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ABSTRACT. We give general conditions on given parameters to ensure Devaney and distributional chaos for
the solution Cp-semigroup corresponding to a class of second-order partial differential equations. We also
provide a critical parameter that led us to distinguish between stability and chaos for these semigroups. In
the case of chaos, we prove that the Cp-semigroup admits a strongly mixing measure with full support. We
also give concrete examples of partial differential equations, such as the telegraph equation, whose solutions
satisfy these properties.

1. INTRODUCTION

The phenomenon of chaos is usually identified with nonlinear phenomena, but chaos also appears in linear
dynamical systems provided that the underlying space is infinite-dimensional. The theory of chaos in finite-
dimensional dynamical systems has been well-developed and includes both discrete maps and systems of
ordinary differential equations. This theory has led to important applications in physics, chemistry, biology,
and engineering. However, for a long period of time, there was no theory of chaos for partial differential
equations (PDE’s). In terms of applications, most of the important natural phenomena are described by
PDE’s: nonlinear wave equations, Maxwell equations, Navier-Stokes equations, and so on. These equations
model a wide variety of phenomena in cell proliferation, electrostatics, electrodynamics, elasticity, fluid flow,
heat conduction, sound propagation, or traffic modelling.

The study of Cp-semigroups has been widely identified with partial of parabolic and hyperbolic type
differential equations. It is now well known that the solutions of these equations can be represented in
terms of Cy-semigroups [27]. They permit the solution to the corresponding abstract Cauchy problem to
be described in a broader setting, for instance, including non-differentiable integrable functions as initial
conditions.

In this paper, we provide a new insight into the chaotic behavior of any Cy-semigroup that is solution
of a certain class of second order partial differential equations, considering both Devaney and distributional
chaos. The study will be carried out on Herzog type spaces [32]. Herzog’s result was later improved in [24].

These spaces consist of analytic functions regulated by a parameter, or a tuner, that allows their growth
at infinity to be controlled. They were initially introduced in order to study the universality of the solution
operators of the heat equation. In [16], Chan & Shapiro studied the dynamics of the translation operator on
spaces of analytic functions of slow growth and characterized when the derivative operator was bounded on
these spaces. Then, since the derivative operator is the infinitesimal generator of the translation semigroup,
we can conclude that the translation semigroup is uniformly continuous and all its operators can be obtained
via the exponential formula. See for instance [27, Th. 3.7]. Interesting constructions and counterexamples
have been given in the framework of certain subspaces of analytic functions, see for instance [10, 40, 14].
Godefroy & Shapiro also considered Hardy and Bergman spaces for studying the dynamics of shift operators,
see [28].
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Our results show an interesting duality between chaos and stability, which is distinguished by means of a
critical parameter depending on the given equation. We obtain sharp conditions involving the coefficients of
the equation and the tuner. This is a remarkable phenomenon that appears to be linked to the dependence
of the tuning parameter of the underlying Herzog space. A similar analysis of the existence of chaos versus
stability can also be found in [6, 15].

We point out that our results refer to the dynamics on the whole space. Special cases in which the chaotic
behaviour is analyzed in certain subspaces can be found in [5], where the notion of subchaos is described.
See also [6, 9] for the study of the stability on a dense subspace of the phase space.

In the last section, we analyze the linear telegraph equation on an infinite transmission lossless line. This
equation is obtained from a system of two coupled differential equations that represent the voltage and
current on an electrical transmission line with distance and time. These equations can be simplified into
a single second order differential equation, either for the voltage or the current. This model shows that
electromagnetic waves can travel with a speed close to the speed of light, although electrons travel with a
drift velocity of only a few centimeters per second, which makes a wave propagation phenomenon of the
electric field appear.

This permits performing an analysis of the linear dynamics, using a similar approach to [22] for the
solution of the wave equation, see also [20, 21]. Though the chaos for the solutions of this equation has
not been obtained, some results on the dynamics of the solutions have already been obtained. Bereanu [11]
has studied the existence, non existence and multiplicity of the periodic solutions of the nonlinear telegraph
equation with bounded non linearities and in [34] the authors introduced a maximum principle for the
bounded and periodic solutions of this equation. Abdusalam has given asymptotic techniques in order to
find traveling waves solution in [1]. Finite difference schemes have been widely used for solving this equation,
see for example [18].

