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1. Introduction

The order of an nth-order ordinary differential equation (ODE) admitting an n-dimensional
solvable Lie symmetry algebra can be stepwise reduced and, consequently, the equation can
be integrated by quadratures [1} 2,3} 4]. If the symmetry algebra is nonsolvable, this step-
by-step method of reduction is no longer applicable and the integrability by quadratures
cannot be warranted [5]. The study of different strategies to integrate completely this type
of equations has been of great interest in the literature [1} 6} 7,8, 9, 10].

It is well known [11] that there are three inequivalent nonsingular local actions of the
three-dimensional special linear or unimodular group SL(2,C), with Lie algebra s((2,C), on
any two-dimensional complex manifold and that an additional fourth realization appears
forsl(2,R) (Cases 1, 2,3 and 4 in Table. Most of the studies [1,16, 7] on ordinary differential
equations invariant under the unimodular group correspond to the first three cases. The
fourth case has not been so deeply studied. One of the main objectives of this paper is to
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provide a unified treatment for the four cases, in order to obtain new integration strategies
for the corresponding invariant equations.

Some of the milestones on the study of ODEs invariant under the unimodular group
are the following:

¢ In [6], Clarkson and Olver studied the cases 1, 2 and 3. In this seminal paper they
proved that the three inequivalent actions of SL(2,C) can be connected via the standard
prolongation process. As a consequence, the integration methods for Cases 2 and 3 are
closely related to the integration method for the basic unimodular action (Case 1).

e Ibragimov and Nucci [7] focused on SL(2,C)-invariant third-order ODEs (Cases 1, 2 and
3). A two-dimensional subalgebra %, of s[(2,C) was used to reduce the given ODE to a
first-order equation, which cannot be integrated by quadrature, but can be transformed
into a Riccati equation by using a nonlocal symmetry [12,[13}14]. Provided that the
general solution of this Riccati equation is known, such solution, once written in terms
of the original variables, becomes a second-order ODE which can be integrated by
quadratures by using #Z».

¢ In [8] it is shown that the order of any given ODE invariant under the unimodular group
(Cases 1, 2, 3 and 4) can be reduced step-by-step but, since the symmetry algebra is not
solvable, some of generators have to be recovered as € °°-symmetries (or A-symmetries
[15]) for the reduced equations. The general solution of the original equation can
be obtained through two successive quadratures from the solution of the reduced
equation. Starting with a third-order equation, the reduction process led to a first-
order ODE, which was a Riccati equation for Cases 1, 2 and 3 but for Case 4 it was not
apparently a Riccati equation.

In our unified approach to integrate a SL(2, R)-invariant third-order ODE corresponding
to any of the four cases, the theoretical background is the existence of a solvable structure
(16} 17,18} 19,20, 21] that can be computed from the generators of the symmetry algebra,
as it has been recently proved in [22]. A brief summary of some theoretical results in [22]
that are used in this paper is included in Section[2]

In Sectionwe reduce as far as possible the order of a SL(2,R)-invariant third-order
ODE corresponding to any of the four cases. If an appropriate basis element of the
symmetry algebra is firstly used then two remaining symmetry generators can be inherited
as A-symmetries for the reduced second-order equation [8]. In order to calculate two
functionally independent first integrals for this reduced equation, both A-symmetries are
used separately to reduce the order again. In Section 3} it is proved that, written by means
of appropriate systems of invariants, both reduced equations are exactly the same Riccati
equation (Theorem3.2). This result unifies the study performed in [8], in which the reduced
equation for Case 4 was not of the Riccati type. Remarkably these Riccati equations or the
associated linear second-order ODEs can be constructed directly from the canonical forms
of the SL(2, R)-invariant ODEs (see Tables[2} [5|and[6). The used approach is the same for the
four cases, which are studied in parallel. A fundamental consequence of these results is that
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two first integrals of the reduced second-order (nonlinear) ODE can be explicitly expressed
in terms of the solutions of a second-order ODE that is linear.

In Section[4]we prove, by using the results derived in [22], that these two first integrals
and the symmetry generators of s[(2,R) permit the construction of a complete set of first
integrals of the original third-order equation, without any kind of quadrature. Consequently,
explicit expressions of such first integrals for each canonical form of the SL(2, R)-invariant
third-order ODEs can be directly expressed in terms of the solutions of an associated linear
second-order ODE (see Table[6). As far as we know, such explicit expressions for the first
integrals of SL(2, R)-invariant third-order ODEs had not been provided so far in the literature;
the connection of the equations corresponding to Case 4 with linear second-order ODEs
seems also to be new.

In Section |5/ we analyze the solutions of SL(2,R)-invariant third-order ODEs. The
complete sets of first integrals given in Tables [7H8]lead directly (without quadratures) to
the implicit solutions of the canonical forms of the SL(2, R)-invariant ODEs. For Case 1 an
explicit expression of the general solution can be easily found. For each one of the three
remaining cases we prove that a parametric solution can be directly expressed in terms of
two linearly independent solutions of a linear second-order ODE (related via a change of
independent variable to the linear second-order ODE mentioned above). This completes
and improves the results derived in [6], where the most complicated realization of s[(2, R)
was not included. We want also to emphasize that our procedure provides directly the
first integrals and the parametric solutions from the solutions to linear second-order ODEs
without any additional quadrature.

In Section [6|the results are applied to different examples, corresponding to each one
of the four cases. The well-known generalized Chazy equation [6, 23], which corresponds
to Case 3, has been included for illustration purposes of the unified procedure and for
the seek of comparison with other methods in the literature. The method in this paper
provides directly three functionally independent first integrals, which can be expressed in
terms of either Legendre or Bessel functions, depending on the values of the parameters
of the equation. The second example corresponds to the most complicated realization
of s[(2,R) (Case 4). The first integrals and the parametric solution can be expressed in
terms of two linearly independent solutions to a Schrédinger-type equation. The equations
corresponding to the example of Case 1 (resp. Case 2) can be completely solved by giving
the explicit (resp. parametric) expressions of the solutions in terms of elementary functions.

