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This paper studies the solvability of the max-product fuzzy relation equations in which a
negation operator is considered. Specifically, the residuated negation of the product t-norm
has been introduced in these equations in order to increase the flexibility of the standard
fuzzy relation equations introduced by Sanchez in 1976. The solvability and the set of
solutions of these bipolar equations have been studied in different scenarios, depending
on the considered number of variables and equations.
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1. Introduction

Fuzzy relation equations (FREs) based on different max-t-norm compositions have become an extremely important
research topic both from the theoretical and applicative perspective. First of all, Sanchez introduced these equations by using
the max–min composition for simulating the relationship between cause and effect in medical diagnosis problems [1,2].
Later, Pedrycz studied max-product fuzzy relation equations showing the applicative aspects of such equations in systems
analysis, decision making and arithmetic of fuzzy numbers [3]. Di Nola et al. provided a detailed study on max-continuous
t-norm FREs and their applications to knowledge engineering in [4]. Thenceforward, many researchers have continued
investigating different procedures to solve FREs defined with either the max–min composition [5–8], the max-product
composition [9–12], the max-Archimedean t-norm composition [13–15] or other different compositions [16–26].

As well as developing technical results on the resolution of FREs, the versatility of the applications of such equations
in fuzzy sets theory has been increased. For instance, FREs play an important role in the treatment of images [27–32].
Specifically, max-Łukasiewicz FREs are considered for images and videos compression and decompression in [29]. Fuzzy
relation equations are also helpful to model the fuzzy inference systems considered in fuzzy control [33] and to represent
restrictions in optimization problems [34–37]. In particular, max-product fuzzy relation equations are used for optimizing
wireless communication management models in [37]. FREs have also been related to other mathematical frameworks, such
as fuzzy formal concept analysis [19,20,38].

Many of the applications previously mentioned require that the variables involved in fuzzy relation equations show
a bipolar character. That is, these applications need equations containing unknown variables together with their logical
negations simultaneously. For example, let us consider the equation 0.7 ∗ x = b, where ∗ is the product t-norm, x indicates
the level of infection one patient has in the throat and b the level of headache. This relation between infection and headache
is modeled by the coefficient 0.7. If the doctor knows that the patient has an initial infection, with truth degree 0.5, then
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we have that the patient has headache with truth degree: 0.35. It is clear that this equation is a simple equation from the
whole set of equations for simulating the considered knowledge system. Suppose that the patient has not infection and has
headache, with truth value 0.8. In this case, the equation 0.7 ∗ x = b does not work. However, if we consider the product
negation operator defined as n(x) = 1, if x = 0, and n(x) = 0, otherwise, the previous equation can be conveniently
reformulated obtaining the following one:

(0.7 ∗ x) ∨ (0.8 ∗ n(x)) = b

which is solvable and captures the cases when the patient has the disease but does not have the symptoms. This new type of
fuzzy relation equation, in which a negation operator is considered, is called bipolar fuzzy relation equation. Notice that the
use of the product negation increases the flexibility of the usual (unipolar) fuzzy relation equations and, at the same time,
the complexity in their resolution, which becomes even more difficult because the product negation is not involutive.

Bipolar fuzzy relation equations have been already employedusefully in optimization problems [39–43]. To the best of our
knowledge, the specific literature on the resolution of bipolar fuzzy relation equations is really limited [44,45]. Moreover,
these papers are focused on the resolution of bipolar fuzzy relation equations based on max–min composition with the
standard negation. Taking into account these considerations, we can ensure that the study on the solvability of bipolar FREs
is an incipient research topic which has not been enough investigated so far.

This paper aims to provide under what conditions the solvability of bipolar max-product fuzzy relation equations with
the product negation is guaranteed, continuing the initial study about this topic presented by the authors in [46]. First of all,
we will include the preliminary notions related to the calculus operators which will be used in bipolar max-product fuzzy
relation equations. In the following, we will introduce the notion of bipolar max-product FRE with the product negation and
a unique unknown variable. Simple scenarios will be analyzed and a characterization on the solvability of such equations
will be given. Providing sufficient and necessary conditions to ensure when bipolar max-product FREs, with the product
negation and different unknown variables, are solvable will be our next goal. Moreover, we will include different properties
associated with the existence of the greatest/least solution or a finite number of maximal/minimal solutions for these last
equations. We will also deal with the resolution of bipolar max-product FRE systems containing the product negation. It is
also convenient to mention that the results obtained in this paper differ markedly from those presented in [44,45], since
the behavior of the minimum t-norm and the product t-norm is clearly different. Some conclusions and prospects for future
work are included at the end of the paper.

2. Preliminary notions

This section introduces basic notions and examples associated with the operators that we will use to make the
computations in this paper.

Triangular norms are interesting operators which play an important role in different fields of mathematics such as
probabilistic metric spaces [47,48], decision making [49,50], statistics [51], fuzzy sets theory and its applications [52,53].
A detailed survey on the basic analytical and algebraic properties of triangular norms can be found in [54]. Below, we will
include the formal definition of a triangular norm.

Definition 1. A binary operation T : [0, 1] × [0, 1] → [0, 1] is a triangular norm (t-norm) if the following properties are
satisfied, for all x, y, z ∈ [0, 1]:

(1) T (x, y) = T (y, x) (commutativity);
(2) If x ≤ y then T (x, z) ≤ T (y, z) (monotonicity);
(3) T (x, 1) = x (neutral element);
(4) T (x, T (y, z)) = T (T (x, y), z) (associativity).

T-norms are operators frequently used in applicative examples [55–57] together with their residuated implications.

Definition 2. Given a t-norm T : [0, 1] × [0, 1] → [0, 1], if there exists a binary operation←T : [0, 1] × [0, 1] → [0, 1]
order-preserving on the first argument and order-reversing on the second argument verifying the equivalence:

T (x, y) ≤ z if and only if x ≤ z ←T y (1)

then we say that←T is a residuated implication of T . The pair (T ,←T ) is called residuated pair and Equivalence (1) is called
adjoint property.

The residuated pairs of the most commonly used t-norms in the literature will be recalled in the following example.

Example 3. Example of residuated pairs are the Gödel, product and Łukasiewicz t-norms together with their corresponding
residuated implications, which are defined on [0, 1], as you can see below:

TP(x, y) = x · y z ←P x = min{1, z/x}

TG(x, y) = min{x, y} z ←G x =
{
1 if x ≤ z
z otherwise

TL(x, y) = max{0, x+ y− 1} z ←L x = min{1, 1− x+ z} □
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The residuated negationwill be another fuzzy operator whichwill play a key role in this paper. These residuated negation
operators are defined from the implication of a residuated pair. More information about this kind of negations can be found
in [58].

Definition 4. Given an adjoint pair (T ,←T ) defined on [0, 1], the mapping nT : [0, 1] → [0, 1] defined as nT (x) = 0←T x,
for all x ∈ [0, 1], is called residuated negation. We say that nT is a strong (or involutive) residuated negation if the equality
x = nT (nT (x)) holds for all x ∈ [0, 1].

In the following example, we will introduce the residuated negations defined from the Gödel, product and Łukasiewicz
implications.

Example 5. Taking into account the definition of the operators introduced in Example 3, it is easy to see that the residuated
negation associated with the Łukasiewicz implication is

nL(x) = 1− x

for all x ∈ [0, 1], which is involutive and commonly known in the literature as the standard negation. On the other hand, the
Gödel implication and the product implication coincide for all x ∈ [0, 1]:

nP(x) = nG(x) =
{
1 if x = 0
0 otherwise

which are not involutive. This negation operator will be called product negation. □

In order to make the paper self-contained, we present the Intermediate Value Theorem [59] (English translation in [60]),
which will be used in different results later on.

Theorem 6 (Intermediate Value Theorem). Let f : [a, b] → R be a continuous function and c ∈ R be any number between f (a)
and f (b) inclusive. Then, there exists x ∈ [a, b] such that f (x) = c.

From now on, we will focus on solving bipolar fuzzy relation equations based on the max-product t-norm composition.
Our studywill analyze the resolution of these equationswhen the considerednegation operator is the non-involutive product
negation.

3. Bipolar max-product FREs with the product negation

This section introduces an interesting study on how to solve bipolar max-product fuzzy relation equations with the
product negation. The resultswill be progressively presented according to their complexity, that is: (1)wewill firstly analyze
when a bipolar max-product FRE with the product negation and a unique unknown variable has solution; (2) hereunder,
we will show under what conditions bipolar max-product FREs with different unknown variables are solvable and have a
greatest (least, respectively) solution or a finite number of maximal (minimal, respectively) solutions; (3) we will finish this
section with a characterization on the solvability of bipolar max-product FRE systems.

3.1. Solving bipolar max-product FREs with one unknown variable

The most simple scenario which can be considered in this paper is the study of a bipolar max-product FRE containing a
unique unknown variable. In order to provide a characterization on the solvability of these equations, we need to include
the following formal definition.