2. PRELIMINARIES

Let X be a separable infinite-dimensional Banach space. We recall that {T}};>0, with T} : X — X
a continuous and linear map on X for each ¢ > 0, is a Cy-semigroup if Ty = I, Tyrs = T} o T, and
limg_y; Tsz = Tyx for all z € X and t > 0, which is the convergence of the operatos of the semigroup to the
identity when t tends to 0 with respect to the strong operator topology. If the limit holds uniformly over
bounded subsets of X we say that the Cp-semigroup is uniformly continuous.

Let us consider the following abstract Cauchy problem on X:

{ut(t7 x) = Au(t, x),

(1) u(0,z) = p(z) with p(z) € X.

The solution to (1) can be represented by a Cyp-semigroup {T};};>0 on X whose infinitesimal generator
is A. Provided A € L(X) is a generator, then the operators in the Cpy-semigroup can be represented as
T, = et = > e o(tA)™/n! for all ¢ > 0, see for instance [27, Chapter I, Proposition 3.5].

A Cy-semigroup {7} }+>0 on X is said to be hypercyclic if there exists € X such that the set {T;z : t > 0}
is dense in X. An element x € X is called a periodic point for the semigroup {T}};>¢ if there exists some
t > 0 such that Tyx = x. {T;}1>0 is transitive if for any pair U,V of nonempty open sets of X, there exists
some to > 0 such that T3, (U) NV # 0, and it is topologically mizing if T,(U) NV # 0 for all t > ty. A
Co-semigroup {7} };>o is called Devaney chaotic if it is hypercyclic and the set of periodic points is dense in
X. We point out that these two requirements also yield the sensitive dependence on the initial conditions,
as seen by Banks et al for the discrete case [7, 31], and [4] for the case of Cy-semigroups.

It is well-known that, topologically mixing property for Cy-semigroups is strictly stronger than hyper-
cyclicity, see for instance [12]. Further information on the dynamics of Cy-semigroups can be found in [31,
Chapter 7].

Another variation of the definition of chaos is the notion of distributional chaos introduced by Schweizer
& Smital [39], see also [33, 37] for its presentation in the infinite-dimensional linear setting. A Cp-semigroup
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{T};}+>0 on X is said to be distributionally chaotic if there exists an uncountable subset S C X and § > 0 such
that, for each pair of distinct points z,y € S and for every £ > 0, we have Dens({s > 0;||Tsz—Tsy|| > 6}) =1
and Dens({s > 0;||Tsz — Tsy|| < €}) = 1, where Dens stands for the upper density of a set of real positive
numbers, that is, given M C R,

A(M N
Dens(M) := limsup w,
N—00 N
where A is the Lebesgue measure on Ry. The set S is called the scrambled set and the Cy-semigroup is said
to be densely distributionally chaotic if S is dense on X.

Remark 2.1. Upper denstiy can be easily illustrated with the next two examples: For 0 <e <1 and k € N,
the upper density of the set USS_,[kn, kn + €| is €/k; however, the upper density of the set U2, [n?,n? + €]
15 0.

Given a pair of elements in the scrambled set S, the notion of distributional chaos indicates that we can
find intervals, as long as we want, such that the upper density of times in which the orbits of both elements
are close enough is positive, and long intervals such that the set of times in which both orbits differ by at
least a certain positive amount, and also have positive upper density.

Now, we present a criterion that ensures Devaney chaos for Cy-semigroups, that is a variation of the
Desch-Schappacher-Webb (DSW) criterion [25], see [31, Th. 7.30].

Theorem 2.2. Let X be a complex separable Banach space, and {T;}i>0 a Co-semigroup on X with infini-
tesimal generator (A, D(A)). Assume that there exists an open connected subset U and a weakly holomorphic
function f:U — X, such that
(i) UNiR # 0,
(i) f(X) € ker(AI — A) for every A € U,
(iil) for any x* € X*, if (f(N\),z*) =0 for all X € U, then z* = 0.

Then the semigroup {T;}1>0 is Devaney chaotic and topologically mixing.