2. First integrals of third-order ordinary differential equations with Lie symmetry
algebra isomorphic to s[(2,R)

In this section we recall some theoretical results obtained by the authors in [22] on the study
of a third-order ODE
uz = ¢(x, u, uy, u2) 1)

that admits a Lie symmetry algebra isomorphic to s((2,R).
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We assume that equation (1) is defined for points of the corresponding third-order jet
space whose projections to the second-order jet belong to the domain of ¢. Let M < R? be
an open set of the projection of this domain to the zero-order jet space. In what follows M®
will denote the corresponding jet space of order k = 1. A basis {vy,v»,v3} of the Lie symmetry
algebra satisfying the commutation relations

[vi,v3] =vy, [v],Vv2] =2v3, [Vv3,V2] =Wy, (2)

can always be chosen. The procedure followed in [22] uses the Lie point symmetry v3 to
reduce the order of equation . For that, canonical coordinates { N2 a} are introduced for
vs, i.e., alocal change of variables

p(x,u) = (y(x,w), alx, u) 3)
such that v3 = d, (we have used the same letter v for the respective vector field written in
variables {y, a}, which should not cause misunderstanding).

Through the local change of variables (3), equation (I) can be written as

as =Py, a1, az). 4)
We denote by A, and A(y,q) the vector fields associated to equations and (4),
respectively. It can be easily checked that A(y a) = ﬁA(x w-

By setting w =a; = Z—;’f, W;=0Q;j41 = for i = 1, equation H can be written in terms

dy’ ’
of the invariants {y, w, wy, w,} of v. (3) as areduced equation:
wa = Gy, w, wr). %)

Let M; c R? be an open set of the projection of the domain of ¢ to the corresponding
zero-order jet space. For k € N, k = 1, we consider the projection

(k) . k k (k-1)
”V3 (P( )(M( )) - ]\41

ya,w,...,wWi-1) — (,w,wi,..., Wkg-1).

A vector field Von M® is called n(k) -projectable [24] if [v(k),V] = fv(k), for some function
fe€®MW). 1fVis nlf prOJectable then V must be of the form

bO(yy w,..., wk—l)ay + aO(y) a,uw,..., wk—l)aa +oeeet ak(y) w,..., Wk—l)awk,l
and the projection of Von Mfk_l) is the vector field
(g (V) = bo (3 ..., W-1)0y + A1 (Y, W, .., Wie—1) Doy + -+ + (Y, W, .., W1 By,

It is clear that Ay, o) is n% -projectable and its projection is the vector field Ay, ) associated
to equation (5).
By , v(ll) and véZ) are not Jr%) -projectable. Nevertheless, it can be checked [22] that, if

a nonvanishing function ¢; € €*° (M) satisﬁes v3(¢1) =¢1, then [vék), glv(lk)] 0 and ¢; V(k)
is JT prOJectable Similarly, ggv(k) is n pr0]ectable for the function ¢, = o -In variables

{y, a} such pair of functions can be easﬂy found:

ci=e%¢r=e" (6)
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Fori=1,2,let

= (g« (€iv§") = Ei(y, w)dy + 1 (y, )0y @

denote the corresponding projections. The vector fields v; and v, are not Lie point
symmetries of the reduced equation (5) but they can be recovered as A-symmetries [8,
Theorem 3]: the pairs (vi, 1) and (v2, 1») are A-symmetries of equation , where

Ay (61) Ay, (62)
;Ll:——(ya) Y —_w and /12:——0/“) 62 = w. (8)
G1 G2

For i = 1,2, the respective A-prolongation [15] (see also [8])

<=l

v =80, 4100+ (Agw + A M) — Ag,w) + A1) EDwr) )
verifies the following condition

e Air et /1iv

[ VE. (1)]»A(y,w)] = /11'V£. Wi _ (A(y,w) + Ai)(fi)A(y,w)' (10)
Let us denote

Y =v =12, (11)

By (I1), expression (10) can be rewritten as follows:
Yi,Apy,uw)] = AiYi + piAyw), =12, (12)

where p; = —(Aq,w) +A:)(Y(y)). By Frobenius’ Theorem, for i = 1,2, there exists a first integral
I; = I;(y, w, wy) common to the involutive system {A(y, w),Yi} . The functions I, I, written in
terms of the original variables {x, u, u;, us} :

Ii = I;(y(x,u), w(x, u, uy), wi(x, u, uy, up)), i=1,2, (13)

provide two functionally independent first integrals of the third-order ODE (1) [25].
A fundamental result proved in [22] establishes that a functionally independent first
integral respect to I; and I, can be computed without additional integration. In fact, any of

the functions

1 1
F = F= (14)
VP T VPay

is a first integral of the original equation and {I;, I5, F;} (resp. {I1, I», F>}) is a complete set of
first integrals of Ay, ;) [22) Lemma 4.2].

In consequence, once explicit expressions for the first integrals have been obtained,
the complete solution of any SL(2,R)-invariant third-order ODE can be derived without any
additional quadrature. With the aim of computing explicit expressions for the first integrals
, we exploit the inherited A-symmetries (vi, 11) and (v, 1) to reduce again the order of
equation (5).
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3. Use of A-symmetries to reduce equation (5)

3.1. First-order reduced equations

In this section we use the A-symmetries (vi,1;) and (v2, 1,) defined by - to reduce the
order of equation (5). Before that, we need to prove that the vector fields Y; and Y, given in
are in involution.

Proposition 3.1. Let Y; and Y» be the vector fields given in (11)). Then there exist two smooth
functions, ¢, = ¢, (y) and ¢, = c2(y), such that

(1, ol=c(V1+c(y)Ys. (15)

Proof. Let¢1,¢2 be the functions defined in (6), which clearly satisfy ¢1¢2 = 1. From (2) and
the properties of the Lie bracket it follows that

[G1vi?,62v)) ] = 26162v5) +61vi(62)Vy) — Gavalg vy
1 1
= 2v§2) +c1v1 (—) véz) —GoVo (—)v(lz)
, G¢1 , G2 , (16)
= 2v{ - —vi(cVy + —va(g)v?
= 2V§,2) -V (C1)C2V§2) +V2 (Cz)Clv(lz)-
On the other hand, from [v;,v3] = v; it follows that
v1(v3(61)) —v3(vi(c1)) =vi(61); (17)

since v3(¢1) =¢1, implies that the function v; (¢;) is an invariant of v3 that can therefore
be written, in variables {y, a}, in the form v;(¢;) = ¢1(y). A similar reasoning shows that
Vv2(¢2) is an invariant of v and can be written as v2(¢2) = c2(y).

