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A B S T R A C T

Soft robots and sensor/actuator systems are often based on bioinspired designs to leverage nature patterns.
Specifically, pillar-shaped sensors are useful for human activity monitoring, locomotion of soft robots or
treatment of cardiovascular diseases. If electric or magnetic particles are added in the manufacturing process,
these structures can be tuned through remote fields to attain a specific mechanical behaviour. This promising
technique has direct applications in high-impact fields such as bioengineering, soft robots or sensor designing.
Filament-shaped smart sensors can send electrical signals when subjected to an external mechanical stimulus
or provide a mechanical response when a remote and controllable field is applied broadening their possibilities
of action. As the efficient design of these structures is highly challenging, developing a technical tool with a
low computational cost to help throughout layout processes (i.e. inverse engineering) is pivotal. Theoretical
modelling of the kinematics and dynamics of a wire-shaped structure under an external action is the first
step to provide a methodology to help designing mechanical sensors in an efficient, understandable and low
time-consuming way. The event of mechanical deformation after receiving the external stimulus and before
sending the corresponding output signal is key in the conceptualisation process of smart sensors. This work
intends to give insight into the dynamics of a deformable pillar-shaped sensor component under an external
action without addressing or coupling its causes and, hence, provide the general mechanical framework to
serve as basis for multiphysics formulations for pillar-shaped sensor design.
. Introduction

Recent years have witnessed the development and expansion of
ioinspired materials that can react to external stimuli. These materials
re designed to mimic the optimal structures, behaviours and responses
rovided by nature over millennia of evolution. Several branches of
esearch have arisen to leverage the key resources in nature to fulfill
ngineering needs in different domains. These new routes are reflected
n on-going promising fields such as bioengineering (Bastola and Hos-
ain, 2021; Moreno-Mateos et al., 2022, 2023), soft robotics (Wu et al.,
022; Wang et al., 2021) or sensor applications (Moreno-Mateos et al.,
022; Rambausek et al., 2022; Mukherjee and Danas, 2022; Garcia-
onzalez et al., 2023; Perez-Garcia et al., 2024) to highlight a few. The

undamental concept behind the modelling of a structure, component
r device sensitive to external stimuli is the addition of small particles
eactive to external fields (i.e. electric, magnetic) that can be remotely
ontrolled and modified to induce a desired response (Lopez-Donaire
t al., 2023). Remote controlling of the mechanical behaviour through
he application of external fields broadens the possibilities for these
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materials to be used in the design of bioinspired smart sensors for
healthcare purposes (Zhang et al., 2019; Wang et al., 2021).

Smart mechanical actuators are adaptable to different approaches
spanning from task-oriented functions of soft tissues in the human
body to drug delivery. This versatility enhances the design of sensors
that turn a physiological signal into an output for human activity
monitoring (Cheng et al., 2020; Zhang et al., 2019). Specifically, soft
materials based on mimicking filament-, rod-, wire-, pillar-shaped struc-
tures, found in biological systems, show the highest sensitivity to shear
stresses (Zhao and Ahn, 2022). For instance, hairy systems in natural
organisms can capture subtle airflows that alter the potential of the
cells transmitting electrical signals to the nerves at the roots (Xiong
et al., 2020; Wu et al., 2019; Zhang et al., 2016). Furthermore, fish
possess mechanoreceptors that distinguish vibrations and flow move-
ments and are used for swimming (Ilami et al., 2021; Wang et al.,
2022a). Inspired by this concept, a tactile sensor based on conductive
Au micro-pillars on a bottom layer of conductive polyaniline (PANI)
was designed to detect forces in real time (Park et al., 2014). The
vailable online 13 May 2024
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detection of other external mechanical stimuli such as human breathe,
forward and backward winds or music is another valuable asset of
flexible slender structures. Another possibility for micro-pillar actuators
is the shape-morphing phenomena (i.e. bending, coiling, elongation,
deflection, etc.) through the application of external magnetic or electric
fields to tune the mechanical movement to control and achieve a
desired change of shape (Kiang et al., 2013; Zhao et al., 2018). These
actuators can be effectively built with the aid of 3D and 4D printing
processes to insert distributions of magnetic or electric microparticles
that can react to external fields (Lopez-Donaire et al., 2023; Kim et al.,
2018; Zhu et al., 2021). By alternating these fields, a wire or a function-
alised beam can sway or bend in different directions (Lopez-Donaire
et al., 2023; Shen et al., 2016). They can also change stiffness and
mechanical deformation forming heterogeneous patterns coupling the
change in electric conductivity with mechanical deformation. Complex
or simple magnetic soft continuum robots (MSCRs) are composed by
these conductive filaments. The functionality of microrods inspired by
cilia and gecko toe hairs was controlled to design the magnetic legs of
a millipede-inspired soft robot for drug delivery on different terrains
and conditions (Lu et al., 2018). Long fibres can be manufactured
to convert electric power in mechanical energy and thus serve as
fundamental units of artificial muscles (Ilami et al., 2021; Wang et al.,
2022b). In addition, passive guidewires made of elastomeric fibres
have been proven to successfully prevent the formation of aneurysms
by enhancing their steerability under remote magnetic fields (Wang
et al., 2021). Overall, the use of filament-shaped structures is a current
approach in the design of bioinspired smart sensors and actuators and
thus the need for a proper mathematical modelling to give insight into
their mechanical behaviour is required.

The understanding of the mechanical behaviour in the design of the
above described pillar-shaped soft sensors and actuators in absence and
presence of an external field constitutes a compelling reason to develop
analytical models describing the kinematics and dynamics. The most
common technique to predict the structural behaviour when concep-
tualising a sensor able to respond to external stimuli of any kind is
either experimental or finite element approaches (Lopez-Donaire et al.,
2023; Zhao and Ahn, 2022; Ilami et al., 2021). However, analytical
models that can turn a force provoked by an external field into a
movement that can be potentially associated to an electrical signal to
monitor or act on a physiological process are a valuable tool. This is
because they are less time consuming than FE models and experiments,
help understanding the physics involved and can be efficiently applied
to inverse engineering problems. Although this procedure is not the
most common, a few analytical models are available: Wang et al.
(2021) developed a finite difference scheme to predict the movement
of guidewires and control them when subjected to a remote magnetic
field to treat heart diseases.

In this work, a methodology to hand over the mechanical frame-
work constituting the basis to support multiphysics formulations for
the design of filament-shaped bioinspired smart sensors-actuators is
presented. Through a non-dimensional formulation, the independent
groups of the problem are revealed. As for the integro-differential
governing equation, an approximation by means of a midpoint rule
is used, being the derivatives expressed through a finite difference
method (FDM) scheme. The original matrices conveniently defined to
discretise the problem lead to a very compact formulation enabling
accurate identification of the physical meaning of every term, which
is key to use this methodology in inverse engineering applications.
Furthermore, a FE model is implemented as a tool to validate the
analytical formulation.

2. Theoretical development: Mechanistic description

In this section, the analytical formulation to describe the in-plane
(2D) dynamic response of a continuous deformable pillar-shaped struc-
ture, also known as a wire, with bending rigidity is exposed. The
2

p

so-called wire is subjected to a constant field understood as the grav-
itational force of the weight and is pinned in one of its ends because
it is the most common boundary condition when designing these sen-
sors/actuators. Note that wire should be interpreted as a 1D solid
on the grounds that one of the dimensions is remarkably larger than
the remaining two. At this point, several fundamental hypotheses are
assumed throughout the problem formulation. The wire stiffness is
infinite to axial efforts and is characterised as an inextensible solid in
the axial direction. Moreover, the relevant dimension is parametrised
by the arc length of the deformable line crossing all sections centroids.
The cross-section is considered to be circular and always perpendicular
to the arc length coordinate. The above description constitutes the basis
of the 1D deformable wire definition hereinafter.

In the first subsection, the intrinsic framework and the kinematic
relationships of the in-plane motion are obtained by defining the be-
haviour of a differential wire slice along the arc length coordinate
under bending efforts. The second subsection aims to develop the
particular 2D equilibrium expressions from the general 3D approach in
a non-dimensional form for a differential slice to elucidate the integro-
differential governing equation. A discretisation of the spatial domain
is proposed in the third subsection to turn the continuous governing
equation into a system that can be numerically solved in time. In
the last subsection, both the continuous and discretised expressions
are presented for the kinetic and potential energies as a part of data
post-processing.