Finally, we recall the definition of the space of analytic functions of Herzog type [32]. Given p > 0, let:

(oo} a n
(2) X, = {f ‘R —=C; f(z) = Z "7 ", (an)n>0 € CO(NO)}
— nl
endowed with the norm || f|| = sup,,>¢ |an|. This space is isometrically isomorphic to co(No) := {an : No —

C : lim,,— o |a,| = 0}. To finish this section, we recall that a function f : U — X, defined on an open subset
U C C is weakly holomorphic if for all z* € X*, 2* o f is holomorphic.
3. CHAOTIC BEHAVIOR FOR A CLASS OF PARTIAL DIFFERENTIAL EQUATIONS

In this section, we will study the chaotic behavior of second-order partial differential equations with
respect to the time and space such as the following:

0%u ou 0%u
(3) w(t,x)qt'ya(t,s)Jr@u(t,z) :aw(t,ﬂf), t Z 07 T e ]Ra
where «, 8 and o € R. This equation can be reduced to a first order system on the phase space that is the
product of a certain space of Herzog type with itself. Setting w1 = v and us = % we have

Q Ul _ 20 I Ul X
9t \ ua2 als — 01 —yI ug )’

(on)=(20) wen

(4)
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Since the second order differential operator 86722 turns out to be a bounded operator on X,, then the
operator-valued matrix

0 I
A:: 2
®) < als — 01 —yI )’

defines a bounded operator on X := X, ® X, for every p > 0 and, consequently, we have that (e)>0 is
the uniformly continuous semigroup associated with the Cauchy problem (4). The following theorem is one
of the main results of the present study.

Theorem 3.1. Let v, 0, a be real positive numbers. Suppose that

(6) 2 = 46.

Then A generates a uniformly continuous semigroup which is Devaney and distributionally chaotic, topolog-
ically mizing and admits a strongly mizing measure with full support on X, x X,, for each p > 2:}&.

Proof. Our purpose is to apply Theorem 2.2. Since p > ﬁ there exists € > 0 such that € < 2p/a — . We
define

- . Ty €
(7) U.f{ze(C.|z+2|<2+2}.

Note that U N iR # () because € > 0. It satisfies condition (i) in Theorem 2.2. For each A € C we define
Ry = W = 1(X+ 2)2, where the last identity follows from (6).

We now solve Af, . (A) = Afz.2, (A). We then obtain weakly analytic functions f,, ., (A) on the set U
given by

© Fon =2 ).

where @, (z) := cosh (ﬁ()\ + %)33) zo + sinh (ﬁ()\ + %)x) 21, 20,721 € C. It is easy to see that

(9) agy () = (A2 + A+ 0)px(z), for every z € R.

We will show that f,, ., (A\) € X, x X, for all A € U.
Indeed, first note that we can rewrite

- (pz)"
(10) gpA(x)=Zan()\)T7xeR,
n=0
where a,()\) = a7}/2 Wzo, n=0,2,4,... and a,(\) = w}/2 %zl, n=1,3,5,... See for instance

[19, 21]. Therefore, by definition, it is enough to prove that ‘ﬁ()\ + %)‘ < 1. Indeed, by the choice of
€ > 0, we have for all A € U that

1
(11) ’ (A+74<7+6<L

pva 2 T 2p e
which proves the claim and gives condition (ii) in Theorem 2.2.
It only remains to show, that for any z* € X @ X, the functions A — (f,, -, (A),z*), 20, 21 € C, are
holomorphic on U, and if they all vanish on U, then z* = 0. Since X, is isometrically isomorphic to cg, in
what follows, we identify the dual space X with 28
Let 2* € X} @ X;. Tt can be represented in a canonical way by (¢}, 23) = (27 ,,)n>0, (25, )n>0) € £ ®L*.
Then, we have

(12) 0= (fa0.,20(A),27) = (@x, 21) + (Apr, 23),
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for all A € U, 29, z1 € C. This last equation can be reformulated in the following way:

o0 o0
(13) 0=> an(Nzi, + 2D an(Na3,.
n=0 n=0
Let Ao := —3. It is clear that \g € U and evaluating (13) in Ao we get :
(14) 2077 o + AozoT3 = 0,

for all zy € C. Now, differentiating (13) with respect to A we obtain:

— n(A+y/2)"! — nA+y/2)""!
0w Y n(A+7/2) Fnta 3 nA+9/2)"" .