Definition 7. Let a+, a−, b ∈ [0, 1], x be an unknown variable in [0, 1], ∗ be the product t-norm,∨ be themaximumoperator
and nP be the product negation. Eq. (2) is called bipolar max-product fuzzy relation equation with the product negation.

(a+ ∗ x) ∨ (a− ∗ nP (x)) = b (2)

Before presenting under what conditions Eq. (2) is solvable, wewill analyze its solvability when either a+, a− or b is equal
to 0. The following result characterizes the solvability of Eq. (2) in the previous three different cases.

Theorem 8. Let a+, a−, b ∈ [0, 1] and x be an unknown variable belonging to [0, 1]. Then, the following statements hold:

(1) If a+ = 0, then Eq. (2) is solvable if and only if b = 0 or a− = b.
(2) If a− = 0, then Eq. (2) is solvable if and only if b ≤ a+.
(3) If b = 0, then Eq. (2) is solvable if and only if a+ = 0 or a− = 0.
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Proof. In order to demonstrate Statement (1), suppose that a+ = 0. In that case, we obtain that Eq. (2) becomes into
a− ∗ nP (x) = b. Taking into account the definition of the product negation, we can obtain that b = 0 if and only if any
x ∈ (0, 1] is a solution of Eq. (2). In addition, the equality a− = b holds if and only if x = 0 is a solution Eq. (2). Therefore,
Statement (1) is verified.

Now, assume that a− = 0. As a consequence, Eq. (2) is given by a+ ∗ x = b. Due to the product t-norm is a continuous
order-preserving mapping on [0, 1] and the equalities a+ ∗ 0 = 0 and a+ ∗ 1 = a+ hold, we can assert by the Bolzano’s
theorem that there exists x ∈ [0, 1] such that a+∗x = b if and only if b ≤ a+. Hence, we obtain that Statement (2) is satisfied.

Finally, if b = 0, then Eq. (2) becomes into (a+ ∗ x) ∨ (a− ∗ nP (x)) = 0, which is solvable if and only if a+ ∗ x = 0 and
a−∗nP (x) = 0. According to the definition of the product negation, we can deduce that Eq. (2) is solvable if and only if a+ = 0
or a− = 0. As a result, we conclude that Statement (3) holds. □

After studying the most trivial cases which can be given in a bipolar max-product FRE, we will continue our research
assuming that each known variable appearing in bipolar max-product FREs is different from zero.

A characterization on the solvability of bipolar max-product FREs with the product negation and a unique unknown
variable is provided by the next theorem.

Theorem9. Let a+, a−, b ∈ (0, 1] and x be an unknown variable belonging to [0, 1]. The bipolarmax-product FRE given by Eq. (2)
is solvable if and only if a− = b or b ≤ a+. In this case, at most two solutions exists: x = 0 or/and b/a+, which are related to the
conditions a− = b and b ≤ a+, respectively.

Proof. First of all, we will prove that if a− = b or a+ ≥ b then Eq. (2) has solution. On the one hand, if a− = b then x = 0 is
clearly a solution of Eq. (2). On the other hand, we suppose that a+ ≥ b. Now, we consider the mapping f : [0, 1] → [0, 1]
defined as f (x) = a+∗x, which is continuous. Since b ∈ (0, 1] is a number between f (0) = a+∗0 = 0 and f (1) = a+∗1 = a+,
applying the Intermediate Value Theorem (Theorem 6), there exists y ∈ [0, 1] such that f (y) = a+ ∗ y = b. In addition, we
can ensure that the previous value y ∈ [0, 1] is unique since f is a strictly order-preserving mapping. Specifically, by the
definition of the product implication, y = b ←P a+. In the following, we will demonstrate that y = b ←P a+ is a solution
of Eq. (2):

(a+ ∗ y) ∨ (a− ∗ nP (y)) = (a+ ∗ (b←P a+)) ∨ (a− ∗ nP (b←P a+))
= (a+ ∗ b/a+) ∨ (a− ∗ nP (b/a+))
= b ∨ (a− ∗ 0) = b ∨ 0 = b

being b ̸= 0 by hypothesis. Consequently, we obtain that Eq. (2) is solvable.
In order to prove the counterpart, we will suppose that a− ̸= b and a+ < b, and we will prove that Eq. (2) is not solvable.

Clearly, for each x ∈ [0, 1], we have that the inequality a+ ∗ x < b holds. Therefore, Eq. (2) is solvable if and only if there
exists x ∈ [0, 1] such that a− ∗ nP (x) = b. However, this last condition is not verified, since nP can only take either the value
0 or the value 1 and, by hypothesis, a− ̸= b and b ̸= 0. Hence, we can conclude that Eq. (2) is not solvable.

Finally, when Eq. (2) is solvable, it has at most two solutions which are given by x = 0 and x = b←P a+. It is easy to see
that x = b←P a+ = b/a+ is the greatest solution when both x = 0 and x = b←P a+ solve Eq. (2). □

An illustrative example will be shown in order to clarify the previous theorem.

Example 10. A simple bipolar max-product FRE is provided by Eq. (3) and we will apply Theorem 9 to check whether such
equation is solvable or not.

(0.5 ∗ x) ∨ (0.2 ∗ nP (x)) = 0.3 (3)

Observe that, 0.2 ̸= 0.3 and 0.5 ≥ 0.3. Therefore, we can ensure that the hypothesis required in Theorem 9 are satisfied
and Eq. (3) is solvable. Indeed, x = 0.3←P 0.5 = 0.6 is a solution, as the next equality shows:

(0.5 ∗ 0.6) ∨ (0.2 ∗ nP (0.6)) = (0.5 ∗ 0.6) ∨ (0.2 ∗ 0) = 0.3 ∨ 0 = 0.3

Moreover, x = 0.3←P 0.5 = 0.6 is the unique solution since x = 0 does not verify Eq. (3), as we can see below:

(0.5 ∗ 0) ∨ (0.2 ∗ nP (0)) = (0.5 ∗ 0) ∨ (0.2 ∗ 1) = 0 ∨ 0.2 = 0.2 ̸= 0.3 □

Once we have studied bipolar max-product fuzzy relation equations with the product negation and containing only one
unknown variable, our following goal consists in increasing the number of unknown variables appearing in a bipolar max-
product FRE with the product negation and studying sufficient and necessary conditions to guarantee its solvability.

3.2. Solving bipolar max-product FREs with different unknown variables

This section includes results associated with the solvability of bipolar max-product FREs with the product negation and
a finite number of different unknown variables. Besides, we will present the conditions under which the existence of either
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a greatest (least, respectively) solution or a finite number of maximal (minimal, respectively) solutions can be guaranteed
in these equations.

To beginwith this section, wewill present a result which characterizes the solvability of a bipolarmax-product FREwhen
the independent term is equal to zero. The consideration of this case will allow us to obtain under what conditions a general
bipolar max-product FRE with different unknown variables is solvable in an easier way.

Theorem 11. Given a+j , a−j ∈ [0, 1] and xj an unknown variable belonging to [0, 1], for all j ∈ {1, . . . ,m}. The bipolar max-
product fuzzy relation equation

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) = 0 (4)

is solvable if and only if, for each j ∈ {1, . . . ,m}, either the equality a+j = 0 or a−j = 0 is satisfied.

Proof. First of all, we will suppose that, for each j ∈ {1, . . . ,m}, either the equality a+j = 0 or a−j = 0 is satisfied, and we
will find a solution of Eq. (4). Given k ∈ {1, . . . ,m}, if a+k = 0, then the variable x̂k of the solution will be 1, since, in this case,
we obtain:

(a+k ∗ x̂k) ∨ (a−k ∗ nP (x̂k)) = 0 ∨ (a−k ∗ 0) = 0

Otherwise, if a−k = 0, then we consider x̂k = 0, which leads us to the same result:

(a+k ∗ x̂k) ∨ (a−k ∗ nP (x̂k)) = (a−k ∗ 0) ∨ 0 = 0

Therefore, the obtained tuple (x̂1, . . . , x̂m) verifies that:
m⋁
j=1

(a+j ∗ x̂j) ∨ (a−j ∗ nP (x̂j)) = 0

and, as a consequence, it is a solution of Eq. (4).
Now, we suppose that Eq. (4) is solvable and the tuple (x1, . . . , xm) is a solution of such equation. We will assume that

there exists k ∈ {1, . . . ,m} such that a+k > 0 and a−k > 0, and we will obtain a contradiction.
If xk = 0, then nP (xk) = 1, and therefore the chain of inequalities below holds

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) ≥ (a−k ∗ nP (xk)) = a−k > 0

which contradicts that (x1, . . . , xm) is a solution of Eq. (4). On the other hand, if xk > 0, due to the fact that a+k > 0, we obtain
the same strict inequality:

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) ≥ (a+k ∗ xk) > 0

which also contradicts the hypothesis. Thus, we can ensure that either the equality a+j = 0 or a−j = 0 holds, for all
j ∈ {1, . . . ,m}. □

The following theoremcharacterizes the solvability of the proper bipolarmax-product FREs containing different unknown
variables.

