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Abstract

Multi-adjoint logic programming is a general framework with interesting fea-
tures, which involves other positive logic programming frameworks such as
monotonic and residuated logic programming, generalized annotated logic
programs, fuzzy logic programming and possibilistic logic programming.

One of the most interesting extensions of this framework is the possibility
of considering a negation operator in the logic programs, which will improve
its flexibility and the range of real applications.

This paper introduces multi-adjoint normal logic programming, which
is an extension of multi-adjoint logic programming including a negation
operator in the underlying lattice. Beside the introduction of the syntax
and semantics of this paradigm, we will provide sufficient conditions for the
existence of stable models defined on a convex compact set of an euclidean
space. Finally, we will consider a particular algebraic structure in which
sufficient conditions can be given in order to ensure the unicity of stable
models of multi-adjoint normal logic programs.

Keywords: Multi-adjoint logic programs, negation operator, stable
models.

1. Introduction

Syntax and semantics are two noticeably different parts in any theory of
logic programming. On the one hand, the syntax describes the symbols and
formulas chosen to represent formally statements that can be considered.
On the other hand, the semantics gives meaning to the considered state-
ments from its syntactic structure, and establishes an inference system to
obtain which deductions and/or consequences are correct. In this paper, we
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will regard a specific type of structure called multi-adjoint logic programs.
Multi-adjoint logic programming was introduced as a generalization of dif-
ferent non-classical logic programming frameworks in [33]. The main feature
of this logical theory is based on the use of several implications in the rules
of a same logic program, as well as general operators defined on complete
lattices in the bodies of the rules. An interesting property of multi-adjoint
logic programs is related to the existence of the least model. This fact allows
us to check whether a statement is a consequence by using a simple evalua-
tion. However, the existence of the least model cannot be guaranteed when
we consider multi-adjoint logic programs enriched with a negation operator.
Different semantics have been developed for logic programs with negation
such as the well-founded semantics [46], the stable models semantics [16]
and the answer sets semantics [18]. This work will focus on the study of
the existence and the unicity of stable models for multi-adjoint normal logic
programs. In some logical approaches, sufficient conditions have been stated
in order to ensure the existence of stable models:

• In the 3-valued Kleene logic, every logic program with negation has
stable models [39].

• In normal residuated logic programming, stable models exist for ev-
ery normal logic program whose underlying residuated lattice has an
appropriate bilattice structure [15, 25, 40, 41, 42].

• Another important survey on stable models in normal residuated logic
programs on [0, 1] was presented in [29], where it was proven that the
continuity of the connectives appearing in the program guarantees the
existence of stable models. In addition, the uniqueness of stable mod-
els is obtained when the product t-norm, its residuated implication,
and the standard negation are considered.

The contribution of this paper consists in applying the philosophy of
the multi-adjoint paradigm [8, 33] in order to develop a more general and
flexible mathematical theory than the previous ones. Hence, we will present
the syntax and semantics of the multi-adjoint normal logic programming
framework and sufficient conditions to ensure:

1. the existence of stable models for multi-adjoint normal logic programs
defined on any convex compact set of an euclidean space; and

2. the unicity of stable models for multi-adjoint normal logic programs
defined on the set of subintervals C([0, 1]).
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When these logic programs correspond to some search problem, the sta-
ble models coincide with its possible solutions. Therefore, these goals are
fundamental in order to know whether the program is related to a solvable
problem and, in that case, whether only one solution exists. The character-
ization of programs with a unique solution and a deterministic procedure
to obtain that solution is also important, since the solvability of this kind
of programs will be at once.

These properties on the existence and uniqueness of stable models in
multi-adjoint normal logic programming will be useful in other logic pro-
gramming frameworks in which a negation operator is needed. Since mono-
tonic and residuated logic programming [13, 12], fuzzy logic programming [47]
and possibilistic logic programming [14] are particular cases of the multi-
adjoint logic programming framework, we can straightforwardly apply the
results given in this paper to their normal extensions (that is, when a nega-
tion operator is used).

Moreover, these results can be also applied to other frameworks with
a different syntax, such as to generalized annotated logic programs [20].
This logic was related to the fuzzy logic programming introduced by Vojtás
in [22], and so we can translate the results given in this paper to a new nor-
mal generalized annotated logic programming in which a negation operator
is considered.

This paper is organized as follows: Section 2 includes a brief summary
with concepts and results corresponding to the multi-adjoint logic program-
ming framework and the algebraic topology. Section 3 presents the multi-
adjoint normal logic programs as well as interesting properties of the im-
mediate consequence operator and of the stable models. These properties
allow to recognize which are the problems we have to solve in order to de-
fine the syntax and the semantics of multi-adjoint normal logic programs.
A detailed study about the existence and the unicity of stable models in
these programs is introduced in Section 4. Some conclusions and prospects
for future work are included in Section 5.

2. Preliminaries

This section recalls some notions and results related to the propositional
language used in multi-adjoint logic programming, which is composed of
two important parts: the syntax and the semantics. Later, the definition of
program in this general logic programming framework is included. Finally,
some topological definitions and fix-point theorems will be introduced.
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2.1. Syntax of the propositional language

The syntax of the propositional language of multi-adjoint logic program-
ming is based on the concepts of alphabet and expressions of the language.
These concepts require the use of some definitions of universal algebra as it
is shown below.

Definition 1. A graded set is a set Ω with a function which assigns to
each element ω ∈ Ω a number n ≥ 0 called the arity of ω. The set Ωn will
denote the set of elements with arity n in Ω.

Considering a graded set, the notions of algebraic structure and sub-
structure of an algebraic structure are generalized by means of the following
definitions.

Definition 2. Given a graded set Ω, an Ω-algebra is a pair A = 〈A, I〉
where A is a non-empty set called the carrier, and I is a function which
assigns maps to the elements of Ω as follows:

1. Each element ω ∈ Ωn, n > 0, is interpreted as a map I(ω) : An → A,
denoted by ωA.

2. Each element c ∈ Ω0 (c is a constant) is interpreted as an element I(c)
in A, denoted by cA.

Definition 3. Given an Ω-algebra A = 〈A, I〉, an Ω-subalgebra B is a pair
〈B, J〉, such that B ⊆ A and

1. J(c) = I(c) for all c ∈ Ω0.

2. Given ω ∈ Ωn, then J(ω) : Bn → B is the restriction of I(ω) : An → A.

Now, we introduce the notion of alphabet of a language, that is, the set
of symbols from which expressions can be formed.

Definition 4. Let Ω be a graded set, Π a countable infinite set and L a
set of truth-values. The alphabet AΩ,Π]L associated with Ω and Π ] L is
defined by the disjoint union Ω] (Π]L)]S, where S is the set of auxiliary
symbols “(”, “)” and “,”.

From the set of operators Ω and the symbols of Π ] L, the algebra of
expressions is defined as follows.
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Definition 5. Given a graded set Ω and an alphabet AΩ,Π]L. The Ω-
algebra E = 〈A∗Ω,Π]L, I〉 of expressions is defined as follows:

1. The carrier A∗Ω,Π]L is the set of strings over AΩ,Π]L.
2. The interpretation function I satisfies the following conditions for

strings a1, . . . , an in A∗Ω,Π]L:

• cE = c, where c is a constant operation (c ∈ Ω0).

• ωE(a1) = ω a1, where ω is an unary operation (ω ∈ Ω1).

• ωE(a1, a2) = (a1ω a2), where ω is a binary operation (ω ∈ Ω2).

• ωE(a1, . . . , an) = ω(a1, . . . , an), where ω is a n-ary operation (ω ∈
Ωn) and n > 2.

It is important to note that an expression does not need to be a well-
formed formula, that is, an expression is only a string of letters of the
alphabet. Indeed, the well-formed formulas is the subset of expressions
defined as the next definition shows.

Definition 6. Let Ω be a graded set, Π a countable set of propositional
symbols, L a set of truth-values and E the algebra of expressions correspond-
ing to the alphabet AΩ,Π]L. The well-formed formulas (in short, formulas)
generated by Ω over Π ] L is the least subalgebra F of the algebra of ex-
pressions E containing Π ] L.

2.2. Semantics of the propositional language

In this section, we will consider a graded set Ω, a set of propositional
symbols Π, the corresponding Ω-algebra of well-formed formulas F and an
arbitrary Ω-algebra U whose carrier is A. The notion of interpretation plays
a fundamental role in the semantics of the propositional language of multi-
adjoint logic programming.

Definition 7. A mapping I : Π→ A which assigns to every propositional
symbol appearing in Π an element of A is called A-interpretation. The set
of all A-interpretations with respect to the Ω-algebra U is denoted by IU.

If (L,�) is a complete lattice where L is the carrier of an Ω-algebra L
then the ordering � can be extended to the set of interpretations as follows:

I1 v I2 if and only if I1(p) � I2(p), for all p ∈ Π and I1, I2 ∈ IL.

The new ordering v defined on the set of interpretations inherits some
properties of the ordering � defined on the lattice, as the next proposition
shows.
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Proposition 8 ([33]). If (L,�) is a complete lattice, then (IL,v) is a
complete lattice where the least interpretation ∆ applies every propositional
symbol to the bottom element of L, and the greatest interpretation ∇ applies
every propositional symbol to the top element of L.

