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1. Introduction

The analysis of matrix models in the large-n limit is a lively area of research for

understanding relevant aspects of the phase structure of gauge theories [1, 2, 3, 4, 5].

In particular non-perturbative effects attract a great deal of attention. They were

first studied in the critical case with the double-scaling limit method [6, 7] but it

was soon realized that they are also worth studying in matrix models away from

criticality [8, 9, 10, 11, 12, 13, 14, 15, 16].

The aim of the present paper is to analyze the phase space and the phase transitions

of the Penner matrix model for negative values of the coupling constant in the planar

limit. Several of the results obtained reproduce aspects of gauge theories which are

usually described by unitary matrix models [1, 3, 4, 5, 17, 18]. The discussion is based

on several important properties of (non-classical) generalized Laguerre polynomials

which, in particular, determine the exact solvability of the Penner matrix model and

the complete explicit description of its planar limit.

The standard Hermitian Penner matrix model [19] is defined by the following formal

partition function

Zn(g) =

∫
Hn

dX

Nn

exp

[
1

g
Tr (
√
gX + log(1−√gX))

]
, g > 0, (1)

where the integration runs over the set Hn of n × n Hermitian matrices X, and the

normalization constant Nn is

Nn =

∫
Hn

dX exp

(
−1

2
TrX2

)
= 2n/2πn

2/2. (2)

The connection of the Penner model to continuum limits of theories of random discrete

surfaces and to the c = 1 string theory is a consequence of the application of the double-

scaling limit to the large-n expansion of Zn(g) (see references [20, 21] and the comment

following equation (68) of appendix A of the present paper). However, the double-

scaling limit is performed around a singular point of the large-n expansion, which exists

only for negative values of the coupling constant g [22, 23]. This is our motivation to

study the Penner model and its large-n limit in the region g < 0.

The formal integral (1) was interpreted in references [19, 24] as the limit of

a sequence of matrix integrals corresponding to truncations of the Taylor series of

the exponent, and leads to a well-defined topological expansion of the free energy.

Remarkably [24], the same asymptotic expansion can be obtained from the eigenvalue

integral

Zn(g) = Cn(g)
1

n!

(
n∏
i=1

∫ ∞
0

dxi e
−W−(xi)/g

)
∆(x)2, (3)

where

Cn(g) =
en/gg−n

2/2

(2π)n/2
∏n−1

k=1 k!
, (4)
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∆(x) is the Vandermonde determinant

∆(x) =
∏
j<k

(xj − xk), (5)

and

W−(x) = x− lnx. (6)

In turn, the partition function Zn(g) is closely related to the family of classical Laguerre

polynomials L
(α)
n (z) (α > 0) (see for instance [15, 20, 21, 22, 23, 25, 26]), and by applying

the method of orthogonal polynomials the eigenvalue integral (3) can be written in terms

of the Barnes G function as [15, 26]

Zn(g) =
(eg)n/ggn

2/2

(2π)n/2

G(1 + n+ 1
g
)

G(1 + 1
g
)

, g > 0. (7)

Note that |Zn(g)| is well defined by the former expression not only for g > 0 but also

for all g except g = 0 and the zeros of the G function in the denominator, i.e., for

g = −1/(k + 1), (k = 1, 2, 3, . . .). Therefore, using the asymptotic expansions of the G

function quoted in appendix A, we can find the asymptotic expansion of the free energy

Fn(g) = − ln |Zn(−g)|
n2

, g > 0. (8)

However, to study spectral aspects like the possible existence and qualitative

behavior of the asymptotic eigenvalue density, it is useful to have an eigenvalue integral

representation of Zn(g) for g < 0 (putting directly g < 0 in equation (3) leads

to a divergent integral). This integral representation can be obtained by analytic

continuation and is the subject of section 2.

Section 3 is devoted to the large-n expansion of the free energy (8). The usual or

’t Hooft large-n expansion is carried out with what in effect is a sequence of coupling

constants gn such that

gnn = t = constant. (9)

We show that for these ’t Hooft sequences the asymptotic expansion of the free energy

Fn(g) is the sum of an oscillatory contribution and a perturbative contribution. The

perturbative contribution has essentially the same form as the large-n expansion of the

Penner model with positive coupling constant, and therefore it also provides a generating

function for the virtual Euler characteristics of the spaces of Riemann surfaces with a

finite number of punctures [19]. However, we have not found the oscillatory contribution

in the literature (for instance, it is missing in references [22, 23]). Because of the zeros

of the Barnes G(1− 1/g) quoted above, the free energy is singular at the value t = 1 of

the ’t Hooft parameter.