Theorem 12. Given a+j , a−j ∈ [0, 1], b ∈ (0, 1] and xj an unknown variable belonging to [0, 1], for all j ∈ {1, . . . ,m}. The bipolar
max-product fuzzy relation equation

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) = b (5)

is solvable if and only if b ≤ max{a+j | j ∈ {1, . . . ,m}} or there exists k ∈ {1, . . . ,m} such that a−k = b.

Proof. We will suppose that b ≤ max{a+j | j ∈ {1, . . . ,m}} and we will prove that Eq. (5) is solvable. Clearly,
J = {j ∈ {1, . . . ,m} | b ≤ a+j } is a non-empty set. Furthermore, by definition of the product residuated implication,
the following statements hold, for each j ∈ {1, . . . ,m}:

(i) If j ∈ J , then b←P a+j = b/a+j
1 and we obtain the following equalities a+j ∗ (b←P a+j ) = b and a−j ∗ nP (b←P a+j ) = 0.

1 Notice that, if a+j = 0, then a+j < b, and thus a+j /∈ J .
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(ii) If j /∈ J , then we obtain that b ←P a+j = 1 and the following expressions hold a+j ∗ (b ←P a+j ) = a+j < b and
a−j ∗ nP (b←P a+j ) = 0.

From (i) and (ii), we can conclude that the tuple (b←P a+1 , . . . , b←P a+m) is a solution of Eq. (5).
Now, we will suppose that there exists k ∈ {1, . . . ,m} such that a−k = b and max{a+j | j ∈ {1, . . . ,m}} < b and we

will demonstrate that Eq. (5) is solvable. Notice that, if b ≤ max{a+j | j ∈ {1, . . . ,m}}, then we are in the case above, and
thus Eq. (5) is solvable. By hypothesis, a+j < b for each j ∈ {1, . . . ,m}, and therefore, b ←P a+j = 1. As a consequence,
a+j ∗ (b←P a+j ) = a+j < b and a−j ∗ nP (b←P a+j ) = 0, for each j ∈ {1, . . . ,m}. Hence, we obtain straightforwardly that the
tuple (x̂1, . . . , x̂k, . . . , x̂m) with x̂k = 0 and x̂j = 1, for each j ∈ {1, . . . ,m} such that j ̸= k, is a solution of Eq. (5).

The proof of the counterpart is analogous to the proof of Theorem 9. □

From now on, explanatory examples will be included for a better understanding of each result.

Example 13. This example will consider the bipolar max-product FRE with three unknown variables x1, x2, x3 ∈ [0, 1]
given by the following equation:

(0.4 ∗ x1) ∨ (0.7 ∗ nP (x1)) ∨ (0.2 ∗ x2) ∨ (0.1 ∗ nP (x2)) ∨ (0.5 ∗ x3) ∨ (0.2 ∗ nP (x3)) = 0.3 (6)

We can ensure that Eq. (6) is solvable because the hypothesis required in Theorem 12 are verified, that is, max{0.4, 0.2,
0.5} = 0.5 ≥ 0.3. Following an analogous reasoning to the one given in the proof of such theorem, we obtain that the tuple
(0.75, 1, 0.6) is a solution of Eq. (6). In addition, we can make simple computations in order to obtain all possible solutions
of Eq. (6). For instance, the tuple (0.5, 0, 0.6) is another solution of Eq. (6):

(0.4 ∗ 0.5) ∨ (0.7 ∗ nP (0.5)) ∨ (0.2 ∗ 0) ∨ (0.1 ∗ nP (0)) ∨ (0.5 ∗ 0.6) ∨ (0.2 ∗ nP (0.6)) =
0.2 ∨ 0 ∨ 0 ∨ 0.1 ∨ 0.3 ∨ 0 =

0.3 □

In viewof the results obtained in the previous example, one can askwhether (0.75, 1, 0.6) is the greatest solution of Eq. (6)
or if there exists a finite number of maximal solutions for such equation. A similar question with respect to the existence of
its least solution or different minimal solutions can also arise. These issues will be analyzed in the following section.

3.2.1. Computing maximal and minimal solutions
Next, we are interested in knowing when a bipolar max-product FRE with the product negation and different variables

has either a greatest (least, respectively) solution or a finite number of maximal (minimal, respectively) solutions. To reach
this goal, we need to introduce the following results.

Theorem 14. Given a+j , a−j ∈ [0, 1], b ∈ (0, 1] and xj an unknown variable in [0, 1], for each j ∈ {1, . . . ,m}. If Eq. (5) is a
solvable bipolar max-product FRE, then the following statements hold:

(1) If b ≤ max{a+j | j ∈ {1, . . . ,m}}, the set of solutions of Eq. (5) has a greatest element.
(2) If a+j < b for each j ∈ {1, . . . ,m}, then the set of maximal solutions of Eq. (5) is finite. Moreover, the number of maximal

solutions is

card({k ∈ {1, . . . ,m} | a−k = b})

Proof.
In order to prove Statement (1), suppose that the inequality b ≤ max{a+j | j ∈ {1, . . . ,m}} holds. By an analogous

reasoning to the proof given in Theorem 12, we obtain that the tuple (b←P a+1 , . . . , b←P a+m) is a solution of Eq. (5). In the
following, we will prove that (b←P a+1 , . . . , b←P a+m) is the greatest solution of Eq. (5), by reduction to the absurd.

Hence, we suppose that there exists a tuple (x1, . . . , xm) being a solution of Eq. (5) such that (b ←P a+1 , . . . , b ←P a+m)
< (x1, . . . , xm). Then, there exists k ∈ {1, . . . ,m} such that xk > b←P a+k . According to the adjoint property, we can assert
that a+k ∗ xk > b. As a result, we obtain that

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) =
m⋁
j=1

(a+j ∗ xj) ≥ a+k ∗ xk > b

which lead us to conclude that (x1, . . . , xm) is not a solution of Eq. (5), in contradiction with the hypothesis. Hence, we can
ensure that (b←P a+1 , . . . , b←P a+m) is the greatest solution of Eq. (5). That is, Statement (1) holds.

Now, assume that a+j < b for each j ∈ {1, . . . ,m}, in order to demonstrate Statement (2). Given
A = {k ∈ {1, . . . ,m} | a−k = b} and B the set of maximal solutions of Eq. (5), we consider the mapping f : A → B defined
as f (k) = (1, . . . , 1, 0, 1, . . . , 1), being the element 0 in the kth position of the tuple. In order to prove that the cardinal of A
coincides with the cardinal of B, we will demonstrate that f is a bijection between A and B.
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First of all, let us see that f is well-defined. Consider a fixed k ∈ A. By an analogous reasoning to the proof of Theorem 12,
we can ensure that the tuple (1, . . . , 1, 0, 1, . . . , 1) is a solution of Eq. (5), being the element 0 in the kth position of
the tuple. Suppose that there exists another solution (x̂1, . . . , x̂k, . . . , x̂m) of Eq. (5) such that (1, . . . , 1, 0, 1, . . . , 1) <

(x̂1, . . . , x̂k, . . . , x̂m). Therefore, x̂k > 0 and x̂j = 1, for each j ∈ {1, . . . ,m} with j ̸= k, in order to (x̂1, . . . , x̂k, . . . , x̂m)
be a greater solution. As a consequence, nP (x̂j) = 0 for each j ∈ {1, . . . ,m} and so,

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) =
m⋁
j=1

(a+j ∗ xj)

= a+1 ∨ . . . ∨ (a+k ∗ xk) ∨ . . . ∨ a+m
< b

since, by hypothesis, a+j < b for each j ∈ {1, . . . ,m}. Consequently, the tuple (x̂1, . . . , x̂k, . . . , x̂m) is not a solution of Eq. (5).
Thus, (1, . . . , 1, 0, 1, . . . , 1) is a maximal solution of Eq. (5), which permits us to assert that f is well-defined. Moreover,
given k1, k2 ∈ A with k1 ̸= k2, then f (k1) is clearly different than f (k2), since the element 0 is in the k1-th position in f (k1)
while the element 0 appears in the k2-th position in f (k2). Therefore, f is an order-embedding mapping.

Now, we will prove that f is also onto. Let (x1, . . . , xm) ∈ B. Clearly, as a+j < b for each j ∈ {1, . . . ,m}, we have that
a+j ∗ xj < b. Therefore, as the tuple (x1, . . . , xm) is a solution of Eq. (5), we can ensure that there exists k ∈ {1, . . . ,m} such
that a−k ∗ nP (xk) = b. According to the definition of the product negation, we obtain that nP (xk) can only take the values 0
and 1. Since b ̸= 0, we deduce that nP (xk) = 1, and as a consequence, xk = 0. This fact allows us to ensure that a−k = b, that
is, k ∈ A. Due to (x1, . . . , xm) is a maximal solution of Eq. (5) and the inequality a+j ∗ xj < b holds, for each j ∈ {1, . . . ,m}, we
can assert that xj = 1 for each j ∈ {1, . . . ,m}with j ̸= k. Hence, we obtain that f (k) = (1, . . . , 1, 0, 1, . . . , 1) = (x1, . . . , xm),
being the element 0 in the kth position of the tuple.