2.1. Local axes, kinematic relationships and constitutive law

Conceiving the wire as a sensor or actuator whose mission is to
translate a movement into signals or reply with motion to a stimulus
received, it is highly recommended to use a local framework to express
the physical quantities of the problem given the change in the relative
position of a differential element within the wire as this motion evolves.
An intrinsic Frenet trihedron parametrised through the arc length of the
wire, 𝑠, is accordingly defined providing each wire element position,
(⃗𝑠, 𝑡), with local axes fixed to it. An schematic representation of this

local framework is shown in Fig. 1(a).
The first reference vector tangent to the arc length coordinate is

defined in Eq. (1a). Furthermore, 𝑑𝑠 = |𝑑𝑟| by definition, hence 𝑇 (𝑠, 𝑡)
turns out to be normalised. This parametrisation is well-known as
natural. The second vector 𝑁⃗(𝑠, 𝑡) is defined counterclockwise perpen-
dicular1 to 𝑇 (𝑠, 𝑡) (see Eq. (1b)). Finally, the third vector closing the
right-handed trihedron is perpendicular to the previous two and named
binormal, 𝐵⃗(𝑠, 𝑡), through the cross product shown in Eq. (1c).

𝑇 (𝑠, 𝑡) =
𝜕𝑟(𝑠, 𝑡)
𝜕𝑠

, (1a)

𝑁⃗(𝑠, 𝑡) ⋅
|

|

|

|

|

𝜕𝑇 (𝑠, 𝑡)
𝜕𝑠

|

|

|

|

|

=
𝜕𝑇 (𝑠, 𝑡)

𝜕𝑠
, (1b)

⃗(𝑠, 𝑡) = 𝑇 (𝑠, 𝑡) × 𝑁⃗(𝑠, 𝑡). (1c)

Since motion is restricted to be in the 𝑋 − 𝑌 plane (see Fig. 1(a)),
⃗ results to be constant. This condition allows to consider the bending
omponent alone contained in the motion plane. As it can be derived
rom Fig. 1(a), the relationships relating the inertial and Frenet axes
re functions of the angle enclosed by 𝑇 (𝑠, 𝑡) and the canonical vector,
,⃗ named 𝜃(𝑠, 𝑡). This angle accounts for the relative inclination of the
ire element with respect to 𝑗. The plane rotation of the Frenet axes
ith respect to the canonical vectors are expressed as

𝑇 (𝑠, 𝑡)
𝑁⃗(𝑠, 𝑡)

]

=
[

sin 𝜃(𝑠, 𝑡) cos 𝜃(𝑠, 𝑡)
cos 𝜃(𝑠, 𝑡) − sin 𝜃(𝑠, 𝑡)

]

⋅
[

𝑖⃗
𝑗

]

. (2)

1 Note that by deriving 𝑇 (𝑠, 𝑡) ⋅𝑇 (𝑠, 𝑡) = 1 with respect to 𝑠, 𝑇 (𝑠, 𝑡) ⋅ 𝜕𝑇 (𝑠,𝑡)
𝜕𝑠

= 0,
roving the perpendicularity between both intrinsic vectors.
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Fig. 1. Definition of the local framework for a differential wire slice.
a
d

𝑀

t
p
p
b
w

2

f
h
o
d
a
d
t
m
a
t

a
F
a
m
e

𝛤

N
t
t

𝐽

w
b
t

𝛤

Derivation of 𝑇 (𝑠, 𝑡) and 𝑁⃗(𝑠, 𝑡) with respect to time combined with
Eq. (2) hands over the following relationships
̇⃗𝑇 (𝑠, 𝑡) = 𝜃̇(𝑠, 𝑡)𝑁⃗(𝑠, 𝑡), (3a)

̇⃗𝑁(𝑠, 𝑡) = −𝜃̇(𝑠, 𝑡)𝑇 (𝑠, 𝑡). (3b)

Eqs. (3a) and (3b) are particularisations of the Frenet–Serret for-
ulas for plane motion multiplied by 𝑠̇. Even though intrinsic axes

have been already used to describe the local motion of thin liquid
jets in air (Entov and Yarin, 1984), some numerical instabilities have
been reported (Ribe, 2004) in these cases. In spite of that, the plane
dynamics of a material wire yields stable results using this formulation.
The second derivative with respect to time of the tangent vector is
procured from Eqs. (3)
̈⃗𝑇 (𝑠, 𝑡) = 𝜃̈(𝑠, 𝑡)𝑁⃗(𝑠, 𝑡) − 𝜃̇2(𝑠, 𝑡)𝑇 (𝑠, 𝑡). (4)

Then, integration of Eq. (1a) with respect to the arc length co-
ordinate and derivation two times with respect to time leads to an
expression of the wire element acceleration

̈⃗𝑟(𝑠, 𝑡) = ∫

𝑠

0

[

𝜃̈(𝑠′, 𝑡)𝑁⃗(𝑠′, 𝑡) − 𝜃̇2(𝑠′, 𝑡)𝑇 (𝑠′, 𝑡)
]

𝑑𝑠′, (5)

where the term on the right hand side has been obtained by substi-
tuting Eq. (4). Lastly, the constitutive law of a wire differential slice
relates the bending internal effort 𝑀𝐵(𝑠, 𝑡)2 to the curvature of the
wire at each 𝑠 coordinate. Note that every material fibre is assumed
to be straight in agreement with small strains hypothesis yet the wire
directrix is perpendicular to each cross-section. In favour of establishing
the constitutive wire behaviour between longitudinal strain, 𝜀(𝑛, 𝑡), and
stress, 𝜎(𝑛, 𝑡), a 1D Hooke law is used for simplicity although any other
law according to the behaviour of the specific sensor designed could
be chosen.3 The longitudinal strain of the slice can be inferred from
Fig. 1(b): on the one hand, small strains hypothesis brings out the
approximation consisting for 𝜀(𝑛, 𝑡) to be −𝑛 ⋅ 𝑑𝜃(𝑛, 𝑡)∕𝑑𝑠.4 On the other
hand, the Young’s modulus of the wire material, 𝐸, is the constant
of proportionality relating stresses to strains. Moreover, the binormal
component of the internal torque, 𝑀𝐵(𝑠, 𝑡), is taken as the integral
extended to the cross-section area of the momentum generated by
𝜎(𝑛, 𝑡), preceded by minus sign,5 with respect to the centroid. Taking

2 In this context, 𝑀𝐵(𝑠, 𝑡) represents the internal torque component in the
direction of the binormal intrinsic vector 𝐵⃗(𝑠, 𝑡).

3 The coordinate 𝑛 is addressed along the local axis 𝑁⃗(𝑠, 𝑡) (see Fig. 1(b)).
4 The minus sign implies curtailment of the material fibre in positive

oordinates (see Fig. 1(b)).
5 Representing for the bending effort to be counterclockwise in the right
3

lice face. The local framework is precisely centred in the section centroid. a
ll these aspects into account, the constitutive law for the wire slice is
etermined

𝐵(𝑠, 𝑡) = 𝐸𝐼
𝑑𝜃(𝑠, 𝑡)
𝑑𝑠

, (6a)

𝐼 = ∫𝐴
𝑛2𝑑𝐴. (6b)

Note that Eq. (6b) describes the slice static inertia, 𝐼 , with respect
o the direction of the binormal vector perpendicular to the motion
lane and 𝐴 is the circular cross-section area. As already stated, the
revious reasoning provides a well-known result for unidimensional
eams establishing bending to be proportional to the curvature of the
ire directrix.

.2. Dynamic equations of motion

In this subsection, in-plane equations of motion are established
rom the complete relationships of the 3D case. These equations are
anded over from the dynamic equilibrium of a differential wire slice
f length, 𝑑𝑠, circular constant cross-section area, 𝐴, and volumetric
ensity, 𝜌, represented in Fig. 2. As shown in Fig. 2(a), the position of
slice material point is given by the vector 𝑟(𝑠, 𝑡) + 𝑦(𝑠, 𝑡), where 𝑟(𝑠, 𝑡)
efines the position of the centroid, 𝐺, and 𝑦(𝑠, 𝑡) is a vector from 𝐺 to
he material point.6 In Fig. 2, each Frenet trihedron, attached to and
oving with the slice, is animated with a translation velocity, ̇⃗𝑟(𝑠, 𝑡),

nd an angular velocity, 𝜔⃗(𝑡), with respect to inertial axes to simulate
he movement of the sensor/actuator during its performance.

