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diagnosis and census data analysis, among others. In Formal Concept Analysis (FCA), attribute
implications follow the philosophy of the if-then rules establishing relationships between sets of
attributes. This paper will focus on the theoretical development of attribute implications through
the tools provided by the multi-adjoint concept lattice framework. We will show different notions
to compute the validity of attribute implications, analyzing their properties and comparing the
proposed alternatives. The use of linguistic hedges, and truth-stressing hedges in particular, is
an interesting way of incorporating truth functions into attribute implications. Moreover, they
have been considered in the computation of the concepts of a given context. This paper also
introduces and studies the main properties of the multi-adjoint concept lattices framework with
truth-stressing hedges.

1. Introduction

Formal Concept Analysis (FCA) is a useful mathematical tool in the process of extracting and representing knowledge from data
sets, which are formally translated into a set of objects, a set of attributes and a relationship between them. FCA has widely been
studied from a theoretic [5,10,21,31,42,43] and applied [1,3,9,24,29,30,36,45] point of view. One of the main features of FCA is the
possibility of computing relations among the variables using the concept-forming operators, which form a Galois connection. This
kind of if-then rule has a particular interpretation and has had a great impact in the science community and in the applications. For
example, different logics have been applied [11,37,44] to use a set of attribute implications representing the original data set as part
of the design of a decision support system.

Truth stressing linguistic hedges were mainly used to reduce the concept lattice of a context [6]. Moreover, they were successfully
used in attribute implications [7]. Linguistic hedges try to model expressions like “very” or “extremely” in order to modify the
meaning of natural language expressions [32-34,38]. They have been studied in different frameworks due to their relevance, indeed
Zadeh asserted that linguistic hedges play an important role in human reasoning [47].
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Multi-adjoint concept lattices provide a fuzzy generalization of FCA [42], based on adjoint triples [16,23,41], which has obtained
important advances in different areas, such as in attribute reduction [2,22] and size reduction [19,21], and in the comparison with
related fields, such as rough set theory [8], fuzzy relation equations [40] and logic programming [12].

An initial study about attribute implications in multi-adjoint concept lattices was given in [20,39]. Considering fuzzy notions of
support and confidence, a new kind of attribute implication was introduced in [39]. In [20], an initial approach of the definition
of validity of attribute implications in multi-adjoint concept lattices was presented. In order to advance in this line, truth stressing
hedges will be incorporated in the definition of the concept-forming operators of the multi-adjoint framework and different properties
will be analyzed. Several of these properties will be used in the second part of the paper in which we are interested in applying the
philosophy of the multi-adjoint paradigm to the computation of attribute implications, which will increase their flexibility and
expressiveness. Specifically, we will provide different definitions to compute the validity of attribute implications in multi-adjoint
concept lattices. The advantages and drawbacks of these definitions are widely analyzed, studying their properties and making a
comparison with the proposed results in the residuated concept lattice framework [6,7]. The main contribution shows that the
degree in which an attribute implication is valid in a multi-adjoint concept lattice is obtained computing only the degree of validity
on the set of join-irreducible elements of the lattice.

The paper is organized as follows. Section 2 includes the basic notions and properties associated with adjoint triples and truth-
stressing hedges, which are the operators involved in the computations. Section 3 recalls the basic definitions of the multi-adjoint
concept lattice framework, and introduces its extension with the use of truth-stressing hedges, together with some technical results
relating both environments and illustrative examples. Section 4 is devoted to the study of attribute implications in multi-adjoint
concept lattices with hedges and their validity. Finally, the paper finishes with some conclusions and prospects for future work.

2. Adjoint triples and truth-stressing hedges

This section introduces certain basic notions and properties about the operators involved in the considered multi-adjoint formal
concept analysis framework, for a better understanding of the theoretical development presented in this paper.

Adjoint triples [16,18,23] arise as an interesting generalization of a t-norm and its residuated implication [33], because they pre-
serve their main properties and require only the minimal mathematical conditions for ensuring operability. Requiring few constraints
increases remarkably the fields of application of these operators, for instance, they can be considered in non-commutative and/or
non-associative frameworks. The formal definition of adjoint triple is given below.

Definition 1. Let (P}, <), (P5,%,), (P;,<3) beposetsand & : Py X P, > P;, /. Py x P, » P, \: P; X P - P, be mappings. We
say that (&, ./, \) is an adjoint triple with respect to (P}, <;), (P, <,), (P5,<3) if the following double equivalence is satisfied:
x<pz/y iff x&y<3z iff y<HzN«x

for all x € P;, y € P, and z € P;. The previous double equivalence is called adjoint property.
The following properties are straightforwardly deduced by using the adjoint property.
Proposition 2. Given an adjoint triple (&, /', \) with respect to the posets (P;,<;), (P,,<, ) and (P3,<3), we have that:

(1) & is order-preserving on both arguments.
(2) / and \ are order-preserving on the first argument and order-reversing on the second argument.
(3 zN1l=Ty,andz/ 1, =Ty, forall z€ P;, when (P;,<;,1,,T) and (P;,<,, 1,,T,) are bounded posets.
(4) When the infimum exists:
4.1 (/\Z,EZ z)/ y= /\ziez(zi / y), forall ZC Py and y € P,.
(4.2) (N ezz)N\Nx=/,cz(z;\x), forall ZC Py and x € P,.

A detailed study of adjoint triples and their useful properties was included in [14,16,18,23]. Specifically, the results exposed in
the proposition below were presented in [16]. The first item states the conditions that the posets and the adjoint conjunctor must
satisfy in order to ensure that the adjoint implications verify a property which can be seen as a generalization of the boundary
conditions of the classical Boolean implications. The second item relates two boundary conditions in adjoint triples.

Proposition 3. Let (&, /,\) be an adjoint triple with respect to the posets (P, <), (P;,<,) and (P3,<3).

(1) If P, C Py and P, has a maximum T, as a right identity element for &, that is, the equality x & T, = x is satisfied, for all x € P;, then
we have:

T,=zNx ifandonlyif x<;z foradlxe P, and z€ P;.

(2) If P, = Py and P, has a maximum T,, then we obtain:

z/Ty=z ifandonlyif x&T,=x, foralxe P, and z€ P;.



M.E. Cornejo, J. Medina and F.J. Ocafia Fuzzy Sets and Systems 479 (2024) 108854

The following proposition gives the sufficient and necessary conditions which guarantee the satisfiability of the well-known
exchange principle property, by the residuated implications of an adjoint triple [25].

Proposition 4. Let (&, /,\) be an adjoint triple with respect to the poset (P, <). Then, for dll x, y, z € P, the following equivalence holds:
z/N\Nx=zN\x)/y ifandonlyif & is associative.

After recalling the technical properties about adjoint triples which will be used later, we introduce some examples of these
operators. The Godel, product and Lukasiewicz t-norms together with their residuated implications are the most usual examples of
adjoint triples defined on the unit interval [0, 1]. Notice that, their implications are equal due to the commutativity of the t-norm.
These adjoint triples are defined, for every x, y, z € [0, 1], as follows:

. 1 siy<z
X &g y=min{x, y} Z/Gy={ i
z otherwise
1 siy<z
X&py=x-y z/Py= .
z/y otherwise

X & y=max{0,x+y—1} z/Yy=min{1,1 -y + z}

Next example shows an adjoint triple whose operators are defined on a partition of the unit interval [0, 1] and whose conjuctors
could be neither commutative nor associative.