Due to themapping f is a bijection, we can conclude that the number ofmaximal solutions is card({k ∈ {1, . . . ,m} | a−k =
b}). Equivalently, Statement (2) is satisfied. □

As a consequence of Theorem 14, the next corollary arises.

Corollary 15. Given a+j , a−j ∈ [0, 1], b ∈ (0, 1] and xj an unknown variable in [0, 1], for each j ∈ {1, . . . ,m}. Consider that Eq. (5)
is a solvable bipolar max-product FRE, then the following statements hold:

(1) Ifmax{a+j | j ∈ {1, . . . ,m}} ≥ b, then the greatest solution of Eq. (5) is given by the tuple (b←P a+1 , . . . , b←P a+m).
(2) If a+j < b for each j ∈ {1, . . . ,m}, then the set of maximal solutions of Eq. (5) is given by

{(1, . . . , 1, xk, 1, . . . , 1) | xk = 0 with k ∈ K−P }

where K−P = {k ∈ {1, . . . ,m} | a
−

k = b}

We also have to distinguish different cases to ensure the existence of the least solution and the set of minimal solutions
of a solvable bipolar max-product FRE with different variables. It is important to mention that the set of minimal solutions
of such equation can be empty, as the following theorem shows.

Theorem 16. Given a+j , a−j ∈ [0, 1], b ∈ (0, 1] and xj an unknown variable belonging to [0, 1], for each j ∈ {1, . . . ,m}. Consider
that Eq. (5) is a solvable bipolar max-product FRE. Then, the following statements hold:

(1) If there exists k ∈ {1, . . . ,m} such that a−k = b and a−j ≤ b, for each j ∈ {1, . . . ,m}, then the set of solutions of Eq. (5) has
a least element.

(2) If there exist k1, k2 ∈ {1, . . . ,m} such that a−k1 = b and a−k2 > b, then the set of solutions of Eq. (5) has nominimal elements.
(3) If a−j ̸= b for each j ∈ {1, . . . ,m}, then the set of minimal solutions of Eq. (5) is finite. Moreover, the number of minimal

solutions is

card({k ∈ {1, . . . ,m} | a+k ≥ b and a−j < b for each j ̸= k})

Proof. First of all, to prove Statement (1), we will suppose that there exists k ∈ {1, . . . ,m} such that a−k = b and a−j ≤ b, for
each j ∈ {1, . . . ,m}. Then, the tuple (0, . . . , 0) is clearly a solution of Eq. (5), since

m⋁
j=1

(a+j ∗ 0) ∨ (a−j ∗ nP (0)) =
m⋁
j=1

(a−j ∗ nP (0)) =
m⋁
j=1

a−j = b

Clearly, any other solution of Eq. (5) is greater than (0, . . . , 0). As a consequence, (0, . . . , 0) is the least element of the set of
solutions of Eq. (5). That is, Statement (1) is satisfied.

Now, in order to demonstrate Statement (2), we suppose that there exist k1, k2 ∈ {1, . . . ,m} such that a−k1 = b and
a−k2 > b. We will prove that the set of solutions of Eq. (5) has no minimal elements by reduction to the absurd.
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Let us assume that (x1, . . . , xm) is aminimal solution of Eq. (5). First of all, wewill see that xk1 = 0 and xk2 > 0. On the one
hand, suppose that xk1 > 0. Since equalities a+k1 ∗ 0 = 0 and a−k1 ∗ nP (0) = a−k1 = b are straightforwardly satisfied, we obtain
that the tuple (x1, . . . , xk1−1, 0, xk1+1, . . . , xm) is another solution of Eq. (5), which is strictly smaller than (x1, . . . , xm). Thus,
we can ensure than xk1 = 0. On the other hand, let us assume that xk2 = 0. In this case, as a−k2 > b, the following inequality
holds

m⋁
j=1

(a+j ∗ xj) ∨ (a−j ∗ nP (xj)) ≥ a−k2 ∗ nP (xk2 ) = a−k2 > b

As a result, the tuple (x1, . . . , xm) is not a solution of Eq. (5). Consequently, we can ensure that xk2 > 0. Therefore, we
can assert that xk1 = 0 and xk2 > 0. In addition, notice that a−k1 ∗ nP (xk1 ) = b. Due to the fact that (x1, . . . , xm) is a
solution of Eq. (5), the inequality a+k2 ∗ xk2 ≤ b is verified. Then, as the product t-norm is a monotonic operator, we obtain
that inequality a+k2 ∗

xk2
2 ≤ b also holds. Notice that, since xk2 > 0, then

xk2
2 < xk2 . Since a−k1 ∗ nP (xk1 ) = b, the tuple

(x1, . . . , xk2−1,
xk2
2 , xk2+1 . . . , xm) is a solution of Eq. (5), which satisfies (x1, . . . , xk2−1,

xk2
2 , xk2+1 . . . , xm) < (x1, . . . , xm). As

a result, we conclude that (x1, . . . , xm) is not aminimal solution, in contradictionwith the hypothesis, and thuswe can assert
that Statement (2) holds.

Finally, we will show that Statement (3) is verified. Given A = {k ∈ {1, . . . ,m} | a+k ≥ b and a−j ≤ b for each j ̸= k} and
B the set of minimal solutions of Eq. (5), we will demonstrate that the mapping f : A→ B, which associates each k ∈ A with
a tuple (0, . . . , 0, b←P a+k , 0 . . . , 0), being the element b←P a+k in the k-th position of the tuple, is a bijection.

Now, we will prove that f is well-defined. Consider a fixed k ∈ A. Since a+k ≥ b and b ̸= 0, we obtain that b ←P a+k =
b/a+k > 0 and consequently, the following equalities a+k ∗ (b ←P a+k ) = b and a−k ∗ nP (b ←P a+k ) = 0 are satisfied. In
addition, since the inequality a−j < b holds for each j ∈ {1, . . . ,m}with j ̸= k, we can ensure that the tuple (0, . . . , 0, b←P

a+k , 0, . . . , 0) is a solution of Eq. (5). Suppose that there exists another different tuple (x1, . . . , xk, . . . , xm) being solution
of Eq. (5) and satisfying that (x1, . . . , xk, . . . , xm) < (0, . . . , 0, b ←P a+k , 0, . . . , 0). Then, we have that xk < b ←P a+k
and xj = 0, for each j ∈ {1, . . . ,m} with j ̸= k. Clearly, as the product t-norm is strictly order-preserving, the inequality
a+k ∗ xk < b is also verified. Finally since, by hypothesis, a−j ̸= b for each j ∈ {1, . . . ,m}, we can conclude that a−j ∗ nP (xj) ̸= b
for each j ∈ {1, . . . ,m}, and thus, (x1, . . . , xm) is not a solution of Eq. (5). Therefore, (0, . . . , 0, b ←P a+k , 0, . . . , 0) is a
minimal solution of Eq. (5) and so, we can ensure that f (k) = (0, . . . , 0, b ←P a+k , 0, . . . , 0) ∈ B, that is, the mapping f is
well-defined.

In the following, we will see that f is an order-embedding mapping. Given k1, k2 ∈ A with k1 ̸= k2, the tuples
(0, . . . , 0, b←P a+k1 , 0, . . . , 0) and (0, . . . , 0, b←P a+k2 , 0, . . . , 0) are clearly different.

It remains to prove that f is an ontomapping. Given aminimal solution (x1, . . . , xm) ∈ B, wewill prove that there exists an
element k ∈ A such that f (k) = (x1, . . . , xm). Taking into account that Eq. (5) is solvable and a−j ̸= b for each j ∈ {1, . . . ,m},
by Theorem 12, we can ensure that max{a+j | j ∈ {1, . . . ,m}} ≥ b. In addition, due to (x1, . . . , xm) is a solution of Eq. (5),
following a similar reasoning to the proof of Theorem 12, we obtain that there exists k ∈ {1, . . . ,m} such that a+k ≥ b and
xk = b←P a+k .

Now, suppose that there exists j ∈ {1, . . . ,m} with j ̸= k such that a−j > b and we will obtain a contradiction.
Due to (x1, . . . , xm) is a solution of Eq. (5) and a−j > b, then we can guarantee that xj ̸= 0. As product t-norm
is a strictly order-preserving mapping, the tuple (x1, . . . , xk, . . . ,

xj
2 , . . . , xm) is also a solution of Eq. (5) verifying that

(x1, . . . , xk, . . . ,
xj
2 , . . . , xm) < (x1, . . . , xm). We have supposed, without loss of generality, that k < j. This fact leads us to a

contradiction since (x1, . . . , xm) is a minimal solution of Eq. (5), by hypothesis. Hence, we can conclude that the inequality
a−j ≤ b holds, for each j ∈ {1, . . . ,m}with j ̸= k. That is, k ∈ A.