A similar result with respect to the convexity and the compactness of
the set of interpretations will be proved in Section 4.1, which is focused on
the study of the existence of stable models.

2.3. Multi-adjoint logic programs

The multi-adjoint framework arises as a generalization of several non-
classical logic programming settings whose semantic structure is the multi-
adjoint lattice [9, 10, 33]. In order to recall this definition, we need to
introduce the concept of adjoint pair which was firstly presented in a logical
context by Pavelka [37].

Definition 9. Let (P,≤) be a partially ordered set and (& ,←) be a pair
of binary operations in P , such that

1. & is monotonic in both arguments.1

2. ← is monotonic in the first argument (the consequent) and decreasing
in the second argument (the antecedent).

3. For any x, y, z ∈ P , we have that x ≤ (y ← z) holds if and only if
(x& z) ≤ y holds.

Then we say that (& ,←) forms an adjoint pair in (P,≤).

Observe that, the monotonicity of the operators & and← is justified be-
cause they will be interpreted as generalized conjunctions and implications.
It is important to highlight that & does not need to be either commutative
or associative, and boundary conditions are not required. The last property
in the previous definition corresponds to the categorical adjointness.

As well as the properties given in Definition 9, we will need to assume
the existence of the bottom and top elements in the poset of truth-values,
and the existence of joins for every directed subset, that is, we will assume
a complete lattice.

The use of different implications and several modus ponens like infer-
ence rules to extend the theory developed in [13, 47] to a more general
environment gave rise to consider various adjoint pairs in the lattice.

1A monotonic operator is also called order-preserving operator or increasing mapping.
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Definition 10. The tuple (L,�,←1,&1, . . . ,←n,&n) is a multi-adjoint
lattice if the following properties are verified:

1. (L,�) is a bounded lattice, i.e. it has a bottom (⊥) and a top (>)
element;

2. (&i,←i) is an adjoint pair in (L,�), for i ∈ {1, . . . , n};
3. >&i ϑ = ϑ&i> = ϑ, for all ϑ ∈ L and i ∈ {1, . . . , n}.

The algebraic structure shown in the next definition increases the ex-
pressive power of the multi-adjoint lattice by using extra operators.

Definition 11. Let Ω be a graded set containing operators←i and &i for
i ∈ {1, . . . , n} and possibly some extra operators, and let L = (L, I) be an
Ω-algebra whose carrier set L is a lattice under �. We say that L is a multi-
adjoint Ω-algebra with respect to the pairs (&i,←i), with i ∈ {1, . . . , n}, if
(L,�, I(←1), I(&1), . . . , I(←n), I(&n)) is a multi-adjoint lattice.

From this structure, a multi-adjoint logic program is defined as a set of
rules and facts of a given language F.

Definition 12. Let (L,�,←1,&1, . . . ,←n,&n) be a multi-adjoint lattice.
A multi-adjoint logic program is a set of weighted rules 〈(A←i B);ϑ〉 such
that:

1. The rule (A←i B) is a formula of F;

2. The confidence factor ϑ is an element (a truth-value) of L;

3. The head of the rule A is a propositional symbol of Π.

4. The body formula B is a formula of F built from propositional sym-
bols B1, . . . , Bn (n ≥ 0) by the use of conjunctors &1, . . . ,&n and
∧1, . . . ,∧k, disjunctors ∨1, . . . ,∨l, aggregators @1, . . . ,@m and ele-
ments of L.

5. Facts are rules with body >.

Examples related to these preliminary notions can be found in [19, 31,
32, 33].

Note that, when the multi-adjoint lattice is enriched with a negation
operator, we can define a particular type of multi-adjoint logic program
called multi-adjoint normal logic program. Before presenting our study
about the syntax and semantics of this special kind of non-monotonic logic
program, we need to recall some topological notions and results.
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2.4. Some notions of algebraic topology

This section includes different notions and results of algebraic topology,
which will be used later. The definitions of compact set and convex set are
listed below.

Definition 13. Let (X,+, ∗,R) be an euclidean space. We say that A ⊆
X is:

• a compact set if it is closed and bounded in X.

• a convex set if t ∗ x+ (1− t) ∗ y ∈ A, for all x, y ∈ A and t ∈ [0, 1].

Finally, we present two theorems related to the fix-point theory. The
former is an extension of the Brouwer fix-point theorem, which is known as
Schauder fix-point theorem [23].

Theorem 14 (Schauder fix-point theorem). Let (X,+, ∗,R) be an eu-
clidean space and let K ⊆ X be a non-empty convex compact set. Every
continuous mapping f : K → K has a fix point.

Before introducing the Banach fix-point theorem [4], it is necessary to
show the definition of contractive mapping.

Definition 15. Let (X, d) be a complete metric space. We say that f : X →
X is a contractive mapping if there exists a real value 0 < λ < 1 such that:

d(f(x), f(y)) ≤ λ d(x, y)

for each x, y ∈ X. Any real value λ satisfying the previous inequality is
called Lipstchiz constant.

Theorem 16 (Banach fix-point theorem). Let (X, d) be a complete met-
ric space and let f : X → X be a contractive mapping in A ⊆ X. Then f
has a unique fix-point in A.

These previous concepts and results will play a crucial role in order to
define the semantics of multi-adjoint normal logic programs.
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3. On the syntax and semantics of multi-adjoint normal logic pro-
grams

As we mentioned above, we are interested in considering a multi-adjoint
lattice (L,�,←1,&1, . . . ,←n,&n), with a maximum > and a minimum ⊥
element, enriched with a negation operator. The considered negation will
be a decreasing mapping ¬ : L → L satisfying the equalities ¬(⊥) = >
and ¬(>) = ⊥. The notion of default negation is modeled by the previous
negation operator. The algebraic structure obtained from a multi-adjoint
lattice and a negation operator will be called a multi-adjoint normal lattice.

The formal definition of a multi-adjoint normal logic program is given
next.

Definition 17. A multi-adjoint normal logic program (MANLP) P, de-
fined on a multi-adjoint normal lattice (L,�,←1,&1, . . . ,←n,&n,¬), is a
finite set of weighted rules of the form:

〈p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn];ϑ〉

where i ∈ {1, . . . , n}, @ is an aggregator operator, ϑ is an element of L
and p, p1, . . . , pn are propositional symbols such that pj 6= pk, for all j, k ∈
{1, . . . , n}, with j 6= k.

Henceforth, we will use the notation ΠP to denote the set of propositional
symbols appearing in P. In addition, the rules of a MANLP will be denoted
as 〈p←i B;ϑ〉 where p is the head of the rule, B its body and ϑ its weight.

It is also convenient to mention that the whole set of rules that we
can build from the well-formed formulas generated by Ω over Π]L will be
denoted by RΠ]L. The set R+

Π]K will be formed by the rules of RΠ]K which
do not contain the negation operator.

In order to avoid confusion, we will use a special notation to differentiate
an operator symbol in Ω from its interpretation under L. Specifically, ω
will denote an operator symbol in Ω and

.
ω will denote the interpretation

of the previous operator symbol under L. In a similar way, the evaluation
of a formula A under an interpretation I will be denoted as Î(A), and
it proceeds inductively as usual, until all propositional symbols in A are
reached and evaluated under I. For instance, considering an interpretation
I ∈ IL and two formulas A,B ∈ F, the following equality holds:

Î(A&i B) = Î(A)
.
&i Î(B)
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Note that, every formulaA can be written as @[p1, . . . , pm,¬pm+1, . . . ,¬pn],
in which @ represents the composition of the monotonic operators in A
(which is an aggregation operator) and p1, . . . , pn the propositional symbols
appearing inA. In this case, the equality Î(@[p1, . . . , pm,¬pm+1, . . . ,¬pn]) =
.
@[I(p1), . . . , I(pm),¬I(pm+1), . . . ,¬I(pn)] is satisfied for any formula A =
@[p1, . . . , pm,¬pm+1, . . . ,¬pn] ∈ F.

Now, after introducing the syntactic structure of MANLPs and some
notational conventions, we will present the notions associated with the se-
mantics of MANLPs. We will start with the definitions of satisfaction and
model.

In a similar way to the semantics of multi-adjoint logic programs [33],
we say that an interpretation satisfies a rule of a multi-adjoint normal logic
program if the truth-value of the rule is greater or equal than the confidence
factor associated with the rule.

Definition 18. Given an interpretation I ∈ IL, we say that:

(1) A weighted rule 〈p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn];ϑ〉 is satisfied by
I if and only if ϑ � Î (p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn]).

(2) An interpretation I ∈ IL is a model of a MANLP P if and only if all
weighted rules in P are satisfied by I.

Example 19. Consider the multi-adjoint normal lattice

〈[0, 1],≤,←G,&G,←P ,&P ,¬〉

where &G and &P are the Gödel and product conjunctors, respectively,←G

and ←P are their corresponding adjoint implications and ¬(x) = 1− x, for
each x ∈ [0, 1].

