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ABSTRACT. We introduce several notions of linear dynamics for multivalued lin-
ear operators (MLO’s) between separable Fréchet spaces, such as hypercyclicity,
topological transitivity, topologically mixing property, and Devaney chaos. We
also consider the case of disjointness, in which any of these properties are simul-
taneously satisfied by several operators. We revisit some sufficient well-known
computable criteria for determining those properties. The analysis of the dy-
namics of extensions of linear operators to MLQO’s is also considered.

1. INTRODUCTION AND PRELIMINARIES

Let X,Y be separable Fréchet spaces and {T;};c; a family of mappings from
X to Y. An element x € X is said to be universal if every element of Y can be
approximated by certain T;z. In other words, if the set {Tjz : ¢« € I} is dense in
Y. Once universality holds, the set of universal vectors is generic, more precisely
it is a dense G set by an application of Baire Category Theorem.

During the 90’s a particular type of universality attracted the interest of many
researchers. This was the case when the family of operators was given by the
powers of a single operator T', that is T; := T% i € Ny. This particular case of
universality is known as hypercyclicity, and such a vector z is known as a hyper-
cyclic vector. In [1], examples and results in universality were collected, with spe-
cial attention to the first remarkable results in hypercyclicity. This compendium
helped to attract the interest of many researchers to this new area. The recent
monographs [2, 3| collected the advances in the study of the dynamics of linear
continuous operators in Banach and Fréchet spaces during last years.

One of the core results of linear dynamics is the Hypercyclicity Criterion (HC)
[4, 5]. It states that a linear operator T is hypercyclic if it has a right inverse S
and a dense subset X, such that the orbits by 7" and by S of the elements of
Xp tend to 0. Some generalizations have been later introduced. In the situation
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where T is invertible, the operator 7" and T~! are hypercyclic at the same time.
The hypothesis of the (HC) can be significantly relaxed, see [3]. Additionally,
there are equivalent formulations, such as the blow-up/collapse criterion, that can
be formulated without explicit mentions to the aforementioned right inverses, see
6, 1].

Multivalued functions often arise as inverses of functions that are not injective.
The study of the dynamics of functions that take sets as image of certain elements
has been considered by several authors. Chaotic properties for set valued maps
between spaces of compact sets endowed with the Hausdorff distance were initially
considered by Roman-Flores [7], Peris [8] and Banks [9]. Chaos on hyperspaces
was considered in [10]. However the study of linear dynamics for multivalued linear
operators has not been considered yet.

In this work, we consider hypercyclicity, topological transitivity, topologically
mixing property, and chaos (in the sense of Devaney) for MLO’s, as well as their
disjoint versions. The paper is organized as follows: In Section 2, we recall the most
important definitions from the theory of multivalued linear operators. Section 3 is
completely devoted to survey the formulation of those linear dynamical properties
for multivalued linear operators. Some well-known sufficient criteria are adapted to
these settings. The scope of the results is determined by means of some illustrative
examples. Finally, the dynamics of the extensions of linear operators to MLO’s is

considered in Section 4.

2. MULTIVALUED LINEAR OPERATORS

We present a brief overview of the necessary definitions and properties of mul-
tivalued linear operators. For more details, we refer the reader to the monographs
of Cross [11], Favini and Yagi [12], Alvarez, Cross and Wilcox [13, 14], and by the
third named author [15].

We use the standard notation throughout the paper. Let X be a separable
Fréchet space, i.e. a complete, metrizable, locally convex space, over the field K.
The abbreviation cs(X) stands for the fundamental system of continuous semi-
norms defining the topology of X. We also define the ball of center x € X and
radius € > 0 respect to p € ¢s(X) as By(z,e) : ={ye X :p(x —y) <e}. f X isa
Banach space, then the norm of an element x € X is denoted by ||z]|.

Assuming that Y is another separable Fréchet space, then we denote by L(X,Y)
the space consisting of all continuous linear operators from X to Y, and if X =Y
we simply denote it as L(X). Let B be the family of bounded subsets of X. Given
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p € cs(Y), B € B, we define pp(T) := sup,cgp(Tx) for every T' € L(X,Y’). Then
the set {pgp : B € B,p € cs(Y)} defines a fundamental system of seminorms on
L(X,Y) that induces the Hausdorff locally convex topology of the convergence
over the bounded sets of X.

We now recall the definition of a multivalued linear operator. We denote by
P(Y) the family of subsets of Y.

