HOLDER REGULARITY FOR THE MOORE-GIBSON-THOMPSON
EQUATION WITH INFINITE DELAY

LUCIANO ABADIAS, CARLOS LIZAMA, AND MARINA MURILLO-ARCILA

ABSTRACT. We characterize the well-posedness of a third order in time equation with infinite
delay in Holder spaces, solely in terms of spectral properties concerning the data of the problem.
Our analysis includes the case of the linearized Kuznetzov and Westerwelt equations. We show
in case of the Laplacian operator the new and surprising fact that for the standard memory
kernel g(t) = t;(;; e~ the third order problem is ill-posed whenever 0 < v < 1 and a is inversely
proportional to the damping term of the given model.

1. INTRODUCTION

Our concern in this article is the study of well-posedness for the following abstract integro-
differential equation of third order in time

t
(1.1) Tu" (t) + k' (t) — EAu(t) — bAU/ (t) + / g(t — s)Aw(s)ds = f(t,u, us, ug),

—0oQ
where k, b, ¢, 7 are nonnegative real numbers, f is a vector-valued function, A is a closed linear
operator with domain D(A) defined on a Banach space X, where

(1.2) w(s) = u(s), (Type I)
(1.3) w(s) = u(s), (Type II)
(1.4) w(s) = pu(s) + ue(s),p #0 (Type III)

and the memory kernel ¢ fulfills suitable assumptions. The well-posedness of higher order
abstract Cauchy problems is a topic that has been studied for a long time, see e.g. [8, 6, 23, 32,
37, 40] and references therein. On the other hand, the equation (1.1) of type I, IT and III were
recently introduced by I. Lasiecka and X. Wang in an interesting series of articles [33, 34]. From
then on, it began to attract the attention of an increasing number of researchers [17, 18].

In case g = 0, the linear part of the third order equation (1.1) is referred to as the Moore-
Gibson-Thomson equation (MGT-equation) [29]. This model represent powerful applications in
different fields of practical interest such as high intensity ultrasound and vibrations of flexible
materials, see e.g. [26, 28, 35]. In such cases, the operator A is usually the Laplacian and
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f(t, u,ug, ug) = K((ug)?); for a suitable constant K > 0. In high intensity ultrasound, u denotes
the potential velocity of the acoustic phenomenon described on some bounded R3-domains [29].

An operator-theoretical semigroup method to study the linear case g = 0 was employed
by Marchand-Devitt and Triggiani [35] and Kaltenbacher-Lasiecka and Marchand [28]. These
authors rewrite the MGT-equation as a first order abstract Cauchy problem v’ = Au + F in
several state spaces. Then, well-posedness and exponential decay were obtained. It was proved
(see [28, Theorem 1.1]) that if A is unbounded then, for b = 0 the operator matrix .4 cannot
be the generator of a Cp-semigroup on the state space H := D(A'/2) x D(AY?) x H and hence
the problem is ill-posed, in the sense that the matrix operator A does not generate a strongly
continuous semigroup on H. On the other hand, a direct approach to well-posedness for the
abstract MGT-equation without reduction of order was undertaken by Ferndndez, Lizama and
Poblete [24]. However, this approach has been controversial [35]. More recently, in [25, Section
2] and [18] the MGT-equation has been studied from a different perspective, by means of the
theory of integral equations. As a consequence, well-posedness and qualitative properties can be
studied from a representation of the solution of the linear part of the MGT-equation by means
of certain variation of constant formula. In the context of a Banach space X, this study seems to
be possible using the theory of resolvent families deeply studied by Priiss [38]. It is worthwhile
to mention that qualitative properties such as the existence of global attractors for the MGT-
equation have also been studied, see for instance [11]. Results concerning the regularity of strong
and mild solutions as well as compactness of trajectories have been provided in [25]. The study of
the existence of asymptotically almost periodic and almost automorphic solutions can be found
in [19] and [2], respectively. Existence of mild solutions with non local initial conditions by
methods of Hausdorff measure of non compactness, has been established in [2] and concerning
ill-posedness, the presence of chaos for the linear MGT-equation has been discovered in [14].
A variation of the MGT-equation in order to include non-degenerate equations was recently
introduced by Cai and Bu [9].

In our case of study g # 0 and A is typically the Laplacian operator. Depending on the
properties of the environment surrounding sound propagation, the memory kernel can exhibit
several structures by selecting different values of g which yield to different possible configurations
[17]. In the abstract case, —A is a non-negative and self-adjoint operator defined on a Hilbert
space H. There is little literature concerning the precise abstract model (1.1), and much work
is left to be done in the qualitative analysis of (1.1) with memory term, specially concerning its
treatment on general Banach spaces. In particular, the well-posedness of (1.1) in several classes
of spaces of functions remains largely open. As it is well known, these results are necessary for
the treatment of nonlinear problems [20].

In particular, the study of the well-posedness of the Moore-Gibson-Thomson equation (1.1)
in Holder spaces remains open.

The main objective of this article is to provide a complete answer to this open problem. We
have succeeded in solving it by giving a complete characterization of C“ well-posedness, in the
sense of temporal maximal regularity for the full model (1.1) in the vector-valued space of Holder
continuous functions C*(R, X), 0 < a < 1 and for all types I, IT and III before mentioned. We
note that C* well-posedness of (1.1) without memory term has been characterized in [15] whereas
LP well-posedness has been analyzed in [24]. Holder regularity has been also treated for other
clases of abstract evolution equations [16].

More precisely, we prove in Theorem 3.12 that if g € L
regularity then, the following assertions are equivalent

1

(R4 ) satisfies certain conditions of
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(i) Equation (1.1) is C“-well-posed;
)3 )2
(i) {2 em € p(A) and

c2+ibn—g(n)
(in)3 <T(m)3 +(in)® A) -
¢ +ibn —g(n) \ ¢ +ibn — g(n)

sup < 00.

neRr

Here p(A) denotes the resolvent set of A and g denotes the Fourier transform of g whenever it
exists. An analogous result holds in the particular case 7 = 0. See Theorem 3.15 below. The
main difference is that the term (in)® must be replaced by (in)? in front of the resolvent operator
(- — A)~!, taking into account the higher order derivative term. This last model contains, as
particular examples, the linear Westervelt or Kuznetsov equation, the viscoelastic membrane
equation and the viscoelastic plate equation with memory in case A = A, the Laplacian oper-
ator, see [30] and [36]. It is worthwhile to observe that, as an immediate consequence of our
characterization, the following estimate

[ | o, x) + U |com,x) + [|A%||com,x) + [|Aul|co® x) + 1|9 * Aullcer x) < Cllfllcam x)

holds. Here C' is a constant independent of f.