Let ΠP = {p, q, r} be the set of propositional symbols and let us define
the following MANLP P valued in [0, 1] and consisting of two rules and one
fact.

r1 : 〈p←P q &G ¬r ; 0.7〉
r2 : 〈r ←G p&G q ; 0.2〉
r3 : 〈q ←P 1 ; 0.6〉

Let us prove that the interpretation I ≡ {(p, 0.5), (q, 0.7), (r, 0.4)} satis-
fies the rules of P.
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For r1 we obtain that

Î(p←P q &G ¬r) = I(p)
.←P Î

(
q &G ¬r

)
= I(p)

.←P

(
I(q)

.
&G

.¬ I(r)
)

= 0.5
.←P

(
0.7

.
&G

.¬ 0.4
)

= 0.5
.←P 0.6 =

0.5

0.6
= 0.83̂

Since the truth-value of r1 is 0.7, we have that 0.7 ≤ Î(p←P q &G ¬r), so
I satisfies rule r1.

Considering rule r2 we obtain that

Î(r ←G p&G q) = I(r)
.←G Î

(
p&G q

)
= I(r)

.←G

(
I(p)

.
&G I(q)

)
= 0.4

.←G

(
0.5

.
&G 0.7

)
= 0.4

.←G 0.5 = 0.4

As the weight of rule r2 is 0.2, we have that 0.2 ≤ Î(r ←G p&G q), hence
I satisfies r2.

Lastly, observe that rule r3 is a fact, then I satisfies r3 if and only if I(q)
is greater or equal than the weight of r3, which holds, since I(q) = 0.7 and
the weight of r3 is 0.6. Therefore, I satisfies the three rules in P and we can
conclude that it is a model of that program. �

The following section introduces the immediate consequence operator
and the fix-point semantics of MANLPs.

3.1. Immediate consequence operator

The first definition generalizes the usual notion of immediate conse-
quence operator for the flexible case of multi-adjoint normal logic programs.

Definition 20. Let P be a multi-adjoint normal logic program. The im-
mediate consequence operator is the mapping T L

P : IL → IL defined for every
L-interpretation I and p ∈ ΠP as

TP(I)(p) = sup{ϑ
.

&i Î(B) | 〈p←i B;ϑ〉 ∈ P}

The following proposition ensures that, given a MANLP, we can obtain
a partition of that program such that, for each propositional symbol p,
there exists at most one rule in P whose head is p in each element of the
partition. The interest of this result is that each part of the partition
could be considered as an independent program. Note that, if for each
propositional symbol p in a program P, there exists at most one rule in
P whose head is p, then the definition of TP can be simplified, since the
supremum operator can be removed from the definition.
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Proposition 21. Given a MANLP P, there exists a partition {Pγ}γ∈Γ of
the program P such that:

1. Pγ does not contain two rules with the same head, for all γ ∈ Γ.
2. the equality TP(I)(p) = sup{TPγ (I)(p) | γ ∈ Γ} holds.

Proof. For each rule rγ ∈ P, let us consider the MANLP with only one
rule Pγ = {rγ}. Then, the partition {Pγ}γ∈Γ satisfies the first condition.
Now, for each Pγ and interpretation I, the immediate consequence operator
is:

TPγ (I)(q) =

{
ϑ
.
&i Î(B) if q = p
⊥ otherwise

where 〈p←i B;ϑ〉 is the unique rule in Pγ. Thus,

TP(I)(p) = sup{ϑ
.
&i Î(B) | 〈p←i B;ϑ〉 ∈ P} = sup{TPγ (I)(p) | γ ∈ Γ}

�

This proposition will play a crucial role in the proof of the unicity result
of Section 4.

Another important property is that, if P is a positive multi-adjoint logic
program, that is the rules in P do not contain any negation, we can ensure
that its corresponding immediate consequence operator TP is monotonic.

Proposition 22 ([33]). If P is a positive multi-adjoint logic program, then
TP is monotonic.

This fact allows to characterize the models of a positive multi-adjoint
logic program by means of the postfix-points of TP.

Proposition 23 ([33]). Let P be a positive multi-adjoint logic program and
M be an L-interpretation. Then, M is a model of the program P if and only
if TP(M) �M .

Note that, when P is positive, then the Knaster-Tarski fix-point theo-
rem [44] ensures that TP has a least fix-point. As a consequence, considering
the monotonicity of TP and the proposition above, we deduce that this least
fix-point is the least model of P [33].

However, the immediate consequence operator is not necessarily mono-
tonic in MANLPs. This fact implies that the existence of the least model
cannot be ensured. In order to define the semantics for multi-adjoint nor-
mal logic programs, we will use the well-known notion of stable model of a
program [16, 26].
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3.2. Stable models

The notion of stable model of a normal program is related to the minimal
models of a monotonic logic program obtained from the original one. Hence,
first of all, we need to introduce a mechanism in order to obtain a positive
multi-adjoint logic program from a MANLP.

Given a multi-adjoint normal logic program P and an L-interpretation
I, we will build a positive multi-adjoint program PI by substituting each
rule in P such as

〈p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn];ϑ〉

by the rule
〈p←i @I [p1, . . . , pm];ϑ〉

where the operator
.
@I : Lm → L is defined as

.
@I [ϑ1, . . . , ϑm]=

.
@[ϑ1, . . . , ϑm,

.¬ I(pm+1), . . . ,
.¬ I(pn)]

for all ϑ1, . . . , ϑm ∈ L. The program PI will be called the reduct of P with
respect to the interpretation I and the rules of the program PI will be
denoted as 〈p←i BI ;ϑ〉.

Then, we say that I is a stable model of P if and only if I is a minimal
model of the reduct PI .

Now, we can present the definition of stable model of a MANLP.

Definition 24. Given a MANLP P and an L-interpretation I, we say that
I is a stable model of P if and only if I is a minimal model of PI .

Indeed, each stable model of a MANLP P is a minimal model of P as
the next result shows.

Proposition 25. Any stable model of a MANLP P is a minimal model
of P.

Proof. Let I be a stable model of P. By definition, I is a minimal model
of the program PI . We will prove by reductio ad absurdum that I is a
minimal model of P.

Suppose that there exists an interpretation J such that it is a model of
P and J @ I. That is, J(p) ≺ I(p) for each p ∈ ΠP. If we prove that J is
a model of PI , we will obtain a contradiction, since I is the minimal model
of PI .

13



As J is a model of P, for each rule in P of the form

〈p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn];ϑ〉

we obtain that

ϑ � Ĵ(p←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn])

That is,

ϑ � J(p)
.←i

.
@[J(p1), . . . , J(pm),

.¬ J(pm+1), . . . ,
.¬ J(pn)]

Because the operator ¬ is decreasing, we obtain that
.¬ I(pk) ≺

.¬ J(pk) for

all k ∈ {m+ 1, . . . , n}. Hence, since
.
@ is monotonic, we can ensure that

.
@[J(p1), . . . , J(pm),

.¬I(pm+1), . . . ,
.¬I(pn)] ≺

.
@[J(p1), . . . , J(pm), ,

.¬J(pm+1), . . . ,
.¬J(pn)]

Finally, as the operator←i is decreasing in the antecedent, we can conclude
that

ϑ � J(p)
.←i

.
@[J(p1), . . . , J(pm),

.¬ J(pm+1), . . . ,
.¬ J(pn)]

� J(p)
.←i

.
@[J(p1), . . . , J(pm),

.¬ I(pm+1), . . . ,
.¬ I(pn)]

= J(p)
.←i

.
@I [J(p1), . . . , J(pm)]

so J is a model of PI , which contradicts the hypothesis. �

The following proposition introduces an important feature of stable mod-
els.

Proposition 26. Any stable model of a MANLP P is a minimal fix-point
of TP.

Proof. We will prove that the immediate consequence operator of a MANLP
P coincides with the immediate consequence operator of the positive multi-
adjoint logic program PI , for any L-interpretation I.

Given a rule 〈p ←i @[p1, . . . , pm,¬pm+1, . . . ,¬pn];ϑ〉 in P, for each L-
interpretation I, we obtain the following chain of equalities:

ϑ
.

&i Î(@[p1, . . . , pm,¬pm+1, . . . ,¬pn])} = ϑ
.

&i

.
@[I(p1), . . . , I(pm),

.¬ I(pm+1), . . . ,
.¬ I(pn)]

= ϑ
.

&i

.
@I [I(p1), . . . , I(pm)]

= ϑ
.

&i Î(@I [p1, . . . , pm])
14



where 〈p ←i @I [p1, . . . , pm];ϑ〉 is a rule in PI . Applying the supremum in
both sides of the previous equality, we have that:

TP(I)(p) = sup{ϑ
.

&i Î(B) | 〈p←i B;ϑ〉 ∈ P}
= sup{ϑ

.
&i Î(BI) | 〈p←i BI ;ϑ〉 ∈ PI} = TPI (I)(p)

for all L-interpretation I.
Now, we will consider a stable model M of P, which is a minimal model

of the positive multi-adjoint program PM , by Definition 24. Taking into
account Proposition 22 and Knaster-Tarski’s fix-point theorem, we can as-
sert that M is a fix-point of TPM . As the equality TP = TPM holds, we can
conclude that M = TPM (M) = TP(M) and therefore M is a fix-point of TP.