Definition 2.1. Let X and Y be Fréchet spaces. A multivalued map (multimap)
A : X — P(Y) such that for every open set V € X satisfies that A~1(V) is said
to be a multivalued linear operator (MLO) if the following holds:

(i) The domain of A, D(A) := {z € X : Az # ()}, is a linear subspace of X;

(i) Az + Ay C A(x + ), for every z, y € D(A) and MMz C A(\x), for every

ANe K,z e D(A).
We denote the set of these operators as M L(X,Y). If X =Y, then we say that

A is an MLO in X, and we denote this set by M L(X).

An almost immediate consequence of definition is that Az + Ay = A(z+y) and
Mz = A(Ax) for all z,y € D(A), A # 0. Furthermore, Az +nAy = A(Ax +ny),
for every x, y € D(A) and \, n € K with |A| + |n| # 0.

If A is an MLO, then the image of 0 by A, A0, is a linear manifold in Y and
Ax = f+ A0 for any x € D(A) and f € Ax. We denote the range of A as
R(A) .= J{Az :z € D(A)}.

Definition 2.2. Given A, B € ML(X,Y), we define
o the kernel of A as N(A) :={z € D(A): 0 € Az}.
o the sum A+ B as (A+ B)x := Az + Bz, v € D(A+ B) with D(A+ B) :=
D(A) N D(B).
e the scalar multiplication z.A, with z € K, as (zA4)(x) := zAz, © € D(A)
with D(zA) := D(A).
It can be simply verified that A + B, 24 € ML(X,Y), too. Moreover, (wz)A =
w(zA) = z(wA), for every z,w € K.
e the direct sum of k copies of A with itself, ke N,on X¥ =X ...0 X
Nl

k
as

) = o) € Ay f 11':1,2,...,/<;}
AEB - @A(xlax% 73716) {(yby% 7Z/k> Y eAx Oor all 7

= Az x ... x Az, € P(Y").
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with D(A® ... A) == D(A) & ... ® D(A).

-~

k k
e the adjoint A* : Y* — P(X*) of A by its graph

A" = {(y*,f‘) €Y* x X*: (y*,y) = (a*,z) for all pairs (z,y) € A}.

It is simply verified that A* € ML(Y*, X*), and that (y*,y) = 0 whenever
y* € D(A*) and y € AO0.

If X =Y, we also define the product BAz := |J{By : y € D(B) N Az} with
D(BA) := {x € D(A) : D(B) N Az # 0}. Then, the integer powers of an MLO
A € ML(X) are recursively defined as follows: A" := I, and if A" is defined,

we set

Atz = (AA" e = J{Ay : y € D(A) N A" "z}, with
D(A™) = {z € D(A™Y) : D(A) N A"z # 0},
We define the inverse A~ of A € ML(X) as
Al ={z e D(A):yc Az}

on D(A™Y) := R(A). We can prove inductively that (A")™! = (A" H 1A =
(A" =2 A n € Nand D(A — A)") = D(A"), for every n € Ny, A € K.
Moreover, if A is single-valued, then the above definitions are consistent with the
usual definition of powers of A. According to this, we set Do (A) := (,,cn D(A™).

For every A € ML(X,Y) we define A := {(2,9) : € D(A), y € Az}. Then
A is an MLO if, and only if, A is a linear relation in X x Y, i.e., A is a linear
subspace of X x Y.

Suppose that X is a linear subspace of X and A € ML(X,Y). Then we define
the restriction of A € ML(X,Y) to the subspace X, denoted by A, for short, as
Az := Az, x € D(Ajx) with D(Ax) := D(A) N X. Clearly, Ax € ML(X,Y),
too. It is well known that A € ML(X,Y) is injective (resp., single-valued) if
ATA = I‘)lg(A) (resp., AA™! = I\};%(A))'

fAe ML(X,Y) and Be ML(X,Y), then we write A C B if D(A) C D(B)
and Az C Bz for all x € D(A). If S € L(X,Y) has domain D(S) = D(A) and
S C A, then S is called a section of A, and then we have Az = Sx+ .40, x € D(A)
and R(A) = R(S) + .A0.

An element A € K is an eigenvalue of A if there exists some vector x € X \ {0}
such that Ax € Ax; we call x an eigenvector of A corresponding to the eigenvalue
A. Observe that, in the purely multivalued case, a vector z € X \ {0} can be an
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eigenvector of operator A corresponding to different values of scalars A\. The point
spectrum of A, 0,(A) for short, is defined as the set of all eigenvalues of A.

In our work, the multivalued linear operator B~'A = {(z,y) € X x X : Az =
By} has an important role, where A and B are single-valued linear operators

acting between the spaces X and Y, and B is not necessarily injective.