Example 5. Let [0, 1],, be a regular partition of [0, 1] in m pieces, for example, [0, 1], = {0,0.25,0.5,0.75, 1} divide the unit interval in
four pieces. We can consider a discretization of a given left-continuous t-norm 7" : [0,1]X[0, 1] — [0, 1] as the operator &t : [0, 1], X
[0,1],, — [0, 11 with n,m,k € N*, which is defined, for every x € [0, 1], and y € [0, 1],, as follows:

k-T(x,
x&ppy= [ ]ix 1

where [_] is the ceiling function. For this operator, their corresponding residuated implications ,/PT : [0, 1], x [0,1],, = [0,1], ¥
Nor : [0,1], x[0,1], = [0,1],, are defined, for all x € [0,1],, y €[0,1],, and z € [0, 1], as:

_n-(z—>x)]
- n

Z/DTy

_m-z=y)] 2 Npp
m

where | _| is the floor function and — is the residuated implication of the t-norm 7.

In this case, we have that the tuple (&pr,./PT, \pr) is an adjoint triple and the conjuctor &,r could be neither commutative
nor associative. Similar adjoint triples can be obtained from the Gddel, product and Lukasiewicz t-norms, which are denoted as
(&pGs 9. \p6): (&pps 7. N\pp)s (&pL. /%, \pL), respectively. []

Linguistic hedges have widely been studied in diverse papers related to the applied point of view of approximate reasoning [34],
fuzzy logic [13,28,32,33], fuzzy relation equations [4] and formal concept analysis [6]. Specifically, this paper focuses on the
following notion of truth-stressing hedge, which is a straightforward extension of the notion presented in [6] based on adjoint
triples.

Definition 6. Let (P,<,T) be an upper bounded poset and (&, //,\) be an adjoint triple with respect to (P,<). A truth-stressing
./ -hedge is a unary function % : P — P satisfying the following properties:

*(M=T (Boundary condition)
*(x) < x (Subdiagonal condition)
*(z/ y) <*(2) x (D) ( -regularity condition)
* ( (X)) =* (x) (Idempotency condition)

for each x, y, z € P. Similarly, a truth-stressing \\\-hedge is defined on (P, <, T).

Notice that, if we consider an adjoint triple with respect to three different upper bounded posets (P;,<;,T;), (P,,<;,T,) and
(P5,<3,T3) in the above definition, by the ,/-regularity condition, the three upper bounded posets must be related by inclusion. In
order to simplify the definition of truth-stressing hedge, we have assumed that P, = P, = P; = P.

Next, we recall two boundary cases of hedges, that is, the identity mapping which is the greatest truth-stressing ,/-hedge and the
least one which is called globalization [46]. This operator % : P — P is defined on an upper bounded poset (P, <, T), for each x € P,
as:
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T if x=T

#(X) = , €3]
1 otherwise

The following result shows that the monotonicity of truth-stressing hedges is obtained if the adjoint conjunctor satisfies the
boundary conditions with the top element of the poset.

Proposition 7. Given an adjoint triple (&, //,\\) with respect to an upper bounded poset (P, <, T), we have that:

(1) If the equality x & T = x holds, for all x € P, and *: P — P is a truth-stressing \-hedge, then x is order-preserving.
(2) If the equality T & y =y holds, for all y € P, and *: P — P is a truth-stressing ,/-hedge, then * is order-preserving.

Proof. (1) Let x; and x, be two elements in P such that x; < x,. By hypothesis, the boundary condition x & T = x holds, for all
x € P, then applying Statement (1) in Proposition 3, we obtain that x, \ x; = T. Now, taking into account Definition 6, the following
chain of inequalities is obtained:

T = (T) =% (x5 N x) <# (%) N (x))

Finally, the inequality T < (x,) N\ (x;) is equivalent to the inequality * (x;) <* (x,), by Statement (1) in Proposition 3, which
provides the monotonicity of the \ -hedge.
The proof of Statement (2) follows similarly. []

3. Multi-adjoint concept lattices with truth-stressing hedges

The multi-adjoint concept lattice framework embeds several fuzzy extensions of concept lattices studied in the literature such
as [5,10,31,35], among others. In order to give a more general (non-commutative and/or non-associative) and flexible setting, it
becomes natural to consider different adjoint triples in multi-adjoint concept lattices. Next definition recalls the notions of multi-
adjoint frame, context, concept-forming operators and multi-adjoint concept lattice [27,42].

Definition 8.

The tuple (Ll,LZ,P,ﬁl,ﬁz,s,&l,/l,’\l,...,&n,/”,’\n) is a multi-adjoint frame where (L,,<;) and (L,,<,) are complete
lattices, (P, <) is a poset and (&;,./',\;) is an adjoint triple with respect to (L, <), (L,,=,), (P,<), foralli € {1,...,n}.

The tuple (A, B, R,0) is a context where A and B are non-empty sets, R is a P-fuzzy relation R: AXB— Pando: AXB—
{1,...,n} is a mapping which associates any element in A X B with a particular adjoint triple in the multi-adjoint frame.

Let L; and LI‘ be the sets of fuzzy subsets g: B— L, and f : A — L, respectively. The concept-forming operators ! : Lg - L’l“
and ' : L4 — L5 are defined as:

glv(a) =inf{R(a,b') /7@ g(¥') | b € B} @)
Y (B =inf{R(d,b) Ny p) f(d) ] d € A} 3

forallgeLB,feLf,aeA,beB.

A concept is a pair (g, f) satisfying that glo = f, f1" =g, for all g € Lf and f € Lf‘. The fuzzy subsets g and f are usually
known as the extent and intent of the concept, respectively.
The multi-adjoint concept lattice, denoted as (M, <) and associated with the multi-adjoint frame and the context, is the set:

M={<g7f>|g€LB,feL'|4,gTJ=f,fl6=g}

together with the ordering <, defined as (g, f;) < (g, f») if and only if g; <, g, (or equivalently, f, <; f). The sets of extents
and intents of the concepts of (M, <) will be denoted by Ext(M) and Int(M), respectively.

From now on, we will write g' and f' instead of g's and f!°, respectively, in order to simplify the notation. It is convenient
to mention that the pair of concepts-forming operators (',!) forms an antitone Galois connection, which provides (M, <) with the
algebraic structure of a complete lattice [42]. We recall the notion of antitone Galois connection since its properties will play a key
role in the proofs.

Definition 9. Let (P, <), (P,,<,) be two posets. We say that the pair (',}) of mappings ': P, = P,, ' : P, - P, is an antitone
Galois connection between P; and P, if the following properties are satisfied:

(1) "and ! are order-reversing.
(2 x<; xM e y<,
3) xl=xth eyl =yl
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forallx€ P, and y € P;.

The notion of join-irreducible element of a multi-adjoint concept lattice also plays an important role in this work. Before present-
ing a characterization of these elements, we need to consider a multi-adjoint frame (L, L,, P,<|,<,,<, &,/ AN Lreoos & N
and a context (A, B, R, 0), as well as define the following specific family of fuzzy subsets of L; [8].

Definition 10. For each b € B, the fuzzy subsets of objects by € Lf defined, for all y € L,, as:
)y if'=b
oy B)= { 1, it #b
are called fuzzy-objects. The set of all fuzzy-objects is denoted as ¥ = {¢, , | b€ B,y € L, }.

Now, we present two easy properties related to the fuzzy-objects which will be used later.