In order to achieve our main results, we use a method based on operator-valued Fourier
multipliers. The main advantage of this method is that it does not require the representation
of the solution by means of families of bounded linear operators as done, for instance, using the
theory of Cp-semigroups of linear operators in [29] or other classes of resolvent families [25]. The
key tool is a very general Fourier multiplier theorem due to Arendt, Batty and Bu [4, Theorem
5.3]. This method has been successfully used for the treatment of well-posedness of abstract
evolution equations by S. Bu and collaborators [7, 9, 10] among other authors. See also [12, 21]
and references therein.

Several examples are presented in the last section of this work. For instance, we consider the
problem
(1.5)

2 Lo(t—s)!
Tut (b, ) + kug (t, ) — Au(t, ©) — bAu(t, ) + ~ 7

T e~ =) Au(s, x)ds = f(t, )

with Dirichlet boundary conditions.

Suppose first that 7 # 0 in equation (1.5). Under the assumptions 0 < v <1, ¢ > a% and
—7¢% + kb # 0 it is proved using our abstract characterization that the equation (1.5) is C-ill
posed on the space C*(R, Cp(2)) for any 0 < o < 1. This is a new and surprising fact that has
not been observed before.

On the other hand, if we suppose 7 = 0, then we prove that the equation (1.5) is C*-well
posed on the space C*(R,Cp(2)). This way the presence of the term of third order in time
becomes crucial for C*-well-posedness in case that A = A, the Laplacian operator.

In contrast, an example of closed operator A is provided in the context of a Hilbert space
showing that for 7 # 0, g(t) = e~ with @ > 1 and k = b = ¢ = 1 the corresponding MGTM
equation is always C“-well-posed.

It is worthwhile to mention that our characterization is very flexible with respect to the class
of closed linear operators A that are admissible. Indeed, we provide an example that shows that
A does not need to be the generator of any Cy-semigroup in order to obtain C“ well-posedness
of (1.1).
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We finish this paper with a criterion (see Theorem 5.4 below) that ensures the existence of a
unique solution with C®-temporal regularity for a nonlinear version of (1.1) given by

(1.6) Tu" (t) + k' () — Eé1(u)(t) — bda(u)(t) + ¢3(u)(t) = f(t), tER,
where ¢1, ¢3 : C(R, D(A)) — C*(R, X) and ¢o : C*THR, D(A)) — C*(R, X).

2. PRELIMINARIES
Let X,Y be Banach spaces and let 0 < o < 1 be fixed. We denote by C%(R, X) the space
CUR,X) ={f:R— X : f(0) = 0,]|f|la < o0},

where

Hf”a = sup Hf(t) — f(S)H
t#s |t - S|a
and
CR,X)={f:R—= X :||f|lca < o0}

with the norm

e = 11f e + 11O

Let k¥ € N, and C***(R, X) be the Banach space of all u € C*(R,X) such that u®) ¢
C*(R, X), equipped with the norm
llullgass = [[u®]|ca + [[u(0)]]-

Let 2 C R be an open set. We ~denote by C2°(Q2) the space of all C*°-functions in Q having
compact support in 2. By Ff or f we denote the Fourier transform of a function f € L'(R, X),
given by

(Ff)(s):= f(s) := / e BSUf(t)dt, s€R.
R
The following notion of multiplier is originally due to Arendt, Batty and Bu.

Definition 2.1. [3] Let M : R\{0} — B(X,Y’) be continuous. We say that M is a C®-multiplier
if there exists a mapping L : C*(R, X) — C*(R,Y) such that

(2.1) /R(Lf)(s)(faﬁ)(s)ds=/R(f(¢-M))(s)f(s)ds
for all f € C*(R, X) and all ¢ € C(R\{0}).

Here (F(¢-M))(s) = [z e "'¢(t)M (t)dt € B(X,Y). Note that L is a bounded linear operator
(cf. [3, Definition 5.2]). From Definition 2.1 and the relation

/R (F(SM))(s)ds = 2m($M)(0) = 0,

we deduce that for f € C*R,X) we have Lf € C*(R,X). Moreover, if f € C*[R,X) is
bounded then Lf is bounded as well (see [3, Remark 6.3]).

Remark 2.2. [31] The test function space C2°(£2) in Definition 2.1 can be replaced by the
space C1(€) of all C''-functions in ) having compact support in €. It follows from the fact that

if o € CL(Q) then p, * p € C(£) where p, denotes a sequence of mollifying functions, and
pn* f— fin LYR) for all f € L'(R) (see e.g. [5, Théoréme IV.22]).
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The following operator-valued Fourier multiplier theorem, stated in [3, Theorem 5.3], which
provides sufficient conditions to ensure when M € C%(R\{0}, B(X,Y)) is a C%multiplier, plays
a key role in the proof of the main results of the paper.

Theorem 2.3. (Arendt-Batty-Bu) Let M € C?(R\{0}, B(X,Y)) be such that
(2.2) sup [|M (s)]] + sup [[sM’(s)|| + sup||s*M" (s)|| < co.
s#£0 s#£0 s#£0

Then M is a C’a-multiplier.

Remark 2.4. If X is B-convex, in particular if X is a UM D space, Theorem 2.3 also holds if
(2.2) is replaced by the following weaker condition

(2.3) sup ||M (s)|| + sup [|sM'(s)]| < oo,
5#0 s7#0

where M € C1(R\{0}, B(X,Y)) (cf. [3, Remark 5.5]).

Let 0 < a < 1. We denote by L'(Ry,t*dt) N L}, (R4) the set of all a € L}, (R;) such that

(2.4) /Ooo la(t)]tdt < oo.

Observe that a function a satisfying the above conditions belongs to L'(R;). Now, given v €
C*R,X) (0<a<1)andac LY(R,,tdt), we write

(2.5) (axv)(t) = /000 a(s)v(t — s)ds = / a(t — s)v(s)ds.

—00
It follows from (2.4) that the above integral is well defined. Moreover,
(2.6) axveC*R,X) and |laxv|la <|lalli]|v]]a-
The Laplace transform of a function f € L} (R, X) will be denoted by

loc

fo) = /Oo e Mf(t)dt, Rel > w,

0

whenever the integral is absolutely convergent for Sie A > w. The relation between the Laplace
transform of f € L'(R, X) satisfying f(t) = 0 for ¢ < 0, and its Fourier transform is

F(f)(s) = flis), seR.

Let u € L%OC(R, X) be a vector-valued function of subexponential growth, that is,

o
/ e M|lu(t)||dt < 0o, for each e > 0.
—00
We denote by @ the Carleman transform of u

/ e Mu(t)dt  Rel >0,
0

0
—/ e Mu(t)dt  Rel <O0.