Additionally, the internal effort and torque of the differential slice
re represented by 𝑅⃗(𝑠, 𝑡) and 𝑀⃗(𝑠, 𝑡) vectors, respectively (see
ig. 2(b)). These vectors are functions of the arc length coordinate
nd first order variations are considered. In this condition, the kinetic
omentum of the slice, 𝛤𝐺, with respect to the centroid can be

xpressed as

𝐺⃗ = 𝜌𝑑𝑠
[

∫𝐴
𝑦(𝑠, 𝑡) × 𝜔⃗(𝑡) × 𝑦(𝑠, 𝑡)𝑑𝐴 + ∫𝐴

𝑦(𝑠, 𝑡)𝑑𝐴 × ̇⃗𝑟(𝑠, 𝑡)
]

. (7)

ote that the second integral is null due to 𝐺 is the origin of the Frenet
rihedron as already stated. The following definition is also made for
he circular wire cross-section

= ∫𝐴

(

𝑛2 + 𝑏2
)

𝑑𝐴 = 2∫𝐴
𝑏2𝑑𝐴 = 2𝐼 = 𝐴2

2𝜋
, (8)

here 𝐽 is the polar inertia and the nonentity of product of inertia must
e noted, yet the cross-section is circular. Through the use of Eq. (8),
he kinetic momentum results in7

𝐺⃗ = 𝜌𝐼𝑑𝑠
[

𝐵⃗(𝑠, 𝑡) × ̇⃗𝐵(𝑠, 𝑡) + 𝑁⃗(𝑠, 𝑡) × ̇⃗𝑁(𝑠, 𝑡)
]

. (9)

6 The local vector components are 𝑦(𝑠, 𝑡) = 𝑛𝑁⃗(𝑠, 𝑡) + 𝑏𝐵⃗(𝑠, 𝑡).
7 The equality is established by considering the Poisson formula to derive
non-inertial referential frame vector ̇⃗𝑣 = 𝜔⃗(𝑡) × 𝑣.
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Fig. 2. Geometry and internal efforts of a differential wire slice. The Frenet trihedron is fixed to the centroid of the section, 𝐺, and is animated with an angular velocity, 𝜔⃗(𝑡),
ith respect to inertial axes. The position vector of any slice material point is 𝑟(𝑠, 𝑡) + 𝑦(𝑠, 𝑡).
r
f

𝑠

E

2

p
c
m

p
F

A
a

By applying the dynamic equilibrium of forces and momentum
o the differential slice represented in Fig. 2(b) and simplifying and
ividing by 𝑑𝑠, the following expressions are obtained

𝑑𝑅⃗(𝑠, 𝑡)
𝑑𝑠

+ 𝜆𝑔 = 𝜆 ̈⃗𝑟(𝑠, 𝑡), (10a)

𝑑𝑀⃗(𝑠, 𝑡)
𝑑𝑠

+𝑇 (𝑠, 𝑡)× 𝑅⃗(𝑠, 𝑡) = 𝜌𝐼
[

𝐵⃗(𝑠, 𝑡) × ̈⃗𝐵(𝑠, 𝑡) + 𝑁⃗(𝑠, 𝑡) × ̈⃗𝑁(𝑠, 𝑡)
]

. (10b)

The term on the right hand side of Eq. (10b) appears when deriving
q. (9) with respect to time and 𝜆 = 𝜌𝐴 is the wire lineal density.

Eqs. (10a) and (10b) govern the translational and rotational motion
of a wire differential slice. An equivalent formulation has been used
to successfully describe the coiling of flexible ropes (Mahadevan and
Keller, 1996) and viscous jets (Ribe, 2004). The particularisation of
Eqs. (10a) and (10b) for plane motion can be achieved by considering
𝑅⃗(𝑠, 𝑡), 𝑔 and ̈⃗𝑟(𝑠, 𝑡) vectors to be restricted to 𝑋 − 𝑌 plane, multiplying
he constant vector 𝐵⃗ by Eq. (10b)8 and substituting Eq. (6a). Moreover,
ntegration of Eq. (10a) from 𝑠 to the wire length, 𝐿, subjected to a
ree end boundary condition, 𝑅⃗(𝐿, 𝑡) = 0, with previous substitution of
q. (5) in Eq. (10a), provides the internal effort 𝑅⃗(𝑠, 𝑡). Thus, Eqs. (10)
re rewritten as

⃗(𝑠, 𝑡) = 𝜆

[

𝑔 ∫

𝐿

𝑠
𝑑𝑠′ − ∫

𝐿

𝑠 ∫

𝑠′

0

[

𝜃̈(𝑠′′, 𝑡)𝑁⃗(𝑠′′, 𝑡)

− 𝜃̇2(𝑠′′, 𝑡)𝑇 (𝑠′′, 𝑡)
]

𝑑𝑠′′𝑑𝑠′
]

, (11a)

𝐸𝐼
𝑑2𝜃(𝑠, 𝑡)
𝑑𝑠2

+ 𝑅⃗(𝑠, 𝑡) ⋅ 𝑁⃗(𝑠, 𝑡) = −𝜌𝐼
( ̈⃗𝑁(𝑠, 𝑡) ⋅ 𝑇 (𝑠, 𝑡)

)

. (11b)

Considering the arrangement in the canonical basis that Eq. (2) pro-
vides for the scalar products of intrinsic vectors9 and the substitution of
Eq. (11a) in Eq. (11b), leads to the governing equation of the problem

𝐸𝐼
𝜆

𝑑2𝜃(𝑠, 𝑡)
𝑑𝑠2

+ 𝑔 sin
(

𝜃𝑔 − 𝜃(𝑠, 𝑡)
)

(𝐿 − 𝑠)

− ∫

𝐿

𝑠 ∫

𝑠′

0

[

cos
(

𝜃(𝑠′′, 𝑡) − 𝜃(𝑠, 𝑡)
)

𝜃̈(𝑠′′, 𝑡)

8 To simplify, note that 𝐵⃗ ⋅𝑀⃗(𝑠, 𝑡) = 𝑀𝐵(𝑠, 𝑡). Also, the triple products can be
transformed by circular shifting as follows: 𝐵⃗ ⋅

(

𝑇 × 𝑅⃗
)

= 𝑅⃗ ⋅ 𝑁⃗ , 𝐵⃗ ⋅ (𝐵⃗ × ̈⃗𝐵) = 0

and 𝐵⃗ ⋅ (𝑁⃗ × ̈⃗𝑁) = − ̈⃗𝑁 ⋅ 𝑇 .
9 For instance, 𝑇 (𝑠′′, 𝑡) ⋅ 𝑁⃗(𝑠, 𝑡) = sin 𝜃(𝑠′′, 𝑡) cos 𝜃(𝑠, 𝑡) − cos 𝜃(𝑠′′, 𝑡) sin 𝜃(𝑠, 𝑡) =
( ′′ )
4

sin 𝜃(𝑠 , 𝑡) − 𝜃(𝑠, 𝑡) . i
− sin
(

𝜃(𝑠′′, 𝑡) − 𝜃(𝑠, 𝑡)
)

𝜃̇2(𝑠′′, 𝑡)
]

𝑑𝑠′′𝑑𝑠′ = −
𝜌𝐼
𝜆

( ̈⃗𝑁(𝑠, 𝑡) ⋅ 𝑇 (𝑠, 𝑡)
)

. (12)

As shown, 𝜃𝑔 represents the possibility of gravity inclination with
espect to 𝑗 in Eq. (12). To attain a non-dimensional formulation, the
ollowing relationships are required

̄𝐿 = 𝑠; 𝑡 = 𝜔𝑡 (𝜔2𝜆𝐿4 = 𝐸𝐼); 𝑔̄𝜔2𝐿 = 𝑔, (13)

where bars indicate non-dimensionality. In this regard, Eq. (12) is
rewritten to address the previous non-dimensional formulation as

𝑑2𝜃
(

𝑠̄, 𝑡
)

𝑑𝑠̄2
+ 𝑔̄ sin

(

𝜃𝑔 − 𝜃
(

𝑠̄, 𝑡
))

(1 − 𝑠̄)

− ∫

1

𝑠̄ ∫

𝑠̄′

0

[

cos
(

𝜃
(

𝑠̄′′, 𝑡
)

− 𝜃
(

𝑠̄, 𝑡
))

𝜃̈
(

𝑠̄′′, 𝑡
)

− sin
(

𝜃
(

𝑠̄′′, 𝑡
)

− 𝜃
(

𝑠̄, 𝑡
))

𝜃̇2
(

𝑠̄′′, 𝑡
)]

𝑑𝑠̄′′𝑑𝑠̄′ = −
𝜌𝐼
𝜆𝐿2

( ̈⃗𝑁
(

𝑠̄, 𝑡
)

⋅ 𝑇
(

𝑠̄, 𝑡
)

)

.

