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Abstract
This paper introduces a (3 + 1)-dimensional dispersionless integrable system, uti-
lizing a Lax pair involving contact vector fields, in alignment with methodologies
presented by Sergyeyev in 2014. Significantly, it is shown that the proposed system
serves as an integrable (3 + 1)-dimensional generalization of the well-studied (2 + 1)-
dimensional dispersionless Davey–Stewartson system. This way, an interesting new
example on integrability in higher dimensions is presented, with potential applica-
tions in analyzing three-dimensional nonlinear waves across various fields, including
oceanography, fluid dynamics, plasma physics, and nonlinear optics. Importantly, the
integrable nature of the system suggests that established techniques like the study of
symmetries, conservation laws, and Hamiltonian structures could be applicable.

Keywords Integrable systems · Davey–Stewartson system · Hydrodynamic-type
systems · Lax pairs · Fluid dynamics · Plasma physics

1 Introduction

Within the framework of partial differential equations (PDEs), integrable systems are
of great interest in modern mathematics and physics [1–4]. In particular, taking into
account that the vastmajority of physical theories commonly accept that there are three
spatial dimensions and one temporal dimension, the search for integrable systems in
(3 + 1) dimensions becomes particularly important and challenging, e.g. [3, 5–7].

The paper [7] gives a systematic approach for constructing (3 + 1)-dimensional
integrable dispersionless systems using contact Lax pairs. These are nonisospectral
Lax pairs associated with contact vector fields and so, at least in principle, they are
amenable to the inverse scattering transform and other techniques like the dressing
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method [4, 8, 9]. Remarkably, the systems obtained using the method of [7] admit a
straightforward reduction to (2 + 1)-dimensional systems, which suggests that the said
method allows for finding integrable (3 + 1)-dimensional generalizations of certain (2
+ 1)-dimensional systems.

In this paper we implement this strategy for finding a (3 + 1)-dimensional inte-
grable generalization for the dispersionless Davey–Stewartson (dDS) system, which
is currently a subject of intense research (see [10–13] and references therein), in view
of its providing a dispersionless limit for the dispersive Davey–Stewartson system.
The latter plays a significant role in mathematical physics, as it represents a (2 +
1)-dimensional generalization of the nonlinear Schrödinger equation, and describes
many important wave processes [14–19]. In particular, it holds increased relevance
in the fields of fluid dynamics and oceanography, areas that are currently attracting
significant attention [20–23].

In what follows, after a summary of relevant facts in Sect. 2, we will employ the
method from [7] for constructing a new (3 + 1)-dimensional dispersionless integrable
system (10) in Sect. 3, and we will show that this new system is a (3 + 1)-dimensional
generalization of the dDS system (see Theorem 1). To the best of our knowledge
the system we have introduced is not yet documented in existing literature. We note
that it could be of interest to study the symmetries, conservation laws, Hamiltonian
operators, and other related structures for (10) using e.g. the techniques from [24, 25].

2 Preliminaries

In the present paper, a PDE system in four independent variables will be called a (3 +
1)-dimensional dispersionless system (note that dispersionless systems are also known
as hydrodynamic-type systems) [7, 26–28] if it can be written in the form

A0(u)ut + A1(u)ux + A2(u)uy + A3(u)uz = 0, (1)

where x, y, z, t are independent variables, u = (u1, . . . , uN )T is an N -dimensional
vector of unknown functions, and Ai (u), 0 ≤ i ≤ 3, areM×N matrices whose entries
depend on the components ofu. BothM and N are positive integers satisfyingM ≥ N .
All functions under consideration are tacitly assumed smooth enough to ensure the
validity of all computations. In what follows, a (3 + 1)-dimensional dispersionless
system will be said to be integrable if it admits a Lax pair.

In the recent paper [7], a systematic approach for constructing integrable (3 + 1)-
dimensional dispersionless systems is presented. We briefly review it here for the
readers’ convenience.

Consider, following [7], the class of Lax pairs Lχ = 0, Mχ = 0, where

L = ∂y − X f ,

M = ∂t − Xg,
(2)
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for suitable functions f = f (p,u) and g = g(p,u), and where

Xh = h p∂x + (phz − hx )∂p + (h − ph p)∂z .

Note that p plays the role of the spectral parameter, since up ≡ 0 by assumption.
These nonisospectral Lax pairs have a connection to contact geometry: the vector

field Xh formally looks exactly like a contact vector field corresponding to a contact
Hamiltonian h on a contact 3-manifoldwith local coordinates x, z, p and the associated
contact one-form dz + pdx (see [29, 30] and the references therein).

We state without proof the following proposition, which corresponds to Proposition
1 in [7]:

Proposition 1 A nonisospectral Lax pair of the form (2) is compatible if and only if
the functions f , g satisfy

ft − gy + { f , g} = 0, (3)

with the bracket {, } defined as

{ f , g} = f pgx − gp fx − p
(
f pgz − gp fz

) + f gz − g fz .