—0o0
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By the above definition and the dominated convergence theorem we have
lim (@(o +ip) — i(—0 +ip)) = u(p),
oc—0t

see [38, p.19]. For more details about the Carleman transform see [4, Chapter 4] or [38]. For
o > 0, we also consider the operator L, defined by

(2.7) (Low)(p) = o +ip) — i~ +ip),  pER,
see [31]. In [31, Proposition A.2 (ii)-(iii)] it is proved that

(2.8) (L (v))(p) = (0 +ip) (Lo (v))(p) + 200(~0 +1ip), v € CT(R,X),
and

(29)  (Lo(axv))(p) = a(o +ip)(Lev)(p) + Golo,p), ve CUR,X), a € L'(Ry,tdt),

respectively, where

0 00 —s
GY(o,p) = / (/ 6_(J+ip)(8+7)a(7)d7'+/0 e(g_i”)(erT)a(T)dT

— 00 —S

oo
—eloip)s e_(0+ip)7a(7)d7)v(s) ds.
0

The following result on properties of L, complement those given in [31, Appendix].

Proposition 2.5. Let 0 > 0 be given.
(i) If v € COT2(R, X) then

(Lo (@) () = (0 +ip)2 (Lo (0))(p) + dopit (=0 + ip) — 20u(0), p € R.
(ii) If v € C9P3(R, X) then
(Lo(0"))(p) = (0 + i) (Lo (0))(p) — 200 — 32)0(—0 + ip) — dopiu(0) — 200/(0), p € R,

Proof. Tt is a consequence of (2.8) and the following well-known property: if ' € L} (R, X) is

loc

of subexponential growth, then v/(\) = Ao(A) — v(0), for Re A # 0. O

3. A CHARACTERIZATION OF C*-WELL-POSEDNESS: TYPE I

In this section, we first state necessary conditions for the well-posedness of the Moore-Gibson-
Thompson equation with memory (1.1) (MGTM-equation) of type I in vector-valued Holder
continuous spaces. Let f € C*(R, X) and A be a closed linear operator in X. In the following,
we consider the non-homogeneous MGTM-equation

t
(3.1) ru” (t) 4+ ru' (t) — A Au(t) — bAU' (t) + / g(t — s)Au(s)ds = f(t), teR,
—00
where g € L'(Ry,t*dt) N Li,(Ry) and 7,k,c? b are positive real numbers. Recall that the
domain of A, D(A), is a Banach space when endowed with the graph norm.

Definition 3.1. We say that the equation (3.1) is C*-well-posed if for each f € C*(R, X) there
exists a unique function u € C*TY(R, D(A)) N C*T3(R, X) satisfying (3.1).
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In [33, Theorem 1.4] the authors proved that

(3.2) @ > Glo0) = [ lalolds

is a necessary condition to get exponentially stability of the standard energy for the weak solution
of the homogeneous MGTM-equation of type I in a Hilbert space. This assumption implies that
c? +bni — G(n) # 0 for all n € R and hence, by the Riemann-Lebesgue theorem, we get that the

function
1

~ A+ bmi— ()
belongs to Cy(R). The functions v and [ given by

7(in)* + w(in)”
¢+ bni — g(n)
will play a key role in the characterization of the well-posedness of equation (3.1).

Our first result in this section is the following theorem. Its proof follows some ideas provided
in [31] and [3].

v(n) :

B(n) = , neR,

Theorem 3.2. Let g € LY(Ry,t*dt) N L}, (R) be such that ¢ +bni — G(n) # 0 for alln € R.

If (3.1) is C“-well-posed then the following statements hold

(i) B(n) € p(A) for alln € R,

(i) sup || (in)>y(m)(B(n) — A) | < oc.
neR

Proof. In order to prove (i), we first assume that there exist 7 € R and = € D(A) such that
Az = (n)x. It is easy to see that u is a solution of (3.1) for f = 0, and then = 0 by uniqueness.
Secondly, let € R and y € X. Note that f(t) = ey € C%R, X), so u = Lf is the unique
solution of (3.1) associated to f, where L : C*(R, X) — C*T3(R, X) N C*TY(R, D(A)) is the
bounded linear operator which associates to each f € C*(R, X)) the solution of (3.1). One can
easily check that for a fixed s € R,

v1(t) = u(t + s) and vy (t) = e u(t),
are both solutions of (3.1) with forcing term e f(t). By uniqueness it follows that u(t) =
ey (0). Taking z = u(0) € D(A) and replacing u as above in (3.1) we get
u(t) = ey (n)(B(n) — A)~",
and for t =0
z=7(n)(B(n) — A)~"y.
Therefore (5(n) — A) is bijective.

In order to prove (ii), we observe that ||z |, = Kq|n|*||z||, where K, = 2sup,~qt~“sin(t/2),
see [3, Section3]. Then we get

Ealn|*I(@n)*v(m)(B(n) = A) "'yl = " lla < llullats < LIl

< LI o + 1O < LN (Ealnl* + 1) + llyll-
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Therefore, for € > 0 we obtain

sup 1(in)®y(n)(B(n) — A) | < oo.
n|\>e

Also, using that v € Co(R) and the continuity of n — (in)3y(n)(B8(n) — A)~! at n = 0, we
conclude (ii). 0

Remark 3.3. Note that condition (i) of the above theorem establishes that we need invertibility
of the operator A to have C*-well-posedness of (3.1).

Definition 3.4. [31] We say that h € L} (Ry) is n-reqular on R if for all 0 < k < n the
function h belongs to L'(R,t* dt) and

sup |s¥(h(s))®| < co.

seR
Remark 3.5. Let h € L], (R;) be of subexponential growth and n € N. In [38, Definition 3.3],
the following concept of n-regularity is considered:

INEREY(A)] < ClR(N)|, forall ReX >0,0<k<n,
where C is a positive constant. Observe that if we further assume that h € L'(R,¢" dt), this
concept implies that
[s* ()™ = [$*h®) (is)| < C|h(is)| < Cllh]l, 0 <k <n,

see [38, Lemma 8.1]. Therefore the function h is n-regular on R in the sense of Definition 3.4
too.

Remark 3.6. Observe that if h is 2-regular on R, then hisa Ce-multiplier.

tl/—l

Example 3.7. Let a,v > 0 be given. In the following, we will denote g, 4(t) := F(V)e_“t. This is

the typical kernel used in viscoelasticity theory [39]. Observe that these functions are 2-regular

on R since g, 4(s) = m for all s € R.

The following Lemma provides several useful properties on the scalar function v that will be
crucial for the forthcoming section.
Lemma 3.8. Let g be a 2-regular function on R such that c® + bsi — §(s) # 0 for all s € R.
Then the following statements hold.
(i) The functions v(s),sy(s), sY'(s), s27(s), 827" (s), 537" (s) are bounded on R. In particu-
lar, v(s) and sy(s) are C*-multipliers.

(i1) The function ~y satisfies

/ "
YO gy, 2
7(s) 7(s)
Proof. By the Riemann-Lebesgue theorem we get that v(s) € Cyo(R) and sy(s) € BCO(R) since

c? + bsi — §(s) # 0 for all s € R. In addition, using the 2-regularity of the function g and the
identities

< Cy(s), seR.