3. DYNAMICAL PROPERTIES OF MLQO’s

We recall some of the most significative notions of linear dynamical properties,
further details can be found in [2, 3.

Definition 3.1. Let A € ML(X) and let x € X. Then we say that:

i) x is a hypercyclic vector of A if x € Dy (A) and for each n € Ny and
each j € {1,..., N} there exists an element y;, € A"z such that the set
{yn : n € N} is dense in X. In this case, we say that A4 is hypercyclic.

ii) = is a periodic point of A if x € Dy (A) and there exists n € N such that
x e A'x;

iii) A is topologically transitive if for every pair of non-empty open sets U,V C
X there exists n € N such that U N A~"(V) # 0.

iv) A is topologically mizing if for every pair of non-empty open sets U,V C X
there exists ng € N such that U N A™™(V) # () holds for n > ny.

v) A is chaotic (in the sense of Devaney) if A is topologically transitive and

the set consisting on all periodic points of A is dense in X.

With a similar argument as in the case of linear operators, by Baire’s Category
Theorem, the notion of hypercyclicity is equivalent to the one of transitivity, as
long as the MLO’s were defined on the whole space X [16, Th. 3.1.6]. Let A €
ML(X) and let (Oy)nen be an open base of the topology of X. Then the set
consisting of hypercyclic vectors of A is denoted shortly by HC(.A) and it can be
computed by
(1) HC(A) = | A™*(0n).

neN keN
Remark 3.2. The periodic points of A form a linear submanifold of X: Suppose
that x is a periodic point of A. Then = € D (A) and there exists an integer n € N
such that x € A"z. This implies the existence of y; € X (1 < j <n—1) such that
(x,11) € A, (y1,42) € A, ..., (yn_1,x) € A. Repeating this sequence, we easily get
that z € A"z for all k € N, and the statement holds.
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Remark 3.3. On the one hand, one can replace the sequence of powers of A €
ML(X) by a sequence of MLO’s (A,,)nen, and refer to the notion of universality
instead of hypercyclicity, c.f. [1, Def. 2]).

On the other hand, in Definition 3.1, our assumptions on X, as well as on
(A")nen, A, (A} )nen and A; can be substantially relaxed (1 < j < N). It suffices
to suppose that X and Y are topological spaces as well as that A" are binary
relations from X to Y. This notion will be considered in our follow-up research

study [17].

Disjointness in linear dynamics was independently introduced by Bernal-Gonzéalez
[18] and by Bes and Peris [19], see also [20]. For the sake of completeness, we ex-
plicitly state them:

Definition 3.4. Let N > 2,1 <j < N,and Ay,..., Ay € ML(X). Let z € X.
Then we say that:

i) z is a disjoint hypercyclic vector of A if v € Dy (A;) and for each n € Ny
and each j € {1,..., N} there exists an element y;, € A}z such that the
set {(Y1ns---,Ynn) - n € N}isdensein X @ ...3 X. In this case, we say
that Ay, ..., Ay are disjoint hypercyclic, or simply d-hypercyclic.

i) Ai,..., Ay are disjoint topologically transitive, or simply d-topologically
transitive if for any choice of non-empty open sets U, Vi, ..., V,, C X there
exists n € N such that Un A™(V)N...NAY(V) # 0.

iii) Ay, ..., Ay are disjoint topologically mizing, or simply d-topologically miz-
ing if for any choice of non-empty open sets U, Vi, ..., V, C X there exists
no € N such that UN A™™(V)N...NAZ(V) # 0 for every n > ny.

iv) Ay,..., Ay are disjoint chaotic, or simply d-chaotic if Ay,..., Ay are d-
hypercyclic and the set of periodic points , denoted by P(A;, Ag, -+, Ax) 1=
{(z1, 29, 2n) € XV : In € Nwith z; € Atz j€{l,...,N}}, is dense

in XV,

It is clear that any multivalued linear extension of a hypercyclic (chaotic) single-
valued linear operator is again hypercyclic (chaotic). It is also worth noting that
Definition 3.1 prescribes some cases in which even zero can be a hypercyclic vector:
Let A := {0} x W, where W is a dense linear submanifold of Y. Then A is
hypercyclic, zero is the unique hypercyclic vector of A and there is no single-
valued linear restriction of A4 that is hypercyclic (in particular, a hypercyclic MLO
need not be densely defined and the inverse of a hypercyclic MLO need not be
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hypercyclic, in contrast to the single-valued linear case, see also [19, Prob. 1]).
Furthermore, with this example, we can get that an MLO A and some arbitraty
multiples of it can be d-hypercyclic, in contrast to what is indicated in [19, p. 299].
Moreover, the non-triviality of the manifold Ay is not essentially connected with
hypercyclicity of an MLO: Just take A := X x W, with W a non-dense linear
submanifold of X so as to A cannot be hypercyclic.