We also show that the oscillatory contribution does not converge in the planar

limit for t 6= 1 with ’t Hooft sequences. In the context of generalized Laguerre

polynomials, Kuijlaars and McLaughlin [27, 28] introduced coupling constant sequences,

which hereafter we will call KM sequences, determined by the two conditions

lim
n→∞

gnn = t, (10)
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(note that this condition is trivially satisfied by the ’t Hooft sequences), and the existence

of the limit

l = lim
n→∞

| sin(π/gn)|1/n. (11)

In reference [29] we showed that the eigenvalue integral that gives the analytic

continuation of (3) to negative values of g (except for a prefactor discussed in section 2),

does not have a planar limit with ’t Hooft sequences in the strong-coupling region

1 < t <∞, but has a well defined planar limit with KM sequences, essentially because

the condition (11) permits the handling of the nonvanishing oscillatory contribution. In

section 3 we also show that the planar limit of (8) with ’t Hooft sequences also does not

exist in the weak-coupling region 0 < t < 1, but does exit with KM sequences. This

result permits us to discuss the phase transitions in the (t, l) plane and in particular the

phase transitions at t = 1.

In section 4 we use the eigenvalue integral to discuss the associated Coulomb gas

of eigenvalues and to describe the processes of gap-closing and Bose condensation of

the asymptotic eigenvalue distribution. In section 5 we mention some matrix models of

physical interest which share similar properties and which can be studied with the same

ideas. The paper ends with two appendixes: in appendix A we collect some results on

the Barnes G function, and in appendix B we apply these results to derive the celebrated

topological expansion of the standard Hermitian Penner model, which is compared in

section 3 to the perturbative contribution of the corresponding expansion for the free

energy (8).

2. The partition function of the Penner model for negative values of the

coupling constant

To perform the analytic continuation of the partition function (3) to negative values of

g we first write it in the form

Zn(g) =
Cn(g)

(1− e2πi/g)n
1

n!

(
n∏
i=1

∫
Γ

dzi e
−W−(zi)/g

)
∆(z)2, (12)

where the contour Γ is illustrated in figure 1. Then we rotate counterclockwise the path

Γ to the path Γθ illustrated in figure 2, while simultaneously change the determination

of W−(z) to

Wθ(z) = z − logθ z, (13)

where logθ z = ln |z| + i arg z with θ ≤ arg z < θ + 2π. With these integration

contour Γθ and determination Wθ(z), the rotated integral converges in the half-plane

θ − π/2 < arg g < θ + π/2, and that the rotated and unrotated integrals are equal in

θ < arg g < π/2 and θ − π/2 < arg g < 0.
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Figure 1. Integration contour Γ for the partition function (12).
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Figure 2. Rotated integration contour Γθ for the analytic continuation of the partition

function (12).
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Thus, setting θ = π, we find that the analytic continuation Zn(g) = Z
(cont)
n (−g) for

g > 0 reads

Zn(g) =
Cn(−g)

(1− e−2πi/g)n
1

n!

(
n∏
i=1

∫
Γπ

dzi e
(zi−logπ zi)/g

)
∆(z)2. (14)

Finally we change variables zi → −zi, and taking into account that logπ(−z) = log0 z+iπ

it follows that

Zn(g) =
Cn(−g)(−1)ne−inπ

g

(1− e−2πi/g)n
1

n!

(
n∏
i=1

∫
Γ

dzie
−(zi+log zi)/g

)
∆(z)2, (15)

or, equivalently,

Zn(g) = Cn(−g)(−2i)−n(sin(π/g))−nZ(0)
n (g), (16)

where Z(0)
n (g) is the holomorphic matrix integral [29]

Z(0)
n (g) =

1

n!

(
n∏
i=1

∫
Γ

dzi e
−W+(zi)/g

)
∆(z)2, (17)

and

W+(z) = z + log z. (18)

We stress that the partition function Zn(g) given by equation (14) in effect defines

the Penner model for negative values of the coupling constant. Note in particular the

factorization into a prefactor (the first fraction) and the eigenvalue integral Z(0)
n (g)

studied in reference [29].

As a check of this analytic continuation process, we recall that using generalized

Laguerre polynomials L
(−1/g)
n (z/g) [30, 31] it was proved in reference [29] that Z(0)

n (g)

can be expressed in terms of the Barnes function as

Z(0)
n (g) = gn(n− 1

g
)(1− e−2πi/g)n

G(1 + n)G
(

1 + n− 1
g

)
G
(

1− 1
g

) . (19)

Hence, since

Cn(−g) =
e−n/g(−g)−n

2/2

(2π)n/2G(1 + n)
, (20)

we finally get

Zn(g) =
(−eg)−n/g(−g)n

2/2

(2π)n/2

G(1 + n− 1
g
)

G(1− 1
g
)

, g > 0, (21)

which is the same expression obtained by replacing g → −g in equation (7).