Hereafter, we will see that f (k) = (x1, . . . , xm). We have already proved that there exists k ∈ {1, . . . ,m} such that
xk = b←P a+k and the inequality a−j ≤ b holds, for each j ∈ {1, . . . ,m}with j ̸= k. Suppose that there exists j ∈ {1, . . . ,m}
with j ̸= k such that xj > 0 and we will see that this fact contradicts that (x1, . . . , xm) is a minimal solution. Since a−j ≤ b,
we obtain a+j ∗ 0 = 0 and a−j ∗ nP (0) = a−j ≤ b. As a result, we can ensure that the tuple (x1, . . . , xj−1, 0, xj+1, . . . , xm) is also
a solution of Eq. (5) satisfying that (x1, . . . , xj−1, 0, xj+1, . . . , xm) < (x1, . . . , xj, . . . , xm). This is a contradiction with respect
to (x1, . . . , xm) is a minimal solution of Eq. (5). Therefore, the equality xj = 0 is verified, for each j ∈ {1, . . . ,m} with j ̸= k.
Finally, we can conclude that f (k) = (0, . . . , 0, b←P a+k , 0, . . . , 0) = (x1, . . . , xm), and thus Statement (3) holds. □

The following corollary is straightforwardly obtained from Theorem 16.

Corollary 17. Given a+j , a−j ∈ [0, 1], b ∈ (0, 1], xj an unknown variable belonging to [0, 1], for each j ∈ {1, . . . ,m}, and a
solvable bipolar max-product FRE as in Eq. (5). Then, the following statements hold:

(1) If there exists k ∈ {1, . . . ,m} such that a−k = b and a−j ≤ b, for each j ∈ {1, . . . ,m}, then the least solution of Eq. (5) is
(0, . . . , 0).

(2) If a−j ̸= b for each j ∈ {1, . . . ,m}, then the set of minimal solutions of Eq. (5) is given by

{(0, . . . , 0, xk, 0, . . . , 0) | xk = b←P a+k with k ∈ K+P }

where K+P = {k ∈ {1, . . . ,m} | a
+

k ≥ b and a−j < b for each j ̸= k}.
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Next example clarifies the previous results about the existence both the greatest/least solution and maximal/minimal
solutions analyzing the bipolar max-product FRE given in Example 13.

Example 18. In Example 13 we showed that Eq. (6):

(0.4 ∗ x1) ∨ (0.7 ∗ nP (x1)) ∨ (0.2 ∗ x2) ∨ (0.1 ∗ nP (x2)) ∨ (0.5 ∗ x3) ∨ (0.2 ∗ nP (x3)) = 0.3

is solvable. Now, by Theorems 14 and 16, we will study whether this equation has a greatest/least solution and maxi-
mal/minimal solutions. Taking into account that the hypothesis required in Statement (1) of Theorem 14 is verified, that
is max{0.4, 0.2, 0.5} ≥ 0.3, we can guarantee that the greatest solution exists, which is (0.75, 1, 0.6).

Applying Theorem 16 (since condition required in Statement (3) is verified) we obtain that this equation has only one
minimal solution since:

card({k ∈ {1, 2, 3} | a+k ≥ b and a−j < b for each j ̸= k}) = card{1} = 1

Making the corresponding computations, we have that (0.75, 0, 0) is a minimal solution. It is worth highlighting that the
tuple (0.75, 0, 0) is not the least solution of Eq. (6). Indeed, we can easily see that the tuples (x, 0, 0.6) with 0 < x < 0.75 are
solutions of Eq. (6), being (0.75, 0, 0) and (x, 0, 0.6) incomparable tuples. Moreover, as we show below, the tuple (0, 0, 0.6)
is not a solution of Eq. (6):

(0.4 ∗ 0) ∨ (0.7 ∗ 1) ∨ (0.2 ∗ 0) ∨ (0.1 ∗ 1) ∨ (0.5 ∗ 0.6) ∨ (0.2 ∗ 0) = 0.7 ̸= 0.3

Now,modifying the previous equation,we can consider Eq. (7) and apply Theorems 12 and 16 in order to assert that Eq. (7)
is solvable and it does not have minimal solutions.

(0.4 ∗ x1) ∨ (0.7 ∗ nP (x1)) ∨ (0.2 ∗ x2) ∨ (0.1 ∗ nP (x2)) ∨ (0.5 ∗ x3) ∨ (0.9 ∗ nP (x3)) = 0.3 (7)

This fact is due to the number of minimal solutions in Eq. (7) is

card({k ∈ {1, 2, 3} | a+k ≥ b and a−j < b for each j ̸= k}) = card{∅} = 0 □

Once the theoretical foundations of the solvability of bipolar max-product FREs have been presented, a toy example
is shown below in order to illustrate how a bipolar max-product FRE can be used to represent a real-world situation.
Specifically, the overheating of a motor will be modeled by means of a bipolar max-product FRE. Furthermore, given an
overheating value, the bipolar FRE is used to determine what is the overheating due to and how a technician should perform
in order to solve it.

Example 19. The suitable behavior of a motor directly depends on maintaining its temperature under a certain threshold.
To carry out this task, a group of experts stated that controlling the level of water, the level of oil and the radiator fan is
crucial.

Consider the variables x1, x2 ∈ [0, 1] which represent the truth value of low water and low oil, respectively, where 1
indicates empty water/oil container and 0 that the quantity of water/oil has exceeded the permitted limit. Let x3 ∈ {0, 1} be
a variable such that x3 = 0 corresponds to the radiator fan is working and x3 = 1 to the radiator fan is stopped. The level of
overheating of the motor is represented by a value b ∈ [0, 1], where 0 indicates a correct temperature and 1 a critical level
of overheating.

After a technical study, the experts reached the following conclusions on the performance of the motor:

• The motor overheating is directly proportional to the lack of water, with proportionality constant 0.4. Nevertheless, an
excess of water turns out to be even more dangerous for the motor, since in such case it overheats at 0.7.
Hence, the overheating being caused by the level of water can bemodeled bymeans of the expression (0.4∗x1)∨ (0.7∗
nP (x1)). Observe that, if the water container is almost full but not exceeding the limits then the level of overheating is
low, since x1 > 0 and therefore nP (x1) = 0.
• Similarly, themotor also overheats directly proportional to the lack of oil, but in this case the proportionality constant is

0.2. Besides, if the oil exceeds the permittedmaximum, it causes an overheating of 0.1. This behavior can be interpreted
by using the expression (0.2 ∗ x2) ∨ (0.1 ∗ nP (x2)).
• The radiator fan has a problem and it sometimes suddenly stops. When this happens, the motor overheats up to 0.5.

Furthermore, the usual behavior of the radiator makes that the motor overheats at 0.2. In this case, we obtain the
expression (0.5 ∗ x3) ∨ (0.2 ∗ nP (x3)).

Now, considering that the level of water, the level of oil and the performance of the radiator fan are the only factors which
affect to the overheating and basing on the experts knowledge, we can model the behavior of the level of overheating of the
motor through the following bipolar max-product fuzzy relation equation:

(0.4 ∗ x1) ∨ (0.7 ∗ nP (x1)) ∨ (0.2 ∗ x2) ∨ (0.1 ∗ nP (x2)) ∨ (0.5 ∗ x3) ∨ (0.2 ∗ nP (x3)) = b (8)

This equation is a useful tool in order to know the reasons/causes of a given overheating. For example, if a technician
observes that the motor presents an overheating of 0.3, in order to know the values of the other variables (causes) which
imply this level of overheating, we need to solve Eq. (8) when b = 0.3.
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Notice that, the solvability of the obtained equation was already studied in Examples 13 and 18. Therefore, we obtain
that Eq. (8) is solvable, where (0.75, 1, 0.6) is its greatest solution and it has only oneminimal solution, the tuple (0.75, 0, 0).

Themost critical cases are then (0.75, 1, 0.6) and (0.75, 0, 0). First of all, since the tuple (0.75, 0, 0) is the uniqueminimal
solution of Eq. (8), we deduce that there are no solutions such that x1 = 0, and thus, the water container is not over the
permitted limit. Second, we can assert that the level of oil is not giving rise to the overheating, as the variable x2 can be
either 0, 1, or any value among them. Indeed, a careful sight leads us to conclude that the level of oil can be ignored in this
matter, since in the worst case it may result in an overheating of 0.2, but this overheating is already obtained due to the bad
conditions of the radiator fan.

Last but not least, from the greatest solution of Eq. (8), the tuple (0.75, 1, 0.6), we deduce that the variable x3 cannot
be equal to 1. Hence, according to the fact that x3 ∈ {0, 1}, we conclude that x3 = 0, and thus the radiator fan is working
properly.