It only remains to demonstrate the minimality of M . Let us assume
a fix-point N of TP satisfying that N � M . Then, by Proposition 23, we
obtain that N is a model of P. Moreover, by Proposition 25, we have that
each stable model of P is a minimal model of P. Therefore, we conclude
that N = M . �

In general, the counterpart of Proposition 26 is not true because the TP
operator is not necessarily monotonic.

4. On the existence and unicity of stable models

Interesting results about the existence and unicity of stable models for
normal residuated logic programs were presented in [7] and [29]. The aim
of this section is to study which conditions are required in order to:

1. generalize the existence of stable models for MANLPs defined on any
convex compact set of an euclidean space; and

2. ensure the uniqueness of a stable model for a MANLP defined on the
set of subintervals of [0, 1] × [0, 1], which is denoted as C([0, 1]) =
{[x, y] ∈ [0, 1] × [0, 1] | x ≤ y}, together with the ordering relation
≤ defined as [a, b] ≤ [c, d] if and only if a ≤ c and b ≤ d, for all
[a, b], [c, d] ∈ C([0, 1]).

4.1. Existence of stable models in convex compact sets

First of all, we will prove some properties of the set of interpretations.
Given a finite multi-adjoint normal logic program P defined on K, the set
of interpretations IK, together with the ordering relation defined in Sec-
tion 2.2, verifies some properties of the underlying lattice. For example,

15



by Proposition 8, we can ensure that (IK,v) is a complete lattice. Note
that, each K-interpretation can be seen as an element of Kn, where n is the
cardinal of ΠP. As a consequence, the set of K-interpretations inherits the
properties of K by means of the cartesian product.

In what follows, we will demonstrate that the whole set of interpretations
of a MANLP defined on a lattice with convex (closed, respectively) carrier
is a convex (compact, respectively) set.

Proposition 27. Let P be a MANLP defined on a multi-adjoint normal
lattice (K,�,←1,&1, . . . ,←n,&n,¬) where K is a convex (closed, resp.)
set of an euclidean space X. Then the set of K-interpretations of P is a
convex (compact, resp.) set in the set of mappings defined on X.

Proof. Given the euclidean space of functions from ΠP to K with the
ordering relation v defined on the set of K-interpretations, and two K-
interpretations I, J ∈ IK, we will demonstrate that tI + (1 − t)J ∈ IK,
for all t ∈ [0, 1]. Since I(p), J(p) ∈ K, for all p ∈ ΠP, we obtain that
tI(p) + (1− t)J(p) ∈ K, and therefore tI + (1− t)J ∈ IK, for all t ∈ [0, 1].
As a consequence, we conclude that IK is a convex set.

In order to prove that IK is a compact set, we need to demonstrate that
the set of K-interpretations of P is bounded and closed. Since (K,�) is a
bounded lattice, with bottom and top elements ⊥ and >, respectively, we
can define the constant bottom and top interpretation I⊥ and I>. Taking
into account the ordering relation defined on the set of interpretations, we
obtain that I⊥ v I v I>, for all K-interpretation I. Therefore, IK is a
bounded set. On the other hand, we can ensure that IK is also closed since
each K-interpretation can be seen as an element of Kn, where n is the
cardinal of ΠP, and the cartesian product of closed sets is closed. �

Notice that, if K is closed then it is a compact set, since we are consid-
ering a multi-adjoint normal lattice. Hence, from now on, in order to not
create confusion we will write compact instead of closed.

Now, we will show the considered mathematical reasoning to demon-
strate the theorem related to the existence of stable models in MANLPs.
Our purpose is to prove the continuity of the operator R defined by R(I) =
lfp(TPI ), where lfp(TPI ) is the least fix-point of the operator TPI , for a given
fuzzy K-interpretation I where K is a convex compact set. This fact allows
us to apply Theorem 14 and therefore, we can guarantee that an interpre-
tation I exists such that it is the least fix-point of TPI . Furthermore, this

16



fix-point I is the least model of the positive multi-adjoint logic program PI .
Therefore, we can ensure that I is a stable model of P.

In order to reach this purpose, it will be fundamental to require the
continuity of the conjunction connectives, the negation operator and the
aggregator operators appearing in the body of the rules of MANLPs.

Theorem 28. Let (K,�,←1,&1, . . . ,←n,&n,¬) be a multi-adjoint normal
lattice where K is a non-empty convex compact set in an euclidean space
and P be a finite MANLP defined on this lattice. If &1, . . . ,&n, ¬ and the
aggregator operators in the body of the rules of P are continuous operators,
then P has at least a stable model.

Proof. Given a MANLP P and a K-interpretation I, the operator R(I) =
lfp(TPI ) can be expressed as a composition of the operators F1(I) = PI and
F2(P) = lfp(TP).

Note that F1 is a mapping from the set ofK-interpretations to (R+
Π]K)k =

R+
Π]K× k). . . ×R+

Π]K , where k is the number of rules in P. For each K-
interpretation I, we obtain:

F1(I)=(p1←j1@
1
I [p

1
1, . . . , p

1
m], . . . , pk←jk@

k
I [p

k
1, . . . , p

k
m])

where ji ∈ {1, . . . , n}, with i ∈ {1, . . . , k}. Hence, F1 is a continuous
mapping if and only if each component of F1 is continuous. But this is
trivial since @i

I are continuous operators, by hypothesis.
On the other hand, F2 is a mapping from (R+

Π]K)k to the set of K-
interpretations. Since every operator used in the computation of TP is con-
tinuous, we can ensure that the immediate consequence operator is continu-
ous. In addition, taking into account Proposition 5.4 in [24], we can obtain
the least fix-point of TP by iterating ω times the inmediate consequence
operator from the bottom interpretation. Hence, F2 is a continuos operator
since it is a numerable composition of continuous operators.

Consequently, R(I) = lfp(TPI ) is continuous because it is composition
of two continuous operators. Applying Theorem 14 to the operator R, we
conclude that R has a fix-point. Moreover, this fix-point coincides with the
least model of PI since it is a positive multi-adjoint logic program and we
can apply Proposition 23. Thus, it is a stable model of P. �

The following examples illustrate the result obtained in Theorem 28.
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Example 29. Consider the euclidean space (X,⊕,⊗,R) where X is the
space of triangular functions defined by:

fn(z) =


10(z − n) + 1 if n− 0.1 ≤ z ≤ n
10(n− z) + 1 if n ≤ z < n+ 0.1
0 otherwise

with n ∈ R. The operations ⊕,⊗ : X → X are defined as fn ⊕ fm = fn+m

and k ⊗ fn = fk·n, respectively, where n,m, k ∈ R.
Now, we will consider the set of functions K = {fx | x ∈ [0, 1]} together

with the following ordering relation: fn ≤ fm if and only if n ≤ m, for all
n,m ∈ R.

In order to see that K is a convex set, for all fx, fy ∈ K and t ∈ [0, 1], we
will prove that t⊗fx⊕ (1− t)⊗fy ∈ K, which is equivalent to demonstrate
that ft·x+(1−t)·y ∈ K. Clearly, t · x + (1 − t) · y ∈ [0, 1] since x, y, t ∈ [0, 1].
Therefore, we obtain that ft·x+(1−t)·y ∈ K and consequently K is convex.

From the ordering relation defined previously, we can assert that K is a
bounded set because fx ≤ f1, for all fx ∈ K. Furthermore, K is a closed
set since the boundary of K is contained by it, that is, {f0, f1} ⊆ K.

Hence, we can conclude that K is a convex compact set in X. Therefore,
Theorem 28 ensures that every multi-adjoint normal logic program P defined
on the multi-adjoint normal lattice (K,≤,←1,&1, . . . ,←n,&n,¬), where
the conjunctors, the negation and the aggregator operators in the body of
the rules of P are continuous, has at least a stable model. �

Analogously, we can consider the functions fn with any width different
from 0.1. This kind of functions are interpreted as fuzzy numbers. A similar
example can be obtained when we consider the set of functions fx where x
is an element of an arbitrary convex compact set.

The following example considers another algebraic structure with a more
general family of triangular functions.

Example 30. Let (X,⊕,⊗,R) be an euclidean space such that X is com-
posed of the triangular functions fa1,a2,a3 defined as follows:

fa1,a2,a3(z) =


z−a1
a2−a1 if a1 ≤ z ≤ a2
a3−z
a3−a2 if a2 ≤ z ≤ a3

0 otherwise
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where a1, a2, a3 ∈ R. For all ai, bi, k ∈ R with i ∈ {1, 2, 3}, we define the
operations ⊕,⊗ : X → X as:

fa1,a2,a3 ⊕ fb1,b2,b3 = fa1+b1,a2+b2,a3+b3

k ⊗ fa1,a2,a3 = fk·a1,k·a2,k·a3

which clearly are well defined. Following an analogous reasoning to the
previous example and considering the ordering relation fx1,x2,x3 ≤ fy1,y2,y3 if
and only if x1 ≤ y1, x2 ≤ y2 and x3 ≤ y3, we can ensure that K = {fx1,x2,x3 |
x1, x2, x3 ∈ [0, 1]} is a convex compact set. Once again, we can assert that
every multi-adjoint normal logic program defined on (K,≤,←1,&1, . . . ,←n

,&n,¬), such that &1, . . . ,&n,¬ and the aggregator operators in the body
of the rules of P are continuous operators, has at least a stable model. �

As usual, the existence theorem does not ensure the uniqueness of stable
models, as we will show next.