It is an elementary fact that the point spectrum of the adjoint of a hypercyclic
continuous single-valued linear operator has to be empty [4], see also [2, 3]. The
same holds for hypercyclic MLO’s:

Theorem 3.5. If A€ ML(X) is hypercyclic, then o,(A*) = 0.

Proof. Let x be a hypercyclic vector for A. For every n € N, there exists an element
Yn € A"z such that {y, : n € N} is dense in X. Suppose that there exist A € K
and z* € X*\ {0} such that \z* € A*z*, ie., that (z*,y) = A\(a*, x), whenever
y € Ax. It is clear that (z*y,) = A"(z* z) for all n € N, so that the assumption
(x*,z) = 0 implies (x*, y,,) = 0 for all n € N, and therefore, z* = 0. So, (z*, x) # 0.
If |A] <1, then [(z*,y,)| = |\"(z*, z)| < |(z*, )| for all n € N. This would imply
|(z*,u)| < |(z*, z)| for all w € X, which is a contradiction since |(z*, nu)| diverges
to oo for any u € X such that (z*,u) # 0. If |[A| > 1, then |(z*, y,)| = |\"(z*, )| >
|(z*, z)| for all n € N; this would imply [(z*,u)| > |(z*, )| for all u € X, which is
a contradiction since |(x*,u/n)| converges to 0 for all w € X, and (z*, ) #0. O

The Hypercyclicity Criterion, initially stated by Kitai [4] and by Gethner and
Shapiro [5], gives some sufficient conditions in order to determine that an operator
is hypercyclic. Those conditions were proved to be equivalent to be weakly mixing
[21, 22]. Since then, several equivalent formulations have been given. We will
state it in terms of the collapse / blow-up conditions [21, Def. 1.2] and [1, Th.
3.4] initially stated by Godefroy and Shapiro [6].

It is worth noting that this criterion can be formulated, in a certain way, for
MLO’s and that we do not need any type of continuity or closedness of operators
under consideration for its validity; a straightforward proof of the next result is

very similar to that of [23, Th. 9] (continuous version) and therefore it is omitted.

Criterion 3.6. (Blow-up/collapse for MLOs) Let A € ML(X). Suppose that
(mn)nen 1S a strictly increasing sequence of positive integers.

Let Xy be the set of those elements y € X for which there exists a sequence
(Yn)nen in X such that y, € A™y, n € N and lim,_,o y, = 0.
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Let X, consist of those elements z € X for which there exist a null sequence
(Wn)nen 0 X and a sequence (Up)nen i X such that u, € A™w,, n € N and
lim,, oo Uy, = 2.

If Xo, Xo are dense in X, then A is hypercyclic.

We will also state a version of this criterion for disjoint hypercyclicity of MLOs;
see [19, Prop. 2.6 & Th. 2.7] for single-valued case of linear operators. Its proof
follows the same lines.

Proposition 3.7. (d-Blow-up/collapse Criterion for MLO’s) Let N € N and let
A; € ML(X), j € NN[1,N] and (my,)nen a strictly increasing sequence of positive
integers.

Let Xy be the set of those elements y € X satisfying that for every 1 < j <
N there exists a sequence (Ynj)nen tn X such that y,; € ATy, n € N and
limy, 00 Yn; = 0.

For each j € NN[1, N], let us consider the set X j, consisting of those elements
z € X for which there exist elements wy, ;(z) and u,; ;j(z) in X (n € N, 1 <i < N)
such that (wnj(2))nen is a null sequence in X, uy;;(2) € Ai"w,i(2), n € N and
limy, o0 Uni; = ;2 (1 < i < N) where §; ; denotes the Kronecker delta.

If X0, X001, .., Xeon, then the operators Ay, ... An are d-hypercyclic.

Observe that the assertions of Proposition 3.6 and Proposition 3.7 can be for-
mulated for sequences of multivalued linear operators (cf. [19, Rem. 2.8] and for
finite direct sums of each operator with k& — 1 copies of itself, k,n € N, namely
(.AEB G 4)71 =A"®...® A", k,nc N Inthis case, we just have to pass to

k

k
the subsets X(’f,Xfovj, 1 <j <N, as well to the tuples (2,...,2), (Ynj,---»Ynj),
(Wniy - oy Wni), (Unyijy -+ - Unij), €ach of which having exactly k& components, and

the proof follows as indicated.