7 (s) = ((3()) = bi)y?(s), 7"(s) = (3(5)"7*(5) + 27()7 (5)((G(s))" — bi),
for all s € R, we get the boundedness for the remaining functions. In order to prove (ii) it is
enough to use (i) and sup,cp |s(3(s))”| < oo. O
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In what follows, we will denote by id(s) :=is for s € R and
M(s) :=~(s)(B(s) —A) ™", seR.

The next Lemma shows that the particular structure of M gives immediate properties on
additional operators related with M.

Lemma 3.9. Let g be 2-reqular on R, and assume that ¢ + bsi — §(s) # 0 for all s € R, and
{B(s)}ser € p(A). If

supl|s® M (s)|| < oo,

seR
then (id)>M and (id)>M are C*-multipliers in B(X), and idM, M and gM are C*-multipliers
in B(X,D(A)).

Proof. First of all, we observe that sup,p||(is) M (s)|| < oo for j = 0, 1,2, since sup,cp||s>M(s)|| <
oo and the continuity of s — M (s) in s = 0 holds. Also, we have the identities

1) )
and
gy — m ) — Y'(s)B"(s) | ¥'()B'(s) | B"(s) 2(g B'(s)\ 2 3(s
o) = it - (P« T+ T e (S ) rare
where

B'(s) = (3ri(is)® + 2ri(is))v(s) + (7(is)* + K(is)*)7/(s),
B"(s) = (—=67is — 2k)y(s) + (67i(is)? + 4ki(is)) (s) + (7(is)> + k(is)?)y(s)".
By Lemma 3.8, we get

(3.3) < Cs,

B'(s) B (s)
7(s) (s)
for |s| > & > 0. We denote M, := (id)’M for j = 0,1,2,3. By the continuity of s — M(s) in
s = 0, it is enough to prove that supys.[|sM(s)|| < oo and Sup|s|>€||32MJ’.’(s)H < oo for each
7 =0,1,2,3. Let j = 3. First we have

IsM3(s)]l C(lls*M ()| + [|s* M (s)]1)
C(IMs(s)ll + [Is*y ()M ()| + [|s°M(s)]))
C(IMs(s)ll + [1Ms(s)]l + 11245 (s)]D)),
where we have applied Lemma 3.8 and (3.3). It shows that sup,cg||sM;5(s)|| < oo. Secondly, we
have the inequality

< C0s?, ‘

IN

IN A

1M (s)I| < C(Is*M(s)]| + [|s*M ()] + [|s° M (s)]])-

It is clear that the first two summands in the previous inequality are uniformly bounded. Using
again Lemma 3.8 and (3.3) we get

ISM" ()] < Clls*y(s)M(s)]| + 153 (s)M(s)]| + [Ty (s)M2(s)]
HIsSM2(s)]| + 5% () M3(s) )
CIMs(s)]| + [MZ(s) | + [M3(s)]| + 123 (5)]| + 15 (s)]).

IN
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It implies that sup,cg||s°M”(s)|| < co. As a consequence, by Theorem 2.3, we obtain that Ms
is a C*-multiplier in B(X). The cases j = 0, 1,2 are analogous. Observe that the 2-regularity of
g implies that gM is a C*-multiplier. Finally, the identity

AM(s) = B(s)M(s) = v(s)I = v(s)(7(is)> M (s) + (is)*M(s) — 1),
shows that M is a C®multiplier in B(X,D(A)). Also, (id)M is a C-multiplier in B(X,D(A)),
since (id)~y is a C*-multiplier (Lemma 3.8 (i)). It follows by the 2-regularity of g that gM is a
C®-multiplier in B(X, D(A)), and we conclude the result. O

Remark 3.10. By Lemma 3.8 (i), the condition sup||s3M(s)| < oo in the above theorem could
seR

be replaced by supl|s?(5(s) — A) 7| < co.
seR

The following theorem is one of the main results of this paper. It characterizes the C'*-well-
posedness of equation (3.1) in Hélder continuous spaces, under the 2-regularity assumption on
the function g and the following hypothesis: There exists € > 0 such that

1
3.4 sup - - -
(3:4) 0<o<e, pek | €2 +b(o +ip) — (o +ip)

Remark 3.11. It is interesting to observe that the assumption (3.2) i.e. ¢ > G(4o0), was used
in [33] to get exponentially stability of the energy for weak solutions of the MGTM-equation of
type I on Hilbert spaces. Note that it also implies condition (3.4). Therefore it seems natural
to impose this condition in order to obtain C'“-well-posedness of (3.1).

We now present our main result.

Theorem 3.12. Let A be a closed linear operator defined on a Banach space X. Suppose g €
Li (R.) is 2-regular on R and (3.4) holds. Then the following assertions are equivalent.

loc
(i) Equation (3.1) is C“-well-posed.
(ii) {B(s)}ser < p(A) and

Sup I(is)*v(s)(B(s) = A) 7] < oo

Proof. The implication (i) = (i7) is a straightforward consequence of Theorem 3.2.
To prove (ii) = (i), we take f € C%R,X). By Lemma 3.9, there exist ug,ui,uy €
C*(R,D(A)) and ug,u3 € C*(R, X) such that

(3.5) AW@GM@wzéﬂ%wmww@
(3.6) AMQGMQ%ZAfM4wMWV@M
(3.7) A%@Gw@@—éﬂ%@wmwwm

(3.8) AW®GM®%=Afm%w”MWM@M
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and

(39 [ s Fon)s)as = [ Flaa- @) M) (s,

for all ¢y, ¢ € CLR\{0}) (i =0,1,2,3) (cf. Remark 2.2), where M(s) = v(s)(8(s) — A)~L.
Following the ideas of the proof of [15, Theorem 3.5], there exist y1,y2,ys € X such that

(3.10) uhy =uy +y1, uy=us+y2, uy =us+ys,

and ug € C*T3(R, X). Also, note that if we take ¢g = ¢, - § in (2.4) since g € L' (R4, tdt), then
using (3.7) one gets

[ s Fo)0) = [ a0, ) s,
for all ¢, € C}(R\{0}). Therefore by [31, Lemma 3.2, Remark 3.3], we obtain
(3.11) Uy * g = Ug + Y,

with y, € X.
Note that the operator M (s) satisfies the following identity,

7(is)3M(s) + r(is)?M(s) — CAM (s) — b(is) AM (s) + §(s)AM(s) = I.