(14)

Additional considerations for the term on the right hand side of
q. (14) can be made. Given that 𝜌𝐼

𝜆𝐿2 = 𝐼
𝐴𝐿2 ∼ 𝐴

𝐿2 (see Eq. (8)), the
rotational inertia of the slice results to be negligible compared to the
other terms of unit order, in virtue of the wire slenderness 𝐴 ≪ 𝐿2.
Therefore, neglecting the referred term seems a reasonable assumption,
simplifying Eq. (14) to

𝑑2𝜃
(

𝑠̄, 𝑡
)

𝑑𝑠̄2
= ∫

1

𝑠̄ ∫

𝑠̄′

0

[

cos
(

𝜃(𝑠̄′′, 𝑡) − 𝜃
(

𝑠̄, 𝑡
))

𝜃̈
(

𝑠̄′′, 𝑡
)

− sin
(

𝜃(𝑠̄′′, 𝑡) − 𝜃
(

𝑠̄, 𝑡
))

𝜃̇2
(

𝑠̄′′, 𝑡
)]

𝑑𝑠̄′′𝑑𝑠̄′

− 𝑔̄ sin
(

𝜃𝑔 − 𝜃
(

𝑠̄, 𝑡
))

(1 − 𝑠̄). (15)

.3. Spatial discretisation

Solving Eq. (15) requires to discretise the spatial domain of the
illar-shaped structure, 𝑠̄. To meet this objective, the wire length is
onsidered to be splitted into 𝑁 discrete partitions of dimensionless
agnitude 1

𝑁 . These discrete partitions are directly correlated to the
continuum differential slices, being the discrete version of them. Con-
sequently, the arc length becomes 𝑠̄𝑖, meaning 𝑖 the actual discrete
osition considered to be located at the centre of each interval (see
ig. 3):

With such discretisation, the term (1− 𝑠̄) of Eq. (15) becomes
𝑁−𝑖+ 1

2
𝑁 .

nalogously, the field 𝜃(𝑠̄, 𝑡) discretises as 𝜃𝑖
(

𝑡
)

and the integrals can be
pproximated through a midpoint rule by choosing appropriate indices
n the summaries. The second derivative in the term on the left hand
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Fig. 3. Spatial discretisation of the arc length coordinate.

side is likewise estimated by a centred difference scheme10, assuming
rrors of ∼ 𝑂

(

1
𝑁2

)

. For all the stated above, Eq. (15), maintaining the
time dependency, becomes
[𝑘=𝑁
∑

𝑘=𝑖
𝛾𝑖𝑘

𝑗=𝑘
∑

𝑗=1
𝜉𝑘𝑗 cos

(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

𝜃̈𝑗
(

𝑡
)

]

=

[𝑘=𝑁
∑

𝑘=𝑖
𝛾𝑖𝑘

𝑗=𝑘
∑

𝑗=1
𝜉𝑘𝑗 sin

(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

𝜃̇2𝑗
(

𝑡
)

]

+ 𝑁2 (𝜃𝑖+1
(

𝑡
)

− 2𝜃𝑖
(

𝑡
)

+ 𝜃𝑖−1
(

𝑡
))

+
𝑔̄
𝑁

sin
(

𝜃𝑔 − 𝜃𝑖
(

𝑡
))

(

𝑁 − 𝑖 + 1
2

)

.

(16)

Note that 𝑖 index is free, meaning that Eq. (16) corresponds to each
𝑖 partition. When 𝑘 = 𝑖 or 𝑗 = 𝑘, 𝛾𝑖𝑘 and 𝜉𝑘𝑗 tensors are respectively
equal to 1

2𝑁 due to the centred position of 𝑠̄𝑖 in the discrete partition
(see Fig. 3) which only implies half width of the interval. However,
they have to be equal to 1

𝑁 if 𝑘 > 𝑖 or 𝑗 < 𝑘. To enable a compact and
fficient matrix treatment of Eq. (16), additional null terms could be
dded to the summaries to make the matrices dimensions equal. This
an be addressed expanding the indices from 1 to 𝑁 in all summaries.
hus, 𝑘 < 𝑖 and 𝑗 > 𝑘 imply null values for 𝛾𝑖𝑘 and 𝜉𝑘𝑗 respectively, in
hese cases, hereinafter. According to these vicissitudes, the following
atrices and vectors are defined

𝑖𝑗
(

𝑡
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

1
2 +𝑁 − 𝑖

)

cos
(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

; 𝑖𝑓 (𝑗 < 𝑖)

1
4 +𝑁 − 𝑖; 𝑖𝑓 (𝑗 = 𝑖)
(

1
2 +𝑁 − 𝑗

)

cos
(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

; 𝑖𝑓 (𝑗 > 𝑖),

(17a)

𝑆𝑖𝑗
(

𝑡
)

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(

1
2 +𝑁 − 𝑖

)

sin
(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

; 𝑖𝑓 (𝑗 < 𝑖)

0; 𝑖𝑓 (𝑗 = 𝑖)
(

1
2 +𝑁 − 𝑗

)

sin
(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

; 𝑖𝑓 (𝑗 > 𝑖),

(17b)

𝐾𝑖𝑗 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1; 𝑖𝑓 (𝑗 = 𝑖 − 1)
−2; 𝑖𝑓 (𝑗 = 𝑖)
1; 𝑖𝑓 (𝑗 = 𝑖 + 1)
0; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

(17c)

𝐹𝑖
(

𝑡
)

= sin
(

𝜃𝑔 − 𝜃𝑖
(

𝑡
))

(

𝑁 − 𝑖 + 1
2

)

. (17d)

Index notation is recalled to express Eq. (16) in a more compact
orm11:

𝑖𝑗
(

𝑡
)

𝜃̈𝑗
(

𝑡
)

= 𝑆𝑖𝑗
(

𝑡
)

𝜃̇2𝑗
(

𝑡
)

+𝑁4𝐾𝑖𝑗𝜃𝑗
(

𝑡
)

+ 𝑔̄𝑁𝐹𝑖
(

𝑡
)

,

𝜃𝑗 (0) = 𝜃𝑜𝑗 ,

𝜃̇𝑗 (0) = 𝜃̇𝑜𝑗 .

(18)

In this context, 𝜃𝑗
(

𝑡
)

vector contains the counterclockwise incli-
ation angle of each 𝑗 partition with respect to 𝑗 at every instant 𝑡
see Fig. 1(a)) and 𝜃̇𝑗

(

𝑡
)

is its derivative with respect to time. The
econd order initial value problem (IVP) given by the 𝑁 × 𝑁 system

10 Meaning that 𝑑2𝜃(𝑠̄,𝑡)
𝑑𝑠̄2

→
(𝜃𝑖+1(𝑡)−2𝜃𝑖(𝑡)+𝜃𝑖−1(𝑡))

1∕𝑁2 + 𝑂
(

1
𝑁2

)

.
11 In Einstein notation, repeated indices imply summation. Additionally, in
5

Eqs. (18), 𝑖, 𝑗 = 1,… , 𝑁 . c
described by Eqs. (18) and its initial conditions governs the in-plane
motion of a 1D wire subjected to an impulsive signal represented by
the initial conditions (𝜃𝑜𝑗 and 𝜃̇𝑜𝑗 are the initial values of the inclination
angles and angular velocities of each partition) given in Eq. (18). This
discretisation of the spatial domain can be usually solved in time using
a Runge–Kutta method after transforming it into a double-size system
of first order.

As said, the formulation presented in Eqs. (18) addresses the 2D
dynamic response of a deformable inextensible wire subjected to a
constant gravity field. However, in cases subjected to non-constant
fields, the formulation must be properly modified. If the external fields
are known, they can be integrated into the formulation by discretising
their field equations properly. It is important to distinguish between
time or space dependence. While time dependence can be taken into
account in the appropriate term in Eqs. (18), by updating the amplitude
at every instant, dependencies involving spatial derivatives may require
finite difference schemes, similar to those used for the curvature in this
work. Some examples are discussed for the magnetic torque in Ilami
et al. (2021) or (Lopez-Donaire et al., 2023). These dependencies must
be implemented by modifying the last term in the right-hand side of
Eqs. (18) by including the proper discretisation and the variations in the
known external field. Therefore, the first case requires computationally
updating the amplitude of the field with known data, while space
dependencies may modify the resultant algebraic IVP with additional
terms from the derivatives discretisation.