Example 31. We will consider the following MANLP P, defined on the
multi-adjoint normal lattice 〈[0, 1],≤,←G,&G,←P ,&P ,¬〉, with five rules
and one fact.

r1 : 〈p←G ¬t ; 0.6〉 r4 : 〈t←P s ; 1〉
r2 : 〈q ←P ¬s ; 0.8〉 r5 : 〈s←P 1 ; 0.5〉
r3 : 〈p←P q &P s ; 0.9〉 r6 : 〈t←G ¬q &G ¬p ; 0.7〉

Notice that, the set of propositional symbols is given by ΠP = {p, q, s, t}
and the operators included in the multi-adjoint normal lattice are the Gödel
and product conjunctors, &G and &P , together with their corresponding
adjoint implications, ←G and←P . The considered negation operator is the
standard negation defined as ¬(x) = 1− x, for each x ∈ [0, 1].

Clearly, [0, 1] is a convex compact set and the operators in the body
of the rules of P are continuous. Therefore, applying Theorem 28, we can
guarantee that the multi-adjoint normal logic program P defined on the
multi-adjoint normal lattice 〈[0, 1],≤,←G,&G,←P ,&P ,¬〉 has at least a
stable model. In the following, we will compute two different stable models.

From the interpretation M ≡ {(p, 0.4), (q, 0.4), (s, 0.5), (t, 0.6)}, we can
define the corresponding reduct PM as follows:

rM1 : 〈p←G 0.4 ; 0.6〉 rM4 : 〈t←P s ; 1〉
rM2 : 〈q ←P 0.5 ; 0.8〉 rM5 : 〈s←P 1 ; 0.5〉
rM3 : 〈p←P q &P s ; 0.9〉 rM6 : 〈t←G 0.6 ; 0.7〉
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First of all, we compute the least model of the program PM . For that,
since PM is a positive program, we iterate the TPM operator from the mini-
mum interpretation I⊥.

p q s t

I⊥ 0 0 0 0
TPM (I⊥) 0.4 0.4 0.5 0.6

T 2
PM (I⊥) 0.4 0.4 0.5 0.6

Consequently, since TPM (I⊥) = M and it is the least fix-point of TPM ,
M is the least model of the reduct PM , which allows us to ensure that M
is a stable model of the program P.

Now, we will show that M is not the unique stable model of P. Let
M ′ be the interpretation given by M ′ ≡ {(p, 0.5), (q, 0.4), (s, 0.5), (t, 0.5)}
Then, the corresponding reduct PM ′ is defined as:

rM
′

1 : 〈p←G 0.5 ; 0.6〉 rM
′

4 : 〈t←P s ; 1〉
rM
′

2 : 〈q ←P 0.5 ; 0.8〉 rM
′

5 : 〈s←P 1 ; 0.5〉
rM
′

3 : 〈p←P q &P s ; 0.9〉 rM
′

6 : 〈t←G 0.5 ; 0.7〉

By an analogous reasoning to that given for the least model of the reduct
PM , it can be easily proved that M ′ is the least model of PM ′ . Therefore,
M ′ is also a stable model of the program P. �

Hence, ensuring the existence of a unique stable model is an important
challenge. For example, when the logic program is associated with a search
problem, if the stable model is unique, then the problem is solvable and
it has a unique solution, which determines the optimal information we can
obtain from the knowledge system. Therefore, studying sufficient condi-
tions in order to ensure the uniqueness is an important goal, which will be
developed in the next section.

4.2. Unicity of stable models in MANLPs defined on C([0, 1])

As we argued above and in the introduction section, the characterization
of programs with a unique stable model is important. This section will
consider a special algebraic structure and sufficient conditions from which
we can ensure the unicity of stable models for multi-adjoint normal logic
programs defined on the set of subintervals of [0, 1]× [0, 1], which is denoted
by C([0, 1]).

In the following, we will present the particular operators which are con-
sidered in the programs.
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Definition 32. Given α, β, γ, δ ∈ N such that β ≤ α and δ ≤ γ, the
operator &

αγ
βδ : C([0, 1])2 → C([0, 1]) defined as:

&
αγ
βδ ([a, b], [c, d]) = [ aα ∗ cγ, bβ ∗ dδ ]

with a, b, c, d ∈ R and ∗ being the usual product among real numbers, will be
called exponential interval product with respect to α, β, γ and δ (ei-product,
in short).

Note that every ei-product with respect to four natural numbers α, β, γ
and δ is well defined, since these values satisfy that β ≤ α and δ ≤ γ.

In [30], different properties of these operators were introduced. In partic-
ular, the existence of the residuated implication ←αγ

βδ was proved (see [30,
Theorem 1] for more details). Hence, we have that (&

αγ
βδ ,←

αγ
βδ ) forms an

adjoint pair and so, they can be used in any multi-adjoint normal logic
program.

An extension on C([0, 1]) of the standard negation will be the negation
operator that we will consider in the programs. Specifically, this operator
¬ : C([0, 1]) → C([0, 1]) will be defined as ¬[a, b] = [1 − b, 1 − a] for all
[a, b] ∈ C([0, 1]), which is clearly decreasing and satisfies ¬[0, 0] = [1, 1] and
¬[1, 1] = [0, 0].

Before presenting the results associated with the unicity of stable models,
we will take into consideration the following remarks. Due to the relation
between C([0, 1]) and [0, 1]× [0, 1], we can introduce the inclusion mapping
ι : C([0, 1]) → [0, 1] × [0, 1], defined as ι([a, b]) = (a, b). This mapping can
easily be extended to tuples as follows, ι : C([0, 1])n → [0, 1]n×[0, 1]n, defined
by ι([a1, b1], . . . , [an, bn]) = (a1, . . . , an, b1, . . . , bn).

On the other hand, given the propositional symbols p1, . . . , pn appearing
in P, we can express each C([0, 1])-interpretation I as a tuple (I(p1),. . ., I(pn))
which belongs to (C([0, 1]))n. Therefore, the mapping ι can be defined on the
set of C([0, 1])-interpretations and the image of each C([0, 1])-interpretation
will be a n-tuple, which will be denoted with a bar, that is, given a C([0, 1])-
interpretation I, we will write ι(I) = Ī.

For example, given Π = {p, q, s} and the C([0, 1])-interpretation I : Π→
C([0, 1]), defined as I(p) = [0.1, 0.4], I(q) = [0, 0], and I(s) = [0.7, 0.9], if we
consider the alphabetical ordering among the propositional symbols, I can
be written as the tuple Ī = ([0.1, 0.4], [0, 0], [0.7, 0.9]).

Moreover, TP can be considered as a real function from C([0, 1])n to
C([0, 1])n since it assigns C([0, 1])-interpretations to C([0, 1])-interpretations.

21



Hence, we will write TP(I)(pi) = (TP)i(I) in order to express the value
of TP(I) for each propositional symbol pi and we also have (TP)i(I) =
[(TP)1

i (I), (TP)2
i (I)] since (TP)i(I) ∈ C([0, 1]). Considering the mapping ι, we

can write the n-tuple ([a1, b1], . . . , [an, bn]) in C([0, 1])n as (a1, . . . , an, b1, . . . , bn).
This fact allows us to define the mapping TP : ι(IL) → [0, 1]n × [0, 1]n as
TP(ι(I)) = ι(TP(I)), for each I ∈ IL. Notice that ι(IL) = {ι(I) | I ∈
C([0, 1])n}.

Taking into account these previous considerations, we will introduce a
lemma required to prove the uniqueness of the stable models for multi-
adjoint normal programs defined on C([0, 1]) by using the extension of the
standard negation defined above and a family of adjoint pairs formed by
different ei-products together with their corresponding residuated implica-
tions.

Lemma 33. Let P be a MANLP defined on a multi-adjoint normal lattice
(C([0, 1]),≤,←α1γ1

β1δ1
,&

α1γ1
β1δ1

, . . . ,←αmγm
βmδm

,&
αmγm
βmδm

,¬) such that at most one rule
with head p appears in P and the only possible operators in the body of the
rules2 are &

αγ
βδ with α = β = γ = δ = 1. If I = [I1, I2] and J = [J1, J2] are

two C([0, 1])-interpretations, such that J v I, then:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤ α

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)2
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤ β

where

α =
h∑
j=1

(ϑ1)αw · γw · I1(qj)
γw−1 · (I1(q1) · · · I1(qj−1) · I1(qj+1) · · · I1(qh))

γw

+ (ϑ1)αw · γw · (k − h)(I1(q1) · · · I1(qh))
γw

β =
h∑
j=1

(ϑ2)βw · δw · I2(qj)
δw−1 · (I2(q1) · · · I2(qj−1) · I2(qj+1) · · · I2(qh))

δw

+ (ϑ2)βw · δw · (k − h)(I2(q1) · · · I2(qh))
δw

2Notice that the implications in the rules can be the residuated implications of any
general ei-product.
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and 〈pi ←αwγw
βwδw

q1 ∗ · · · ∗ qh ∗¬qh+1 ∗ · · · ∗¬qk; [ϑ1, ϑ2]〉, with w ∈ {1, . . . ,m},
is the unique rule in P with head pi.