Consequently, basing on the conclusions which we have obtained, we would suggest to the technician refilling the water
container, but being careful so that it does not exceed the limits. □

3.3. Solving bipolar max-product FRE systems

After characterizing the solvability of bipolar max-product FREs with different variables and the product negation, and
providing information about the algebraic structure of the set of solutions, we will give a further step to our research. The
following goal will be to solve bipolar max-product FRE systems.

According to the results presented until now, one can think that the conditions required to solve an arbitrary system of
bipolar max-product FREs will be very similar to the ones given in Theorems 9 and 12. However, the following theorem
shows that this reasoning is not true.

Theorem 20. Let a+ij , a
−

ij , xj ∈ [0, 1] and bi ∈ (0, 1], for each i ∈ {1, . . . , n} and j ∈ {1, . . . ,m}. Then the bipolar max-product
FRE system given by

m⋁
j=1

(a+ij ∗ xj) ∨ (a−ij ∗ nP (xj)) = bi, i ∈ {1, . . . , n} (9)

is solvable if and only if there exist two index sets J+, J− ⊆ {1, . . . ,m}with J+∩ J− = ∅ such that, one of the following statements
is verified, for each i ∈ {1, . . . , n}:

(1) there exists j ∈ J+ such that a+ij ≥ bi and bi ←P a+ij ≤ bh ←P a+hj , for each h ∈ {1, . . . , n}.
(2) there exists j ∈ J− such that a−ij = bi and a−hj ≤ bh for each h ∈ {1, . . . , n}.

Proof. Suppose that there exist two index sets J+, J− ⊆ {1, . . . ,m}with J+ ∩ J− = ∅, such that each i ∈ {1, . . . , n} satisfies
either Statement (1) or (2). Consider the set J−s = {j ∈ J− | a−hj ≤ bh, for each h ∈ {1, . . . , n}} and the tuple (x̂1, . . . , x̂m)
defined, for each j ∈ {1, . . . ,m}, as

x̂j =
{

0 if j ∈ J−s
min{bk ←P a+kj | k ∈ {1, . . . , n}} otherwise

Now, we will see that (x̂1, . . . , x̂m) is a solution of System (9). Given i ∈ {1, . . . , n}, by hypothesis, one of the following
statements is verified:

• there exists j ∈ J+ such that a+ij ≥ bi and bi ←P a+ij ≤ bh ←P a+hj , for each h ∈ {1, . . . , n}. In this case, x̂j = bi ←P a+ij
(note that j /∈ J−s because j ∈ J+ and J+ ∩ J− = ∅). By the definition of the product implication, we obtain that
a+ij ∗ x̂j = bi. Since by hypothesis bi > 0, we can ensure that x̂j > 0, and thus nP (x̂j) = 0 and a−ij ∗ nP (x̂j) = 0.
• there exists j ∈ J− such that a−ij = bi and a−hj ≤ bh for each h ∈ {1, . . . , n}. Notice that, it is straightforwardly obtained

j ∈ J−s . Therefore, x̂j = 0, and clearly a+ij ∗ x̂j = 0 and a−ij ∗ nP (x̂j) = a−ij = bi.

Therefore, we can ensure that there exists j ∈ {1, . . . ,m} verifying that (a+ij ∗ x̂j) ∨ (a−ij ∗ nP (x̂j)) = bi.
In the following, we will prove that the elements x̂j′ in (x̂1, . . . , x̂m) with j′ ∈ {1, . . . ,m} and j′ ̸= j verify (a+ij′ ∗ x̂j′ )∨ (a−ij′ ∗

nP (x̂j′ )) ≤ bi. We have that, for every j′ ∈ {1, . . . ,m}, the following statements hold:

• If j′ ∈ J−s then a−hj′ ≤ bh, for each h ∈ {1, . . . , n}. In particular, a−ij′ ≤ bi. Therefore, as x̂j′ = 0, we obtain that

(a+ij′ ∗ x̂j′ ) ∨ (a−ij′ ∗ nP (x̂j′ )) = 0 ∨ a−ij′ = a−ij′ ≤ bi

• If j′ /∈ J−s , then x̂j′ = min{bh ←P a+hj′ | h ∈ {1, . . . , n}}. On the one hand, as bh > 0 for each h ∈ {1, . . . , n}, then
bh ←P a+hj′ > 0 for each h ∈ {1, . . . , n}. As a consequence, we obtain that x̂j′ > 0, and thus nP (x̂j′ ) = 0. On the other
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hand, by definition of x̂j′ , we can ensure that, in particular, x̂j′ ≤ bi ←P a+ij′ . Therefore, applying the adjoint property,
the next inequality a+ij′ ∗ x̂j′ ≤ bi holds. As a result, the following inequality is verified:

(a+ij′ ∗ x̂j′ ) ∨ (a−ij′ ∗ nP (x̂j′ )) = (a+ij′ ∗ x̂j′ ) ≤ bi

Therefore,
m⋁
j=1

(a+ij ∗ x̂j) ∨ (a−ij ∗ nP (x̂j)) = bi

By an analogous reasoning for each i ∈ {1, . . . , n}, we can conclude that (x̂1, . . . , x̂m) is a solution of System (9).
In order to prove the counterpart, suppose that System (9) is solvable, and let build two sets J+, J− ⊆ {1, . . . ,m} with

J+ ∩ J− = ∅ such that, for each i ∈ {1, . . . , n}, either Statement (1) or Statement (2) is verified.
Given a solution (x̂1, . . . , x̂m) of System (9) and two index sets J+, J− defined as follows:

J+ = {j ∈ {1, . . . ,m} | x̂j > 0}
J− = {j ∈ {1, . . . ,m} | x̂j = 0}

Clearly, J+ ∩ J− = ∅. Given i ∈ {1, . . . , n}, as (x̂1, . . . , x̂m) is a solution of System (9), one of the following statements is
verified:

(a) there exists j ∈ {1, . . . ,m} such that a+ij ∗ x̂j = bi.
(b) there exists j ∈ {1, . . . ,m} such that a−ij ∗ nP (x̂j) = bi.

On the one hand, if Statement (a) holds, as bi > 0, we deduce that x̂j > 0, and thus j ∈ J+. Moreover, since operator ∗ is
monotonic and a+ij ∗ 1 = a+ij , the equality a+ij ∗ x̂j = bi implies that a+ij ≥ bi. In fact, by a similar reasoning to the one given in
Theorem 9, it can be proved that x̂j = bi ←P a+ij .

Finally, suppose that there exists h ∈ {1, . . . , n} such that bi ←P a+ij > bh ←P a+hj , this is, x̂j > bh ←P a+hj . From the
adjoint property, we obtain that x̂j ≤ bh ←P a+hj if and only if a+hj ∗ x̂j ≤ bh, Therefore, we can ensure that a+hj ∗ x̂j > bh. This
fact leads us to a contradiction, since (x̂1, . . . , x̂m) would not be a solution of equation h in System (9) and so, it would not
be a solution of the mentioned system.

Hence, we can ensure that, if Statement (a) holds, then there exists j ∈ J+ such that a+ij ≥ bi and bi ←P a+ij ≤ bh ←P a+hj ,
for each h ∈ {1, . . . , n}. That is, Statement (1) holds.

On the other hand, suppose that Statement (b) is verified. Since bi > 0, the equality a−ij ∗nP (x̂j) = bi implies that nP (x̂j) > 0,
and thus x̂j = 0. That is, j ∈ J−. Consequently, we obtain that nP (x̂j) = 1, and straightforwardly a−ij = bi.

To end, suppose that there exists h ∈ {1, . . . , n} such that a−hj > bh. As a result, we obtain that (x̂1, . . . , x̂m) is not a solution
of equation h in System (9) and thus it is not a solution of that system. That is, we obtain a contradiction.

Therefore, if Statement (b) holds, then there exists j ∈ J− such that a−ij = bi and a−hj ≤ bh for each h ∈ {1, . . . , n}. In other
words, Statement (2) holds. □

The following example clarifies the previous result.

Example 21. Given the following bipolar max-product FRE system with three equations and three unknown variables

(1 ∗ x1) ∨ (0.7 ∗ nP (x1)) ∨ (0.2 ∗ x2) ∨ (0.4 ∗ nP (x2)) ∨ (0.5 ∗ x3) ∨ (0.7 ∗ nP (x3)) = 0.7
(0.8 ∗ x1) ∨ (0.1 ∗ nP (x1)) ∨ (0.8 ∗ x2) ∨ (0.2 ∗ nP (x2)) ∨ (0.3 ∗ x3) ∨ (0.6 ∗ nP (x3)) = 0.6
(0.4 ∗ x1) ∨ (0.2 ∗ nP (x1)) ∨ (0.3 ∗ x2) ∨ (0.3 ∗ nP (x2)) ∨ (0.6 ∗ x3) ∨ (0.2 ∗ nP (x3)) = 0.3

We will consider the index sets J+ = {2, 3} and J− = {1}. We will see that for each i ∈ {1, 2, 3} the conditions required
in the hypothesis of Theorem 20 are verified. First of all, notice that J+ ∩ J− = ∅.