Observe that equation (3) can be rewritten as

N∑

i=1

fui (ui )t −gui (ui )y + (
f pgui − gp fui

)
(ui )x

+ ((
f − p f p

)
gui − (

g − pgp
)
fui

)
(ui )z = 0, (4)

and if the dependence of f and g on p is rational, we can bring equation (4) to
a common denominator. Thus, the vanishing of the expression is equivalent to the
vanishing of its numerator, which is achieved by setting the coefficients at all powers
of p to zero. Consequently, Proposition 1 allows us to produce integrable systems of
the form (1) by making appropriate choices of functions f , g.

Importantly, not every pair of functions f , g is admissible, in the sense that equation
(3) leads to an expression that can be transformed into a system of Cauchy-Kowalevski
type by a suitable change of variables. In this sense, in [7, 31] it is shown that for any
natural numbers m and n, the pairs of Lax functions

f = pn+1 +
n∑

j=0

v j p
j , g = pm+1 + m

n
vn p

m +
m−1∑

k=0

wk p
k, (5)

and

f =
n∑

j=1

ai
vi − p

, g =
m∑

k=1

bk
wk − p

, (6)

are admissible, with u being in these cases

u = (v0, . . . , vn, w0, . . . , wm−1)
T
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and

u = (a1, . . . , am, b1, . . . , bn, v1, . . . , vm, w1, . . . , wn)
T ,

respectively.
Furthermore, in [32] it is presented an example of algebraic, rather than rational,

admissible pair of Lax functions not belonging to any of the classes above.

Remark 1 As highlighted in [7, 31, 32], under the assumption uz = 0, system (1)
reduces to a (2 + 1)-dimensional dispersionless system. If (1) admits a contact Lax
pair (2) then the system obtained from (1) by putting uz = 0 admits a Lax pair
involving Hamiltonian vector fields (as opposed to contact vector fields) with the Lax
operators given by

L = ∂y − X̃ f , M = ∂t − X̃g, (7)

where now

X̃h = h p∂x − hx∂p.

Detailed discussions on this type of (2 + 1)-dimensional integrable systems can be
found e.g. in [27, 33].

An important example of a (2 + 1)-dimensional integrable dispersionless system is
given by the dispersionless Davey–Stewartson system, which is a physically relevant
generalization of the dispersionless nonlinear Schrödinger equation [10]. This system
has the form:

Ut + 2 (USx )x + 2
(
USy

)
y= 0,

St + S2x + S2y − δφ= 0,
φxy − 1

2

(
Uxx +Uyy

)= 0.
(8)

Observe that we can eliminate φ from this system, expressing it using the second
equation and substituting the result into the third one, which yields

Ut + 2 (USx )x + 2
(
USy

)
y= 0,

1

δ
(St + S2x + S2y)xy − 1

2

(
Uxx +Uyy

)= 0.
(9)

3 Integrable (3 + 1)-Dimensional Generalization of the (2 +
1)-Dimensional dDS System

Consider the following system

ut = 2rvx + vrx + suz − usz + wux − 2vwz + sy,

vt = 2quz − uqz + svz − 2vsz + vwx + wvx + qy,

wy = −2rux + rvz + 2vrz + uwz,

ry = ruz + urz,
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qx = 2cvux + cvvz + q

v
vx ,

sx = q

v
ux − 3cvuz − 2cvy + 2cuv − 2q

v
vz + 2qz, (10)

where u, v, w, r , q, s are unknown functions of the independent variables x, y, z, t ,
and c ∈ R is a constant.

This system can be transformed into evolutionary form, so that the Cauchy–
Kowalevski theorem could be applied (so in particular the system in question is
neither underdetermined nor overdetermined). Indeed, the coefficients of the variables
uz, vz, wz, qz, rz, sz in the previous equations constitute a nondegenerate matrix

⎡

⎢⎢⎢⎢
⎢⎢⎢
⎣

s 0 −2v 0 0 −u
2q s 0 −u 0 −2v
0 r u 0 2v 0
r 0 0 0 u 0
0 cv 0 0 0 0

−3cv
2cuv − 2q

v
0 2 0 0

⎤

⎥⎥⎥⎥
⎥⎥⎥
⎦

whose determinant is

cv
(
3cu4v − 4qu3 − 16rv3 + 4su2v

)
�= 0, (11)

so the system can be put in an evolutionary formwith z playing the role of the evolution
parameter.

Our main result establishes that system (10) is integrable and that it is a (3 + 1)-
dimensional generalization of (9):

Theorem 1 The (3 + 1)-dimensional dispersionless system (10) admits the Lax pair

L = ∂y + v

p2
∂x −

(
u + 2v

p

)
∂z −

(
uz p − ux + vz − vx

p

)
∂p,

M = ∂t −
(
2rp + w − q

p2
− 2cv2

p3

)
∂x +

(
rp2 − s − 2q

p
− 3cv2

p2

)
∂z

−
(
rz p

3 + (wz − rx )p
2 + (sz − wx )p + qz − sx + 2cvvz − qx

p
− 2cvvx

p2

)
∂p.