Proof. Let us assume that only one rule in P with head pi exists, that is,
〈pi ←αwγw

βwδw
q1 ∗ · · · ∗ qh ∗ ¬qh+1 ∗ · · · ∗ ¬qk; [ϑ1, ϑ2]〉. Hence, we have that

(TP)i(I) is equal to:

[ϑ1, ϑ2]
.
&
αwγw

βwδw Î(q1 ∗ · · · ∗ qh ∗ ¬qh+1 ∗ · · · ∗ ¬qk)

Note that, by definition of the negation operator used here, we obtain that:

Î1(q1∗ · · · ∗qh ∗ ¬qh+1∗ · · · ∗¬qk) = I1(q1)∗ · · · ∗I1(qh)∗(1− I2(qh+1))∗ · · · ∗(1− I2(qk))

Î2(q1∗ · · · ∗qh ∗ ¬qh+1∗ · · · ∗¬qk) = I2(q1)∗ · · · ∗I2(qh)∗(1− I1(qh+1))∗ · · · ∗(1− I1(qk))

Therefore, considering each component of the immediate consequence op-
erator and Definition 32, we have that:

(TP)1
i (I) = (ϑ1)αw ∗

(
I1(q1)∗ · · · ∗I1(qh)∗(1− I2(qh+1))∗ · · · ∗(1− I2(qk))

)γw
(TP)2

i (I) = (ϑ2)βw ∗
(
I2(q1)∗ · · · ∗I2(qh)∗(1− I1(qh+1))∗ · · · ∗(1− I1(qk))

)δw
Now, by using the mapping ι, the first component of the immediate conse-
quence operator can be written as3:

(TP)1
i (p

1
1, . . . , p

1
n, p

2
1, . . . , p

2
n) = (ϑ1)αw ·

(
q1∗· · ·∗qk∗(1−qk+1)∗· · ·∗(1−qm)

)γw
where each qj with j ≤ k is actually some p1

1, . . . , p
1
n and each qj with j > k

is some p2
1, . . . , p

2
n.

Analogously, the second component of the immediate consequence op-
erator can be expressed as:

(TP)2
i (p

1
1, . . . , p

1
n, p

2
1, . . . , p

2
n) = (ϑ2)βw ·

(
q1∗· · ·∗qk∗(1−qk+1)∗· · ·∗(1−qm)

)δw
where each qj with j ≤ k is actually some p2

1, . . . , p
2
n and each qj with j > k

is some p1
1, . . . , p

1
n.

Since (TP)1
i and (TP)2

i are composition of differentiable mappings, they
are also differentiable mappings. Considering only (TP)1

i , we will compute
its partial derivatives distinguishing different cases:

3Notice that the variables have been denoted with the propositional symbols, abusing
of notation.
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(a) If pj = qt, with t ≤ h, then

∂(TP)1
i

∂pj
= (ϑ1)αw · γw · qγw−1

t · (q1 · · · qt−1 · qt+1· · · qh ·(1−qh+1)· · ·(1−qk))γw

(b) When pj = qt, with t > h, we have:

∂(TP)1
i

∂pj
= (ϑ1)αw · (−γw) · (1− qt)γw−1(q1 · · · qh · (1− qh+1) · · · (1− qt−1) ·

(1− qt+1) · · · (1− qk))γw

(c) Otherwise,
∂(TP)1i
∂pj

= 0.

Note that, by the definition of the MANLP P, all propositional symbols
appearing in the body of a rule are different.

From the computations above, we obtain that the sum of all partial
derivatives evaluated in (J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn)) verifies the
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next inequality:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1i
∂plj

(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ =

=

h∑
j=1

∣∣ϑαw· γw·J1(qj)
γw−1·

(
J1(q1)· · ·J1(qj−1)·J1(qj+1) · · · J1(qh)·(1− J2(qh+1)) · · · (1− J2(qk))

)γw ∣∣

+

k∑
j=h+1

∣∣ϑαw · (−γw) · (1− J2(qj)
γw−1) ·

(
J1(q1) · · · J1(qh) · (1− J2(qh+1)) · · ·

· · · (1− J2(qj−1)) · (1− J2(qj+1)) · · · (1− J2(qk))
)γw ∣∣

≤

(
h∑
j=1

ϑαw · γw · J1(qj)
γw−1 ·

(
J1(q1) · · · J1(qj−1) · J1(qj+1) · · · J1(qh)

)γw)

+

k∑
j=h+1

ϑαw · γw · (1− J2(qj)
γw−1)(J1(q1) · · · J1(qh))γw

≤

(
h∑
j=1

ϑαw · γw · J1(qj)
γw−1 ·

(
J1(q1) · · · J1(qj−1) · J1(qj+1) · · · J1(qh)

)γw)
+ ϑαw · γw · (k − h) · (J1(q1) · · · J1(qh))γw

≤

(
h∑
j=1

ϑαw · γw · I1(qj)
γw−1 ·

(
I1(q1) · · · I1(qj−1) · I1(qj+1) · · · I1(qh)

)γw)
+ ϑαw · γw · (k − h) · (I1(q1) · · · I1(qh))γw

An analogous reasoning with respect to the second component of the im-
mediate consequence operator leads us to conclude that:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)2
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤ β

where

β =
h∑
j=1

(ϑ2)βw · δw · I2(qj)
δw−1 · (I2(q1) · · · I2(qj−1) · I2(qj+1) · · · I2(qh))

δw

+ (ϑ2)βw · δw · (k − h)(I2(q1) · · · I2(qh))
δw

�
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Based on the previous results, the following theorem is focused on the
uniqueness of stable models. The proof will be based on demonstrating
that TP has only one fix-point in C([0, 1])n. Considering Proposition 26 and
Theorem 28, we can state that each stable model of P is a minimal fix-point
of TP and there exists at least one stable model of P, respectively. These
facts will lead us to conclude that the only fix-point of TP is the unique
stable model.

Theorem 34. Let P be a finite MANLP defined on the multi-adjoint nor-
mal lattice (C([0, 1]),≤,←α1γ1

β1δ1
,&

α1γ1
β1δ1

, . . . ,←αmγm
βmδm

,&
αmγm
βmδm

,¬) such that the

only possible operators in the body of the rules are &
αγ
βδ with α = β = γ =

δ = 1, and [ϑ1
p, ϑ

2
p] = max{[ϑ1, ϑ2] | 〈p ←αwγw

βwδw
B; [ϑ1, ϑ2]〉 ∈ P}. If the

inequality

h∑
j=1

(ϑ2)βw ·δw·(ϑ2qj )δw−1·
(
ϑ2q1 · · ·ϑ

2
qj−1
· ϑ2qj+1

· · ·ϑ2qh
)δw

+(ϑ2)βw ·δw·(k−h)(ϑ2q1 · · ·ϑ
2
qh

)δw<1

holds for every rule 〈p←αwγw
βwδw

q1 ∗ · · · ∗ qh ∗ ¬qh+1 ∗ · · · ∗ ¬qk; [ϑ1, ϑ2]〉 ∈ P,
with w ∈ {1, . . . ,m}, then there exists a unique stable model of P.

Proof. Given the C([0, 1])-interpretation Iϑ, which assigns the value [ϑ1
p, ϑ

2
p]

to each propositional symbol p ∈ ΠP, the natural number n representing
the number of propositional symbols in ΠP and the set A = {ι(J) | J ∈
C([0, 1])n and J v Iϑ}, we will begin proving that TP is a contractive map-
ping in A with respect to the supremum norm || · ||∞. That is, we will
demonstrate that there exists a real value 0 < λ < 1 such that:

||TP(J1)− TP(J2)||∞ ≤ ||J1 − J2||∞ · λ (1)

for each pair of J1, J2 ∈ A. This fact will allow us to apply Banach fix-point
theorem and to ensure that TP has only one fix-point in A. To reach this
purpose, we distinguish two cases:

Base Case: Given a multi-adjoint normal logic program P, we will sup-
pose that there exists at most one rule in P with head p, for each propo-
sitional symbol p ∈ ΠP. In order to prove Equation (1), we will apply the

mean value theorem [45] on each component of TP = [TP
1
, TP

2
]. First of all,

we have to prove that the conditions of this theorem are satisfied. Con-

sidering TP
1

and TP
2

as functions defined on Rn in the way mentioned in
Lemma 33, both of them are differentiable functions in Rn. Moreover, for
all J1, J2 ∈ A, the line segment S(J1, J2) = {(1− t) · J1 + t · J2 | 0 ≤ t ≤ 1}
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is contained in A. Hence, we can apply the mean value theorem on each
component of TP, obtaining that:

||TP
1
(J1)−TP

1
(J2)||∞ ≤ ||J1−J2||∞ ·sup{||DTP

1
(J)||∞ | J ∈ S(J1, J2)} (2)

||TP
2
(J1)−TP

2
(J2)||∞ ≤ ||J1−J2||∞ ·sup{||DTP

2
(J)||∞ | J ∈ S(J1, J2)} (3)

where

||DTP
1
(J)||∞ = sup{||DTP

1
(J)(x)||∞ | ||x||∞ ≤ 1}

||DTP
2
(J)||∞ = sup{||DTP

2
(J)(x)||∞ | ||x||∞ ≤ 1}

||x||∞ = max{|xi| | x = (x1, . . . , xn) ∈ Rn}

In order to prove that TP
1

is a contractive mapping in A, some previous
considerations must be taken into account:

(a) The line segment S(J1, J2) = {(1 − t) · J1 + t · J2 | 0 ≤ t ≤ 1} is a

compact set and consequently sup{||DTP
1
(J)||∞ | J ∈ S(J1, J2)} is a

maximum.