• Case i = 1 (first equation of the system): there exists j = 1 belonging to J− satisfying that a−11 = b1 = 0.7,
a−21 = 0.1 ≤ 0.6 = b2 and a−31 = 0.2 ≤ 0.3 = b3.
• Case i = 2 (second equation of the system): we obtain that the index j = 2 ∈ J+ verifies that 0.8 = a+22 ≥ b2 = 0.6. In

addition, the inequalities b2 ←P a+22 ≤ b3 ←P a+32 and b2 ←P a+22 ≤ b1 ←P a+12 hold, as we see below:

0.6←P 0.8 = 0.75 ≤ 1 = 0.7←P 0.2

0.6←P 0.8 = 0.75 ≤ 1 = 0.3←P 0.3
• Case i = 3 (third equation of the system): we find the index j = 3 belonging to J+ satisfying that 0.6 = a+33 ≥ b3 = 0.3.

Furthermore, the next inequalities are obtained:

b3 ←P a+33 = 0.3←P 0.6 = 0.5 ≤ 1 = 0.7←P 0.5 = b1 ←P a+13

b3 ←P a+33 = 0.3←P 0.6 = 0.5 ≤ 1 = 0.6←P 0.3 = b2 ←P a+23
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Consequently, Theorem 20 can be applied which leads us to obtain that the given system is solvable. Indeed, from the
computations above, one can easily check that the tuple (0, 0.75, 0.5) is a solution of such system.

Observe that, the tuple (0, 0.75, 0.5) is not the unique solution of the system.We can find some other different definitions
of the index sets J+ and J− such that, for each i ∈ {1, 2, 3} the hypothesis of Theorem20 are satisfied. For instance, considering
the index sets J+ = ∅ and J− = {1, 2, 3}, it is easy to deduce that the system is solvable and the tuple (0, 0, 0) is a solution
of the given system.

It is also important to mention that, the set J+ does not need to be the complementary set of J−. That is, the equality
J+ ∪ J− = {1, 2, 3} is not required in order to guarantee the solvability of the system. For example, the index sets J+ = {1}
and J− = {3} verify the hypothesis of Theorem 20 and clearly J+ ∪ J− = {1, 3} ̸= {1, 2, 3}. From the sets J+ = {1} and
J− = {3}, we obtain the solution (0.75, 0, 0). □

We have provided sufficient and necessary conditions which allow us to know when an arbitrary bipolar max-product
FRE system with the residuated negation of the product t-norm is solvable. In the future, we will study the resolution of
bipolar max-product FRE systems in which independent terms can take the value zero.

4. Conclusions and future work

A broad study on the resolution of bipolar max-product FREs has been carried out, considering the non-involutive nega-
tion operators defined from the implication associatedwith the product t-norm. Three different parts can be distinguished in
our research according to the complexity of the considered bipolar equations. The first part introduces a characterization on
the resolution of bipolar max-product FREs with only one unknown variable. The second part shows under what conditions
a bipolar max-product fuzzy relation equation containing different variables is solvable. Moreover, interesting properties
related to the algebraic structure of the set of solutions have been included. The third part considers bipolarmax-product FRE
systems and presents the requirements to guarantee when these systems are solvable. Notice that, the residuated negations
related to the Gödel implication and the product implication coincide, and therefore, we can ensure that the solvability for
bipolar max-product FREs with the Gödel negation has also been analyzed in this paper.

As future work, based on Theorem 20, we will study the introduction of an efficient algorithm, determining whether
a system of bipolar max-product fuzzy relation equations is solvable and computing at least one solution. It will be also
fundamental to investigate more properties in order to know the algebraic structure of the complete set of solutions
corresponding to an arbitrary solvable system of bipolar max-product fuzzy relation equations. Moreover, we are interested
in studying bipolar fuzzy relation equations based on other general operators, such as uninorms, u-norms, and adjoint triples.

References

[1] E. Sanchez, Resolution of composite fuzzy relation equations, Inf. Control 30 (1) (1976) 38–48.
[2] E. Sanchez, Inverses of fuzzy relations, application to possibility distributions and medical diagnosis, Fuzzy Sets and Systems 2 (1) (1979) 75–86.
[3] W. Pedrycz, On generalized fuzzy relational equations and their applications, J. Math. Anal. Appl. 107 (2) (1985) 520–536.
[4] A. Di Nola, E. Sanchez, W. Pedrycz, S. Sessa, Fuzzy Relation Equations and Their Applications to Knowledge Engineering, Kluwer Academic Publishers,

Norwell, MA, USA, 1989.
[5] L. Chen, P. Wang, Fuzzy relation equations (ii): The branch-point-solutions and the categorized minimal solutions, Soft Comput.–A Fusion Found.

Methodol. Appl. 11 (2007) 33–40.
[6] L. Chen, P.P. Wang, Fuzzy relation equations (i): the general and specialized solving algorithms, in: Soft Computing–A Fusion of Foundations,

Methodologies and Applications, Vol. 6, 2002, pp. 428–435.
[7] P. K, K. Y, Fuzzy Relational Calculus: Theory, Applications and Software, World Scientific Publishing Company, 2004.
[8] C.-T. Yeh, On the minimal solutions of max–min fuzzy relational equations, Fuzzy Sets and Systems 159 (1) (2008) 23–39.
[9] M.M. Bourke, D. Fisher, Solution algorithms for fuzzy relational equations with max-product composition, Fuzzy Sets and Systems 94 (1) (1998)

61–69.
[10] J. Loetamonphong, S.-C. Fang, An efficient solution procedure for fuzzy relation equations with max-product composition, IEEE Trans. Fuzzy Syst. 7

(4) (1999) 441–445.
[11] A. Markovskii, On the relation between equations with max-product composition and the covering problem, Fuzzy Sets and Systems 153 (2) (2005)

261–273.
[12] K. Peeva, Y. Kyosev, Algorithm for solving max-product fuzzy relational equations, Soft Comput. 11 (7) (2007) 593–605.
[13] J.-L. Lin, On the relation between fuzzy max-archimedean t-norm relational equations and the covering problem, Fuzzy Sets and Systems 160 (16)

(2009) 2328–2344.
[14] G.B. Stamou, S.G. Tzafestas, Resolution of composite fuzzy relation equations based on archimedean triangular norms, Fuzzy Sets and Systems 120

(3) (2001) 395–407.
[15] Y.K. Wu, S.M. Guu, An efficient procedure for solving a fuzzy relational equation with max-archimedean t-norm composition, IEEE Trans. Fuzzy Syst.

16 (1) (2008) 73–84.
[16] W. Bandler, L. Kohout, Semantics of implication operators and fuzzy relational products, Int. J. Man-Mach. Stud. 12 (1980) 89–116.
[17] R. Bělohlávek, Sup-t-norm and inf-residuum are one type of relational product: Unifying framework and consequences, Fuzzy Sets and Systems 197

(2012) 45–58.
[18] B. De Baets, Analytical solution methods for fuzzy relation equations, in: D. Dubois, H. Prade (Eds.), The Handbooks of Fuzzy Sets Series, volume 1,

Kluwer, Dordrecht, 1999, pp. 291–340.
[19] J.C. Díaz-Moreno, J. Medina, Multi-adjoint relation equations: Definition, properties and solutions using concept lattices, Inform. Sci. 253 (2013)

100–109.
[20] J.C. Díaz-Moreno, J. Medina, Using concept lattice theory to obtain the set of solutions of multi-adjoint relation equations, Inform. Sci. 266 (2014)

218–225.

http://refhub.elsevier.com/S0377-0427(18)30701-5/sb1
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb2
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb3
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb4
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb4
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb4
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb5
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb5
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb5
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb6
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb6
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb6
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb7
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb8
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb9
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb9
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb9
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb10
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb10
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb10
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb11
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb11
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb11
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb12
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb13
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb13
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb13
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb14
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb14
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb14
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb15
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb15
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb15
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb16
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb17
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb17
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb17
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb18
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb18
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb18
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb19
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb19
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb19
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb20
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb20
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb20


532 M.E. Cornejo, D. Lobo and J. Medina / Journal of Computational and Applied Mathematics 354 (2019) 520–532

[21] J.C. Díaz-Moreno, J. Medina, E. Turunen, Minimal solutions of general fuzzy relation equations on linear carriers. Aan algebraic characterization, Fuzzy
Sets and Systems 311 (2017) 112–123.

[22] J. Ignjatović, M. Ćirić, B. Š.ešelja, A. Tepavčević, Fuzzy relational inequalities and equations, fuzzy quasi-orders, closures and openings of fuzzy sets,
in: Theme: Algebraic Structures, Fuzzy Sets and Systems 260 (2015) 1–24.