Therefore one gets

r [ G- M) feds [ Fo (i) M) f(s)ds — ¢ [ AF(G- M) (s
—b | AF(¢- (id) - M)(s)f(s)ds + ZAJ:(Qﬁ ~g - M)(s)f(s)ds = /R}"(fﬁ)(s)f(s)d&
for all € CH(R\{0}). By (3.5)-(3.11) and the previous identity we have
T/]Rugl(s)(}"qﬁ)(s)ds + /ﬁ/Rug(s)(]-b)(s)ds — CQ/RAUO(S)(}"@(S)CZS
b [ A Fo) s+ [ Algruo) () Fo)s)s = [ F6)F(@)(s)(5)ds.
for all » € C}(R\{0}). Then there existz z € X such that
Tup (s) + kug(s) — ¢ Aug(s) — bAug(s) + (g * Aug)(s) = f(s) + 2 seR.
Since §(0) # c¢? and 0 € p(A) we can take
u(t) == ug(t) — (¢ — g(0)) 1A 1z

It is easy to see that u solves (3.1).
In addition, note that u,u’ € C%(R, X), since u € C**3(R, X). Also, by Lemma 3.9 we have

AM, A(id)M are C®-multipliers. Then there exist uy, us € C%(R, X) such that

/ wa(s) (F)(s)ds = / F(- AM)(s)f(s)ds
R R
and

[ usoFo s = [ Flo- Aldps)(s)ds,
R R
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for all $ € CH(R\ {0}). Using (3.5) and (3.6) and the closedness of A one gets

/ Aug () (Fo) (s)ds = / AF(6 - M)(s)f(s)ds = / ws(s)(Fo)(s)ds
R R

R
and
/ Auy(s) (F)(s)ds = / AF(6 - (id) - M)(s) f(s)ds = / us(5)(F) (5)ds
R R R

This implies that there exist yq4,y5 € X such that Aug = ug + y4, Au1 = us + y5, and therefore
Au, Av' € C*(R, X). Finally note that g * Au € C*(R, X) by (2.6).

Now, we prove uniqueness. Let u € C*t3(R, X)NC** (R, D(A)) that solves the homogeneous
MGTM-equation of Type I, that is,

(3.12) Tu” (t) + k" (t) — P Au(t) — DAY/ (t) + /t g(t —s)Au(s)ds =0, teR.

—0oQ
Then, v u" v/, Au, Au/, g x Au € CY(R, X).
Let 0 > 0 and L, be the operator defined in (2.7). Applying L, to (3.12) we get

(¢ 0o +ip) = 9o+ D) Ba(p) = (L) (o) = o (47ipu(0) + 2u(0) + 27/) )

—270 (0 — 3p2)a(—0 +ip) — droipi(—o +ip) + 20 Al(—0 + ip) — G?U(U, )

— Hy(0,p),
with
B, (p) = (o +ip)3 + k(o +ip)?
A 2+ b(o+ip)—glo+ip)’
where we have applied (2.8), (2.9) and Proposition 2.5. Note that 5y(p) = B(p) € p(A) for all
p € R, so we write
1

(B (o) = BE)(B(0) = A7 (Lo (p) + (Low)0) = g7

Let ¢ € C2°(R). Multiplying by ¢ and integrating over R we obtain

(3.13) /(L w)(p)d(p)dp = /N (o, p)dp — /M ) (Louw)(p)dp,

where

(B(p) = A) " Hy(a, p).

My (p) = 6(p)(Bs(p) — B(p))(B(p) — A)"

Nolo) = 00) T =0 i 0 — A

By the 2-regularity of g and hypothesis (3.4), the operator families { My (p)},er and {Ny(p)}per
are both in C?(R, B(X)). Finally, we prove that both summands in the right hand side of (3.13)
converge to zero as ¢ — 0. Then

[ wto)Fo)p)ap = lim [ (Lou)(p)op)do =0,
R =0 JR

and
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for all ¢ in the Schwartz space S(R), see [31, Proposition A.2 (i)], and therefore u = 0.
In fact, using Lemmas [31, Lemma A.4] and [31, Lemma A.3] and taking into account that
Mo z1 + |MZ||r — 0 as 0 — 0 (applying the Dominated Convergence Theorem since M, and

M have compact support and the identity 6(()k) (p) = %) (p) holds for k = 0,1,2), we get that

101% A My (p)(Lou)(p)dp = 0.

In order to prove that

lim | No(p)Hy(o, p)dp =0,
al0 Jr
we observe, following the first part of [31, Lemma A.5], that lim, o [ Na(p)G;‘“(a, p)dp = 0.

This follows from the 2-regularity of g, supycr|v(s)(8(s) — A)7L|| < oo, (3.4), the compact
support of Ny, N and Lemma 3.8 which states that

sup ([|No |zt + [ING][ 1) < oo
0<o<e

Finally, the remaining terms of Hy(o, p) are of the form h(o, p)(1 + 4(—0o + ip)), where h is
continuous for all p € R, |h(0,p)| < C;, for 0 < o < € and h(o,p) — 0 as 0 — 0. Then using
similar arguments as in [31, Lemma A.5] we conclude the result. O

Remark 3.13. Under the hypothesis of Theorem 3.12 we say that equation (3.1) is C*-ill-posed
if condition (ii) fails.

Remark 3.14. The proof of the above theorem states that v, u”, Au', Au, g * Au € C*(R, X).
Moreover, using the closed graph theorem, we can conclude that there exists a positive constant
C independent of f € C*(R, X) such that

"

[u" | cor,x) + |t || com x) + [[AW | co(r, x) + [|AUllcar x) + (|9 * Aullcar x) < Cllfllco®,x)-

In what follows we analyze the special case 7 = 0, namely,

¢
(3.14) w () — R Au(t) — bAu () + / ot — $)Au(s) ds = (1), tER.

—o
Abstract integro-differential equations of second order with a memory term naturally appear in
the theory of viscoelasticity. For instance, the model (3.14) with b = 0 and A = A corresponds
to the viscoelastic membrane equation. In [1], decay estimates for the solutions of this abstract
model defined on Hilbert spaces is studied. Moreover, for A = —A? equation (3.14) models the
viscoelastic plate equation with memory [36], [39].

We say that equation (3.14) is C*-well-posed if for each f € C*(R, X) there exists a unique
function u € C**tL(R, D(A)) N C*T2(R, X) satisfying (3.14). For this equation, the function v
defined previously

1

c? +ibn — g(n)’
does not change. However, the function 8 takes the form

v(n) = n €R,

k(in)?
B(n) = c2+b§71n)—g~(77) = k(in)*y(n), n€ER,
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when 7 = 0. By the continuity of s — M(s) = v(s)(B(s) — A)~! at s = 0, we note that (ii) of
Theorem 3.2, i.e.,

sup 1(i5)>v(s)(B(s) — A) 71| < oo,

implies (not only for 7 = 0) that

sup 1(is)*v(s)(B(s) = A)~H| < oo

Therefore, using the same ideas in the proof of Theorem 3.12, we obtain the following charac-
terization of C“-well-posedness of the MGTM equation of Type I with 7 = 0.