The following theorem extends the criterion in [24, Th. 2.1], that is a kind
of reformulation of Godefroy-Shapiro [6] and Desch-Schappacher-Webb Criterion
(continuous version) [25], see also [3, Th. 7.30], for MLO’s.

Theorem 3.8. Let (2 C C be an open connected set intersecting the unit circle
QNS; #0. Let f: Q— X\ {0} be an analytic mapping such that \f(\) € Af(N\)
forall\ € Q. Set X := span{f(A) : A € Q}. Then the operator A|X 18 topologically

maxing in the space X and the set of periodic points of Al)”( is dense in X, so that

it 1s also chaotic.
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Proof. The proof is very similar to that of [23, Th. 5], which is based in an
application of the Hahn-Banach Theorem. We will only outline the most relevant
details.

Without loss of generality, we may assume that X = X. If Qy C Q admits a
cluster point in €, then the (weak) analyticity of mapping A — f(A), A € Q shows
that W(€p) := span{f(A) : A € Qp} is dense in X.

Further on, it is clear that there exist \g € @ N {2z € C : |z|] = 1} and
d > 0 such that any of the sets Qp 1 = {A € Q : |]A = X| < 4, [\ > 1} and
Qo :={AeQ: X=X <6, [N\ <1} admits a cluster point in (2.

Take two open sets ) # U,V C X. Then there exists y, z € X, € > 0,
p, q € cs(X) such that B,(y,e) C U and By(z,¢) C V. We may assume that

y =22 Bif () € W), 2 = 3050 i f () € W(S,4), with as, 55 € CA\ {0},
NM€EQ_and \; € QY forl <i<nand1l<j<m.

Set 2z == > 1", ;—:,sf():]) and z; :== y + 2z, t > 0. Then {x;, y, 2:} C Doo(A),
t > 0 and it can be easily seen that z € A"z,, n € N. Consider w, := z +
Yo BN f(N) € A"z, for every n € N. There exists ng(¢) € N such that, for
every n > ng(e), x, € B,(y,€) and w, € By(z,¢€). Therefore, A is topologically
mixing.

Since the set N exp(2miQ) has a cluster point in €2, the proof that the set of
periodic points of A is dense in X can be given as in that of [24, Th. 2.1].

Finally, the validity of implication:
(", f(A)) =0, A € Q for some z* € X* = 2" =0.

yields that X = X. 0

Remark 3.9. Suppose that {2 is an open connected subset of K = C satisfying
QNS #0,as well as that N > 2 and Ay, -+, Ay € ML(X). Let f: Q — X\ {0}
be an analytic mapping such that Af(A) € A;f(A) for all A € @ and j € Ny. Set
X = span{f(\) : A € Q}. Then it is very simple to show that, for every [ € N,
the set P((A1 )", - -+, (Anx)') is dense in XN ¢f. also the proof of Theorem 3.8.

In the following example, we will illustrate Theorem 3.8 with a concrete example
that provides the existence of a substantially large class of topologically mixing
multivalued linear operators with dense set of periodic points.

Example 3.10. Suppose that A € L(X) with closed range satisfying that there
exist an open connected subset () # A of C and an analytic mapping g : A — X\{0}
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such that Ag(v) = vg(v), v € A. Let P(z) and Q(z) be non-zero complex polyno-
mials, let R :={z € C: P(z) =0}, A" := A\ R, and let X :=span{g(\) : A € A}.
Suppose that

Qs
—(A)NnS .
P( )NSi#0
Then Theorem 3.8 implies that the parts of MLO’s Q(A)P(A)~! and P(A)'Q(A)
in X are topologically mixing in the space X. It can be easily checked that the

sets of periodic points of these operators are dense in X.

Theorem 3.8 has a disjoint analogue in [18, Th. 4.3] for single-valued operators.
The next result is the corresponding reformulation for MLO’s, that can be obtained

with a similar proof.

Theorem 3.11. Suppose that N € N and Ay, ..., Ay € ML(X). For each natural
number 0 < p < N there exists a total set D, (that is, the linear span of D, is
dense in X ) such that the following conditions hold for every 1 < j < N:

(i) For everye € D, there exists an eigenvalue \;,(e) of A; for which A;,(e)e €
Aje.
(i) For every e € Dy we have \;jo(e) € int(S)
(i) For every e € D;we have A ;(e) € ext(Sy).
(iii) For every 1 <i# j < N and every e € D; we have |\;;(e)| < |Nii(e)l.