The vector field [ clv(lz), CzV;Z)] is JI%) -projectable and, by 1i its projection becomes

[Y1,Y2]. By using (16), relation (15) follows immediately.

By Frobenius’ Theorem, condition implies the existence of a system of coordinates

{s(y, w, w)), w1 (y, w, w1), P2 (y, w, wr)} (18)
such that
Yi(s) = 0, Yo(s) = 0,
Yi(u) = 0, Yo(u1) # 0, (19)

Yi(u2) # O Yo (u2) 0.
The vector fields Y1, Y2, and Ay, ) can be written in coordinates as:
Ay,w) =Ag,w) (8)0s + Agy,w) (Hl)apl +Ag,w) (Nz)a/.tg) (20)

Y) = Yi(u2)0y, and Yo = Ya(u1)d,,. We observe that Agy,u)(s) # 0, because a non-
constant function s cannot be a common invariant of the set of independent vector fields
{A¢,w), Y1, Y2} . From (12), it follows that

Yi(Ag,uw) (8) = piAg,uw () and  Y; (A, w) (i) = piAg,w) (1), (21)
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for i =1, 2. Therefore,

Ay,w) (ui)) 1
[ — = _— Yi A w i A w _
( Ay, (8) A(y,w)(S)z ( Ay, w) (Li))Ay,w) (S)

— Y (Agy, ) (DA, w) (1))
1

1

= ————(piAy,uw) (DAy,w) (1) — (22)

A(y,w) (3)2
- piA(y,w)(S)A(y,w) (,Uz))
= 0.
In consequence, for i = 1,2, the function % is an invariant of Y; and can therefore be
»w
written as
A(y, w) (i)
—— = @i(s, ui). (23)
A(y,w) (s) Piis ki
By and , the vector field Z = WA(y' w), in coordinates {s, y1, t2} , becomes
Z=0;+@1(8,11)0y, +@2(s, t2)0y,. (24)

For i = 1,2, the set {s, u;} is a complete set of invariants for Y;; by derivation we obtain
(411 15]. We deduce, by using , that

. dur e
the invariant % of v,

15(8) = @i(s, i (s)) (25)
is a reduced equation of (5) associated to the A-symmetry (v;, A;). The respective associated
vector field is the projection of to the space of variables {s, u;}, i.e. the vector field

A; =05+ @i(s, )0y (26)

In the next subsection we explicitly determine the reduced equations for any
third-order ODE with Lie symmetry algebra isomorphic to s((2,R).

3.2. Explicit expressions of the reduced equations (25) for the canonical SL(2,R)-invariant
third-order ODEs

In this subsection we prove that, written in an appropriate system of coordinates
verifying (19), both reduced equations are exactly the same Riccati equation. For that,
we consider the sets of Lie point symmetries which correspond to the four inequivalent
realizations of s[(2,R) (see Table. Each one of them is a representative of an equivalence
class of realizations that can be mapped to one another by a point transformation [26].
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Table 1: Basis elements for the inequivalent realizations of s((2,R)

A1 Vo V3

Case 1 | 0y x%0, X0y
Case 2 | 0y xX%0, +2xud,, X0y + udy,
Case3 |0, +0, | x?0,+ u®0, X0y + udy
Case4 | 0, (x2 = u?)0y +2xud,, | X0, + udy,

In Table[2]it is shown the form of the most general third-order ODE whose Lie symmetry
algebra is generated by the respective basis elements given in Table[I} where C denotes an
arbitrary smooth function of its argument [8], denoted by s, which is a differential invariant

common to v(lz), véz) and véz).

Table 2: Canonical SL(2, R)-invariant third-order ODEs

Third-order ODEs Common invariant
12
_ 2 3 _
Casel | uz3=—=-2u;C(s) s=u
231
Case 2 1 2_»
ase Uz = —— S=us—-2uu
>~ ButC(s) 1 2
3ul u?
Case3 | uz = z_ 1 s:(2u1+2u%+u2(—u+x))u1_3/2
2u; 2(u—x)2C(s)
3ulu; 1+ u?)?
Cased | us= —2— + 1 s=1+u?+uup)(1 + u2)—3/2
T1+u? 2u2C(9) (Lo + ) (1 + 1)

It should be remarked that different expressions for canonical ODEs corresponding to
Cases 1-3 in Table[2] can be found in [1}[7,27] by choosing different coordinates for the basis
elements of the Lie symmetry algebra.

A system of canonical coordinates (3) and the differential invariant w = ay, for each
vector field v; in Table|1|are given by:

Case 1: a =In(x),

1
w=a,= ;
Y7 xuy’

w=ay=

y=u,
27)

u
Cases2-4: y=—, a=In(x),
X

XUy—U
The corresponding A-symmetries (vi, —w) and (v2, w) of equation (5) defined by (7)-(8) can
be constructed for each case from the vector fields given in Table[3}
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Table 3: Vector fields to construct the A-symmetries (v;, —w) and (v2, w) of equation

V] V2
Casel | —wdy, woy,
Case2 | —y0y— yw?dy y0y — yw?dy,

Case3 | —(y— 10y — (y—Dw?dy | y(y—1)0,— (y - D(yw+2)wd,,

Case4 | —yd, — yw?ay, y(y? + 1)dy - Y2+ Dw? +4yw+2)0,

The associated vector fields Y; and Y» defined by can immediately be deduced from
Tableby using @) For each case, now we determine a system of coordinates {s, u1, t2}
verifying the conditions given in (19). The function s = s(y, w, w;) written in terms of the
original variables (x, u, uy, uy) through the transformations must be a second-order
differential invariant common to v, v, and vs. For each case, such invariant is given in the
second column of Table 2l

In order to simplify the computations to find y; and u» satisfying we observe that,
by using the following changes of variables, v; is transformed into v, v into v; and vs into
—V3 .