(12)
Moreover, for c = −1 the system (10) is an integrable (3 + 1)-dimensional gener-

alization of the (2 + 1)-dimensional dispersionless Davey–Stewartson system (9).

Remark 2 Observe that (10) also is a generalization of the (3 + 1)-dimensional inte-
grable system appearing in Example 1 in [7]: if we assume s = q = 0 and c = 0 in
(10) we obtain

ut = 2rvx + vrx + wux − 2vwz,

vt = vwx + wvx ,

wy = −2rux + rvz + 2vrz + uwz,

ry = ruz + urz,

(13)
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which coincides with system (38) in [7].

4 Proof of Theorem 1

First, observe that the Lax pair (12) is of the form (2), with the functions

f = u + v

p
,

g = rp2 + wp + s + q

p
+ c

v2

p2
.

(14)

Now, according to Proposition 1, this Lax pair is compatible if and only if

ft − gy + { f , g} = 0. (15)

Therefore, to show that system (10) implies the compatibility of Lax pair (12), it is
enough to substitute (14) into (15), and check that the resulting expression is equivalent
to (10) upon equating to zero the coefficients at all powers of p, as can be verified by
straightforward algebraic manipulations.

To prove the second part of the theorem observe first that, according to Remark 1,
if we assume

uz = vz = wz = qz = rz = sz = 0 (16)

in system (10) we obtain a (2 + 1)-dimensional integrable system.
If we further assume, in addition to (16), that r = 1, system (10) gives rise to the

system
ut = wux + sy + 2vx ,
vt = vwx + wvx + qy,

wy = −2ux ,

qx = 2cvux + q

v
vx ,

sx = −2cvy + q

v
ux .

(17)

Now note that for c = −1 system (17) can be reduced, by means of the following
substitutions

u = Sy, v = 1

4
δU , w = −2Sx , q = −1

2
δUSy, s = 1

2
δW − S2y ,

where δ is a constant and S,U ,W are functions of x, y, t , to the system

Ut = −2(USx )x − 2(USy)y, (18a)

Wx = Uy, (18b)

Sty = −2Sx Sxy + 1

2
δWy − 2Sy Syy + 1

2
δUx . (18c)
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We can rearrange equation (18c) obtaining

(St )y = −(S2x )y − (S2y)y + δ

2
(Wy +Ux ), (19)

and differentiating (19) with respect to x gives us

(St )xy = −(S2x )xy − (S2y)xy + δ

2
(Wxy +Uxx ). (20)

Finally, we observe that if S,U , and W satisfy (18) then S and U also satisfy the
system

Ut = −2(USx )x − 2(USy)y, (21a)

(St )xy = −(S2x )xy − (S2y)xy + δ

2
(Uyy +Uxx ), (21b)

which is nothing but (9).
So, we see that system (18) is an integrable generalization of (9), system (17) is

an integrable generalization of (18), and finally system (10) is an integrable (3 + 1)-
dimensional generalization of (17) and hence a fortiori of (9), and the result follows.

Remark 3 It is worth noting that the pair of functions (14) doesn’t belong to any of the
previously known classes of admissible pairs of rational functions (5) and (6) yielding
(3 + 1)-dimensional dispersionless integrable systems.

5 Conclusions

The understanding of examples of (3 + 1)-dimensional systems is a topic with increas-
ing interest, and many efforts have been made in this direction in recent times [6,
34–36]. In this work, we have presented a (3 + 1)-dimensional system that is inte-
grable, and which can be seen as a (3 + 1)-dimensional generalization of the dDS
system. To the best of our knowledge, this system is new, and it doesn’t correspond
to the integrable (3 + 1)-dimensional dispersionless systems presented in the recent
literature [7, 31, 32].

The discovery of a (3 + 1)-dimensional integrable dispersionless system, expanding
upon the dispersionless Davey–Stewartson system, represents a significant advance-
ment in the field of mathematical physics. This breakthrough is important for several
reasons. Firstly, it marks a progression from lower-dimensional systems, such as the
(1 + 1) and (2 + 1)-dimensional models, to more complex, higher-dimensional frame-
works. This progression is vital because higher-dimensional systems more accurately
model real-world phenomena, especially in fields like fluid dynamics and nonlin-
ear optics. The Davey–Stewartson equations already provided valuable insights into
the modulation of three-dimensional wave packets; thus, extending this to a (3 +
1)-dimensional system can offer even greater applicability and potential for model-
ing and understanding real-world scenarios, particularly in areas like fluid dynamics,
oceanography and nonlinear optics.
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Furthermore, the integrability aspect of this new system is noteworthy. Integrable
systems possess analytical characteristics that make them particularly interesting, but
they are rare.Bypresenting a newhigher-dimensional integrable system, this discovery
opens the door to exploring newphysical phenomena and potentially discovering novel
insights into problems in various fields. This could lead to advancements in understand-
ing wave propagation, stability, and interactions in different settings, thereby driving
forward both theoretical and applied research in physics and engineering. The gener-
alization from the dispersionless Davey–Stewartson system to a (3 + 1)-dimensional
model signifies not just a mere increase in complexity, but a substantial leap in our
understanding.
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