Then the operators A;, ..., An are d-topologically mizing.

We illustrate Theorem 3.11 with two interesting examples pointing out that the
continuity of operators can be neglected from the formulation of [18, Theorem
4.3], as well as that there exists a great number of Banach function spaces where
this extended version of the aforementioned theorem can be applied (cf. also [18,
Final questions, 2.]). Other examples involving single-valued or multivalued linear
operators can be similarly given, by using the analysis from Example 3.10; cf.
also [26], [27, Ex. 3.8 & Ex. 3.10] and [28] for some other unbounded differential

operators that we can employ here.

Example 3.12. Let p > 2 and let X be a symmetric space of non-compact type
of rank one, let P, be the parabolic domain defined in the proof of [29, Th. 3.1],
and let ¢, > 0 be the apex of

2
@) sz{r|pn2+z2 e C, [3(:)] < ||pu-\];—1\} cc.
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It is known that int(P,) C O'p(AiQp) 29, 30], where Aiﬂp denotes the corre-
sponding Laplace-Beltrami operator acting on Lﬁ’ (X), the space of K-invariant
functions in LP(X), see [29, Sec. 2.3], where K is a maximal compact subgroup of
the non-compact semi-simple Lie group Isom’(X).

Furthermore, there exists an analytic function g : int(F,) — L{(X) such that
A_hxpg()\) = Ag(A), A € int(F,) and that the set U(Q) := {g(\) : A € Q} is total in
X for any non-empty open subset Q C int(F,).

Take N € N with N > 2 and numbers a4, ..., ay satisfying —1 — ¢, < a1 <
as < ... <ay <1—c¢, Forevery 1 <i < N there exists a point \; € int(F,)
such that [A\; + a;| > max(1, |\; + a;|) for all j # ¢ with 1 < j < N. Now taking
0y as a small ball around ¢,, and D; = U(€;) with €; a small ball around \;,
1 <1 < N, we can apply Theorem 3.11, and then we conclude that the operators
Ath’p + aq, Aigp +ag, ..., Ath + ay are d-topologically mixing.

Furthermore, by Remark 3.8, the set P(A&p +ay,..., Ag(,p + ay) is dense in
(LE(X))N. Hence, the operators Aﬂ(,p +ay, Ai(’p +ao,. .. ,Ag(’p +ay are d-chaotic.

The next example is inspired in some results from [31, 32, 33].

Example 3.13. Let b > ¢/2 > 0, Q := {A € C: R\ < ¢ —b/2} and let us
consider the bounded perturbation of the one-dimensional Ornstein-Uhlenbeck
operator A.u = u” + 2bxu’ + cu is acting on L*(R), with domain D(A.) :=
{uc L*(R) NW2*R) : Acu € L*(R)}. Then A, generates a strongly continuous
semigroup and €2 C 0,(A.).

For any non-empty open connected subset € C €, which admits a cluster
point in €2, we have X = span{g;(\) : A € V, z'— 1 2} Where g1 : 2 — X and
g2 Q - X are defined by ¢g1(\) = F (e )(5), and go(N) =

e 2b|§| (1425) NE), A € Q denoting by F~! the inverse Fourier transform
on the real line.

Furthermore, A.g;(\) = Ag;(\), A € Q, i = 1,2. Suppose that P;(z) and Q;(z)
are non-zero complex polynomials (1 < i < N), and €' denotes the set obtained

by removing all zeroes of polynomials P;(z) from 2. Let A C C be a non-empty
open connected subset intersecting S; = {z € C : |z] = 1} such that

(3) Ac N @m')-

1<j<N
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In addition, let us suppose that there exist non-empty open connected subsets
Q, CQ,0<p<N, such that

(4) 9 () Cint(Sy), and () Cext(S)), 1<) < .
by I

Finally, applying Theorem 3.11 and Remark 3.9, as in Example 3.10, we get
that the multivalued linear operators Q1(A.)Pi(A.) 7Y, .., Qn(A)Pyn(A)~! are
d-topologically mixing and that the set of periodic points of these operators are
dense in XV,

Furthermore, the same conclusion holds if we replace some of the operators

Qi(A) ' Pi(Ac) with Py(A.)Qi(Ae)™", 1 <i < N.