Lemma 11. Let (&, /,\) be an adjoint triple with respect to (L, <;), (L,,=<,) and (P,<). Foralla€ A, b€ B, y € L,, we have that:

M) ¢, (@) =Ra,b) / y.
@ ¢} @ = ) (@)

Proof. (1) Givena € A, be B and y € L,, the next chain of equivalences is obtained:
) o . ! ! /
¢y (@) = inf{R(a,b) / ¢, ,(b) | b € B}

Q inf(Ra,b) / y.inf(R@,b') / L, | b € B\ {b}})
@ inf(R(a,b) / 3. T, )

= R(a,b) /'y

where (i) holds by the definition of the operator T, (ii) is satisfied by Definition 10 and (iii) is obtained since z ,/ 1, =T, for all
z € P, by Statement (3) in Proposition 2.
(2) Given b€ B and y € Ly, since y <X, T,, by the definition of the fuzzy-objects we clearly obtain ¢, , <, ¢, 1,. Hence, by the

monotonicity of the concept-forming operator ', we have that: qﬁl T, <i qﬁl ) |

Notice that, every row of the table associated with the relation R can be expressed as a fuzzy subset of attributes, for each b € B,
that is, as a mapping R, : A — P such that R,(a) = R(a, b), for all a € A. In addition, for each b € B, R, is the intent of a concept in
(M, X), as the following theorem shows.

Theorem 12. Let (&, ./, \) be an adjoint triple with respect to (L, <;) such that x & T| = x, for all x € L,. For each b € B, we have that
Ry, : A— Ly is an intent of a concept in (M, <), that is, R, € Int(M).

Proof. Given a € A, b € B, by Statement (2) in Proposition 3, we have R;(a) = R(a,b) / T. Moreover, by Lemma 11, we have
that R(a,b) /' T = qbz T, (a), which implies R;(a) = d’; T (a). Since the operators ' and ! defined by Equations (2) and (3) form an
antitone Galois connection, by Statement (3) in Definition 9, we obtain that q’)lT7 ™= (q’)ZTl ) for all b € B and, therefore, we can
conclude that R, € Int(M) for all be B. []

The following theorem states that the join-irreducible elements of a concept lattice are uniquely generated by fuzzy-objects [8].
In addition, they cannot be expressed as supremum of elements that are less than them. This is a dual result to the one given in [17]
for meet-irreducible elements of a concept lattice.

Theorem 13. The set of join-irreducible elements of (M, <), denoted as Jz(M), is composed of the pairs (¢Ny, d)Z y) in M, with b € B and
y € L,, such that: '

&, # \@), | by VS <16} )

and qbgy # f1,, where ¥ denotes the set of all of the fuzzy-objects, T is the maximum element in L, and fr : A — L, is the fuzzy subset
defined as fr,(@=T,, foralla€ A.
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Table 1
Relation R of Example 1.

R a; a, a;

b, 05 1 0.5
b, 1 05 0
by 0 05 1

Table 2
Values required to compute V.

#, (f)  R(a,by) N\pp#, (f(@)  R(a,by) \pp#, (f(@)  R(a.by) \pp*, (f(a))

a 1 0.5 1 0
a 0 1 1 1
ay 0 1 1 1

In this paper, we are also interested in considering a multi-adjoint concept lattice framework enriched with truth-stressing hedges.
In order to introduce formally this framework, given a multi-adjoint frame and a context, we need to define the following families of
truth-stressing hedges on the sets of attributes and objects, that is:

#4={%,: Ly = L |*, is a truth-stressing ,/ -hedge, for all a € A}
#p={%,: Ly > L, |*, is a truth-stressing \ -hedge, for all b € B}
The following notion of concept-forming operators generalizes the one given in [6].

Definition 14. Let (L, L,, P,<,,<,,<, &, VAR Nis - & /" \,,) be a multi-adjoint frame, (A, B, R, o) be a context, * 4 be a family
of arbitrary truth-stressing ,/-hedges on L, and *p be a family of arbitrary truth-stressing \-hedges on L,.

« The concept-forming operators Teo Lf - L’l“ and V7 : L’l4 - Lf are defined as:
gl (@) = inf{R(a,b') /7“5y (g(b) | b € B} “)

FE7®) = inf (R D) N g s (f(@)) |0 € A) ®)

forallge L2, feLf,ac A, beB.

* The context associated with the previous concept-forming operators is denoted as (A, ,, B, , R,0). A concept is a pair (g, f)
satisfying that g = f, f\"" =g, forallge LB, f e LA,

+ The multi-adjoint concept lattice with truth-stressing hedges, denoted as (M., <), associated with the multi-adjoint frame and the
context (A*A,B*B,R, o) is the set:

M, ={(g.f) gLl feLlglo=f " =g}
where the ordering is defined by (g, fi) < (g, f>) if and only if g; <, g, (or equivalently, f, <; f}). The sets of extents and
intents of the concepts of (M,, <) will be denoted by Ext(M, ) and Int(M,,), respectively.

Once again, in order to simplify the notation, we will write g'+ and f ¥ instead of gT*(r and f Vo respectively. In this case, the
pair of concepts-forming operators (1+,}") does not form an antitone Galois connection in general, as we will show below.

Example 15. Consider the multi-adjoint frame ([0, 1],, <, &pp, ./ DP Nopp), the contexts (A, B, R,0) and (A*A, B*B, R, ), where the
set of attributes is A = {a;,a,, a3}, the set of objects is B = {b, b,, b3}, the relation R: AX B — [0, 1], is given by Table 1, the triple
(&pp» ’PF, N\pp) is defined from the discretization of the product t-norm on [0, 1], = {0,0.5, 1}, ¢ is constantly (&pp, ,/°F, \pp) and

w4 ={%,: [0,1], = [0,1], |, is the globalization truth-stressing ,/ -hedge, forall a € A}
#p ={%,: [0,1], = [0,1], | %, is the identity truth-stressing \ -hedge, for all b € B}

Now, we will see that the pair (+,!") does not satisfy that f < fl*T* and g < gT*l* ,forall f €[0,114, g€ [0, l]f, and therefore,
it does not form an antitone Galois connection. For this purpose, we will consider the fuzzy subset of attributes f = {1/a;,0.5/a5}
and we will compute its closure, that is £+ T+,

Applying the definition of the operator ! and considering the data presented in Table 2, we have that:

f”(bl) =inf{R(a,b;) \pp*, (f(a))|a€ A} =0.5
I (by) =inf{R(a,by) \pp#, (f(@) |a€ A} =1
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Table 3
Values required to compute f*'1-.

0, (1) R(a,b) /PP, (Y (B)  R(ay,b) /PPy (fY (D)) Rlaz,b) /PP, (fY (5))

b, 05 1 1 1
b, 1 1 0.5 0
by 0 1 1 1

S (b3) =inf{R(a, bs) N\pp, (f(@) |a€ A} =0

Then, we obtain that f V= {0.5/by,1/b,}. Applying the operator '+ to the set f ¥ and using computed data presented in Table 3,
we obtain that:

FV (@) =inf {R(a,, b) /PPx, (fY (b)) | be B} =1
Y (ay) = inf{R(ay,b) /PP, (f¥ (b)) | be B} =0.5
SY 1(a3) =inf{R(as, b) /™, (fV (b)) |1bE B} =0

Hence, we have that fl*T* ={1/a;,0.5/a,}. 1t is clear that f £ fl*T*, then Statement (2) in Definition 9 does not hold. As a
consequence, we can conclude that the pair ('+,") does not form an antitone Galois connection. []

Next, we will present basic properties of T+ and ¥ which have a certain similarity with the well-known properties of antitone
Galois connections. Before presenting the mentioned properties, we need to introduce the following fuzzy subset of attributes:

#4(f): A— L, defined as % ,(f)(a) =%, (f(a)), for all x,€%,, a€ A andfGLA,

and the following fuzzy subset of objects:

%g(g): B— L,, defined as %(g)(h) =%, (g(b)), for all *,€+p, b€ Band g€ Lf.