2.4. Energy calculation

Calculating kinetic and potential energies over the wire motion is an
enriching and enlightening task from a physical interpretation point of
view. In behalf of the nature of the problem, energies are obtained once
the positions and velocities of the wire elements are available as a post-
processing assignment. Knowing the position vector and its derivatives
is a consequence of the accessibility of 𝜃𝑗

(

𝑡
)

and 𝜃̇𝑗
(

𝑡
)

at every instant
of time. Keeping this in mind, the total kinetic energy of the wire over
time, 𝑇 (𝑡), is defined through the following integration:

𝑇 (𝑡) = 1
2
𝜆∫

𝐿

0

̇⃗𝑟(𝑠, 𝑡) ⋅ ̇⃗𝑟(𝑠, 𝑡)𝑑𝑠

= 1
2
𝜆∫

𝐿

0 ∫

𝑠

0 ∫

𝑠

0
cos

(

𝜃(𝑠′′, 𝑡) − 𝜃(𝑠′, 𝑡)
)

𝜃̇(𝑠′′, 𝑡)𝜃̇(𝑠′, 𝑡)𝑑𝑠′′𝑑𝑠′𝑑𝑠, (19)

where Eqs. (1a) and (3a) have been used to figure out the velocity of
each wire element projected in the intrinsic framework. In addition, the
scalar product of intrinsic vectors is set in agreement with the previous
reasoning based on the transformations given in Eq. (2). Thus, using
the non-dimensional normalisation (see Eqs. (13)), the kinetic energy
is discretised as

𝑇̄
(

𝑡
)

=
𝑇 (𝑡)𝐿
𝐸𝐼

= 1
2 ∫

1

0

[

∫

𝑠̄

0 ∫

𝑠̄

0
cos

(

𝜃
(

𝑠̄′′, 𝑡
)

− 𝜃
(

𝑠̄′, 𝑡
))

𝜃̇
(

𝑠̄′′, 𝑡
)

𝜃̇
(

𝑠̄′, 𝑡
)

𝑑𝑠̄′′𝑑𝑠̄′
]

𝑑𝑠̄

≈ 1
2

𝑘=𝑁
∑

𝑘=1

1
𝑁

𝑖=𝑘
∑

𝑖=1
𝜉𝑘𝑖

𝑗=𝑘
∑

𝑗=1
𝜉𝑘𝑗 cos

(

𝜃𝑗
(

𝑡
)

− 𝜃𝑖
(

𝑡
))

𝜃̇𝑗
(

𝑡
)

𝜃̇𝑖
(

𝑡
)

= 1
2𝑁3

𝜃̇𝑖
(

𝑡
)

𝐶𝑖𝑗
(

𝑡
)

𝜃̇𝑗
(

𝑡
)

. (20)

The matrix 𝐶𝑖𝑗
(

𝑡
)

(see Eq. (17a)) is elected12 to express 𝑇̄
(

𝑡
)

as a
uadratic form of 𝜃̇𝑖

(

𝑡
)

, which can be computed after solving Eqs. (18).
Analogously, the gravitational potential energy 𝑉𝑔(𝑡) can be written

as

𝑉𝑔(𝑡) = −𝜆∫

𝐿

0
𝑔 ⋅ 𝑟(𝑠, 𝑡)𝑑𝑠 = −𝜆∫

𝐿

0 ∫

𝑠

0
𝑔 cos

(

𝜃𝑔 − 𝜃(𝑠′, 𝑡)
)

𝑑𝑠′𝑑𝑠. (21)

12 Note that ∑𝑖=𝑘
𝑖=1 𝜉𝑘𝑖

∑𝑗=𝑘
𝑗=1 𝜉𝑘𝑗𝑓𝑖𝑗

(

𝑡
)

=
∑𝑖=𝑘

𝑖=1 𝛾𝑖𝑘
∑𝑗=𝑘

𝑗=1 𝜉𝑘𝑗𝑓𝑖𝑗
(

𝑡
)

where 𝑓𝑖𝑗
(

𝑡
)

=
os

(

𝜃
(

𝑡
)

− 𝜃
(

𝑡
))

𝜃̇
(

𝑡
)

𝜃̇
(

𝑡
)

.
𝑗 𝑖 𝑗 𝑖
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The last term of Eq. (21) is procured through Eqs. (1a), (3a) and (2).
The expression given in Eq. (21) can be also rewritten in its non-
dimensional form and discretised using the same variables and tensors
presented above

𝑉𝑔
(

𝑡
)

=
𝑉𝑔(𝑡)𝐿
𝐸𝐼

= −𝑔̄ ∫

1

0 ∫

𝑠̄

0
cos

(

𝜃𝑔 − 𝜃
(

𝑠̄′, 𝑡
))

𝑑𝑠̄′𝑑𝑠̄

≈ −𝑔̄
𝑘=𝑁
∑

𝑘=1

1
𝑁

𝑖=𝑘
∑

𝑖=1
𝜉𝑘𝑖 cos

(

𝜃𝑔 − 𝜃𝑖
(

𝑡
))

= −
𝑔̄
𝑁2

𝑘=𝑁
∑

𝑘=1

( 1
2
+ (𝑁 − 𝑘)

)

cos
(

𝜃𝑔 − 𝜃𝑘
(

𝑡
))

. (22)

iven the relative character of gravitational potential energy, it is
onvenient to define an arbitrary origin for potential values. In this
ense, a proper reference state would be the one of the extended wire
n the direction of gravity (𝜃𝑔 = 𝜃𝑘(𝑡) for 𝑘 = 1, 2,… , 𝑁). Substituting
n Eq. (22)13

̄𝑜𝑔 = −
𝑔̄
𝑁2

𝑘=𝑁
∑

𝑘=1

( 1
2
+ (𝑁 − 𝑘)

)

= −
𝑔̄
𝑁2

(

𝑁
2

+𝑁2 −
𝑁(𝑁 + 1)

2

)

= −
𝑔̄
2
.

(23)

Through this result, gravitational potential variations can be expressed
using Eq. (23) as 𝑉𝑔

(

𝑡
)

− 𝑉𝑜𝑔 .
Finally, the internal strain energy, 𝑉𝑒(𝑡), is formulated by integrating

the product of the internal torque by the curvature of the wire along
the arc length coordinate

𝑉𝑒(𝑡) = ∫

𝐿

0
𝑀𝐵(𝑠, 𝑡)

𝑑𝜃(𝑠, 𝑡)
𝑑𝑠

𝑑𝑠 = 𝐸𝐼 ∫

𝐿

0

(

𝑑𝜃(𝑠, 𝑡)
𝑑𝑠

)2
𝑑𝑠. (24)

e aware that Eq. (6a) has allowed to substitute 𝑀𝐵(𝑠, 𝑡) as a function
f curvature. Following the same process displayed above Eq. (25) is
btained

𝑒̄(𝑡) =
𝑉𝑒(𝑡)𝐿
𝐸𝐼

= ∫

1

0

(

𝑑𝜃
(

𝑠̄, 𝑡
)

𝑑𝑠̄

)2

𝑑𝑠̄ ≈ 𝑁
4

𝑖=𝑁−1
∑

𝑖=2

(

𝜃𝑖+1
(

𝑡
)

− 𝜃𝑖−1
(

𝑡
))2

+ 𝑁
(

𝜃2(𝑡) − 𝜃1(𝑡)
)2 +𝑁

(

𝜃𝑁 (𝑡) − 𝜃𝑁−1(𝑡)
)2 . (25)

s shown, the curvature is estimated by a centred difference scheme14

rom second to 𝑁 − 1𝑡ℎ partition while the forward and backward
ormulas15 are used for the first and last partition, respectively. These
pproximations involve errors in the addends of ∼ 𝑂

(

1
𝑁2

)

and ∼

𝑂
(

1
𝑁

)

.