4. DYNAMICS OF EXTENSIONS OF MLO’s

Let A € ML(X). In the sequel, we will often identify .4 with its associated
linear relation A, which will also be denoted by the same symbol A. It is clear
that A is contained in X x X, which is hypercyclic, chaotic and topologically
mixing (transitive, resp). Let us denote

(5) S(A):={Z: Z is a linear subspace of X x X and A C Z}.

We say that B € ML(X) is a hypercyclic (chaotic, topologically mizing, topo-
logically transitive) extension of A if B € S(A) and B is hypercyclic (chaotic,
topologically mixing, topologically transitive).

Further on, let N € N, and let A;,..., Ay € ML(X). Then the MLO’s
X x X,..., X x X, totally counted N times, are d-hypercyclic, d-chaotic and
d-topologically mixing, d-topologically transitive. Denote

S(Al,...,.AN) = {(Bl,...,BN) : B; is a linear subspace of X x X
and A; C B; for all 1 giSN}.

We say that the N-tuple (By,...,By), with B; € ML(X), 1 <i < N, is a d-
hypercyclic (d-chaotic, d-topologically mizing, d-topologically transitive) extension
of (Ay,..., An)if (By,...,By) € S(Ay,..., Ay) and By, ..., By are d-hypercyclic
(d-chaotic, d-topologically mixing, d-topologically transitive).

We proceed with some examples to illustrate these notions.

Example 4.1. (i) Suppose that X := K” and A := A € L(X). Then A is
not hypercyclic, and K" x K™ is the only hypercyclic (chaotic, topologically
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mixing, topologically transitive) extension of 4; a similar statement holds
on any arbitrary finite-dimensional space X.

(ii) Suppose that X is infinite-dimensional, W is a non-dense linear subspace
of X and A = X x W. Then any hypercyclic MLO extension of A has the
form X x W', where W’ is a dense linear subspace of X containing W.

(iii) Any hypercyclic MLO extension A of the identity operator I on X has the
form Ax =2+ W, x € X, where W = A0 is a dense linear subspace of X
and z is a hypercyclic vector of A.

The next examples depend on the following statement. Let us consider A €
L(X). Then any MLO extension A of A has the form Az = Ax+W, x € X, where
W = A0 is a linear subspace of X. Inductively,

n—1
(6) Az = A"z + > A(W), neN, zeX.

J=0

Example 4.2. Suppose that W is a dense linear subspace of X, and Ax = Az +W,
x € X. Let U and V be two arbitrary open non-empty subsets of X. Then (6)
implies that, for every n € N and u € U, there exists an element w € W such that
A"u+w € V N A"u; in particular, A is topologically mixing.

Suppose that X is infinite-dimensional, A € L(X) and {y; : £ € N} is a dense
subset of X. Denote by ¥ the set consisting of all linear manifolds W’ of X such
that there exists x € X with the property that, for every n € N, there exist
elements z,; € W’ (0 < j <n—1) such that the set {A"x + Z?:_Ol Az, :n €N}
is dense in X. Then ¥ is non-empty because X € ¥ (with x = 0, z,; = 0,
1<j<n-—1, 2,0 =yn), and A=A+ (<. Now we consider some examples:

Example 4.3. Let X be an infinite-dimensional complex Hilbert space with the
complete orthonormal basis {e, : n € N}. Let us consider A as the forward shift
operator acting on an arbitrary element z = Zf;l Tpen, € X, as A (Zf;l Tpep) =
> oo Tpent1. The operator A satisfies ||A|| = 1 and therefore A is not hypercyclic.

On the one hand, any linear manifold W' belonging to ¥ has to contain the
linear span of {w}, for some element w of X such that (w,e;) # 0. On the other
hand, let W be the linear span of {e; }. In what follows, we will prove that A+W is
a hypercyclic extension of A, with zero being the corresponding hypercyclic vector:
It is clear that there exists a strictly increasing sequence (ny)gen of positive integers
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such that
?’Lk—l
Yk — Z g €| <277,
=0
for some scalars ay,, ; (0 < j < nj—1). In addition, the linear span of {e;,..., e}

is contained in Zi_:%) AJ(W) for any | € N. Plugging 2,; :=0(0<j <n-—1)if
n#ny forall k € N, and 2, ; 1= ay,, je1 (0 < j < ny—1) if n = ny, for some k € N,
we can simply deduce that zero is a hypercyclic vector of A + W, as claimed.

Consider the following MLO extension of A € M L(X)
(7) A= ﬂ{Z € S(A) : Z is hypercyclic}.

We call A the quasi-hypercyclic extension of A and similarly define the quasi-

chaotic (quasi-topologically transitive, quasi-topologically mizing) extension of A.