Theorem 3.15. Let A be a closed linear operator defined on a Banach space X. Suppose g €
L} (Ry) is 2-regular on R and (3.4) holds. Then the following assertions are equivalent.

(i) Equation (3.14) is C“-well-posed.

(i) {B(s)}ser € p(A) and

Sup I(is)*7(s)(B(s) = A) ]| < oo

4. CHARACTERIZATIONS OF C'“-WELL-POSEDNESS: TYPE II AND TYPE III

In this section, our aim is to characterize the C“-well-posedness of the MGTM-equation of
Types IT and III. Let f € C*(R, X ) and A be a closed linear operator in X. The non-homogeneous
MGTM equations of Type II and IIT are given by

(4.1) Tu” (t) + k" (t) — ? Au(t) — DA/ (t) + /t g(t — s)Au'(s)ds = f(t), teR,

—00

and
(4.2) Tu”/(t)—i-liu”(t)—CZAu(t)—bAu/(t)—}—/ g(t—s)A(pu(s)+u'(s))ds = f(t), t,u € R, u # 0,

—0o0

respectively, where g € L'(Ry,t*dt) N L}, (Ry). These versions of the MGTM-equation (3.1)
were recently introduced by Lasiecka and Wang [33].
We introduce the following definition.

Definition 4.1. We say that the equation (4.1)(resp. (4.2)) is C“-well-posed if for each f €
C%(R, X) there exists a unique function u € C*THR, D(A))NC*T3(R, X) satisfying (4.1) (resp.
(4.2)).

We will use the same tools as the ones in the previous section in order to get C'*-well-posedness
for the MGTM-equation of types II and III. We will omit unnecessary steps and we will write
the main theorems directly. We first treat the MGTM equation of Type II.

In a similar way as in the above section, one can easily observe that the assumption

(43) > Go0) = [ late)lds

implies that ¢? + bni — ing(n) # 0 for all n € R. Moreover, the function
B 1
2 bni —ing(n)’

Y2(n) :
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belongs to Cy(R). Observe that, instead of (4.3), we could suppose that the function g satisfies
the condition ¢’ € L'(R,). This condition is verified for 2-regular derivable functions which are
well defined at ¢ = 0, for instance g, o for v > 1. In this case, the following assumption

)
(1.4) &> /0 g/ ()]dt,

is enough to ensure that

_ 1 _ 1

S Etbni—ing(n) 2+ i — (¢)(n)
belongs to Cy(R). If any of the above assumptions for 5 hold, the function

_ (i)’ + rk(in)?
P = i~ ong ()

Y2(n)

neR,

is well-defined.
We introduce the following notion of regularity.

Definition 4.2. We say that h € L} (Ry) is strongly n-regular on R if for all 0 < k < n the

loc

function h belongs to L*(R.,t* dt) and
_l’_

sup |s*7 (h(s)) M| < c.
s€R
Remark 4.3. Let h be a strongly 2-regular function. Then A is also 2-regular. Moreover, we
have B
sup |s¥(sh(s))®)| < 0o, k=0,1,2.
seR
In particular, k and sﬁ(s) are C®multipliers. If we assume that h is differentiable, then k' is
2-regular as well.

Example 4.4. The functions g, q(t) = ’i;y(;; e~ % are strongly 2-regular on R for a > 0 and v > 1

m for all s ER

since g, 4(s) =

The next result characterizes the C*-well-posedness of equation (4.1) under the assumption
of strong 2-regularity on the function g. Both, conditions (4.3) and (4.4), imply that there exists
€ > 0 such that

1
4.5 sup - — ;
(45) 0<o<e,per |2 +b(0 +ip) — (0 +ip)g(o +ip)
Theorem 4.5. Let A be a closed linear operator defined on a Banach space X. Suppose g €
Li (R.) is strongly 2-reqular on R and (4.5) holds. Then the following assertions are equivalent.

loc
(i) Equation (4.1) is C“-well-posed.
(i) {Ba2(s)}ser € p(A) and
sup I(i5)*72(s) (Ba(s) = A)7H| < oo
se
For the particular case 7 = 0,

(4.6) ru' (t) — A Au(t) — bAU' (t) + /t g(t —8)Au'(s)ds = f(t), teR,

—0o0
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the equation (4.6) is said C*-well-posed if for each f € C*(R, X) there exists a unique function
u € CTYR, D(A)) N C*T%(R, X) satisfying (4.6). For this equation, the function 5 does not
change, and the function S5 is

K(in)?
Balt) = s = (i), mE R

It is not difficult to observe that we can obtain the following characterization of C%*-well-
posedness of the MGTM equation of Type II with 7 = 0.

Theorem 4.6. Let A be a closed linear operator defined on a Banach space X. Suppose g €
L} (Ry) is strongly 2-regular on R and (4.5) holds. Then the following assertions are equivalent.

- (i) Equation (4.6) is C“-well-posed.
(ii) {B2(s)}ser € p(A) and
sup || (i5)%72(s) (Ba(s) — A) 71| < oo.

seR

Finally, we study the MGTM-equation of Type III. Observe that if the following inequality

holds
2

(4.7) b| > fﬂ > G(+00),
then ¢ + bni — (1 +1n)G(n) # 0 for all n € R. Moreover, the function
1
v3(n) :

¢ +bni — (p+in)g(n)’
belongs to Cy(R). We note that condition (4.7) implies exponential stability of the standard
energy for the weak solution of the homogeneous MGTM-equation of type III in a Hilbert space,
see [33, Theorem 1.8]. On the other hand, if the function g satisfies that ¢’ € L'(Ry), then the
condition

(4.8) 2 > [ulG(+00) + / Tl

also implies that

v3(1) ! ! —— € Cy(R).

by = (i) 2 i — ug(n) — (¢)(n)
It is a straightforward consequence that
7(in)® + k(in)*
63(77) =5 . N~ )
¢ +bii — (p+1n)g(n)
is well-defined if (4.7) or (4.8) holds. Also, the previous conditions imply that there exists e > 0
such that

neR,

1
sup - — .
0<o<z, per | €% +b(o +ip) — (n+ 0 +ip)g(o +ip)
The characterization of C*-well-posedness of MGTM equations of type III reads as follows.

(4.9)

Theorem 4.7. Let A be a closed linear operator defined on a Banach space X. Suppose g €
Li (R.) is strongly 2-reqular on R and (4.9) holds. Then the following assertions are equivalent.

loc
(i) Equation (4.2) is C“-well-posed.
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(ii) {B3(s)}ser C p(A) and

sup 1(5)°73(5) (B3 (s) — A) 7| < oc.
se
Similarly to the previous cases, for 7 = 0,

t

(4.10) ru' (t) — 2 Au(t) — bAU (t) + / gt — s)A(pu(s) +4/(s))ds = f(t), teR,

—00

the equation (4.10) is said C*-well-posed if for each f € C%(R, X) there exists a unique function
u € CTHR, D(A))NC (R, X) satisfying (4.10). In this case, the function 3 does not change,
and the function B3 is

- (in)?
Bs(n) = 5 bryi — (1 +in)G(n)

Then we get the following characterization of C*-well-posedness of the MGTM equation of Type
IIT with 7 = 0.