_ 1 _ _ 1 _ 1
Casel: x=-—, u=u; Case2: X=-—, il=-——;
X X u
(28)
_ _ . u _ u
Case3: x=——, U=u Cased: Xx=——, U=———.

In consequence, for each case there exists a change of variables in M{D, derived by
prolongation from , that transforms the vector field Y, (resp. Y;) into Y; (resp. Y»).
Therefore we only need to compute an invariant y; = y; (y, w, w,) for Yy, and determine an
invariant y, = u2 (y, w, wy) of Y2 by using these changes of variables. For each case, such
functions p; and p appear in Table[4]
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Table 4: Functions u1, p satisfying

H K2
wi + LU2 w1 — LU2
Case 1
2w 2w
1+w 1-w
Case 2 Y Y
2w 2w
wy+1 1 /wy+1
Case 3 Y — Y
w y w
1 wy+1 1 1+yw
Case 4 | tan 3 arctan ” tan 3 arctan —arctany

The corresponding reduced equations (5) by using the invariants {s, u;} of Y; (resp.
{s, 2} of Y2) are shown in Table[5} where C(s) is the corresponding arbitrary function given
in Table[2] The obtained first-order equation is, in all cases, a Riccati equation.

Table 5: Reduced Riccati equations by using (v;, A;), fori =1,2

Case 1 | p;(s)=C(s)+ pi(s)?

Case 2 | (s) = C(s)(4pi(s)* - )

Case 3 | p(s) = C(8) (2 (s)* — spti(s) +2)

Case 4 | p(s)=C(s)(s+ D () +C(s)(s—1)

Thus, the following theorem has been proved:

Theorem 3.2. For any of the four inequivalent realizations of sl(2,R) there is a Riccati
equation which is the reduced equation for the reduction processes associated to both A-
symmetries (vy, A1) and (12, 17).

It is well known that a given Riccati equation

B'(s) = p()B(s)*+q(s)p+T(s) (29)
can be transformed into the linear second-order equation
'(s
v'(s) = ( q(s) + I;((S))) V() =) ps)y(s) (30)
through the standard transformation

= V) (31)
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The linear second-order ODEs associated to each Riccati equation in Table |5[ through
transformations of the type (31), are given in the following table:

Table 6: Linear second-order ODEs associated to the Riccati equations given in Table

Casel | ¥ (s)+C(s)y(s) =0

C'(s)
" _ l _ 2 —
Case2 | v'(9) —C(s)w (8)—4C(9)"sy(s)=0
C'(s) 5
Case3 | ¥'(s)— ( - sC(s)) W' (s)+4C(s)“w(s) =0
C(s)
C'(s)
17 _ _ / 202 _ —
Case4 | v (s) (C(s) _s+1) Y () +C)“(s“=Dy(s)=0

4. Explicit expressions of first integrals in terms of solutions of linear second-order
ODE:s for the canonical SL(2, R)-invariant third-order ODEs

Let us recall that our immediate goal is to compute an explicit expression for the first
integrals associated to the A-symmetries (vi,A;) and (v2,1,) because once this is
achieved, a third functionally independent first integral of the original equation can be
directly calculated by using (14).

In Theorem we have proved that if any of the A-symmetries (v1,1;) or (v2, ;) is
used to reduce the order of (5) then the same Riccati equation can be obtained. In the
following proposition we provide an explicit expression of a first integral I = I(s, §) of the
vector field associated to the Riccati equation (29)

A=05+(pS)P*+q(s)B+7(s)dp (32)

in terms of two linearly independent solutions of the associated linear equation (30).
It should be noted that f is considered in A and in the first integral I = I(s,) as an
independent variable and it does not refer to the transformation (31).

Proposition 4.1. Lety, =¥ (s) andy, = y(s) be two linearly independent solutions of the
linear equation (30) associated to a given Riccati equation (29). Then the function
Bp()y1(s) + i (s)

Bp (w2 (s) + 1y (s)

is a first integral of the vector field associated to equation (29).

I(s, p) = (33)

Proof. Let I be the function defined in and consider the vector field associated
to the Riccati equation . Therefore, A(I) = I, + (p(s),B2 +q(s)p +r(s))Ig. The partial
derivative of the function I defined in with respect to the variable s becomes



First integrals and parametric solutions of third-order ODEs admitting s((2,R) 12

I BP' Sy1(8)+Bp)y () +yi(s) (BpOy1+yi(9) (B S)y2+Bps)yy(s) +y;(s) |
BpE)Y2(s) + Yy (s) (BpS)w2(s) +w)(9)°

Since ¥; = y¥1(s) and Y, = Y (s) are solutions of the linear equation then /7 (s) and
Y, (s) can be accordingly replaced into I5, which provides

- p(s) (P2 +q)B+71(s) (W) ()wa(s) —w1()Wh(s))

s > : (34)
(Bp()w2(s) +yh(s))
On the other hand, we have that:
;PO (w1 (DY, (s) —1//’1(5)1//22(5)). 35)
(Bpp2(s) + ()
Therefore, by (32), and (35), we can write
A(D) = L+ (pOp+qE)p+r()g
PO (PP + B +1(s)) (W (DW2(s) —y1 ()W (s))
(Bp()ya(s) + ()
. (P& +q)B+r)p(s) (Wi1(Yh(s) —wi (Hpa(s) _
(BP(W2(s) +yh(s)*
which proves the result. O

Proposition[4.1]can be applied to construct two functionally independent first integrals
for any of the four canonical SL(2,R)-invariant third-order ODEs by using fundamental sets
of solutions of associated linear second-order ODEs. For each inequivalent realization of
sl(2,R), let vy =y, (s) and y» = Y2 (s) be two independent solutions of the corresponding
linear second-order ODE displayed in Table[6] By Proposition[4.1} for each one of the cases

 HipOY () + 9 (8)
C uipOwa(s) +h(s)
is a first integral of the corresponding Riccati equation in Table[5, where the function p(s)

=1,2, (36)

is the respective coefficient of ,u?, i =1,2. Once are written in terms of the original
variables {x, u, u;, u}, they provide two independent first integrals of the associated third-
order ODEs given in Table[2] Furthermore, if we consider any of the functions F; or F, given
by , then the set {I, I», F1} (or {I1, I, F»}) is a system of functionally independent first
integrals of A, ;) that completes the integration of (1) [22]. An important remark is that no
further integration is needed once two first integrals of the reduced equation (5)) are known.