Proposition 16. Let (Ll,L2,P,51,52,§,&1,/1,'\1,...,&n,/",'\,,) be a multi-adjoint frame, (A, B, R,0) and (A*A,B*B,R,a) be
contexts where 4 is a family of arbitrary truth-stressing ,/-hedges on L, and +p is a family of arbitrary truth-stressing \\-hedges on L,.

The concept-forming operators '+ and V" satisfy the following properties,! for all g€ LB, f Lf, a€ A, beB:

(2) #5(g) <, g™
F )= U

(3) gl ==p(g)'+
A TN

Proof. Because of symmetry, we will only prove the first statement for each item. Considering the definition of the operators '+ and
Vit is clear to see that #5(g)! =g and #,(f)' = 1", forallge LB, f e L. This fact will be used in this proof.

(1) By subdiagonal condition in Definition 6, we have that *3(g) <, g, for all g € Lf. Applying Definition 9, as ! is order-reversing,
we obtain the inequality g' <, #5(g)", that is, g <, g'+.

(2) Since the operators ' and  defined by Equations (2) and (3) form an antitone Galois connection, by Statement (2) in Definition 9,
we have that *3(g) <, >T<B(g)Tl for all *5(g) € Lg. In addition, as >T<B(g)T =g+, we obtain that *p(8) <, g'+}. Then, from the
previous Statement (1), we deduce that *5(g) <, gT*l* .

(8) The identity that we want to prove follows from the following chain of equalities:

RGN

g Ly Dy E whe)

where (i) and (iii) are satisfied due to the fact that * B(g)T =gl forallge Lf and (ii) because of the idempotency condition in
Definition 6, that is, ¥(*p(g)) = *p(g) for all g € Lg. O

More properties can be obtained if we assume that the conjuctors of the different adjoint triples of the multi-adjoint frame satisfy
the boundary conditions.

1 Notice that, the mapping '~ in Statement (3) of Proposition 16 is applied to %p(g), that is, #5(g)" = (¥5(g))'-.
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Proposition 17. Let (LI,L2,P,51,52,§,&1,/1,'\l,,..,&n,/",'\,,) be a multi-adjoint frame, (A, B, R,0) and (A*A’B*B’R’O-) be
contexts where  , is a family of arbitrary truth-stressing ,/-hedges on L, and #p is a family of arbitrary truth-stressing \-hedges on L,.
FLi=L,=P,x& T;=xand T; &, y=y, fordl x,y€ L, and i € {1,...,n}, then the concept-forming operators '+ and " satisfy the
following properties:

T)‘s *

(1) If g = gy then g," <y g,

Ifrizif then*le X f,l
2 ;A(gT,;) < gT**l T**S] gT**

()= I < Y
(3) Falgl) =F4(g™4 1)

Fp(f1)=%p(f11)
4) gT*l* = gT*l*T*l*

FV e = AT

fordlg,g,g €L and f,f), f, € LA
Proof. Once again, by symmetry, we will only prove the first statement for each item.

(1) Given g;,8, € Lf such that g, < g,, we obtain that %5(g;) <; %¥5(g,), since %p is order-preserving by Proposition 7. As the
pair (1,) form an antitone Galois connection, ' is order-reversing and we have that % (g,)!" <| #3(g;)!. This last inequality is
equivalent to g;* < gI*, because >TsB(g)T =gl forall ge Lf;.

(2) Given g € LB, the first inequality % ,(g'+) <, g1+ follows directly applying Statement (2) of Proposition 16. Now, we will
prove the inequality g'+}""« <, g’ holds. By Statement (2) of Proposition 16, we have that #(g) <, g'+!". Applying Statement
(1) of Proposition 17, we obtain that g'+!"1« <, %,(g)!+. Finally, taking in account Statement (3) of Proposition 16, we obtain
that gT*l*T* < gT*.

(3) Given g € L5, on the one hand, the inequality g'+}"1+ <, g'+ holds, by Statement (2). As % is order-preserving, by Proposition 7,
we have that % ,(g™+!"1+) <; %,(g'+). On the other hand, the inequality #,(g'+) <, g"+!""+ holds, by Statement (2). Applying
Proposition 7, %, is order-preserving and we obtain the inequality % , (% ,(g"+)) <; %,(g"+}" ). By the idempotency condition of
%4, we obtain % ,(g) <; % ,(g"+V" ).

Hence, the equality % ,(g"+) = % ,(¢"+!"1+) holds, for all g € LB
(4) Finally, the last equalities straightforwardly follow from the previous item and item (3) in Proposition 16. []

The following theorem allows us to establish an isomorphism between the concepts of (M, <) and (M,, <) associated with the
contexts (A, B, R,c) and (A*A, B*B, R, o), respectively.

Theorem 18. Let (L, L,, P,<{,=%,,<, &, /L Nis & /" \,,) be a multi-adjoint frame, (A, B, R, o) and (A*A,B*B, R, 6) be contexts
where:

#4 ={%,: Ly = Ly |*, is the identity truth-stressing ,/ -hedge, for alla € A}
#xp={%,: Ly = L, |*, is a truth-stressing \ -hedge, for all b€ B}
IfLi=L,=P,x& Ti=xand T &;y=y, forallx,ye L, andi € {1,...,n}, then the concept lattice (M, <) can be defined as follows:

M, ={{g.fYe M| f=h" forsome he Lf with h(b) € fix(x,) for all b€ B}
where fix(x,) is the set of dll fix-points of *,.

Proof. First of all, we will prove that if (g, f) € M, then (g, f) € M verifying that f = h'+ for some h € Lf with h(b) € fix(x,), for
all b € B. Given (g, f) € M,, by the definition of concept, we have that the equalities f* = g and g'= = f hold. In order to conclude
that (g, f) € M, we need to deduce that g = f is also satisfied. As (', ) forms an antitone Galois connection, the inequality f <, f*'
holds. In addition, the equality f! = g' is obtained due to f' = g. From these facts, we deduce that f <, g'. On the other hand,
the inequality g' <, f is straightforwardly obtained taking into account Statement (1) in Proposition 16 and (g, f) € M,, that is,
g' <, g+ and g’ = f hold. Hence, we can conclude that f = g and g’ = f, or equivalently, (g, /) € M. It remains to demonstrate
that f = h'+ for some h € Lf with h(b) € fix(x,), for all b € B. To reach this goal, we consider the mapping 1 € Lf defined as h(b) =
%p(g)(b), for all b € B. Then, h(b) € fix(x,) for each b € B, since x, (h(b)) =x, (¥ 5(g)(h)) =%, (x, (g())) =%, (g(b)) = *5(g)(b) = h(b).
Finally, we have that