. Validation method: Finite element approach

.1. Set-up of the finite element model

The mechanistic model described in the last section enables physical
nterpretation through the different mathematical terms involved in
he formulation. This understanding gives insight into the qualitative
ehaviour of a pillar-shaped structure, providing a tool for calibrating
r choosing a material for a specific sensor or actuator oriented to a
recise application. This study is meant to constitute a handy tool to
elp designing bioinspired smart sensors or actuators. Hence, assessing
he accuracy of this approach and the reliability of the hypotheses
ssumed is the aim of this section. Due to the lack of experimental
esources, a FE approach, which is an extended, common and well-
stablished technique that offers a reliable framework for the analysis

13 Taking into account that ∑𝑘=𝑁
𝑘=1 𝑘 = 𝑁(𝑁+1)

2
.

14 Which is 𝑑𝜃(𝑠̄,𝑡)
𝑑𝑠̄

→
𝜃𝑖+1(𝑡)−𝜃𝑖−1(𝑡)

2∕𝑁
.

15 These formulas are 𝑁
(

𝜃
(

𝑡
)

− 𝜃
(

𝑡
))

and 𝑁
(

𝜃
(

𝑡
)

− 𝜃
(

𝑡
))

.

6

2 1 𝑁 𝑁−1 c
Table 1
Summary of the wire properties used in the FE simulations.

Property Nomenclature Value

Volumetric density 𝜌 280 kg∕m3

Length 𝐿 0.1 m
Gravity 𝑔 9.81 m∕s2

Young’s modulus 𝐸 7.2 GPa
𝛱 group of 𝑔̄ 𝑔̄ 200
Radius 𝑅 2.76 μm

of mechanical problems, is elected for the validation of the predicted
wire dynamics.

A fundamental obstacle that arises when using both formulations is
the dimensional and non-dimensional nature of the FE and analytical
models, respectively. To address this problematic, the FE model needs
to be built with dimensional values, ensuring at least that the non-
dimensional groups present in the simplified analytical model, defined
in Eqs. (13), do not vary to consistently correlate both models. Since
the unique non-dimensional parameter which the analytical solution
depends on is 𝑔̄ (see Eqs. (18)), the number of parameters to be defined
in the FE model is four according to the Vaschy-Buckingham theorem
on the grounds that there are three independent magnitudes governing
the problem: mass, length and time. Thus, if a circular sectional area is
considered in the FE model, the required inputs for the wire are: section
radius, 𝑅, wire length, 𝐿, Young’s modulus, 𝐸, density, 𝜌 and gravity,
𝑔. Since the section radius and length are related through the 1D wire
hypothesis, 𝑅

𝐿 ≪ 1, that makes a total of four parameters.
Based on the arguments given above, a convenient methodology to

prepare an equivalent FE simulation is defined as follows. A value is
fixed for the non-dimensional group (𝑔̄ = 200) to run the simulations
with the analytical model. In the FE model, all the parameters (𝜌, L,
, E) are defined except for the radius, R, as Table 1 shows. With all
hese parameters defined, the radius for the FE model is obtained with
q. (13) and 𝑔̄ = 200 so the non-dimensional groups are equal and the
roblems are equivalent:

=

√

4𝜌𝐿3𝑔
𝑔̄𝐸

. (26)

ll the values used hereinafter in the FE simulations are collected in
able 1.

.2. Description of the finite element model

The model is formulated for dynamic analysis and explicit inte-
ration and is coded in Ansys/LS-Dyna. 1D Lagrangian elements were
sed to perform the simulations. Specifically, BEAM161 elements were
elected with one integration point along length an four integration
oints in the cross section. The domain of each element is delimited
y two nodes and an assistant node in the middle of the element with
he only purpose of accounting for the orientation of the cross section.
t each node three spatial displacements are available, making a total
f six degrees of freedom (DOFs) per element. Due to the consideration
f transverse shear strains by these elements, the transverse shear cor-
ection factor was set at the default value, which is 5

6 . A linear-elastic
material model was used with the material constants collected in Ta-
ble 1. A total of ten elements were used in all simulations hereinafter for
both models. Furthermore, all displacements of node 0 were restrained
and an initial angular velocity, 𝜃̇𝑜𝑖, together with an angle with respect
to the vertical axis, 𝜃𝑜𝑖, were set for each element (𝑖 = 1, 2,… , 10). The
ngular velocity can be understood as the effect caused by an external
unctual input or signal that triggers the movement of the sensor as
handy first-order approximation. In this way, the model is fed with

n initial condition simulating the external action and the subsequent
echanical response. Fig. 4 shows a schematic representation of a
D continuous wire discretisation subjected to gravity with its initial

onditions caused by an external action.
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Fig. 4. Schematic representation of a 1D continuous wire discretisation subjected to
ravity with initial conditions provoked by external actions. Nodes and elements are
epresented with numbers and circled numbers.

.3. Validation of the analytical model

A reasonable methodology to perceive whether the analytical model
aptures with an acceptable accurateness the movement of a filament-
haped structure under an external punctual signal is the study of its
ovement. The wire dynamics predicted by the analytical model can

e validated through the spatial coordinates of the nodes wherewith the
emaining dynamic variables are derived from. Thus, the evolution over
ime of the two independent spatial coordinates seems to be a reliable
omparison between the FE and analytical model. For the sake of clar-
ty, only four equally spaced nodes are chosen to be represented in the
ubsequent analyses. In addition, the portrayal of the wire position over
ime is a visual and qualitative indicator of accurateness. The time scale
sed in the following simulations is defined according to the time that
akes for the majority of the wire nodes to complete a full oscillation.
lthough the nodes have different periods, the deviations are negligible

or small oscillations. Keeping this in mind, three configurations are
tudied varying the initial conditions. Figs. 5(a) and 5(b) show the
nalytical and FE predictions of the 𝑋 and 𝑌 spatial coordinates of

the four selected nodes, respectively, over time for a wire with initial
conditions of 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 1 rad/s for all elements. Fig. 5(c) describes
the position of the nodes within the 𝑋 − 𝑌 plane at 0.13 s, 0.25 s and
0.35 s.

Figs. 5(a) and 5(b) reflect an excellent agreement between the
analytical and FE predictions for nodes 1, 4 and 7. Looking at node 10,
the correlation is to some degree worse for the spatial 𝑋-coordinate
compared to the spatial 𝑌 -coordinate, with a maximum difference of
4.4% between both models. Note that the oscillation of the wire is quite
small as shown in Fig. 5(c). Hence, Fig. 5(b) does not provide much
valuable information due to the unnoticeable 𝑌 -deviation of the nodes
with respect to their initial position. Nonetheless, the initial conditions
in Fig. 6 which are 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 3 rad∕s for all elements, are more
opportune to grade the spatial 𝑌 -coordinate predictions.

The trend observed in Figs. 5(a) and 5(b) is maintained in Figs. 6(a)
and 6(b). Spatial 𝑋 and 𝑌 -coordinates present an almost perfect resem-
blance between both models even though the maximum differences are
still found for the spatial 𝑋-coordinate in node 10, being the largest
variation 4.5%. This discrepancy results in a slightly variation in the
wire curvature as Fig. 6(c) exposes. At last, simulations were performed
to see if the analytical model achieves good predictions for larger
oscillations. The initial conditions in Fig. 7 are 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 5 rad∕s
for all elements.