The results obtained for each case are summarized in Tables[7{8] The Wronskian of y/
and v, is denoted by W (w1, y2)(s) =y (s)u/’2 (s) — w’l (S)y2(s). We include below the explicit
expressions of I, I and F; in terms of the fundamental set of solutions to the corresponding
linear second-order ODE in Table[6} where s is the respective value given in the second
column of Table
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Table 7: Complete set of first integrals of ODEs in Tablefor Cases 1-2

Case 1 Case 2
; U1 (8) — 2usy (s) 2u1C()Y1(8) + ) (9)
! U2 (8) — 2uiy)(s) 2u1C(S)Y2(8) + 1y (s)
o Gt xw)ya(s) - 2xufy (s) 2(=2u+ w1 ) C(HW1(s) + Xy (s)
2 Quy+ xupya(s) — 2xulyh(s) 2(=2u+ u X)C(8)y2(s) + Xy (s)
2 2
((Zul + XU W (s) — 2xu§u/’2(s)) (C(s) (—du+ 2w 0)Wa(s) + xu/’z(s))
F
! LBW (1, ) (s) AC(S)UW (Y1, 2)(8)

Table 8: Complete set of first integrals of ODEs in Tablefor Cases 3-4. The value 0 is given

1
by 0 = 3 arctan(u;) — arctan ( E)

x
Case 3 Case 4
1
} 2 /TC(S1(s) + ¥/, () w1(8)(s+1)C(s) tan( Earctan(ul)) +(8)
1 )
2\/u1C()w2(s) + 5 (s) W2(s)(s+1)C(s) tan ( % arctan(ul)) +15(8)
I 2/ urxC(8)y1(s) + uy' (s) Y1(s)(s+1)C(s)tan(0) +v(s)
2 2/ urxC(8)ya(s) + uy,(s) Y2(s)(s+1)C(s)tan (0) + 5 (s)
2 2
(2C(s)x\/u_1w2(s) + uw’z(s)) (% + uz)(C(s)(s + Dw(s)sin(0) +yh(s) cos (0) )
F
! 2/ C(S)(u—x)W (w1, y2)(s) uC(s)(s+ W1, y2)(s)

5. Parametrization of the solutions

As a result of the study carried out in the previous section, a set of functionally independent
first integrals {I, I, F1} of the vector field A, ,) has been obtained. Then, the general
solution of the original third-order equation (1) is implicitly defined by

L(x,u,uy,up) = Cy,
IZ (x) u,u, u2) = CZ) (37)
Fr(x, u, uy, up) GCs,
where C; € R, for i = 1,2,3. We now obtain from an explicit expression of the general
solution for Case 1 and parametric general solutions for Cases 2, 3 and 4.

e Case 1.
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Since s = u, an explicit expression of the general solution can be easily obtained by
eliminating u; and uy from , after using the corresponding values of I, I> and F;
given in Table
‘= C3(C1 — C)(Cry2 (1) —y1 (1)
Gy () —y1 (W)
In this expression 1, and y, denotes two linearly independent solutions to the

) G # G, C3#0. (38)

Schrodinger-type equation
" (W) + Cw)y (u) =0. (39)

e Cases?2, 3 and 4.
In these three cases the elimination of u; and u, from (37), by using the corresponding
values of I, I, and F; given in Tables[7H8} to obtain an explicit expression of the general
solution seems to be impossible, because the functions ¥; and ¥, and their derivatives
are evaluated in s = s(x, u, uy, up). Our goal is to construct the solutions in parametric
form. For that purpose, we introduce a new parameter ¢ such that s = s(¢) is determined
from the function C = C(s) associated to each equation in Table as follows:

1
C 2 and 3: "(1) = , 40
ases 2 an s'(1) o) (40)
Case 4: s'(p) = L ) (41)
Cs())(s(n)+1)

If y = y(s) is a solution of the corresponding linear second-order ODE for Cases 2, 3
and 4 in Table[6} then it can be checked that ¢(¢) = y(s(£)), where s(t) is defined by (40)-(41),
is a solution of the respective linear second-order ODE that appears in Table[9}

Table 9: Linear second-order ODEs in Table@for s = s(t) given by —

Case2 | ¢ (1) —4s(t)p(1) =0

Case3 | ¢/ (1) + () () +4p(r) =0

s(t)y—1
s(t)y+1

Case 4 ([)”(t)+( ) ¢(1)=0

Let us observe that the linear second-order ODEs corresponding to Cases 2 and 4 in
Table[9]are Schrodinger-type equations. Needless to say, the respective linear second-order
ODE of Case 3 in Table[9| could also be transformed into a Schrédinger-type equation by
means of a change of the dependent variable.

Next, we show that the changes of independent variable s = s(¢) defined by (40)-(41)
permit the construction of parametric general solutions for Cases 2, 3 and 4. The implicit
solutions corresponding to the respective values of I, I, and F; given in Tables[7}8|are
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expressed in terms of two linearly independent solutions, ¥; and v, of the respective linear
equations in Table@ For i = 1,2, we use the transformation ¢;(f) = w;(s(t)), where s(¢) is
defined respectively by (40)-(41), to write such implicit solutions in terms of two linearly
independent solutions of the associated linear second-order ODEs given in Table[9] This
enables to eliminate u#; and u, to obtain parametric general solutions. We include below the
corresponding expressions of the implicit and parametric general solutions corresponding
to Cases 2,3 and 4. In all cases C; e Rfor i =1,2,3, and it is assumed that C; # C, and C3 # 0.

e Case 2.