n/2 mn n/2 mn x17"+
n=24,... o / p n=1,3,... a / p
o (A+/2)n o A2
(15) + 20 Z n/2 mn (E27n + 21 n/2n .’IJ2’n
n=0,2,4,... a / P n=1,3,... a / P
[eS) oo
n(A++/2)" " n(A++/2)" 1
+>\<ZO Z 2 n x;”+zl Z 2 n x;" =0
n=24,... an/ p n=1,3,... an/ p
Evaluating (15) in A = A9 we obtain:
z A
(16) =)+ 2w + e mah =0,

Vap Vap

for all zg, 21 € C. Therefore, solving (14) and (16),we have 27, = 0, 5 ;5 = 0 and

2 Ao,
1,1 + 2’156271 - 0.

Vap 1T ap

Now, we divide (13) by (A + ) and we differentiate with respect to A obtaining:

(17)

B S LRI CESTE L S VR 1 B/l

n/2 mn n/2 m x17”+
n=24,... a / P n=3,5,... a / p
— A+y/2" — (A2t
18 + 20 — 5 %o, T 21 7., L2n
( ) nZQZAW. an/2pn 2, n:1273,m an/2pn 2,
— (n=1)(A+~/2)"? — (n=1)(A+~/2)"?
+)\<ZO Z n/2n I’;n+2’1 Z n/2 n I;” =0.
n=2,4,... a / p n=3,5,... a / p
Evaluating (18) in Ag, we get:
Z0 « 1 « )\QZO «
(19) 07)2331,2 + @lez,l + Tpgxz,z =0,

for all 29 € C. Therefore, solving (19) and (17), we obtain 27 ; = 0 and 23 ; = 0. Proceeding inductively we
will get that 27, =0 for i = 1,2 and n € N. We finally have 2* = 0 and we conclude the result by applying
Theorem 2.2. Finally, it is well known that distributional chaos holds whenever the DSW criterion can be
applied [8, 13]. Moreover, when DSW holds, the Cy-semigroup admits a strongly mixing measure with full
support on X, x X, [35]. O

Roughly speaking, the existence of distributional chaos means that we can pick two initial vectors from
an uncountable set such that there will be intervals of arbitrary time length in which the trajectories of the
solutions are very similar and intervals have arbitrary time length in which there exists at least some positive
difference between them. The mixing properties indicate that given any pair of open sets U and V on the
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space X, where we take the initial conditions, there will exist an instant of time ¢y such that for every time
t1 > to we can find the orbit of an elements that at t = 0 lies in U and later, at time ¢y, visits V.

Remark 3.2. One can also consider the equation (3) including a source term g(t,x)

0%*u ou 0%u
(20) atz(tz)va8 (ts)+0u(t:c)—a82

Then the abstract Cauchy problem can be reformulated as follows in the same way as in [23]

Kl Ul o 0 I Uq 4 0 )
ot Uo - a2 8:62 —60I —I Ug g()f7 x) )
u1(0,2) ¢1(x) >
= , eR.
( u2(0, ) ) ( 2 () v
Taking the operator A as in (5), the solution family of operators to this abstract Cauchy problem is given
by

(t,x)+g(t,x), t>0, zeR.

(21)

t
(22) u(t, z) = e ®(x) —|—/ e DAY (s, x)ds,  for every x € R,t > 0.
0

where we have used the following notation

(23) u(t, z) = ( z;gz; ) B(x) = ( i;gg ) W(t,z) = ( g(t(?x) )

Given U defined as in (7), for any arbitrary value A € U with R(N\) < 0 we also obtain the topologically
mizing property for the solution family (22), which is not a semigroup, where

(24) W(t, ) = ( o )

by following exactly the technique shown in Theorem 2.2 and Remarks 1,2, and 8 in [23].

Recall that a uniformly continuous semigroup is said to be stable, if lim; . [|e4*]] = 0. For more
information related to stability of Cyp-semigroups, we refer to [27, Chapter V] and [26]. We can prove the
following result.

Theorem 3.3. Let 6 € R,y > 0,a > 0. Suppose that
(25) 7?2 — 460 < 0.