(i) _ (i) (iii)
hh = *B(g)T* = gT* = f

where (i) is obtained because we have considered that 7 = %(g), (ii) is given by Statement (3) in Proposition 16 and (iii) is obtained
because (g, f) € M,.
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Now, we consider a concept (g, f) belonging to the concept lattice (M, <) such that f = h'+ for some h € Lf and h(b) € fix(x,)
for all b € B. We have to prove that (g, f) € M,. By hypothesis, the equality f! = g holds, then we only need to prove that g' = f
is satisfied. This fact follows from the next chain of equalities:

(@) (i) (iii) (iv)
fth* = pledt "2 flT* = gT*

where (i) and (iii) are obtained because we have considered that f = h'+, (ii) holds by Statement (3) in Proposition 17 and since 4
is a family of identity truth-stressing ,-hedges, and (iv) is satisfied due to (g, f) e M. []

As a consequence of the previous theorem, we can guarantee that the concept lattice (M,, <) associated with the context
(A*A,B*B, R, 0) is a sublattice of the concept lattice (M, <) associated with the context (A, B, R,0), when 4 is a family of identity
truth-stressing ,/-hedges and *p is a family of arbitrary truth-stressing \-hedges. In general, the concept lattice (M., <) is not a
sublattice of the concept lattice (M, <). This fact can be proven considering the same counterexample presented in [6, Example 3.21]
for the residuated case.

From now on, we fix (L, L,, P,<{,%,,5, &1, ,/1,'\1, s & /" N\ ) a multi-adjoint frame and (A, B, R, 6), (A*A,B*B,R, o) two
contexts where:

%4 ={%,: Ly > L |*, is the identity truth-stressing ,/ -hedge, for all a € A}
#p={%,: Ly = L, |*, is a truth-stressing '\ -hedge, for all b € B}

In order to simplify the notation, we will write (A, B,, R, c) instead of (A, " B*B ,R,0).
After introducing formally the multi-adjoint concept lattice with truth-stressing hedges framework, we will present the following
technical result which shows that every row of the table associated with the relation R is also the intent of a concept in (M,, <).

Theorem 19. Let (&, ./, \) be an adjoint triple with respect to (L|,<,) such that x& T =T, &x =x, for all x € L,. For each b € B, we
have that R, : A — L, is an intent of a concept in (M, <), that is, R, € Int(M.,).

Proof. Given b € B, by Statement (2) in Proposition 3, we have R,(a) = R(a,b) .,/ T,. By the boundary condition of Definition 6,
we have that R,(a) = R(a,b) / *, (T,). Taking into account the definition of the operator '+ and the equality %, (L,) = L,, applying
Lemma 11, we have that R(a,b) ,/*, (T;) = ¢Z*Tl (a), which implies R, (a) = ¢Z*T] (a), for all a € A. By Statement (3) of Proposition 17

we have that % A(qb,[*TI )=% A((qﬁZ*T] )!1+) for all b € B, which is equivalent to ¢Z*Tl = (qﬁZ*T)“*, since * 4 is a family of identity truth-
stressing ,/-hedges. Therefore, we can conclude that R, € Int(M,) for all b€ B. []

From the proof of the previous result we obtain the following result.

Corollary 20. Given an adjoint triple (&, /,\) with respect to (L;,<,) such that x& T; =T; & x = x, for all x € L,. We have that

TS Y
Ry = ¢b,T1 - ¢b,T1

forall b€ B.
Proof. The proof straightforwardly follows from Theorem 19 and Lemma 11. []

It is convenient to mention identity truth-stressing hedges were also considered on the attributes in the fuzzy framework of
residuated concept lattices [6,7]. Indeed, this was also fundamental for defining the notion of validity of an attribute implication
in this framework which is based on the mappings R,. Thus, the above result reinforces the choice of %, as a family of identity
truth-stressing ,/-hedges on L;.

This section finishes with an example in order to illustrate the previous notions and results associated with the multi-adjoint
concept lattice with truth-stressing hedges framework.

Example 21. Let ([0, 115, <, &pg» 2% N\pg-> &pps ¥ > Npps &b« °F, \p) be a multi-adjoint frame and (4, B, R,0), (A, B,, R,0)
be contexts where the set of attributes is A = {a,,a,,a3,a,4,a5}, the set of objects is B = {b,b,,b3}, *,: [0,1], = [0,1], is the
globalization truth-stressing \-hedge for all b € B and the relation R: A X B — [0, 1], and the mapping ¢ are given in Table 4. This
particular selection of ¢ allows us to assign different adjoint triples to the objects and, therefore, to establish a preference between
them. Namely, the object b; has more preference than the objects b; and b,, hence the Lukasiewicz implication has been associated
with it since it is greater than the product and Godel implications. Moreover, the object the b, has more preference than the object
by, for implementing that the product implication has been associated with b, and the Godel implication with b5, due to is greater
than the Godel one.

The multi-adjoint concept lattice (M, <) associated with (A, B, R, ¢) is composed of 8 concepts, as it is shown in Fig. 1. Specifi-
cally, Cy = <¢1T),lo,0’¢;o‘o>’ for all b € B, and <¢;ll,045’ ¢1§,,0.5>’ <¢Zzl,0‘5’¢lz,0.5> also generate the concept C. The rest of fuzzy-objects
are associated with the following concepts:
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Table 4

Relation R and mapping ¢ of Example 21.

R a a, az a, as
b1 05 1 1 0.5
b, 1 1 1 0.5 0.5
by 0 0 0.5 1 0

o a, a, az ay as
by & & & & &nc
by &pp  &pp  &pp  &pp  &pp
by &y & &p &p &L

a0
| T | [ | I [

Fig. 1. Hasse

G
&

() (o) G

&

Fig. 2. Hasse diagram of (M., <) and its concepts.

o
|

@y 10 Ph 10)
(D, 10:Ph,10)
G = <¢Z 0.5"75;3,0,5>

(RN
G ( 1;3,10"151;3,11)>

A
[

((0.5/61,0.5/b,}, {1/ay,1/ay, 1/a3,1/ay, 1/ as})

{{1/b,,0.5/b,}.{1/a,,0.5/a,,1/as,1/a,,0.5/as})
({0.5/b,.1/b,}.{1/a,.1/a,1/a5,0.5/a,,0.5/as})
({1/by,1/b,},{1/a,,0.5/ay,1/a3,0.5/a,,0.5/as})
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({1/b,,0.5/b,,0.5/b5},{0.5/a,,0.5/a,,1/as,1/a,,0.5/as})
({1/b,,1/b,,0.5/b5},{0.5/a;,0.5/a,,1/a5,0.5/a,,0.5/as})

({1/b,,1/b,,1/b5},{0.5/a3,0.5/a,})
({1/b1,0.5/b5,1/b3},{0.5/a3,1/a,})

diagram of (M, <) and its concepts.

({0.5/b,,0.5/b,}.{1/ay,1/ay,1/as,1/ay,1/as})

({1/b,,0.5/b,},{1/a;,0.5/a,,1/a;,1/a,,0.5/as})
({0.5/b,,1/b,},{1/a;,1/a,,1/a;5,0.5/a,4,0.5/as})
({1/b1,1/b,},{1/a,,0.5/ay,1/a;3,0.5/a,,0.5/as})

({1/b1,1/by,1/b5},{0.5/a;3,0.5/a,})
({1/b,,0.5/b,,1/b5},{0.5/as,1/a,})

The multi-adjoint concept lattice (M,, <) associated with (A, B,, R,0) is composed of 6 concepts, as it is displayed in Fig. 2.