Fig. 7 exhibits the same behaviour than Fig. 6. The maximum
differences are still found in node 10 for the spatial 𝑋-coordinate
(4.7%). This discrepancy along with the excellent fitting displayed by
the other nodes in Figs. 7(a) and 7(b) results in a slightly variance in
the curvature of the wire as shown in Fig. 7(c).
7

Fig. 5. Comparison between analytical and FE predictions of a 1D continuous wire
discretised with 𝑁 = 10 elements (𝜌 = 280 kg∕m3, 𝐸 = 7.2 GPa, 𝐿 = 0.1, 𝑅 = 2.76
m) and initial conditions 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 1 rad∕s for all elements, subjected to gravity

(𝑔 = 9.81 m∕s2) and with node 0 pinned. (a) Spatial 𝑋-coordinate of nodes 1,4,7 and
10 versus time during an oscillation. (b) Spatial 𝑌 -coordinate of nodes 1,4,7 and 10
versus time during an oscillation. (c) Spatial 𝑌 -coordinate versus spatial 𝑋-coordinate
of nodes 1,4,7 and 10 at 𝑡 = 0.13 s, 𝑡 = 0.25 s and 𝑡 = 0.35 s.
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Fig. 6. Comparison between analytical and FE predictions of a 1D continuous wire
discretised with 𝑁 = 10 elements (𝜌 = 280 kg∕m3, 𝐸 = 7.2 GPa, 𝐿 = 0.1, 𝑅 = 2.76
m) and initial conditions 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 3 rad∕s for all elements, subjected to gravity
𝑔 = 9.81 m∕s2) and with node 0 pinned. (a) Spatial 𝑋-coordinate of nodes 1,4,7 and
0 versus time during an oscillation. (b) Spatial 𝑌 -coordinate of nodes 1,4,7 and 10
ersus time during an oscillation. (c) Spatial 𝑌 -coordinate versus spatial 𝑋-coordinate
f nodes 1,4,7 and 10 at 𝑡 = 0.12 s, 𝑡 = 0.25 s and 𝑡 = 0.38 s.
8

Fig. 7. Comparison between analytical and FE predictions of a 1D continuous wire
discretised with 𝑁 = 10 elements (𝜌 = 280 kg∕m3, 𝐸 = 7.2 GPa, 𝐿 = 0.1, 𝑅 = 2.76
m) and initial conditions 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 5 rad∕s for all elements, subjected to gravity

(𝑔 = 9.81 m∕s2) and with node 0 pinned. (a) Spatial 𝑋-coordinate of nodes 1,4,7 and
10 versus time during an oscillation. (b) Spatial 𝑌 -coordinate of nodes 1,4,7 and 10
versus time during an oscillation. (c) Spatial 𝑌 -coordinate versus spatial 𝑋-coordinate
of nodes 1,4,7 and 10 at 𝑡 = 0.12 s, 𝑡 = 0.25 s and 𝑡 = 0.38 s.
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Fig. 8. Concept figure of direct and inverse schemes of application of the analytical model to the calibration of the required bending stiffness, 𝐸𝐼 , according to the requirements
of each application: in the direct application, 𝐸𝐼 is calibrated to cause a desired movement of a magnetised pillar-shaped actuator when subjected to a magnetic field; in the
inverse application, 𝐸𝐼 is calibrated to provide a required output signal as the conductivity changes because of the movement of the wire.
b
s
t
d

Overall the predictions observed in Figs. 5–7 positively assess the
predictive capability of the analytical model to describe the dynamics of
a potentially pillar-shaped bioinspired sensor subjected to an external
stimulus brought in by the angular velocity, and reveals that results are
not sensitive to the amplitude of the oscillation.

4. Results and discussion: Inverse engineering applications
through energy analysis

The model presented is intended to be used for the design of mul-
tifunctional pillar-shaped bioinspired sensors, if the motion is turned
into a signal, or actuators, if the mechanical response is controlled
by an imposed stimulus. Therefore, as Fig. 8 shows, the inverse or
direct relationship of a sensor or actuator with an external stimulus
(i.e. electric or magnetic signals or a gravitational field) defines the
direction of the application. On the one hand, if the mechanical motion
of the filament is transformed into a detectable electric signal, the fil-
ament will have a sensor-like behaviour within an inverse application.
9

o

For instance, flexible conductive wires made of conductive particles
can be printed on a beam made of soft materials (Fig. 9(a)). The
wires can increase or decrease the electric resistance as tension or
compression states are induced in the bending process. That is why
the conductive filament itself can serve to detect flows due to the
bending induced as Fig. 8 shows. The vertical displacement of the
filament changes its conductivity and hence, the signal transmitted that
must be interpreted to find out the physical phenomenon taking place.
Hence, the model proposed can help calibrating the required bending
rigidity of the conductive wire, 𝐸𝐼 , to reach a certain conductivity,
𝜅, to send a signal, 𝑠(𝜅), as long as the relationship between shape or
deformation and conductivity is known and the actuating force, 𝐹 , can
e replaced by an initial angular velocity, 𝜃0, causing a response of the
ame order of magnitude (Fig. 8). Note that the relationship between
he external stimulus and the initial conditions/loading may not be
irect and has to be studied for each particular problem requiring minor
r major changes in the formulation depending on the complexity of the
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Fig. 9. Examples of bioinspired smart sensors or actuators that either turn a mechanical input into a signal or an external stimulus into a movement.
case. Filament structures based on spider fine hairs constitute another
example of sensors serving as wind detectors (Wu et al., 2019).

On the other hand, if the stimulus produces the mechanical re-
sponse, the structure will have an actuator role for a direct application.
For instance, the ionic polymer-metal composites that require low
voltage to provide large displacements can swing in opposite directions
just inverting the polarity of the electric signal as shown in Fig. 9(b).
Another application emerges from the manufacturing of magnetic field-
controllable elastomeric fibres with applicability in the endovascular
treatment of cardiovascular diseases (Wang et al., 2021): such fibres are
enhanced by adding hard-magnetic particles reactive to a constant mag-
netic field constituting a hard-magnetic elastica (Wang et al., 2020).
A scheme of this soft material is shown in Fig. 9(c). The actuation
consists of a beam distal portion that can be properly bent in the
inside of blood vessels branches or injured tissues. The active bending
moment, supposed proportional to the curvature, is calculated as the
summation of the magnetic torques in the filament length. The constant
of proportionality is the product of Young’s modulus multiplied by the
static inertia. For that reason, depending on the rigidity needed for a
specific application so that the actuator achieves the desired behaviour,
the determination of 𝐸𝐼 , at least qualitatively, becomes crucial. In
this sense, the analytical model presented can help calibrating the
appropriated 𝐸𝐼 for an application with the aid of an energy analysis
with gravity to find out the asymptotic behaviour of the pillar-shaped
structure as long as the imposed force, 𝐹 , can be qualitatively related to
an initial angular velocity, 𝜃0, provoking a response of the same order
of magnitude.

For that purpose, the appraisal of the distribution of energies can
serve as a clarifying analysis to understand the physics involved in
the problem of a 1D continuous wire subjected to gravity as a way to
calibrate the rigidity needed. In this way, the value of 𝐸𝐼 and its re-
lationship with the wire motion is conceived as an inverse engineering
problem.

Being 𝜃𝑗 (𝑡) and 𝜃̇𝑗 (𝑡) vectors available after solving the system given
by Eqs. (18), it is possible to determine the kinetic, potential gravi-
tational and internal strain energies through the expressions deduced
above. Moreover, after turning the formulation into non-dimensional
(Eq. (15)), a consideration related to the role played by 𝑔̄ can be
pointed out. By definition (see Eqs. (13)), this parameter compares
the relative effect of gravity with respect to normal acceleration in
the wire extreme, which is established as proportional to the bending
stiffness. In this sense, lower values of 𝑔̄ (𝑔 ≪ 𝜔2𝐿 ∼ 𝐸𝐼) suggest
higher centripetal acceleration implying higher internal strain energies
due to the higher stiffness of the wire. In contrast, higher values of
𝑔̄ (𝑔 ≫ 𝜔2𝐿) involves the wire approaches the motion of a simple
pendulum, corresponding to humble internal strain energy rates com-
pared to kinetic or gravitational potential energies. Recall that the
total motion energy has to be conserved, as gravity is a conservative
10
force and the wire deformation is reversible. In this section, several
cases are analysed for different values of 𝑔̄ using the analytical model
proposed. Fig. 10 shows the non-dimensional energy contributions over
non-dimensional time for a wire with initial conditions of 𝜃𝑜𝑖 = 0 and
𝜃̇𝑜𝑖 = 14 for all elements for 𝑔̄ = 200 (Fig. 10(a)), 𝑔̄ = 1200 (Fig. 10(c))
and 𝑔̄ = 2000 (Fig. 10(e)) along with the non-dimensional spatial
Y-coordinate versus the non-dimensional spatial X-coordinate of wire
nodes (Figs. 10(b), 10(d), 10(f)) for representative instants of time.

In Fig. 10, the distribution of the kinetic energy, 𝑇̄ (Eq. (20)),
gravitational potential energy16, 𝑉𝑔 (Eq. (22)), and internal strain en-
ergy, 𝑉𝑒 (Eq. (25)), versus non-dimensional time, 𝑡, is represented
for the referred values of 𝑔̄. The potential, 𝑉𝑝, and total energy, 𝐸̄,
are likewise taken in consideration17. In each case, the integration
time is chosen so that the wire approximately swings one complete
oscillation. As mentioned above, several positions of the wire are shown
in characteristic instants of time for each value of 𝑔̄. Such positions
represented in Figs. 10(b), 10(d) and 10(f) are highlighted with Greek
characters and star markers in Figs. 10(a), 10(c) and 10(e), respectively.