Then A generates a uniformly continuous and stable semigroup on X, x X, for each p < ﬁ

Proof. Tt remains to prove stability. Since A is bounded, it is enough to show that the spectrum of A is
contained in the negative real axis. Then the result is a consequence of the spectral mapping theorem [27,
Chapter I, Lemma 3.13]. Indeed, we shall consider the eigenvalue problem for A

(26) Af =Xf, AeC, forevery fe X,xX,.
As in the proof of the above theorem, this leads to the equation
(27) ¢"(z) = Rap(z) for every z € R,p € X,,,
where Ry = w. Since ¢ € X,, we have ¢(z) = Z a"'{') x", where a,, — 0. From (27) we obtain
n!
n=0

that the sequence (ay,), satisfies p?a, 2 = Raan, n € Ng. Therefore the sequence (a,,), must be defined as
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R
powers of —; This, together with the condition a,, — 0, implies that we have |Ry| < p?. Hence
P
Yo T e 2
(28) ‘A+§—10H)\+§+zc’—|>\ + A+ 0] < ap?,

where ¢ := /60 — 77‘2. Let A =a+1ib,a,b € R. Then the above inequality gives

(29) <<a+;)2+(c—b)2> ((a+;)2+(c+b)2> < a?pt.

In particular, it implies |a + 3| < /ap < 7 and therefore #(\) < 0, which proves that claim and the

theorem. O

Remark 3.4. Comparing Theorems 3.1 and 3.3 we observe that concerning Herzog’s spaces, a critical point
8 p = ﬁ from where stability and chaos are divided. Observe that for v = 0 there is no possibility to have
stability according to Theorem 8.3. It is interesting to note that v = 0 indicates that the damping effect in
the equation (3) disappears, which is consistent with the stabilization of the solution on time. Therefore, in
this sense, both theorems are dual and the conditions are sharp.

4. APPLICATION TO THE TELEGRAPH EQUATION

The telegraph equation models a piece of telegraph wire as an electrical circuit which consists of a resistor
of resistance R and a coil of inductance L. The function wu(x,t) represents the voltage at position x and
time t. We also suppose that current can escape from the wire to the ground, either through a resistor of
conductance G or through a capacitor of capacitance C'. This equation is given by

Pu 0% ou
(30) w—c @+(a+b)§+abuzo,
where a = %7 b= %, and ¢ = % We identify the parameters in (3) as a = ¢?,7 = (a + b), and 6 = ab.

The usual frame in which the telegraph equation is applied is the design of circuits on wires of finite length.
The abstract model of an infinite transmission line corresponds to the situation in which the energy supplied
at the source is transmitted without dissipation along the line, and no reflections are considered. This
situation is equivalent to the finite case in which the impedance at one extreme is equal to the characteristic
impedance (ratio of voltage and current) at the other extreme (source), see for instance [38, 42]. This is
known as a matched line [2]. Lossless lines are transmission lines with no resistance and no dielectric loss.
Maxwell equations for an infinite lossless transmission line can be transformed into telegraph equations [36].
The connection of the telegraph equation with the wave equation was observed by Griego and Hersh [30]
in the Banach setting, see also [29]. The asymptotic analysis of the solutions of the telegraph equation on
L?(R) was considered in [3].

By Theorem 3.1, if a = b we have that the associated uniformly continuous semigroup of (30) is Devaney
and distributionally chaotic, and topologically mixing on X, & X, for all p > 2. In particular, if @ = 0 then
the wave equation

2 2
(31) Ou_ply
ot? Ox?
is always chaotic on X, = ¢y(Np) for all p > 0. We remark that the presence of chaos for the wave equation
has been previously observed in the literature by other authors. See [17, 41] and references therein.

Remark 4.1. As mentioned in [22, Sec. 3] it follows from the existence of chaos in the sense of Devaney
that for every € > 0,4y > 0 and @1, P2, p3, @4 real-valued continuous functions defined on the whole line,
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there exist a solution u(t,z) of (30) and to,t1 > 0 such that u(t,x) = a(t + to,x) for allt > 0,z € R and

(1]

(2]
(3]

(4]
(5]
[6]
[7]
(8]
(9]

(10]
(11]

(12]
(13]

[14]
(15]

(16]

(17]

(18]
(19]
20]
(21]
(22]
23]
(24]
(25]

[26]

sup |a(0,z) — ¢1(z)] <e, sup @ (0,x) — ga(x)] <k,
z€[—4o,0o] z€[—4o,4o]
sup  |a(ty,z) — p3(z)| <e, sup | (t1,x) — pa(x)] <e.
z€[—Lo,lo] z€[—Lo,Lo]
REFERENCES

H. A. Abdusalam. Asymptotic solution of wave front of the telegraph model of dispersive variability. Chaos Solitons
Fractals, 30(5):1190-1197, 2006.