Namely, Cy = <¢1T>f0+0’ 4)1”‘0.0 = (¢Zj‘0l5, d’l}).s)’ for all b € B. The rest of fuzzy-objects are associated with the following concepts:
— Tl T
¢ = <¢lr)lll'0’¢?l’l‘o>
G = <¢lf;ll'0’¢lf;’l‘o>
G = <¢b:,1.0’¢b;140>

Taking into account both Hasse diagrams, we obtain that the set of join-irreducible elements associated with these concept lattices

are:

JF(M) = {Cl’CZa C47C7}
JgM,) ={C,,C,,C;}

It is easy to check that the concepts belonging to Jz(M) and Jp(M.,,) satisfy the conditions required in Theorem 13. For example,
if we consider C| = (q’:“ d)Zl 10) in (M, <), we see from Fig. 1 that this element cannot be expressed as the infimum of intents

b1,1.0°
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1
b1,1.0°
be a join-irreducible element since C, = f+.

According to Theorem 18, we have that each concept from M, is also a concept of M. However, the counterpart is not true,
which is easily seen from the concepts C, and Cs. The fact that a concept is a join-irreducible element of the original concept lattice
(M, x) is not a sufficient condition to be a concept of the concept lattice with hedges (M., <), as is the case of Cs.

Finally, it is clear that the result presented in Theorems 12 and 19 is satisfied, since every row of Table 4 associated with the
relation R is an intent of a concept in (M, <) and (M, <). Specifically, we have that:

q.’)[T’ y which are greater than ¢ for all b€ B and y € [0, 1],. Moreover, it is clear that d); L0 # f1. Clearly, the concept C,, cannot

R, =Int(C))
R, =Int(C,)
R, =Int(C;) [

4. Validity of fuzzy attribute implications

As we mentioned at the beginning of the paper, our goal focuses on the survey of attribute implications making use of the
advantages provided by the multi-adjoint framework. Namely, our contribution will allow us to complement the study on attribute
implications in multi-adjoint concept lattices presented in [39]. To begin with, it is convenient to recall the philosophy underlying
the notion of attribute implication.

Definition 22. An attribute implication over A is an expression f, < f|, where f/, f, € L’l“ are two fuzzy subsets of attributes.

Specifically, an attribute implication indicates that if an object satisfies all the attributes from the antecedent f; of the rule, it also
satisfies the attributes of the consequent f,. The meaning and interpretation of attribute implications are reinforced by their validity
in the given context. Then, we need to provide a definition of validity of an attribute implication in the multi-adjoint frame, which
be compatible with the whole context. For this purpose, we will first extend the usual fuzzy inclusion considering adjoint triples.

Definition 23. Given an adjoint triple (&, ,//, \) with respect to (L, <), (L,,=<,),(L,=<;) and two fuzzy subsets of attributes f,, f, €
L, the degree in which f is included in f, is defined as:

s'(f1, f) =inf{ (@) \ fi(a)| a € A} (6)

Given an adjoint triple (&, //,\\) with respect to (L; <), (L,,=<,),(L,,=<,) and two fuzzy subsets of objects g,,g, € Lf, the degree in
which g is included in g, is defined as:

$*(g1.82) = inf{g2(b) / g,(b) | b€ B} )
An extra truth-stressing \ -hedge is considered in the definition of the degree in which a fuzzy implication is valid.

Definition 24. Given an adjoint triple (&, ,//,\) with respect to (L;,<;) and three fuzzy subsets of attributes fi, f,, f3 € L’l“, the
degree in which a fuzzy implication f, < f; is valid in f; is:

/2 < filly, =S' (2, £3) /%2 (8" (f1, £3))

where #, : L, = L, is a truth-stressing \-hedge.
This notion is extrapolated to a set of fuzzy subsets of attributes 7 C L4, defining the degree in which the fuzzy implication
fo & fyisvalidin F as:

I£2 < fille= N\ If2 < fill

fEF

It is possible to extend the notion of validity of a fuzzy implication on a multi-adjoint concept lattice. Notice that in lattices satis-
fying the descendent chain condition, every element of the lattice can be written as the supremum of join-irreducible elements [26].
In the Boolean case, the rows of the relation contains the set of join-irreducible elements, and so considering these elements are
enough for computing the validity of the whole context. However, in the fuzzy case, this is not true and the rows only provides part
of the join-irreducible elements. Hence, it is natural to consider the whole set of intents in the definition of validity of an attribute
implication, as we consider next.

Definition 25. Given two subsets of attributes f{, f, € L‘l“, the degree in which the fuzzy implication f, < f; is valid in the multi-
adjoint concept lattice (M, <) is the truth degree:

I/ < fi ||M* = /2 < fillngm,)

11
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Table 5
Relation R of Example 26.

R a; a,
by 0.4 0.2
b, 0 0.8

@ @ Int(Cy) = {1/a;,1/a,}
mt(C) = {1/a,,0.8/a,}
mt(C,) = {1/ay}

@ @ Int(C;) = (0.8/a,,0.4/ay)
Int(C,) = {0.8/a,}

IntC;) = {0.53/a,,0.26/a,}

@ @ Int(C;) = {0.4/ay)

InC,) = {04/a,,02/a,}
Int(Cy) = {(0.26/a,)
@ @ IntC,) = {0.2/ay)

Fig. 3. Hasse diagram of (M, <) and intents.

Table 6
Values associated with the computations of the degree of validity || f, < fl v, -

fi  fr  IWtC) WiC) In(C,) I(C;) IKC,) Int(Cs) Int(Cq) It(C) ItCy)  Int(Cy)

a 1 04 1 1 0 0.8 0 0.53 0 0.4 0 0
a, 02 08 1 0.8 1 0.4 0.8 0.26 0.4 0.2 0.26 0.2
S'(fi. ) 1 1 0 0.75 0 0.5 0 0.25 0 0
S'(fa. ) 1 1 0 0.5 0 0.25 0 0.25 0 0
£, < Al 1 1 1 0.66 1 0.5 1 1 1 1

The drawback of using the above definition is that we need to calculate the whole set of intents of the concept lattice, and this
procedure usually involves a large number of calculations. Then it would be interesting to provide an alternative definition in order
to reduce the computations.

In the fuzzy framework of residuated concept lattices [7], the straightforward extension of the Boolean case is given, which allows
to calculate the degree of validity of an attribute implication by means of the degree of validity in the whole set of rows of the table
associated with the relation of the given context. Although Theorem 19 provides sufficient conditions to ensure that each row of the
table is an intent of a concept, the definition of validity on the row is not equivalent to the definition on the whole set of intents in
the multi-adjoint framework (Definition 25), as we will show below.

Example 26. Consider the multi-adjoint framework ([0, 1100, [0, 114, [0, 11190 <> &pG» %> N\pa» &pps 25> Npp> &b P N\pL)s
the contexts (A, B, R,0) and (4, B,, R,0), where A = {ay,a,}, B={b;.b,}, R: AX B — [0, 1], is given by Table 5, %, : [0,1]; —
[0,1]4 is the identity truth-stressing \ -hedge, s, is the identity truth-stressing \ -hedge for all b € B, and ¢ is constantly
(&pp» /PP, Nopp)-

The concept lattice related to this framework and the context (A, B, R, ¢) is composed of 10 concepts whose intents are given in
Fig. 3.