= k(in)*v3(n), neR.

Theorem 4.8. Let A be a closed linear operator defined on a Banach space X. Suppose g €
L} (Ry) is strongly 2-regular on R and (4.9) holds. Then the following assertions are equivalent.
(i) Fquation (4.10) is C“-well-posed.
(i) {B3(s)}ser € p(A) and
sup 1(i5)27(5) (Bs(5) — A) 1] < oc.

seR

5. EXAMPLES

In this section we illustrate some of the main results in this paper with some examples of
classes of operators A. Recall that we assume 7, k,b, u > 0.

Example 5.1. Let A = A be the Dirichlet Laplacian operator in X = Cy(Q2) :=
ulpn = 0} with Q Dirichlet regular, see [4, Theorem 6.1.9]. It is known that 0 €
is sectorial of angle 0, that is, 0(A) C (—00,0) and for all ¢ € (0, )

(5.1) INA=A) 7 < M, A€ S, M, >0,
where S, :={A € C: A#0, |arg(\)| < ¢}, [27].

Also, we consider g(t) = guq(t) = %e‘“t for a > 0 and v > 0. Note that g, , is 2-regular on

{ueC@Q) :
()and —A

R, see Example 3.7, and 2-strongly regular for v > 1, see Example 4.4.

First, we will prove that if 0 < v < 1 and ¢? > a% = G(+400), the corresponding MGTM
equation of type I is C%-ill-posed for 7 # 0. See Remark 3.13 for the precise meaning of ill-
posedness. However, the Kuznetsov and Westervelt equations of Type I (MGTM equation for
7 = 0) are C*-well-posed.

Indeed, recall that the assumption ¢* > - = G(4o00) implies the condition (3.4) by Remark
3.11. Next, note that

(=i = mn?) (2 = bin — §(n))
= b ()P
(=i — kn?) ((n? + a®)” — bin(n® + a®)” — (n* + a®)"/?(cos(v0) + i sin(v0)))
|2 + bin — g(n)|>(n? + a?)¥

9
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where 6 = arctan(n/a). Therefore the identity
(5.2)
—7bi* (if” + a®)” — 7P (" + a®)*/2 sin(v8) — kn*(® + a*)* [ (7 + a®)*/? — cos(v0)]

Re B(n) = |2 + bin — §(n)|2(n? + a?)¥

shows that 9te 3(n) < 0 for n € R\ {0} where we have used ¢?(n? + a?)"/? — cos(vh) > c*a” —
cos(vf) > 0, and sin(vf) = sin(v arctan(n/a)) > 0 for n > 0 and sin(vf) = sin(v arctan(n/a)) < 0
for n < 0 since 0 < v < 1. If we assume —7¢? + kb > 0, which is the subcritical condition to get
stability of the energy for the MGTM equation, see [33, Theorem 1.4], we have

(=7 + kb)PP(? + a?)” + (tn® sin(vh) + kn? cos(vh)) (1 + a?)¥/?
¢+ bin — G(n)P(n* + a?)”

(5.3)  Jmp(n) = £ 0,

for n € R\ {0}. Then 3(n) € p(A) for all n € R, and gf?;gén; — 0 as 7 — £o0o. This does not

allow to use (5.1) to bound the resolvent.
Assuming 7 # 0, let {Ag}ren be the spectrum of A with 0 > A; > ... > A\ — o0 as k — oo.
Then

sup || (in)*y(n)(B(n) — A) 7| > sup 1(in)>y(n)(B(n) — A) ]|
neR {n€R: Re B(n)=Ag, kEN}
[(in)*~(n)] (in)>y(n) ‘
> — A A
{ner: me;(lrlz? A, keny dist(B(n), (D)) frer: meﬁs(%):xk, keny | ImB(n)

where we have used [22, Proposition 1.3, Chapter IV, p.240]. By Theorem 3.12, we conclude
that equation (3.1) is C*-ill-posed.

Assuming that 7 = 0, one gets Re §(n) < 0 and Im 5(n) # 0 for n € R\{0}, with ‘jmﬁ ‘ — 00
as 1 — £oo. Given £ > 0 we have

sup [|(in)*y(n)(B(n) = A)7Y| < sup | 2| 18(n) - )7
In|>¢ In[>¢
(in)?
< My, sup | | < oo,
70 Inj>e K (“7)2
5m B(n) . . )
where m > ¢ := m—min arctan . These facts and the continuity of n — (in)*v(n)(5(n)
In[>¢ Re B(n)

A)~! for n = 0 imply that sup, g ||(in)*y(n)(B(n) — A)7!|| < oco. Therefore the equation (3.14)
is C*-well-posed, see Theorem 3.15.

Now, we study the ce- ell—posedness of the MGTM-equation of type II under the conditions
= G(+400) implies

(4. 5) Moreover we have

() = (=i — m*) (e = bin + ing(n))
|2 + bin — ing(n)|?
(=% — 6n®) (2 + a®)” = bin(n* + a®)” + in(n* + a*)"/?(cos(v6) + isin(vh)))
|2 + bin — ing(n)[2(n? + a?)”

9
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where 0 = arctan(n/a). Consequently,
—wn? (i + a®)"P? [ (1 + a®)"? — nsin(wh)] — ' (* + a®)*[b(n* + a®)*/? — cos(v0)]

0)
Re fa(n) = |2 + bin — 21757(77)!2(772 + a?)v

cos(l/9)
(P a2 T2

and ¢ > au T > nsin(0) g all n € R. In addition,

for n € R\ {0}, since b > L > Pt

Jm fa(n) =

e + bin — ing(n)[*(n* + a?)”
Now, we assume 7 = 1,k = 1,b = 16,¢? = 2 and g(t) = g1 2(t) (these parameters are under
the hypothesis of Theorem 4.5) in order to ease the manipulation and draw the function f32, see

Figure 1. It shows that Jm f3(n) # 0, then f2(n) € p(A) for all n € R, and ;nzgggng — 0 as

n — too. Using the same arguments that in the above case, the equation (4.1) is C*-ill-posed
(Theorem 4.5), however it is C*-well-posed for 7 = 0 (Theorem 4.6).