- Implicit general solution:
2u1p1 (D) + (1) 2(=2u+ u ) (1) + X (1)
2upr(D+Ph (D) 2(2u+ w0 Pa (D) + xPh (1)

2)

(—4u+2u1 )2 () + Xy (1)*
AuW (1, $2)(1) -

— Parametric general solution:
C3(Cr — GR) (1 (1) — Capo (1))
$1(1) — Crep2 (1)

Cs. (42)

x(1)

)

(43)
C3(C1 — Co)* W (1, P2) (£)

t
u) 41 (1) — C1pa(1)2

e (Case 3.

- Implicit general solution:
2V O+ (0) _ L 2VTxp O+ ugh (1) _
2V () + Y1) 2y/mxda (D) +udh(n)

(2xyumd2 () + udh(1)) *
2yt (u— )W (p1,$2) (1)
— Parametric general solution:

‘) - C3(Cy = C)(Cogply (1) — 'y (1))
C1, (1) — ¢/, (1) ’

Cs. (44)

(45)

C3(C1 — ) (Capa(8) — 1 (1)

u(t)
Crp2(8) — 1 (D)

e (Case 4.

— Implicit general solution:

¢1 () tan ( %arctan(ul)) +¢\ (1)

dr(Dtan(0) + ()
¢p2()tan (0) + ¢y (1)

1 2

Po (1) tan( %arctan(ul)) +¢ (1)

(¢ + u?) (p2(0)sin(0) + P, () cos(0) ) 2
uW(p1, ¢2)(1)

=Cs, (46)
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where
1 u
0 = —arctan(u;) — arctan( —) . 47)
2 X

— Parametric general solution:

(C1 = C)Gs(Ty (0 + 1(0%) (S5 (0T (1) + (a2 ()
x(1) = 5
i _ ! — 2
) (Go((€-cagen+ ) gy -gi) +aw?)
we = W@Le(D(Ci- Gl Cy
(02 +1(0)? ’
where
(iD= Cigo(D = r(0), i=1,2. (49)

It has been proved that the solution of any third-order ODE with Lie symmetry algebra
isomorphic to sl(2,R) can be explicitly parametrized in terms of two linearly independent
solutions of a linear second-order ODE. As far as we know, this is the first time that a
parametric solution for SL(2,R)-invariant third-order ODEs corresponding to Case 4 in
Table[2]is presented in the literature. Besides, our approach provides a unified treatment of
SL(2,R)-invariant third-order ODEs which generalizes the results obtained in the literature
for the case of s[(2,C). We also want to remark that the complete set of first integrals
and the parametric general solutions are directly given in terms of the solutions of linear
second-order equations for each case. It should be mentioned that the apparently missing
integration is due to the initial reduction of order made by using v;. Nevertheless, the
quadratures involved in this process as well as in the determination of the functions (6) are
all immediate.

6. Some examples

In order to facilitate the application of the method in practice, we now summarize the
steps that can be followed to find three functionally independent first integrals of SL(2, R)-
invariant third-order ODEs as well as the parametric solution of the equation.

o STEP 1: Map the basis elements of s[(2,R) into one of the cases given in Table

« STEP 2: Obtain the corresponding invariants {s, 1, 2}, written in terms of the original
coordinates {x, u, u1, Uz}, from Table[2| (second column) and Table[4|by using (27).

o STEP 3: Express the original equation in terms of {s, Wi, ,Lt’i}, for i = 1,2. A
Riccati equation will be always obtained. Compare this Riccati equation with the
corresponding given in Table[5|to identify the function C(s).

o STEP 4: A complete set of functionally independent first integrals of the equation
expressed in terms of two linearly independent solutions of a second-order linear ODE
are given in Table[7|for Cases 1-2, and in Table[8|for Cases 3-4. The corresponding linear
ODEs are displayed in Table[6] In the expressions of such first integrals, the value of
C(s) has been calculated in the step 3.
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» STEP 5: For Case 1 an explicit general solution (38) is obtained in terms of the solutions
of the Schrédinger-type equation (39). A parametric solution expressed in terms of two
linearly independent solutions of second-order linear ODEs is given for the Cases 2,3
and 4 in (43), and (48), respectively. The corresponding linear ODEs are shown in
Table[9l

Next the procedure is illustrated in two examples, in which SL(2,R)-invariant third-
order ODEs corresponding to Cases 3 and 4 are considered. Since the study of the
four inequivalent realizations of s[(2,R) has been carried out in parallel, other examples
corresponding to Cases 1 and 2 (see, for instance, [22]) can be similarly treated.

6.1. An example of Case 3: the generalized Chazy equation

In this section, for illustration purposes and comparison with other methods in the literature,
we apply the obtained results to the generalized Chazy equation [23]. In his study of third-
order ordinary differential equations having the Painlevé property [23], Chazy was led to
the following remarkable family of equations:

v3—2vv2+3vf:y(6v1— v?)?, (50)
where x is the independent variable, v = v(x) is the dependent variable, and v; = % for
i =1,2,3. Chazy showed that when

4
36— k2’
where 6 < k € N, then the nontrivial solutions v = f(x) to have a moveable circular
natural boundary.

It is well known [23] that the generalized Chazy equation admits a three-
dimensional symmetry group with infinitesimal generators

Yy=0 or y=

V1 =0y, V2=x0,—00,, V3=x0x—(2xv+6)d,, (51)
which satisfy the commutation relations (2).

o STEP 1.
By means of the map u = x + 6/ v, the Lie algebra spanned by the vector fields is
mapped into the Lie algebra generated by the vector fields given in Case 3 of Table
and equation becomes

us
——(u—x)2 =u;+ uzx—2u12+ UiUr X — u1u2u+36yu12+ u13— U U. (52)

6
o STEP 2.
Local coordinates {s, i1, 1o} verifying the conditions given in (19) are
x\/u
s:(2u1+2uf+u2(—u+x))ul_3/2, U1 =vuy, U= 1,
u

which come from the corresponding functions y; and p; given in Table[4]expressed in
terms of the original variables by means of (27).