Now, we will consider (&pp, ./ DP,’\DP) as an extra adjoint triple with respect to ([0, 1],gg, <), the fuzzy subsets of attributes
f1=1{1/a;,02/a,}, f, ={0.4/a;,0.8/a,} and we will compute the degree in which the fuzzy implication f, < f| is valid in the
multi-adjoint concept lattice (M, <) related to the context (4, B,, R, c). For this purpose, we will use the data presented in Table 6,
which have been previously computed. Applying Definition 25, we have that:

Ifrefila,= /N Woshily= N\ 18U Pn 6 (1, M =05

fEInt(M,,) fEInt(M,,)

Now, we will compute the degree || f, < f}ll{g, |seB)> using the previous computations shown in Table 7. Applying Definition 24,
we have that:

1£2 < Fillir, 1sery = [\ ' (f2. Rp) /52 S (f1, Ry =1

beB

12
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Table 7
Values associated with the computations of the
degree of inclusion ||/, < fill(g,|ses)-

fi 2 Ry, Ry,

a, 1 0.4 04 0
a, 02 08 02 0.8
S'(f1,R,) 025 0
S'(f5. Ry) 025 0
I1f2< fi ”Rh 1 1

Therefore, we obtain that || f, < f|| M, <1 If2 < fillir L 1beB) and we conclude that both degrees are not equivalent. []

Moreover, it is convenient to mention that in the residuated framework, the degree of validity of an implication on the set of
rows of the relation table can be characterized by a certain degree of inclusion [7, Theorem 7]. This result can be extended to the
multi-adjoint framework, as the following theorem shows.

Theorem 27. Let (&, /,\) be an adjoint triple with respect to (L, <). Given two subsets of attributes f,, f, € Lf and a truth-stressing
N-hedge *, : L, — L,, we have that:

1f2 < Fill (g, 1bemy = S2Ce2 o f L £))

where s, of 1l denotes the composition of +, and f ll, that is, the fuzzy subset of objects s, o f 1l . B— L, such that (s, of 1l )(b) =%, (f ll (b)),

forall be B.

Proof. Taking into account Definition 24, we can express the degree ||/, < f1l(g,|seB) as follows:

152 < Filliryseny = /\S" (2. Rp) /52 (8'(f1, Ry)) ®)

beB

Now, given b € B, since R,(a) = R(a,b) for all a € A, we have

S'(f5. Ry) =inf (R(a,b) \ fo(@)|a € A} = £} (b)
S'(f1. Ry =inf{R@B) N fi(@)|a€ A} = f1(b)

Therefore, Equality (8) is equivalent to:

1£2 < filliryseny = [\ 3 B) /5 (£ B}

beB

Applying Definition 23, we obtain that:
s? Vb =inf{fHb ‘b)) |be B
(eg of ), f) =1nf{ f(b) /', (f{(B)) | b E B}
Hence, we have that the equality || f, < f1llg,|seB) = S2(#, ofll,le) holds. []

Thus, in general, the degree of inclusion S%(x, of Il s f,j ) is not equal to the degree of validity proposed in Definition 25. The

following theorem proofs that the value SZ(*2 of ]l R le ) is an upper bound of the degree of validity || f, < f | Mm, in the multi-adjoint
framework.

Theorem 28. Let (L, <) be a complete lattice satisfying the descendent chain condition (DCC), (&, ./, \) be an adjoint triple with respect
to (Ly,<X) suchthat x& T =x, forallx e L, and f}, f, € L’l“ be two fuzzy subsets of attributes. Then:

12 € fill g, =1 %G 0f L £

Proof. Since L; satisfies the DCC, the concept (d)z*Tl] ,¢Z*Tl ) can be written as the supremum of the join-irreducible concepts
(¢Z,*i,, q.’)l,* y,) € Jp(M,,) strictly less than it, that is,
Tl 4T Tl o Ts Tl T Tl T
<¢b!‘|’] 2 ¢b,Tl > = Sup{<¢b/’yl’ ¢b/’yl> E JF(M>}~) | <¢bl,yl’ ¢b/7yl> ﬁ <¢,b’Tl 2 ¢b,T] )}
which is equivalent by the ordering in the concept lattice recalled in Definition 8 to the following equality

Ts : Ts Tl 1 T T
¢b,T] = ll’lf{(f)b,’y, I <¢b’,y”¢b’,y/> € JF(M*)’ d)b,Tl < d)b’,y’}

13
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Therefore, this is also a decomposition of R, due to R, = qbZ*Tl, by Corollary 20. Now, the inequality that we want to prove arises
from the following chain of equalities and inequalities:

820y of 1 D2 NUL®) /%0 ()

beB
(i)
= A\ (f2.Ry) /55 (8" (f1. Ry))
beB
(i) 1 1
=NAlIs'l2 A | oxsn A en
beB Ta Ts
¢b’,y’ €¢¢Z,T | d)b” N E®¢1T,_T]
(iv) Ty T
= FANREE RO 5] PZ2Y B AN G R
beB Ta s
¢b/JJ eq)‘ﬁlT),Tl d’b//JJf €®¢IT7,T1
) Ta T
= /\ /\ Sl(f2’¢b/,y/) /*2 /\ Sl(fl"bb//’y//)
beB| ,1x« s
¢b’,y’ Eq)qbZ,Tl ¢b”,y” Eq)(i’;-r]
(UQ/\ AR GRS VLA CHR )
1= 2> oy 2 1° by
beB| 1«
¢b’,y’ ECDd’;Tl

where ® 1 = {¢T,* ) (quTl,,qﬁT,* ) E JF(/\/l*),q.’)T <4 d)T,* ,}, (D) holds by Definition 23, (ii) by the definition of the operator !,
byt vy by Ty bTy by

(iii) by the decomposition proved at the beginning of this proof, (iv) is satisfied by Definition 23 and because that the operator
N preserves the infimum in the consequent. This last property of the implication / is used in (v). Finally, (vi) is obtained by the
infimum property and the monotonicity of the operator /.

Now, taking into account Definition 24, we obtain the following chain of equalities:

/\ (Sl(f2,¢1}*,y/)/*2 (Sl(flad’z/*,y’))) = /\ /\ IIfo < f1 ||¢T7 i

beB| 1« beB| 1«

) ]
. ('
=A< fillo
beB A
Due to ® ! C Int(M,,) and the infimum property, we have that:
b.Ty

172 filmaty <0 A\ 12 < filla

beB b,Ty
for all b € B, and we can conclude that:

||fz':f1||f\/1*=||f2':f1||1m(/v1*)51/\||f2¢f1||c1>qST 5152(*2°f1l,f2l) O

beB T,

Following our goal of providing an alternative definition for the computation of the degree of validity, the next result reveals that
the degree in which a fuzzy implication is valid in a multi-adjoint concept lattice is obtained computing only the degree of validity
on the set of join-irreducible elements of the lattice. As a consequence, we do not need to calculate the degree of validity on the
whole set of intents of the concepts of the lattice, which imply an important reduction in the number of computations.

