13571, 2019.

[2] C. Bai, R. Bai, L. Guo, Y. Wu, Transposed Poisson algebras, Novikov-Poisson algebras, and 3-Lie
algebras, J. Algebra 632 (2023) 535-566.

[3] P. Beites, A. Ferndndez Ouaridi, I. Kaygorodov, The algebraic and geometric classification of trans-
posed Poisson algebras, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 117 (2) (2023) 55.

[4] P.D. Beites, B.L.M. Ferreira, I. Kaygorodov, Transposed Poisson structures, arXiv:2207.00281, 2022.

[5] N. Cantarini, V. Kac, Classification of linearly compact simple Jordan and generalized Poisson
superalgebras, J. Algebra 313 (1) (2007) 100-124.

[6] A. Dzhumadil’daev, Weak Leibniz algebras and transposed Poisson algebras, arXiv:2308.15018,
2023.

[7] B.L.M. Ferreira, 1. Kaygorodov, V. Lopatkin, %—deriva‘tions of Lie algebras and transposed Poisson
algebras, Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 115 (3) (2021) 142.

[8] V. Filippov, d-derivations of Lie algebras, Sib. Math. J. 39 (6) (1998) 1218-1230.

[9] V.G. Kac, Classification of simple z-graded Lie superalgebras and simple Jordan superalgebras,
Commun. Algebra 5 (13) (1977) 1375-1400.


http://refhub.elsevier.com/S0021-8693(23)00591-4/bib87C2C827F7B6DA876D592EFF2C54C6E7s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibCD2408B273207043656AB23FD3C6C02As1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibCD2408B273207043656AB23FD3C6C02As1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib0F647D86654B1CFFEF24000E1314D70Es1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib0F647D86654B1CFFEF24000E1314D70Es1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib91AD753E538BAD2BFA62099214C3BFC1s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib51A888982BCDE0F1EF576ED65FAE8BFDs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib51A888982BCDE0F1EF576ED65FAE8BFDs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibBD77389E4383FEC5B8ADC9E3A23C7F58s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibBD77389E4383FEC5B8ADC9E3A23C7F58s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib3104880C4CD9A7D20AB1DAD8C326CBC4s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib3104880C4CD9A7D20AB1DAD8C326CBC4s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib2EDF68C72693EA32F2F2B01B3E439B09s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibFE2FA5EAD47AAAC1CD2BEB39744DD48Es1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibFE2FA5EAD47AAAC1CD2BEB39744DD48Es1

198 A. Ferndndez Ouaridi / Journal of Algebra 641 (2024) 173-198

[10] I.L. Kantor, Jordan and Lie superalgebras defined by Poisson algebra, in: Algebra and Analysis,
Tomsk, 1989, in: Amer. Math. Soc. Transi. Ser. 2, vol. 151, Amer. Math. Soc., Providence, RI, 1992,
pp. 55-80.

[11] I.B. Kaygorodov, é-superderivations of simple finite-dimensional Jordan and Lie superalgebras, Al-
gebra Log. 49 (2010) 130-144.

[12] I. Kaygorodov, Non-associative algebraic structures: classification and structure, Commun. Math.
32 (3) (2024) 1-62.

[13] D. King, K. McCrimmon, The Kantor doubling process revisited, Commun. Algebra 23 (1) (1995)
357-372.

[14] G. Leger, E. Luks, Generalized derivations of Lie algebras, J. Algebra 228 (1) (2000) 165-203.

[15] C. Martinez, E. Zelmanov, Brackets superalgebras and spectral gap, Sdo Paulo J. Math. Sci. 13
(2019) 112-132.

[16] K. McCrimmon, Speciality and non-speciality of two Jordan superalgebras, J. Algebra 149 (2) (1992)
326-351.

[17] E. Posner, Differentiably simple rings, Proc. Am. Math. Soc. 11 (1960) 337-343.

[18] B.K. Sartayev, Some generalizations of the variety of transposed Poisson algebras, Commun. Math.
32 (2) (2024) 54-61.

[19] A.S. Zakharov, Novikov—Poisson algebras and superalgebras of Jordan brackets, Commun. Algebra
42 (5) (2014) 2285-2298.

[20] P. Zusmanovich, On ¢-derivations of Lie algebras and superalgebras, J. Algebra 324 (12) (2010)
3470-3486.


http://refhub.elsevier.com/S0021-8693(23)00591-4/bib08729E175DE2FA10081CDF480D79DA87s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib08729E175DE2FA10081CDF480D79DA87s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib08729E175DE2FA10081CDF480D79DA87s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibE2586F3A475714F9959F74986E64EE13s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibE2586F3A475714F9959F74986E64EE13s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibFEE18C6243899EAF4D6A1E7445AEDC3Fs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibFEE18C6243899EAF4D6A1E7445AEDC3Fs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibCD0F58A23102400B0A902B038019E301s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibCD0F58A23102400B0A902B038019E301s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib84D3413D72FFE9FE87421891D9DBD82Fs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib6500EFD31070B4720D494DD79F08CC67s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib6500EFD31070B4720D494DD79F08CC67s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib69DB57F02643FF6D1EC07C4648042E97s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib69DB57F02643FF6D1EC07C4648042E97s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib6FBA80E3E2AE0F113BE7E6A69E129EAEs1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib0F7E401C396B92D3864B22A970FA322As1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib0F7E401C396B92D3864B22A970FA322As1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibE91C0434F606153C3646F60E4C52FA61s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bibE91C0434F606153C3646F60E4C52FA61s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib71B743082DB14682F473F43D4540A5D0s1
http://refhub.elsevier.com/S0021-8693(23)00591-4/bib71B743082DB14682F473F43D4540A5D0s1

	On the simple transposed Poisson algebras and Jordan superalgebras
	1 Introduction
	2 On the simple transposed Poisson algebras
	2.1 Note on the existence of transposed Poisson structures
	2.2 On the simple transposed Poisson algebras
	2.3 A non-trivial simple finite-dimensional transposed Poisson algebra

	3 Transposed Poisson algebras with a perfect multiplication
	4 On the simple transposed Poisson superalgebras
	5 Transposed Poisson algebras and Jordan superalgebras
	5.1 The Kantor double of a transposed Poisson algebra
	5.2 Simplicity criterion for the Kantor double of transposed Poisson algebras
	5.3 The Jordan superalgebra that arise from the Laurent-Witt transposed Poisson algebra

	Data availability
	References