First integrals and parametric solutions of third-order ODEs admitting s((2,R) 18

e STEP 3.
In terms of {s, u;, p}}, for i = 1,2, equation becomes

/ ]‘ 2 .
(5) = 22— sp;+2) for i=1,2, 53
Hil) = 32 1aay 1) OHi T oM+ dor 53

which correspond to the Riccati equations appearing in Case 3 of Table [5, for the

function C(s) =

3(s2 + 144y -16)°

o STEP 4.
In consequence, a complete set of first integrals for the generalized Chazy equation
can be derived from Table (Case 3) and it is given by

2y/U1y1(s) +3(s* + 144y — 16)y/) (s)
23Uy (s) +3(s% + 144y — 16)y)(s)’

L =

| 2y/Urxyo(s) + 3(s% + 144y — 16)y) (s) (54)
2T 2y (s) +3(s2 + 144y — 16)y/ (5)’

(2x/urys(s) +3u(s® + 144y — 16)y/ (s)) 2
6/U1 (u— X)(s2 + 144y — 16) W (w1, 2)(s)
where s = Qu; + 2uf + Us(—u + x))ul_3/ 2 and V1, ¥, are two linearly independent
solutions of the associated linear second-order equation of Case 3 in Table [ for
C(s) =

F =

. Two possible cases arise:
3(s2 + 144y — 16)

- Ify# % then the associated linear second-order equation in Table@becomes

y'(s) +

v (s) + )21//(8) =0. (55)

7S
3(s2 + 144y — 16) 9(s2 + 144y — 16
If the functions ¥, and ¥, are two linearly independent solutions to the Legendre

equation
(16(1-9y) —s*) W"(s) —2sW¥'(s) + z_ 4—Y) ¥(s)=0, (56)
36 s*+144y-16
then it can be checked that two independent solutions to equation (55) are given
by
wi(s) = Yi(s) and (s) = Wa(s)

(s2 + 144y — 16)1/12 (s2+ 144y — 16)1/12°
In consequence, in this case, the first integrals can be expressed in terms of
Legendre functions and their derivatives.

- Ify= % then the associated linear second-order equation in Case 3 of Table@is

" l / i _
V'O + U9 + () =0. (57)

If J, and Y, stand for the Bessel functions of first and second kind of order v,
respectively, then two linearly independent solutions to equation (57) are given by

(5 Yy (5
y1(s) = 5(2,33) and y>(s) = 8(2,33),
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where v = %2 Therefore, in this case, the first integrals can be written in terms
of the Bessel functions and their derivatives.

e STEPS.
With the aim of obtaining a parametric solution to equation (52), we solve the equation

1
(40) for C(s) = :
3(s2 + 144y — 16)

- If y > § then provides s(f) = 4,/9y—1tan(12¢,/9y—1) . Thus, the
corresponding linear second-order ODE given in Table[9|becomes

¢ (1) + 4 9y—1tan(12t 9y—1) &' (D) +4p(1) = 0. (58)

- Ify= % we obtain from li s(t) = —%, for t # 0, and the associated linear second-
order ODE in Table[9lis
1

([)”(t) _5(’[),(” +4¢(t) =0. (59)

~ Ify < 3 asolution to equation (40) is given by s(r) = —4/1—9ytanh ( 12,/1-9y)
and the linear second-order ODE of Case 3 in Table[Qbecomes

o' (1) - 4\/Wtanh( 12 tM) &' () +4p() = 0. (60)
Therefore, a parametric general solution to (52) in terms of two linearly independent
solutions ¢; and ¢, of (58), or (depending on the values of y) is given through
. Let us denote @, (1) = C3(Cy — C2)(Copa (1) — b1 (1)) and Py (t) = Cy¢p2(1) — 1 (1).
Then ®; and @, are also two linearly independent solutions to the corresponding
equations (58), or (60) and the parametric solution (45) can be rewritten as

@, (1) Dy (2
M= =20y = 22
@, (1) D, (1)
Since u = x + 6/ v, a parametric general solution to the generalized Chazy equation (50)
is

/

(61)

3 ., (1) —6D (1) D] (1)

() =-2— =L
q)l(t) W(q)l)q)Z)(t)

(62)

We observe that, by setting 7 = sin®(12,/9y—1r) if y > § (resp. 7 =
—sinh? (124/1-9y1) ify < %), the linear equation (resp. ) is transformed into
the following hypergeometric equation:

T(1-1)¢" (1) + ( ! —51) ¢’(r)—;¢>m =0, (63)
2 6 144(1 - 9y)
and the parametric solution (62) is unaffected by this change of independent variable.

The appearance of an hypergeometric equation in the study of the generalized Chazy
equation is not new in the literature: in [23], Chazy showed, by using methods which
are not related with the symmetry analysis of (50), that the general solution to equation
(50) can be parametrized in terms of the solutions of a slightly different hypergeometric
equation. On the other hand, in [6], the authors also obtained a parametric general solution
to in terms of the solutions of either a Lamé equation (y # é) or an Airy equation (y = %).

For that, they connected the Lie symmetry algebra with the basic unimodular action
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(Case 1) via the standard prolongation process. In [8] the authors reduced equation for
the particular value of y = 0 to a Riccati equation, whose general solution was expressed in
terms of Legendre functions.

6.2. An example of Case 4

For the third-order equation

6usuu? +3uf +3u; + ub+1

Us = 64
] 202(1 + 1) ©4

the determining equations for a Lie point symmetry (x, ©)0x + n(x, u)d, become:
gx:%y Su=-Nx, Nxx=0 and nu:%- (65)

From we deduce that the Lie symmetry algebra of is three-dimensional and
generated by the vector fields given in Case 4 of Table|ll We consider the coordinates
{s, Ui, ,uz}, where s is given in the second column of Table[2{and y; and p, are the functions
of Case 4 in Table[4]expressed in terms of the original variables:

s = Q+ud+uuw)1+ud3?
1
U = tan(garctan(ul)),
1 u
U2 = tan Earctan(ul)—arctan(;) .