A. Bakshi. Transmission Lines And Waveguide. Technical Publications, 2008.

J. Banasiak and A. Bobrowski. Interplay between degenerate convergence of semigroups and asymptotic analysis: a study
of a singularly perturbed abstract telegraph system. J. Evol. Equ., 9(2):293-314, 2009.

J. Banasiak and M. Lachowicz. Chaotic linear dynamical systems with applications. In Semigroups of operators: theory
and applications (Rio de Janeiro, 2001), pages 32—44. Optimization Software, New York, 2002.

J. Banasiak and M. Moszynski. Hypercyclicity and chaoticity spaces of Coy semigroups. Discrete Contin. Dyn. Syst.,
20(3):577-587, 2008.

J. Banasiak and M. Moszynski. Dynamics of birth-and-death processes with proliferation—stability and chaos. Discrete
Contin. Dyn. Syst., 29(1):67-79, 2011.

J. Banks, J. Brooks, G. Cairns, G. Davis, and P. Stacey. On Devaney’s definition of chaos. Amer. Math. Monthly, 99(4):332—
334, 1992.

X. Barrachina and J. A. Conejero. Devaney chaos and distributional chaos in the solution of certain partial differential
equations. Abstr. Appl. Anal., pages Art. ID 457019, 11, 2012.

X. Barrachina, J. A. Conejero, M. Murillo-Arcila, and J. B. Seoane-Sepilveda. Distributional chaos for the forward and
backward control traffic model. Linear Algebra Appl., 479:202-215, 2015.

F. Bayart. Dynamics of holomorphic groups. Semigroup Forum, 82(2):229-241, 2011.

C. Bereanu. Periodic solutions of the nonlinear telegraph equations with bounded nonlinearities. J. Math. Anal. Appl.,
343(2):758-762, 2008.

T. Bermudez, A. Bonilla, J. A. Conejero, and A. Peris. Hypercyclic, topologically mixing and chaotic semigroups on Banach
spaces. Studia Math., 170(1):57-75, 2005.

T. Bermudez, A. Bonilla, F. Martinez-Giménez, and A. Peris. Li-Yorke and distributionally chaotic operators. J. Math.
Anal. Appl., 373(1):83-93, 2011.

J. Bes, 0. Martin, A. Peris, and S. Shkarin. Disjoint mixing operators. J. Funct. Anal., 263(5):1283-1322, 2012.

Z. Brzezniak and A. L. Dawidowicz. On periodic solutions to the von Foerster-Lasota equation. Semigroup Forum,
78(1):118-137, 2009.

K. C. Chan and J. H. Shapiro. The cyclic behavior of translation operators on Hilbert spaces of entire functions. Indiana
Univ. Math. J., 40(4):1421-1449, 1991.

G. Chen, S.-B. Hsu, J. Zhou, G. Chen, and G. Crosta. Chaotic vibrations of the one-dimensional wave equation due to
a self-excitation boundary condition part i: Controlled hysteresis. Transactions of the American Mathematical Society,
350(11):4265-4311, 1998.

M. Ciment and S. H. Leventhal. A note on the operator compact implicit method for the wave equation. Math. Comp.,
32(141):143-147, 1978.

J. A. Conejero, C. Lizama, and F. Rodenas. Chaotic behaviour of the solutions of the Moore-Gibson-Thompson equation.
Appl. Math. Inf. Sci., 9(5):2233-2238, 2015.

J. A. Conejero, C. Lizama, and F. Rodenas. Dynamics of the solutions of the water hammer equations. Topology Appl.,
203:67-83, 2016.

J. A. Conejero, F. Martinez-Giménez, A. Peris, and F. Rdédenas. Chaotic asymptotic behaviour of the solutions of the
Lighthill-Whitham-Richards equation. Nonlinear Dynam., 84(1):127-133, 2016.

J. A. Conejero, A. Peris, and M. Trujillo. Chaotic asymptotic behavior of the hyperbolic heat transfer equation solutions.
Internat. J. Bifur. Chaos Appl. Sci. Engrg., 20(9):2943-2947, 2010.