[23] J. Medina, Minimal solutions of generalized fuzzy relational equations: Clarifications and corrections towards a more flexible setting, Internat. J.
Approx. Reason. 84 (2017) 33–38.

[24] J. Medina, Notes on ‘solution sets of inf-αT fuzzy relational equations on complete brouwerian lattice’ and ‘fuzzy relational equations on complete
brouwerian lattices’, Inform. Sci. 402 (2017) 82–90.

[25] K. Peeva, Intuitionistic Fuzzy Relational Equations in BL Algebras, in: Imprecision and Uncertainty in Information Representation and Processing: New
Tools Based on Intuitionistic Fuzzy Sets and Generalized Nets, Springer International Publishing, Cham, 2016, pp. 73–85.

[26] I. Perfilieva, L. Nosková, System of fuzzy relation equations with inf-→ composition: Complete set of solutions, Fuzzy Sets and Systems 159 (17)
(2008) 2256–2271.

[27] K. Hirota, W. Pedrycz, Fuzzy relational compression, IEEE Trans. Syst. Man Cybern. B 29 (3) (1999) 407–415.
[28] K. Hirota, W. Pedrycz, Data compression with fuzzy relational equations, Fuzzy Sets and Systems 126 (3) (2002) 325–335.
[29] V. Loia, S. Sessa, Fuzzy relation equations for coding/decoding processes of images and videos, Inform. Sci. 171 (1–3) (2005) 145–172.
[30] H. Nobuhara, W. Pedrycz, K. Hirota, Fast solving method of fuzzy relational equation and its application to lossy image compression/reconstruction,

IEEE Trans. Fuzzy Syst. 8 (3) (2000) 325–334.
[31] H. Nobuhara, W. Pedrycz, K. Hirota, A digital watermarking algorithm using image compression method based on fuzzy relational equation, in: Fuzzy

Systems, 2002 FUZZ-IEEE’02 Proceedings of the 2002 IEEE International Conference on Fuzzy Systems, vol. 2, 2002, pp. 1568–1573.
[32] H.Nobuhara,W. Pedrycz, S. Sessa, K. Hirota, Amotion compression/reconstructionmethodbased onmax t-normcomposite fuzzy relational equations,

Inform. Sci. 176 (17) (2006) 2526–2552.
[33] A. Ciaramella, R. Tagliaferri, W. Pedrycz, A.D. Nola, Fuzzy relational neural network, in: Advances in Fuzzy Sets and Rough Sets, Internat. J. Approx.

Reason. 41 (2) (2006) 146–163.
[34] P. Li, S.-C. Fang, On the resolution and optimization of a system of fuzzy relational equations with sup-t composition, Fuzzy Optim. Decis. Mak. 7 (2)

(2008) 169–214.
[35] P. Li, S.-C. Fang, Minimizing a linear fractional function subject to a system of sup-t equations with a continuous archimedean triangular norm, J. Syst.

Sci. Complex. 22 (1) (2009) 49–62.
[36] A.A. Molai, Two new algorithms for solving optimization problems with one linear objective function and finitely many constraints of fuzzy relation

inequalities, J. Comput. Appl. Math. 233 (8) (2010) 2090–2103.
[37] X.-P. Yang, X.-G. Zhou, B.-Y. Cao, Latticized linear programming subject to max-product fuzzy relation inequalities with application in wireless

communication, Inform. Sci. 358–359 (2016) 44–55.
[38] M.E. Cornejo, J. Medina, E. Ramírez-Poussa, Attribute and size reduction mechanisms in multi-adjoint concept lattices, in: Computational and

Mathematical Methods in Science and Engineering CMMSE-2015, J. Comput. Appl. Math. 318 (2017) 388–402.
[39] S. Freson, B.D. Baets, H.D. Meyer, Linear optimization with bipolar max–min constraints, in: Fuzzy Relation Equations: New Trends and Applications,

Inform. Sci. 234 (2013) 3–15.
[40] C.-K. Hu, F.-B. Liu, C.-F. Hu, Solving bipolarmax-tp equation constrainedmulti-objective optimization problems, Int. J. Soft Comput. 7 (4) (2016) 11–23.
[41] D.-C. Li, S.-L. Geng, Optimal solution of multi-objective linear programming with inf-→ fuzzy relation equations constraint, Inform. Sci. 271 (2014)

159–178.
[42] C.-C. Liu, Y.-Y. Lur, Y.-K. Wu, Linear optimization of bipolar fuzzy relational equations with max-Łukasiewicz composition, Inform. Sci. 360

(Supplement C) (2016) 149–162.
[43] J. Zhou, Y. Yu, Y. Liu, Y. Zhang, Solving nonlinear optimization problems with bipolar fuzzy relational equation constraints, J. Inequal. Appl. 2016 (1)

(2016) 126.
[44] P. Li, Q. Jin, On the resolution of bipolar max–min equations, Kybernetika 52 (4) (2016) 514–530.
[45] C.-C. Liu, Y.-Y. Lur, Y.-K. Wu, Some properties of bipolar max–min fuzzy relational equations, in: Proceedings of the International MultiConference of

Engineers and Computer Scientists 2015, II, IMECS 2015, 2015.
[46] M. Cornejo, D. Lobo, J. Medina, Bipolar fuzzy relation equations based on product t-norm, in: Proceedings of the 9th European Symposium on

Computational Intelligence and Mathematics, ESCIM 2017, 2017.
[47] B. Schweizer, A. Sklar, Probabilistic Metric Spaces, North Holland, New York, 1983, Reprinted, Dover, Mineola NY, 2005.
[48] A.N. Š.erstnev, Random normed spaces: Problems of completeness, Kazan Gos. Univ. Učen. Zap. 122 (1962) 3–20.
[49] J. Fodor, M. Roubens, Fuzzy Preference Modelling and Multicriteria Decision Support, in: Theory and Decision Library, vol. 14, Springer, Netherlands,

1994.
[50] M. Grabisch, H.T. Nguyen, Fundamentals of Uncertainty Calculi with Applications to Fuzzy Inference, Kluwer Academic Publishers, Norwell, MA, USA,

1994.
[51] R.B. Nelsen, An Introduction to Copulas, in: Springer Series in Statistics, vol. 139, Springer Netherlands, 1999.
[52] C. Alsina, E. Trillas, L. Valverde, On some logical connectives for fuzzy sets theory, J. Math. Anal. Appl. 93 (1983) 15–26.
[53] R.R. Yager, An approach to inference in approximate reasoning, J. Man-Mach. Stud. 13 (3) (1980) 323–338.
[54] E.P. Klement, R. Mesiar, E. Pap, Triangular norms, position paper i: basic analytical and algebraic properties, Fuzzy Sets and Systems 143 (1) (2004)

5–26.
[55] E. Klement, R. Mesiar, E. Pap, Triangular Norms, Kluwer Academic, 2000.
[56] H.T. Nguyen, E. Walker, A First Course in Fuzzy Logic, third ed., Chapman & Hall, Boca Ratón, Florida, 2006.
[57] B. Schweizer, A. Sklar, Associative functions and abstract semigroups, Publ. Math. Debrecen 10 (1963) 69–81.
[58] M.E. Cornejo, J. Medina, E. Ramírez-Poussa, Adjoint negations, more than residuated negations, Inform. Sci. 345 (2016) 355–371.
[59] B. Bolzano, Rein analytischer Beweis des Lehrsatzes dass zwischen je zweyWerthen, die ein entgegengesetztes Resultat gewaehren, wenigstens eine

reele Wurzel der Gleichung liege. Prague, 1817.
[60] S. Russ, A translation of Bolzano’s paper on the intermediate value theorem, Historia Math. 7 (2) (1980) 156–185.

http://refhub.elsevier.com/S0377-0427(18)30701-5/sb21
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb21
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb21
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb22
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb22
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb22
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb23
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb23
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb23
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb24
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb24
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb24
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb25
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb25
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb25
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb26
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb26
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb26
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb27
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb28
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb29
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb30
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb30
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb30
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb32
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb32
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb32
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb33
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb33
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb33
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb34
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb34
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb34
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb35
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb35
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb35
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb36
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb36
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb36
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb37
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb37
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb37
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb38
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb38
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb38
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb39
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb39
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb39
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb40
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb41
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb41
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb41
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb42
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb42
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb42
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb43
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb43
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb43
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb44
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb47
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb48
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb49
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb49
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb49
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb50
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb50
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb50
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb51
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb52
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb53
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb54
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb54
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb54
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb55
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb56
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb57
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb58
http://refhub.elsevier.com/S0377-0427(18)30701-5/sb60

	On the solvability of bipolar max-product fuzzy relation equations with the product negation
	Introduction
	Preliminary notions
	Bipolar max-product FREs with the product negation
	Solving bipolar max-product FREs with one unknown variable
	Solving bipolar max-product FREs with different unknown variables
	Computing maximal and minimal solutions

	Solving bipolar max-product FRE systems

	Conclusions and future work
	References