Theorem 29. Let (L;,<;) be a complete lattice satisfying the descendent chain condition, (&,./,\) be an adjoint triple with respect to
(L;,=) such that x & T| = x. Given two fuzzy subsets of attributes f|, f, € Lf, we have that:

12 < Fillm,) = 12 < Fill g
where Int(Jz(M.,)) denotes the set of intents of the join-irreducible elements of (M., <).
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Proof. First of all, we will prove the following inequality:

112 < fillmem,) =1 12 < fillngpany 9

By Definition 24, we can deduce that:

Iy € Almgeaen = /N ashl,e
b,y

¢, € IntUp(M,))

SN (el su)

¢, € IntUp(M,))

Taking into account that Int(Jg(M.,)) C Int(M,) and the infimum property, we can conclude that:

Ilf2 < fillmim,) =1 1152 < fillmgopan,)

Now, we will demonstrate the other inequality, that is:

12 < fillmgpany =1 12 < fillmo,) (10)

By Definition 24, Equation (10) is equivalent to the next inequality:

152 € Fillimpan,y <1152 € fillp =812 f) 50 ' (fr1 ) an
for all f € Int(M.,,). Now, similarly as in the proof of Theorem 28 to obtain a decomposition of R, we will give a decomposition of
f. Since L, satisfies the DCC, then any concept of M, can be expressed as supremum of the join-irreducible elements of the concept
lattice greater than it, that is, (g, f) = sup{(¢[t,*yl,¢2j‘y) eJgM) (g, f) = (¢[T:yl,¢[[’*y)}. Moreover, by the ordering in the concept
lattice (M, <), the previous equality implies that any fuzzy subset of attributes f can be expressed as infimum of the intents qbbj‘y of
the join-irreducible elements of the concept lattice greater than it, and hence, Equation (11) can be rewritten as:

T* T*
112 < fillmgpa,y = s'| f2 /\ by | *2 s f1. /\ ¢b/,y; (12)

15,0, o

Wy €0

where @, denotes the intents of the family of join-irreducible elements which generates f, that is, @, = {(;bz*y | (¢Z*yl,¢z*y) [S

M. S =1 ¢)7)-
Applying Definition 23 and taking into account that the operator \ preserves the infimum in the consequent, we obtain that
Equation (12) is equivalent to:

12 & fillwopany St |\ SOty m| A S'Guey ) (13)

1 T4
¢b_”; S ¢b7‘y, S0

As the operator / preserves the infimum in the consequent, we obtain that Equation (13) is equivalent to:

L2 < fillmopay i /\ Sl(f2,¢,T:y)/*2 /\ Sl(fp‘ﬁlf’y/) 14)

1 1
¢ bj,ew I ¢b’*,y’ €D,

Finally, Equation (14) is proven from the following chain of inequalities:

(@)
ARG RSN GR S

(i)
S AR R 51*2(Sl(f1’¢lfy>)

T
¢b/.y/e®f

(iii)
' dy) S22 S 1ty ) <18 Uady) S| N\ Sy
¢,T;_y/ €by
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Table 8
Relation R and mapping ¢ of Example 30.

R a a, az a, as

b, 1.0 0.5 0.5 0.5 1.0
b, 1.0 0.0 0.5 0.0 0.5
by 0.0 1.0 0.0 0.0 0.0

(iv)
A (St rm 6 o)) =i N\ |S'Gatr) | NSl )
¢,1fyec1> . q&;*; =y ¢17,yr =y

()
12 < filmagaty =1 N\ |S'Undp) 20| N S'Uney )

T Ty
#),€0; ol <o,

where (i) and (iv) holds by the infimum property, (ii) is obtained by Proposition 7, (iii) is satisfied because  is order-reversing in
the antecedent, and (v) holds by Definition 24 and the infimum property. []

Now, we will include an illustrative example that computes the validity of a particular fuzzy attribute implication and shows that
the characterization presented by Theorem 29 allow us to reduce the number of computations considerably.

Example 30. Let ([0, 11,9, <, &pg» % Npg> &pp> %> Npps &prs %, \p1.) be a multi-adjoint frame and (A, B, R, ), (4, B,, R, o)
be contexts where A = {ay,a,,a3,a4,as}, B={b;,b,,b3}, %, is the identity truth-stressing \-hedge for all b € B and the relation
R: Ax B —[0,1];, and the mapping ¢ are given in Table 8.

The concept lattice related to this framework and the context (A, B, R, o) is composed of 61 concepts. From Theorem 13, we
obtain that the set of join-irreducible elements associated with the concept lattice is:

Jp(M,) = {C}, Gy, G5, Cyy, C39, Gy, Cy3, Csp, Cs3, Csy, Css, Csg, Csz, Csg, Csg, Cop

Then, if we use the result presented in Theorem 29, instead of the whole intents of the concept lattice to calculate the degree
of validity, we can only consider the intents of the join-irreducible elements, which are |Jz(M,)| = 16 < 61. Hence, the number of
calculations is considerably reduced.

Now, we will consider (&pp, DP Npp) as an extra adjoint triple with respect to ([0, 1], <), *, as the identity truth-stressing, the
fuzzy subsets of attributes f; = {1/a;,0.5/a3,0.9/as}, f, ={1/a,} and we will compute the degree in which the fuzzy implication
f> < f; is valid in the multi-adjoint concept lattice (M, <) related to the context (A, B,, R,0), using only the intents of the join-
irreducible elements of the concept lattice (Fig. 4). Applying Definition 24, we have that:

ILf2 < fillmopoy = /\ 12 <= fillf

SEnt(Jp(M,))

= N 8EHuE L M= O

SEt(Jp(M,))

We must also note that the computation of the join-irreducible elements is also required for achieving other goals, such as, in
the computation of reducts in attribute reduction [2]. Therefore, the computation of the validity of an attribute implication does not
need a complex preprocessing, but it takes advantage of the calculations already done.

5. Conclusions and future work

This paper has introduced the multi-adjoint concept lattice framework using truth-stressing hedges and presented a theoretical
development of the main notions and results on attribute implications incorporating the advantages provided by the multi-adjoint
concept lattice framework in the treatment of these tools.

Specifically, we have considered truth-stressing hedges in the definition of the concept-forming operators of the multi-adjoint
concept lattice framework. In addition, we have shown that, in this case, these operators do not form a Galois connection. However,
we have presented different properties that are verified by the concept-forming operators with hedges and that have a certain
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Fig. 4. Hasse diagram of (M., <).

similarity with the well-known properties of Galois connections. Moreover, we have proven that, if we consider the identity truth-
stressing hedge for each attribute of the given context, we can establish an isomorphism between the original concept lattice and the
concept lattice enriched with truth-stressing hedges.

Furthermore, a new definition of validity of an attribute implication on a context has been introduced taking into account the
whole set of intents, that is, the whole concept lattice. Moreover, we have shown that this definition of validity is not equivalent to
the one given in the residuated framework, which relies on the set of rows of the relation in the given context. We have introduced
a characterization of the introduced definition of validity in terms of the join-irreducible elements of the context. As a consequence,
an important reduction arises in the number of operations, if we compare it with the needed computations from the whole set of
intents of the concept lattice.

As a future work, we will study more properties of attribute implications in the multi-adjoint framework that can improve the
computational efficiency and allow the extraction of more comprehensive information from a given context. The computation of
bases will be a relevant challenge. Additionally, we are interested in conducting experimental studies on the generation of attribute
implications. Initial studies about how attributes implications can be applied to a real crime data set, provided by the autonomous
police of the Basque Country (Spain), have already been carried out [3,15]. Namely, different attribute implications have been used
to analyze the criminal incidence in the city of Bilbao (Spain), when the local football club Athletic Club plays a football match at San
Mamés Stadium. We will continue analyzing more implications associated with this context, as well as moving forward in the applied
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study of this research topic. These studies will involve to apply attribute implication techniques to databases, which will enable us to
validate the utility and practical applicability of attribute implications in extracting valid conclusions from the considered databases.
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