J. A. Conejero, F. Rodenas, and M. Trujillo. Chaos for the Hyperbolic Bioheat Equation. Discrete Contin. Dyn. Syst.,
35(2):653-668, 2015.

R. deLaubenfels, H. Emamirad, and K.-G. Grosse-Erdmann. Chaos for semigroups of unbounded operators. Math. Nachr.,
261/262:47-59, 2003.

W. Desch, W. Schappacher, and G. F. Webb. Hypercyclic and chaotic semigroups of linear operators. Ergodic Theory
Dynam. Systems, 17(4):793-819, 1997.

T. Eisner. Stability of operators and operator semigroups, volume 209 of Operator Theory: Advances and Applications.
Birkhauser Verlag, Basel, 2010.



CHAOTIC SEMIGROUPS FROM SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS 9

[27] K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations, volume 194 of Graduate Texts in

Mathematics. Springer-Verlag, New York, 2000. With contributions by S. Brendle, M. Campiti, T. Hahn, G. Metafune, G.
Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S. Romanelli and R. Schnaubelt.

[28] G. Godefroy and J. H. Shapiro. Operators with dense, invariant, cyclic vector manifolds. J. Funct. Anal., 98(2):229-269,

1991.

[29] S. Goldstein. On diffusion by discontinuous movements, and on the telegraph equation. Quart. J. Mech. Appl. Math.,

4:129-156, 1951.

[30] R. Griego and R. Hersh. Theory of random evolutions with applications to partial differential equations. Trans. Amer.

Math. Soc., 156:405-418, 1971.

[31] K.-G. Grosse-Erdmann and A. Peris. Linear chaos. Universitext. Springer, London, 2011.
[32] G. Herzog. On a universality of the heat equation. Math. Nachr., 188:169-171, 1997.
[33] F. Martinez-Giménez, P. Oprocha, and A. Peris. Distributional chaos for backward shifts. J. Math. Anal. Appl., 351(2):607—

615, 2009.

[34] J. Mawhin, R. Ortega, and A. M. Robles-Pérez. A maximum principle for bounded solutions of the telegraph equations

and applications to nonlinear forcings. J. Math. Anal. Appl., 251(2):695-709, 2000.

[35] M. Murillo-Arcila and A. Peris. Strong mixing measures for linear operators and frequent hypercyclicity. J. Math. Anal.

Appl., 398(2):462-465, 2013.

[36] J. Nitsch and S. Tkachenko. Telegrapher equations for arbitrary frequencies and modes: Radiation of an infinite, lossless

(37]
(38]
(39]

[40]
[41]
(42]

transmission line. Radio Science, 39(2):n/a—n/a, 2004. RS2026.

P. Oprocha. A quantum harmonic oscillator and strong chaos. J. Phys. A, 39(47):14559-14565, 2006.

D. Pozar. Microwave Engineering. Wiley, 2004.

B. Schweizer and J. Smital. Measures of chaos and a spectral decomposition of dynamical systems on the interval. Trans.
Amer. Math. Soc., 344(2):737-754, 1994.

S. Shkarin. A hypercyclic finite rank perturbation of a unitary operator. Math. Ann., 348(2):379-393, 2010.

F. J. Solis, L. J6dar, and B. Chen. Chaos in the one-dimensional wave equation. Appl. Math. Lett., 18(1):85-90, 2005.

F. Ulaby. Fundamentals of Applied Electromagnetics. Pearson/Prentice Hall, 2007.

INSTITUTO UNIVERSITARIO DE MATEMATICA PURA Y APLICADA,
UNIVERSITAT POLITECNICA DE VALENCIA,

46022, VALENCIA, SPAIN.

E-mail address: aconejero@upv.es

DEPARTAMENTO DE MATEMATICA Y CIENCIA DE LA COMPUTACION,
UNIVERSIDAD DE SANTIAGO DE CHILE,

LAS SOPHORAS 173, ESTACION CENTRAL, SANTIAGO, CHILE.
E-mail address: carlos.lizama@usach.cl

DEPARTAMENTO DE MATEMATICAS,
UNIVERSITAT JAUME I, CAMPUS DE Riu SEC,
E-12071, CASTELLO DE LA PLANA, SPAIN.
E-mail address: murillom@uji.es