(b) Since only one rule with head p exists in P, the conditions required in
Lemma 33 are satisfied and, therefore, for each J ∈ A, the following
inequalities hold:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤
≤

h∑
j=1

(ϑ1)αw · γw · I1
ϑ(qj)

γw−1 · (I1
ϑ(q1) · · · I1

ϑ(qj−1) · I1
ϑ(qj+1) · · · I1

ϑ(qh))γw

+ (ϑ1)αw · γw · (k − h)(I1
ϑ(q1) · · · I1

ϑ(qh))γw

=

h∑
j=1

(ϑ1)αw · γw · (ϑ1
qj )

γw−1 ·
(
ϑ1
q1 · · ·ϑ

1
qj−1
· ϑ1

qj+1
· · ·ϑ1

qh

)γw
+ (ϑ1)αw · γw · (k − h)(ϑ1

q1 · · ·ϑ
1
qh

)γw = λ1
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An analogous reasoning can be given for TP
2
, obtaining:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)2
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤
≤

h∑
j=1

(ϑ2)βw · δw · I2
ϑ(qj)

δw−1 · (I2
ϑ(q1) · · · I2

ϑ(qj−1) · I2
ϑ(qj+1) · · · I2

ϑ(qh))δw

+ (ϑ2)βw · δw · (k − h)(I2
ϑ(q1) · · · I2

ϑ(qh))δw

=

h∑
j=1

(ϑ2)βw · δw · (ϑ2
qj )

δw−1 ·
(
ϑ2
q1 · · ·ϑ

2
qj−1
· ϑ2

qj+1
· · ·ϑ2

qh

)δw
+

+ (ϑ2)βw · δw · (k − h)(ϑ2
q1 · · ·ϑ

2
qh

)δw = λ2

Taking into account the hypothesis, for each J ∈ A, we have that
λ2 < 1 and so,

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)2
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤ λ2 < 1 (4)

According to the ordering defined on C([0, 1]) and considering that
βw ≤ αw y δw ≤ γw, we can ensure that λ1 ≤ λ2. Hence, by hypothesis,
we deduce that:

2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1
i

∂plj
(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ ≤ λ1 < 1 (5)

From Equation (5), for each J ∈ A and x ∈ Rn such that ||x||∞ ≤ 1,
we obtain:

||(DTP
1
(J))(x)||∞ =

(1)
= max

{
2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1i
∂plj

(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))·xj
∣∣∣∣ | i ∈ {1, . . . , n}

}

≤ max

{
2∑
l=1

n∑
j=1

∣∣∣∣∂(TP)1i
∂plj

(J1(p1), . . . , J1(pn), J2(p1), . . . , J2(pn))

∣∣∣∣ | i ∈ {1, . . . , n}
}

≤ λ1
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for all J ∈ S(J1, J2), where (1) is given by definition of || · ||∞ on
matrices.

Considering Equation (2), we can conclude that:

||TP
1
(J1)− TP

1
(J2)||∞ ≤ ||J1 − J2||∞ · sup{||DTP

1
(J)||∞ | J ∈ S(J1, J2)}

(a)

≤ ||J1 − J2||∞ ·max{||DTP
1
(J)||∞ | J ∈ S(J1, J2)}

(b)

≤ ||J1 − J2||∞ · λ1

Therefore, TP
1

is a contractive mapping in A whose Lipschitz constant is

λ1 < 1. Following an analagous reasoning, we deduce that TP
2

is a contrac-
tive mapping in A with Lipschitz constant λ2 < 1, that is:

||TP
2
(J1)− TP

2
(J2)||∞ ≤ ||J1 − J2||∞ · λ2

After proving the contractivity of each one of the components of TP with
respect to || · ||∞, we will prove that TP is contractive in A with respect to
|| · ||∞. First of all, by definition of the norm || · ||∞, we obtain:

||TP(J1)− TP(J2)||∞=max
{
||TP

1
(J1)− TP

1
(J2)||∞, ||TP

2
(J1)− TP

2
(J2)||∞

}
(6)

Therefore, by the contractivity of TP
1

and TP
2
, the following chain holds:

||TP(J1)− TP(J2)||∞ ≤ max
{
||J1 − J2||∞ · λ1, ||J1 − J2||∞ · λ2

}
≤ max

{
||J1 − J2||∞, ||J1 − J2||∞

}
·max{λ1, λ2}

= ||J1 − J2||∞ ·max{λ1, λ2}

Thus, the operator TP is a contractive mapping with Lipschitz constant
max{λ1, λ2} = λ2, since λ1 ≤ λ2. Finally, by Banach fix-point theorem, we
conclude that TP has only one fix-point in A.

General Case: Now, we will prove the general case assuming that P
is a general MANLP. By Proposition 21, we can ensure the existence of a
partition of MANLPs {Pγ}γ∈Γ such that:

• Two rules with the same head for each Pγ do not exist.

• It is satisfied that TP(I)(p) = sup{TPγ (I)(p) | γ ∈ Γ}.
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Given a propositional symbol p ∈ ΠP, we will denote by Pγpi , with i ∈
{1, . . . ,mp}, the subprograms of the partition with a unique rule whose head
is p, where mp is the number of rules with head p.

Since P is a finite program and taking into account the properties of the
partition, we obtain, for each C([0, 1])-interpretation J and each proposi-
tional symbol p ∈ ΠP, the following chain:

TP(J)(p) = [T 1
P (J)(p), T 2

P (J)(p)] =

=
[
sup{T 1

P
γ
p
i

(J)(p) | i∈{1, . . . ,mp}}, sup{T 2
P
γ
p
i

(J)(p) | i∈{1, . . . ,mp}}
]

=
[
max{T 1

P
γ
p
i

(J)(p) | i∈{1, . . . ,mp}},max{T 2
P
γ
p
i

(J)(p) | i∈{1, . . . ,mp}}
]

Now, we will work individually with each component of the immediate con-
sequence operator. Given two C([0, 1])-interpretations J1 and J2, we will
build two programs P1 and P2 from the rules of P such that, for each propo-
sitional symbol p ∈ ΠP, the following inequalities are satisfied:

|T 1
P (J1)(p)− T 1

P (J2)(p)| ≤ |T 1
P1(J1)(p)− T 1

P1(J2)(p)|

|T 2
P (J1)(p)− T 2

P (J2)(p)| ≤ |T 2
P2(J1)(p)− T 2

P2(J2)(p)|
Specifically, for each propositional symbol p ∈ ΠP, we will add a rule

with head p from the original program to P1 and a rule with head p, which
can be the same or other different rule, from the original program to P2.

Let us begin then with the computation of the program P1, which we
suppose empty by default, this is, without any rule. Let p ∈ ΠP. As P has
a finite number of rules, there exist γ1, γ2 ∈ Γ such that

T 1
P (J1)(p) = max{T 1

P
γ
p
i

(J1)(p) | i ∈ {1, . . . ,mp}} = T 1
Pγ1

(J1)(p) (7)

T 1
P (J2)(p) = max{T 2

P
γ
p
i

(J2)(p) | i ∈ {1, . . . ,mp}} = T 1
Pγ2

(J2)(p) (8)

Suppose that T 1
Pγ2

(J2)(p) ≤ T 1
Pγ1

(J1)(p). Then, by Equation (8), the
following chain of inequalities holds:

T 1
Pγ1

(J2)(p) ≤ T 1
Pγ2

(J2)(p) ≤ T 1
Pγ1

(J1)(p)

Therefore

|T 1
Pγ1

(J1)(p)− T 1
Pγ2

(J2)(p)| ≤ |T 1
Pγ1

(J1)(p)− T 1
Pγ1

(J2)(p)|
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Consequently, we add the rule of the program Pγ1 with head p to the
program P1.