Example 4.4. Let X :=[5(Z), let (an)nez be a bounded subset of (0, 00), and let

(8) Ax = Z TpApenyq for any x = Z Tnen € X

where {e, : n € Z} denotes the complete orthonormal basis of X. The hypercyclic-
ity of bilateral weighted shift A has been characterized by Salas in [34, Th.2.1]:
Given € > 0 and g € N, there exists a sufficiently large integer n € N such that
[1°=) asij < € and [['_, a;_s > 1/e for all |j| < g. Suppose that this condition
does not hold, then it can be simply verified from (6) that span{e,, : k € N} € T
for any strictly decreasing sequence (ny)ren of negative integers. Hence, A=A

Example 4.5. Suppose that W is a linear subspace of X, Axv = Az + W, z € X,
and for each w € W there exist an integer n € N and elements w; € W such
that Z;:ll Alw; = —A"w. This, in particular, holds provided that there exists an
integer n € N such that A™(W) C W, as it is the case of the forward shift operator.
Then (6) implies that w € A"w, w € W, so that operator W consists of solely
periodic points of A. Suppose now that R(A) is dense in X, hence R(A7) is dense
in X for all j € N. Using this fact and Example 4.2, we get that Ar = Az + R(AY),
x € X is a chaotic extension of A for all j € N; this is no longer true if R(A) is
not dense in X, even if dimension of X \m equals 1, cf. Example 4.3. In the
case that the operator A is nilpotent and W is a dense submanifold of X, then it

can be easily seen that Ax = Az + W, x € X is a chaotic extension of A.
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—_——

We can similarly introduce the notion of a d-quasi-hypercyclic extension (Ay, - - -, Ay)
(d-quasi-topologically transitive extension, d-quasi-topologically mizing extension)
of any N-tuple (Ay,- -, Ayx) of elements of M L(X)
(9)
(.Al, A ﬂ{ Bi,--+,By) € S(A1, -+, Ay) : By, -+, By are d-hypercyclic}.

Suppose that X is infinite-dimensional and A, ..., Ay € L(X). Then any MLO
extension of the tuple (A, ..., Ay) has the form (A;+W1, ..., Ay+Wy), where W;
is a linear subspace of X, 1 <i < N. Using (6), we have that (A; + W1, ..., Ay +
W) is d-hypercyclic if there exists some x € X with the property that, for every
n € N there exist elements z,,;, € W; (0 < j <n—1,1 <1< N) such that the
set {(Ajw + 3777 G Az Al >0 ' Al znin) tn € N} is dense in XV,
Then, (A1 + X, ..., Ay + X) is d-hypercyclic with = 0 being the corresponding
d-hypercyclic vector. Arguing as in Example 4.3, it can be easily seen that the
following examples hold:

Example 4.6. (i) Let A be the operator considered in Example 4.3. Then
(A+ Wy, A2+ W,, ..., AN + Wy) is a d-hypercyclic extension of the N-
tuple (A, A%, ... AN), where W; is the linear span of {ei,es,...,e;} for
1<i<N.

(ii) Any d-hypercyclic extension of the tuple (7,...,I) has the form (I +
Wi, ...,I +Wy), where W; is a dense linear subspace of X, 1 <i < N.

(iii) Let X = [2(Z), let (an)nez be a bounded subset of (0,00), and let A
be defined through (8). Suppose that (ny;)ren is any strictly decreasing
sequence of negative integers possessing the property that, for every s € N
and j € N? |, there exists [ € Z such that | < —s and n;; = j (mod i),
1 <i< N.Set W; :=span({e,,, : k € N}), 1 <i < N. Then (A+Wy, A%+
W, ..., AN+Wy) is a d-hypercyclic extension of the tuple (A4, A%, ..., AN).

(iv) Let Ay,..., Ay € L(X), with (A;,..., Ay) = (A, + Wi,..., Ay + W),
where W; is a dense linear subspace of X, 1 <i < N. Then (A;,...,Ax)
is a d-topologically mixing extension of (Ay,..., Ay).

(v) Suppose that the range of A; is dense in X for every 1 < i < N. Then
(A; + R(A)),..., Ay + R(AY)) is a d-chaotic extension of (Ay,..., Ay)
for all ji,...,7n € N. In the case that the operator A; is nilpotent and
W; is a dense subspace of X, 1 < ¢ < N, then it can be easily seen that
(Ay + W, ..., Ay + Wy) is a d-chaotic extension of (Ay,..., Ay).
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