FIGURE 1. Example of a parametric plot (JRe S2(n), Jm 52(7n))

0.02 |-

0.01 |

L ! L !
-0.04 -0.03 -0.02 -0.01

0.01 |

-0.02 |

Finally, we con81der the MGTM -equation of Type IIl for v > 1 and b > < > = +

aul

We notice that b > & > - + a” — — implies (4.9) and 0 < p < atan(w/2v). Note that the last
assumption also 1mpheb 0 < pu<oowhenv=1and u— 0asv— oco. Wehave
Bu(n) = (=% — kn)(c? — bin — (u — in)g(n))
|2 + bin — (u + in)g(n)[?
(=% — k) (2(n? + a?)¥ — bin(n? + a®)¥ — (u — in)(n* + a®)"/?(cos(v0) + isin(v0)))

|2 + bin — (e + i) g(n)[*(n? + a?)”
where 6 = arctan(n/a). Then
—kn?(n? + a2)”/2[02(172 + az)”/Q — nsin(vl) — pcos(v)]

Pefaln) = [+ bin— (i G + a?)7

7P (n? + a®)” — kP (n® + a®)"/% cos(v0) + kb (0 + a®)” + T} (n? + a*)"/? sin(vh)

9

<0
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(P + a®)"P[b(n? + a®)"/? — cos(v8) + (u/n) sin(v6)]

|2+ bin — (p + i) g(m)[*(n* + a*)”

for n € R\ {0}, by using ¢ > £ + ayl,l > (:QTZS;E}Q + (WZT;(QV)?/Z, and b(n? + a?)*/? — cos(v0) +
(u/m)sin(v@) > 0 for n € R\ {0} (it is not difficult to prove the last inequality considering the

cases |n| > p and |n| < p, and using p < atan(w/2v)).
On the other hand,

—1n3(n? + a®) — (k — Tp)n3(n? + a®)?/? cos(vh) + kbn3(n? + a?)”
|2 + bin — (u+ in)g(n)[(n* + a?)”
(spm? + 70p*) (0 + a®)"/? sin(v0)
|2 + bin — (u+in)g(n)[*(n? + a?)”
Now, we consider 7 = 1,k = 1,b = 16,¢*> = 4, = 1 and g(t) = g1.1(t) (these parameters
are under the hypothesis of Theorem 4.7). We observe in Figure 2 that Jm f3(n) # 0. Then
Bs(n) € p(A) for alln € R, and mPa(n) _y () as n — £oo. Therefore, equation (4.2) is C“-ill-posed

Re B3(n)
(Theorem 4.7), but it is C*-well-posed for 7 = 0 (Theorem 4.8).

<0

Jm Bs(n) =

FIGURE 2. Example of a parametric plot (JRe 53(n), Jm 53(7))
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Example 5.2. Let A be the closed linear operator on [?(N) given by
(Au)p, = nuy, D(A) = {(uy) € ’(N) : (n-uy) € 2(N)}.

Letb=#x=7=c?>=1,and g(t) = e~ with a > 1. Note A does not generate any Cp-semigroup
on [?(N) because o(A) = {n : n € N}. However, we will see that the MGTM-equation of Type
I is still C*-well posed.
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Indeed, it is clear that ¢ > G(4+00) and g is 2-regular on R. After some calculations we get

_ PP —a)a—n*—1) —n*(a+1)* n’(a+1)
Bn) = (a—n*=1)>+ (n+an)? o= =D+ (1 + an)?’ 7€ RA{0)
Moreover, 3(n) € p(A) for all n € R since IJm 3(n) # 0 for all n # 0.
Let = (z,) € I>(N) and 1 # 0, then
1)y () (B(n) — A) ™ a|[? = [|(in)*((@n)*(in + 1) — (77) A)~al?
Z 3 ’ — = n (77 +a ) |33 ‘2
— z17+ 1) v(n) 2+ n(l = a))? + (an® + 92 +anla+1)2 7"

778

< 24 T2
(a +1)2|| | Z (m*+n2+n(l —a))? —|—(a173+773+n77(a+1))2| nl

Since a > 0, there exists ng € N such that np — a > 0 and therefore there exist constants
My, My > 0 such that

o

,,78
2 R i)

2
T
oo B et e s Pl

778

< M7 + |
R S b e ) i ey Hd
0 8

n 2
< M; + Tnl® < My + M.
R S T e e s e L M

By the continuity of  — (in)3y(n)(B(n) — A)~! at n = 0 and the above estimates we get
sup ||(i7)*~(1) (b(17) — A) 7| < o0.
neR

Hence the equation (3.1) is C*-well-posed by Theorem 3.12.

Our next example illustrates an application of C“-well-posedness to obtain existence of solu-
tions for a nonlinear version of the MGTM-equation.

Example 5.3. Let f € C*(R,X) and A be a closed linear operator in X. We consider the
following nonlinear version of (3.1),

(5.4) Tu" (1) + k" (8) — i (u)(t) — bpa(u)(t) + ds(u)(t) = f(t), tER,

where ¢1,¢3 : CYR, D(A4)) — CYR,X) and ¢3 : C*THR,D(A)) — C*(R, X) are nonlinear
functions, in general. In what follows the derivatives on ¢;(j = 1,2,3), are considered in the
Fréchet sense.

We denote Y := C*TYR, D(A)) N CYM3(R, X) and Z := C%(R, X). Inspired by a result of
Clement and Da Prato [13, Theorem 4.1] we obtain the following result.

Theorem 5.4. Let f € C*(R,X) and g € L}, .(R}) be 2-regular on R and assume that f,g
satisfy the condition (3.4). Let ¢; € CY(Y, Z) such that ¢;(0) = 0 for j = 1,2,3 with ¢} (0)v(t) =
Av(t), ¢5(0)v(t) = AV'(t) and ¢4(0)v(t) = fioo g(t — s)Av(s)ds for allv € Y and t € R. If
{B(s)}ser € p(A) and

sup [[(is)*v(s) (B(s) — A) 7| < oo,

seR
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then there exist ro > 0 and sy > 0 such that for any f € C*(R,X) with a € (0,1) satisfying
[fllcem,x) < ro, the problem (5.4) has a unique solution u € C**1(R,D(A)) N C*T3(R, X)
verifying the inequality

|ul| cat1(m, p(a)) T lullcatir x) < So-
Proof. We define the map F': Y — Z given by

F(u) := Lu — 2 ¢y (u) — b (u) + p3(u),
where Lu(t) := 7u" (t) + xu(t) for u € Y and t € R. Note that F(0) = 0, F € C*(Y, Z) and
F'(u)v = Lv — ¢ (u)v — bh(u)v + ¢h(u)v for all u,v € Y. Therefore F'(0)v(t) = Lv(t) —
2 Av(t) —bAV' (1) + ffoo g(t—s)Av(s) ds, and by Theorem 3.12 F’(0) is an isomorphism between
Y and Z. Applying the Local Inversion Theorem we conclude the result. (]

Acknowledgments. L. Abadias and M. Murillo wish to thank to C. Lizama his hospitality during
their stay at the University of Santiago de Chile.
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