On the other hand, if T 1
Pγ1

(J1)(p) ≤ T 1
Pγ2

(J2)(p), taking into account

Equation (7), we obtain the following chain:

T 1
Pγ2

(J1)(p) ≤ T 1
Pγ1

(J1)(p) ≤ T 1
Pγ2

(J2)(p)

Thus

|T 1
Pγ1

(J1)(p)− T 1
Pγ2

(J2)(p)| ≤ |T 1
Pγ2

(J1)(p)− T 1
Pγ2

(J2)(p)|

In this case, we add the rule of the program Pγ2 with head p to P1.
Progressing with an analogous reasoning with the other propositional

symbols, we obtain a program P1 such that for each propositional symbol
p ∈ ΠP at most one rule with head p appears in P1 and

|T 1
P (J1)(p)− T 1

P (J2)(p)| ≤ |T 1
P1(J1)(p)− T 1

P1(J2)(p)| (9)

Likewise, it is analogously obtained a program P2 such that for each propo-
sitional symbol p ∈ ΠP we obtain that

|T 2
P (J1)(p)− T 2

P (J2)(p)| ≤ |T 2
P2(J1)(p)− T 2

P2(J2)(p)| (10)

Since Equations (9) and (10) hold, for all p ∈ ΠP, we obtain that:

||T 1
P (J1)− T 1

P (J2)||∞ ≤ ||T 1
P1(J1)− T 1

P1(J2)||∞
||T 2

P (J1)− T 2
P (J2)||∞ ≤ ||T 2

P2(J1)− T 2
P2(J2)||∞

Moreover, by the definition of TP, the following inequalities are satisfied:

||TP
1
(J1)− TP

1
(J2)||∞ ≤ ||TP1

1
(J1)− TP1

1
(J2)||∞

||TP
2
(J1)− TP

2
(J2)||∞ ≤ ||TP2

2
(J1)− TP2

2
(J2)||∞

These inequalities provide the contractivity of TP in A as we show next.
By Equation (6) and by the definition of P1 and P2, we obtain that

||TP(J1)− TP(J2)||∞ = max
{
||TP

1
(J1)− TP

1
(J2)||∞, ||TP

2
(J1)− TP

2
(J2)||∞

}
≤ max

{
||TP1

1
(J1)− TP1

1
(J2)||∞ ||TP2

2
(J1)− TP2

2
(J2)||∞

}
Moreover, since P1 and P2 are programs such that each propositional symbol
p ∈ ΠP has at most one rule in P1 and one rule in P2 with head p, both
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programs are in the situation of the base case. As a consequence, TP1
1

and

TP2
2

are both contractive mappings in A with Lipschitz constants λ1 and
λ2, respectively. Taking into account the first component of TP1 and the
second of TP2 , we deduce that

||TP(J1)− TP(J2)||∞ ≤ max
{
||TP1

1
(J1)− TP1

1
(J2)||∞ ||TP2

2
(J1)− TP2

2
(J2)||∞

}
≤ max

{
||J1 − J2||∞ · λ1, ||J1 − J2||∞ · λ2

}
≤ max

{
||J1 − J2||∞, ||J1 − J2||∞

}
·max{λ1, λ2}

= ||J1 − J2||∞ ·max{λ1, λ2}

Therefore, TP is a contractive mapping in A whose Lipschitz constant is
equal to max{λ1, λ2} = λ2. Applying Banach fix-point theorem, we obtain
that TP has a unique fix-point in A.

Now, we will prove that TP has a unique fix-point in C([0, 1])n. For all
C([0, 1])-interpretation I being a fix-point of TP, we will demonstrate that
I ∈ A and I is a fix-point of TP.

We suppose that I is a fix-point of TP, that is, I is a C([0, 1])-interpretation
such that TP(I) = I. On the one hand, considering the inclusion mapping ι,
we can ensure that TP(I) = ι(TP(I)) = ι(I) = I. Therefore, I is a fix-point
of TP. On the other hand, we will evince that I ∈ A. Clearly, the inequality
TP(I)(p) ≤ max{[ϑ1, ϑ2] | 〈p ←αwγw

βwδw
B; [ϑ1, ϑ2]〉 ∈ P} holds, for all C([0, 1])-

interpretation I. As a consequence, I = TP(I) v Iϑ and so, by definition of
set A, we obtain that I ∈ A.

Finally, by Proposition 26 and Theorem 28, we can conclude that the
only fix-point of TP is actually the only stable model of the program. �

The following example shows a simple MANLP which satisfies the hy-
pothesis of Theorem 34.

Example 35. Given the set of propositional symbols ΠP = {p, q, s, t}
and the multi-adjoint normal lattice (C([0, 1]),≤,←11

11,&
11
11,←23

12,&
23
12,←22

11

,&22
11,¬), we will define the multi-adjoint normal logic program P as fol-

lows:
r1 : 〈p←11

11 ¬q ; [0.7, 0.8]〉
r2 : 〈s←23

12 p ; [0.4, 0.5]〉
r3 : 〈p←22

11 s ∗ ¬t ; [0.5, 0.6]〉
r4 : 〈q ←22

11 t ∗ ¬p ; [0.7, 0.9]〉
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In order to apply Theorem 34 to the program P, we need to verify that the
inequality

h∑
j=1

(ϑ2)βw ·δw·(ϑ2qj )δw−1·
(
ϑ2q1 · · ·ϑ

2
qj−1
· ϑ2qj+1

· · ·ϑ2qh
)δw

+(ϑ2)βw ·δw·(k−h)(ϑ2q1 · · ·ϑ
2
qh

)δw<1

holds for every rule 〈p←αwγw
βwδw

q1 ∗ · · · ∗ qh ∗ ¬qh+1 ∗ · · · ∗ ¬qk; [ϑ1, ϑ2]〉 ∈ P.
Concerning rule r1, we obtain that

0.9 < 1

For r2, it holds that
0.5 · 2 · 0.9 = 0.9 < 1

For r3 we obtain: 0.6 + 0.5 · 0.6 = 0.9 < 1. Finally, for r3 we have

0.9 + 0.9 · 0 = 0.9 < 1

Therefore, the program P satisfies the hypothesis of the uniqueness theorem
(Theorem 34). As a consequence, we can ensure that it has a unique stable
model.

Moreover, this stable model can be computed by iterating TP under the
minimum interpretation I⊥. The following table shows the iterations of the
immediate consequence operator, taking as first the entry interpretation
constantly ⊥, which is denoted as I⊥.

p q s t

I⊥ [0,0] [0,0] [0,0] [0,0]
TP(I⊥) [0.7,0.9] [0,0] [0,0] [0,0]
T 2
P (I⊥) [0.7,0.9] [0,0] [0.05488,0.405] [0,0]
T 3
P (I⊥) [0.7,0.9] [0,0] [0.05488,0.405] [0,0]

Thus, T 2
P (I⊥) is the unique stable model of P. �

The previous example has also shown how the unique stable model can
be computed. We only need to iterate the operator TP under I⊥ and the
obtained fix-point will be the stable model. As a consequence, when the
hypotheses of the unicity theorem hold, the computational complexity for
computing the unique stable model is the same as in the case of positive
logic programs. Hence, in this case, the use of negation operators does
not increase the complexity for obtaining consequences from the knowledge
system represented by the multi-adjoint normal logic program.
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5. Conclusions and future work

This paper has considered the philosophy of the multi-adjoint paradigm
to introduce the syntax and semantics of a new and more flexible normal
logic programming framework. We have proven that the stable models in
multi-adjoint normal logic programs satisfy the more important properties
of the classical and residuated case. Moreover, we have proven the exis-
tence of stable models of logic programs defined on a multi-adjoint normal
lattice whose carrier is a convex compact set and the operators are contin-
uous. Furthermore, a special kind of multi-adjoint normal logic program
on the subinterval lattice (C([0, 1]),≤) has been introduced in which the
uniqueness of stable models is ensured. Moreover, this stable model can
easily be computed by iterating the immediate consequence operator from
the minimum interpretation.

The introduced results on the existence and uniqueness of stable mod-
els can straightforwardly be applied to different useful frameworks, such as
monotonic and residuated logic programming [13, 12], fuzzy logic program-
ming [47] and possibilistic logic programming [14], in which a negation op-
erator is considered in the language. In addition, we can use the introduced
results in fuzzy answer set programming when the notion of x-consistency
is included in our logical framework [35]. These results may also be applied
to generalized annotated logic programs [20], when a negation operator is
used. Taking into consideration the relation given in [22] to the fuzzy logic
programming, we can define a new generalized annotated logic program-
ming in which a negation operator (decreasing with respect to the ordering
considered for the TP operator) can be used and, as a consequence, a more
flexible annotated logic is obtained. Moreover, the proposed framework in
this paper will be also compared with the paraconsistent logic program-
ming [1, 2], the disjunctive logic programming [6, 34, 36, 43] and the sorted
logic programming [5, 11]. These relations are more complex and they will
be studied in depth in the future. In addition, we will apply the obtained re-
sults to other logics with negation operators, such as Possibilistic Defeasible
Logic Programming (PDeLP) [3].

The representation of knowledge from databases containing uncertainty
and inconsistent information is an important task. Different authors [17,
21, 38, 48] have highlighted that, in order to handle this goal in a suitable
way, it is necessary to distinguish what can be proved to be false from what
is false because it cannot be proved true, which is called false by default.
This difference can be obtained by the use of an explicit negation operator
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in normal logic programs. This philosophy is used by the paraconsistent
logic programming framework given in [1, 2], where the explicit and de-
fault negations have been considered and related by the coherence principle.
Therefore, the relation between paraconsistent logic programming [1, 2] and
multi-adjoint normal logic programming will be also important for studying
the notion of inconsistency in MANLPs.

Moreover, we will also adapt the definitions of coherence and inconsis-
tency given in [27, 28] to the multi-adjoint framework, which are focused
on the detection of plausible stable models. In particular, we will inspect
measuring inconsistency in fuzzy answer set semantics for MANLPs. Fur-
thermore, real-life applications will be considered in which the introduced
flexible multi-adjoint framework will be applied.
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