It can be checked that equation in terms of {s, y;, ,u;.}, fori=1,2, becomes:
Hi(9) = (s + D (8)* + (s - 1),

which corresponds to the Riccati equations given in Table [5| for the function C(s) = 1.
According to Table[8} three functionally independent first integrals of equation (64) are:

w1(s)(s+ l)tan( %arctan(ul)) +(8)
Il = 1 ’
Wo(s)(s+ l)tan( > arctan(ul)) +15(8)
) L s+ Dan(0) £y
2 Wa(s)(s+ 1) tan (6) +yh(s)’
o (x*+ u?) ((s+ Dy2(s)sin () +yh(s)cos(H) ) ?
b u(s+ W1, ) (s) ’

where 0 is given in || s=(1+ uf+ uuy)(1+ u%)_g’/2

solutions of the corresponding linear second-order equation of Case 4 in Table[6|for C(s) = 1:

and v,y are two linearly independent

" _ L / 2 _
v (s) (8+1)w(5)+(s Dwy(s) =0.
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In order to obtain a parametric solution to (64), equation (41) corresponding to C(s) = 1
provides s(t) = -1+ v1+2¢, for t > —%. The functions ¢;(t) =y ;(s(¢)), for i = 1,2, are two
linearly independent solutions to the Schrodinger-type equation (see Table[9):

—2+V1+2t
V1+2t

In terms of these linearly independent solutions, ¢; and ¢, a parametrization of the
solution to the equation (64) is given through (48)-(49).

</>”(t)+( ) () =0.

6.3. Other examples: Cases 1 and 2

In this subsection we include some nontrivial examples corresponding to Cases 1 and 2
which can be completely solved by giving the expressions of the (explicit or parametric)
general solutions in terms of elementary functions. The expressions of the corresponding
first integrals are not written because they can be easily derived from Table

A.-Two examples of Case 1

¢ Consider the third-order ODE

3us 2u}
u3=—=+—;, (66)
2uy 7

which corresponds to the equation given in Case 1 of Table 2] for the function C(s) =
—5712/7 (recall that s = u for Case 1). The associated linear second-order ODE in Table
Blbecomes

W' (W) - u Tyw =0, (67)

which admits the following two linearly independent solutions:
1 3 2 1 1 3 2 1
757 3 Z 1 ~757 3 Z i
Vi) =e (34357 29457 + 10557 — 15), wals) = e (34337 +29457 +10557 + 15).

Therefore, according to (38), an explicit general solution x = x(u) to equation (66)
expressed in terms of elementary functions is given by

—7ud 3 2 1 Tuy 3 2 1
Cs(Cr -G | Cre (343u7 +294u% +105u7 + 15)—e 343u% —294u’ +105u7 — 15)
r= 1 3 2 1 1 3 2 1 ’
Cre™" (34307 +294u% +105u% +15)-e7" (343u? — 294uf +105u ~15)

where C; eRfori=1,2,3, Cs Z0and C; # C,.
¢ The equation
2 3
ug=%—(i+k2)2ui;, k#0 (68)
corresponds to the equation given in Case 1 of Table 2| for the function C(s) =
(3 + k%) s2. The associated linear second-order ODE in Table[6|admits the following
two linearly independent solutions:

w1(s) = V/Islsin (kIn(Is]) and ¥2(s) = v/Islcos (kIn(|s)).
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By using the corresponding expression (38), the following explicit general solution
u = u(x) to equation is finally obtained:

1
u(x) =exp (— arctan( Ci#Cy,C3#£0.

x+C3(C—Cy) ))
k )

sz + Cl C3(C2 — Cl)

B. -Example of Case 2

Let us consider now the third-order ODE
(U2 —2uup)"'*

6u?
which corresponds with the equation given in Case 2 of Table 2| for the function C(s) =
_735_7/ 4 being s = uf —2uup. In this case it can be checked that the Lie symmetry algebra
of equation is three-dimensional and it is spanned by the vector fields given in Case
2 of Table |1} For this particular example equation yields s(t) = t~*/3, therefore the

corresponding linear second-order ODE in Table[9|becomes

us = ) (69)

¢" (1) -4t Py =0,

which admits the following two linearly independent solutions:

1/3 1/3

Gr1(1) =e 613 +1) and ¢o(r) =8 (6113 -1).

According to and taking that W(¢1,¢2)(f) = 144 into account, we conclude that a
parametric solution to equation expressed in terms of elementary functions is

C3(C1 = Cy) 8" (6113 + 1) = Gpe® (6112 - 1))
X(t) - 1/3 1/3 »
e~ 817 (6113 +1) — Creb1'7 (6113 - 1)
4
36C3(C; — Cy)?
u(t) = 3(C1-C2) -
(e—‘””3 61173 +1)— Cr b (611/3 - 1))

where C; e Rfori=1,2,3, C; # C; and Cs #0.

7. Concluding remarks

A unified procedure to compute explicitly a complete set of first integrals and a parametric
general solution for any SL(2,R)-invariant third-order ODE has been presented. Such first
integrals and parametric solutions can be directly expressed in terms of the solutions of
linear second-order ODEs, without additional quadratures.

Explicit equations of these linear second-order ODEs for the canonical SL(2,R)-
invariant ODEs have been explicitly provided. The performed study includes the class
of ODEs invariant under the realization of s[(2,R) that does not appear in s((2,C) (Case 4 in
Table[2). A connection between SL(2, R)-invariant ODEs corresponding to Case 4 in Table 2]
and linear second-order ODEs has been established, as far as we know, for the first time in
the literature.
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Remarkably, the procedure can be used always in the same way, regardless of the
inequivalent realization associated to the ODE under study. Particular examples, including
an equation of the most complicated realization (Case 4), show how the first integrals and
the explicit or parametric solutions can be expressed in terms of linearly independent
solutions of linear second-order equations.
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