For all cases, the first instant, 𝛼, indicates the maximum of the
kinetic energy at the beginning of motion and provided by the initial
condition. 𝛽 and 𝛾 instants are defined in the relative maximum of
potential and gravitational energies, respectively, being the reference
for the gravitational energy the initial extended position of the wire. 𝛿
instant coincides with a relative maximum of the internal strain energy
which is alike situated in the extreme. An intermediate situation occur
at 𝜀 instant, in which kinetic and potential energies acquire the same
value. Lastly, 𝜉 instant represents a local minimum of potential energy,
which happens to be in the initial position.

In the light of the results, a full complete oscillation needs for
smaller periods of time as 𝑔̄ increases. This result admits a logical in-
terpretation since the effect of gravity, as the cause of motion, becomes
more important. Fig. 10 shows that energies distribution behaves as a
typical energetic interchange of a conservative oscillatory problem. As
the kinetic energy grows maximum, the potential energy becomes null
minimising the internal strain and gravitational energies. As shown in
Figs. 10(b), 10(d) and 10(f), the wire behaviour approaches the one of
a simple pendulum as 𝑔̄ increases, for the same initial velocity in all
elements and cases. This fact produces that the wire presents smaller
oscillations. This is in agreement with the explanation previously pro-
vided implying that smaller values of 𝑔̄ lead to higher internal strain
energy rates. It is also worthy to observe that 𝜀 instant does not occur
in the intermediate exact position between 𝛽 and 𝜉, being closer to

16 With respect to 𝑉𝑜𝑔 (see Eq. (23)). This means that the referred 𝑉𝑔 in
Fig. 10 must be understood as 𝑉𝑔 − 𝑉𝑜𝑔 .

17 As 𝑉 − 𝑉 + 𝑉 and 𝑇̄ + 𝑉 , respectively.
𝑔 𝑜𝑔 𝑒 𝑝
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Fig. 10. Non-dimensional representation of the wire motion discretised with 𝑁 = 10 elements and initial conditions 𝜃𝑜𝑖 = 0, 𝜃̇𝑜𝑖 = 14 for all elements, subjected to gravity and with
ode 0 pinned.
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he 𝛽 (or 𝛾) in all cases as Figs. 10(b), 10(d) and 10(f) show. This is
consequence of the non-linearity of Eqs. (18).

Finally, it is interesting to give insights into the sources of numerical
naccuracies related to the discretisation methods used. In principle,
11

c

he main cause of error lies on the finite difference formulas to ap-
roximate the derivatives needed to calculate 𝑉𝑒. For this reason, in all
ases where internal strain energy becomes important, a less accurate
alculation is expected. An indicator of that is the mild oscillation of 𝐸̄
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values around the initial total energy, which should be theoretically
conserved. As it can be observed in Figs. 10(a), 10(c) and 10(e),
the oscillations from initial energy tend to be null as 𝑔̄ increases in
behalf of the reduction of the internal strain energy for those cases.
However, the relative error of the total energy with respect to the initial
energy is less than 3% in all cases; therefore, the referred inaccuracies
are considered to be no relevant: on the one hand, the total energy
oscillates around a constant value which is indeed preserved over time,
corresponding to the total energy of the system. On the other hand, low
values of 𝑔̄ correspond to sufficiently degenerated cases, so that the
ange of applicability with negligible errors is still wide. Furthermore,
he previous indicates that numerical inaccuracies are not cumulative.
nother indicator of the referred errors is the deviation at the wire free
nd with respect to the initial position at 𝜉 instant, which should be
oincident with 𝛼 instant in Fig. 10(b) given the conservative nature of
he problem. As already stated, low values of 𝑔̄ implies relevant cen-
ripetal acceleration compared to gravity which is maximised precisely
t the free end. As said, this normal acceleration is proportional to
𝐼 producing higher values in internal strain energy and provoking

arger numerical errors. In correspondence, such deviation results to
e oscillatory around the initial position which is well captured in the
ases corresponding to higher values of 𝑔̄.

The analysis carried out with the aid of gravity allows to qualita-
ively locate 𝐸𝐼 between the asymptotic behaviours of a more rigid or
lexible wire under an external action (Fig. 8). The model determines
he mechanical motion of the wire structure in agreement with 𝐸𝐼 .
n the cardiovascular disease example (Wang et al., 2021), depending
n the flexibility required according to the order of magnitudes of the
roblem, this methodology elucidates the qualitative calibration of 𝐸𝐼 .
verall, the analysis performed with the energies of the pillar-shaped

tructure constitutes an example of the potential quantitative analyses
his model can provide to infer qualitative conclusions that cooperate
n the conceptualisation and layout of bioinspired sensors.

. Conclusions

Smart materials relating their mechanical response to an applied
timulus or a transmitted signal has become a high-impact solution
o multiple applications: from heart diseases to the detection of wind
resence, human breath or shape-morphing actuation. In this paper,
illar-shaped structures bioinspired in examples from nature are stud-
ed. The methodology proposed allows for a concise comprehension of
he mechanical motion of the wire subjected to constant fields. The
odel deals with the intermediate phase to connect the inputs with

he outputs. Therefore, two different senses of application can serve to
ort out the use of a pillar-shaped structure; if the system serves as an
ctuator (direct) the motion of the filament is stimulated by exposing
he structure to an electrical/magnetic or simply the gravitational field.
therwise, the wire is conceived as a sensor (inverse) that can send
ifferent signals triggered by the wire motion when exposed to external
timuli.

In this work, a new model to properly describe a 1D pillar-shaped
nextensible structure under initial conditions and gravity was exposed.
he inextensibility hypothesis is a limitation to the model that can only
e used in those cases in which such assumption is reasonable. Among
thers, some examples taken from recent literature were exposed in
ig. 9. A discretisation was performed to approximate the terms of the
ntegro-differential governing equation such as the bending internal
ffort derivatives through midpoint rules and centred FDM schemes.
hese terms were compacted in several matrices and vectors originally
efined. As a result, an IVP was formulated helping the physics in-
olved to be identified. The initial conditions are understood in the
ntermediate phase as an impulsive stimulus accounting for the external
ction on the wire. The non-dimensional formulation proposed revealed
he only non-dimensional group which the problem depends on. Such
arameter compares the relative effect of gravity with the wire normal
12

s

cceleration, being proportional to the wire bending rigidity. Addition-
lly, expressions to account for the kinetic, gravitational potential and
nternal strain energies were implemented using the same discretisation
atrices and FDM approximation formulas, allowing for the physical

nterpretation of the results. Moreover, a validation comparing the
esults obtained with a separate FE approach confirmed the capability
f the proposed model to describe the 2D wire motion in spite of the
scillation amplitude under gravity and initial conditions coming from
xternal actions.

The physical meaning of the non-dimensional group governing the
roblem allows to establish a direct correspondence between the bend-
ng rigidity and the shape of the wire, providing a qualitatively guide
o anticipate the wire mechanical performance between two asymptotic
ases. The model is able to explain the energy interchange corre-
ponding to an oscillating motion. As the non-dimensional parameter
ncreases when keeping the IVP initial conditions unchanged, the wire
otion goes from presenting large deformations and high internal

nergy strain rates to behave similar to a simple pendulum, oscillating
lose to the initial position, and implying lower internal energy strain
ates and smaller deformations. This behaviour can be tuned through
he non-dimensional parameter, which implies the bending rigidity,
o achieve a specific motion needed when subjected to an external
ction to help designing actuators or sensors within direct or inverse
pplications.

The higher computational cost and general inability to work within
odular automated models of FE approaches make analytical models
desirable tool to tackle the design of bioinspired smart sensors.

he extracted conclusions obtained from simple models to describe
he motion of a 1D wire subjected to a constant field can help solv-
ng inverse-engineering problems, and serve as an inspiration in the
eneration of more complex and concrete solutions. Finally, the versa-
ility of the model hands over the possibility of introducing different
otion sources by changing the gravity term in the equations, and,

n future developments, considering different charge densities along
he pillar-shaped structure. As a consequence, the actual proposal can
rompt more concrete applications, devoting future works to generalise
nd adapt the model for high-impact applications. In this sense, the
otential applicability to non-constant fields may require the spatial
iscretisations of the constitutive equations in such problems and the
evision of the formulation given above.
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