Hereafter we will shorten the full qualification “Penner model with negative coupling

constant” to simply “Penner model” when we refer to the model specified by the

partition function Zn(g).
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3. The large-n limit of the free energy

3.1. The large-n limit with ’t Hooft sequences

Let us analyze the large-n limit of the partition function Zn(g) with ’t Hooft sequences

gn = t/n. From (21) and applying the reflection formula (69) to ln |G (1 + n− 1/g)|
and to ln |G (1− 1/g)| we have

Fn(gn) = − ln |Zn(gn)|
n2

= − 1

2n
ln
(π

2

)
+

(
1

ngn
− 1

2

)
ln gn + ln

∣∣∣∣sin( π

gn

)∣∣∣∣1/n
+

1

ngn
− 1

n2
ln

∣∣∣∣G(1− n+
1

gn

)∣∣∣∣+
1

n2
ln

∣∣∣∣G(1 +
1

gn

)∣∣∣∣ . (22)

Since 1 + 1/gn > 0, the term ln |G(1 + 1/gn)| in (22) has a Stirling expansion of the

type (67). However, the sign of the argument in ln |G(1 − n + 1/gn)| depends on the

value of t. Indeed, for 0 < t < 1 and large n we have

ln
∣∣∣G(1− n+

1

gn

) ∣∣∣ = ln
∣∣∣G (1 + x)

∣∣∣, x = n

(
1

t
− 1

)
→ +∞, (23)

so that this function has also a Stirling expansion of the type (67). However, for

1 < t <∞ and large n we have

ln
∣∣∣G(1− n+

1

gn

) ∣∣∣ = ln
∣∣∣G (1− x)

∣∣∣, x = n

(
1− 1

t

)
→ +∞, (24)

and we have to use the expansion (71) of Appendix A. Therefore, in this region the free

energy can be decomposed into a sum of an oscillatory contribution and a perturbative

contribution

Fn(t) = F (osc)
n (t) + F (per)

n (t), (25)

where

F (osc)
n (t) =

{
ln |2 sin(πn/t)|1/n , for 0 < t < 1,
1
t

ln |2 sin(πn/t)|1/n + 1
2πn2 Cl2 (2πn/t) , for 1 < t <∞,

(26)

and in both cases, i.e., for t 6= 1, the perturbative contribution is

F (per)
n (t) ≈ −

(
(t− 1)2

2t2
ln |1− t| − 3

4
+

1

2t

)
+

1

12n2
ln |1− t|

−
∞∑
k=2

B2k

2k(2k − 2)
n−2kt2k−2

(
(1− t)2−2k − 1

)
, n→∞. (27)

The perturbative contribution F (per)
n (t) coincides with the standard large-n expansion

for the Penner model with negative coupling constant [22, 23]. Comparing the

expression (27) with the topological expansion (72)–(74) of the Penner model with

positive coupling constant, it is clear that F (per)
n (t) also represents a generating function

for the virtual Euler characteristics. To the best of our knowledge, the oscillatory

contribution F (osc)
n (t) has not been considered in the literature. Note also that the value

t = 1 is a critical value for both contributions.
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3.2. The planar limit

The planar limit of the free energy

F = lim
n→∞

Fn, (28)

is not well-defined with the standard ’t Hooft sequences (9). Indeed, from the expression

(26) of F (osc)
n (t) it is clear that the existence of F requires the existence of the limit l

defined in equation (11).

Thus, instead of restricting to sequences satisfying the ’t Hooft coupling, we use

KM sequences. From equations (25)–(27) it follows that for t 6= 1

F =


ln l − (t−1)2

2t2
ln |t− 1|+ 3

4
− 1

2t
, for 0 < t < 1,

1
t

ln l − (t−1)2

2t2
ln |t− 1|+ 3

4
− 1

2t
, for 1 < t <∞.

(29)

It is illustrative to clarify the origin of the different terms in equation (29) with respect

to the factors in the equation (16). From equation (20) and taking into account that

1

n2
ln |G(1 + n)| = 1

2
lnn− 3

4
+O(1/n), n→∞, (30)

it follows that

F = ln l +
1

t
+

1

2
ln t+

3

4
+ F (0), (31)

where F (0) is the planar free energy for Z(0)
n [29]

F (0) = H(t− 1)

(
1

t
− 1

)
ln l − 1

2
ln t+

3

2

(
t− 1

t

)
− (t− 1)2

2t2
ln |t− 1|, (32)

where H(x) is the Heaviside step function. It is now clear that the term ln l of F in

the weak-coupling case comes only from the factor | sin(π/g)|−n in (16), while the term

(ln l)/t of F in the strong-coupling case is a result of the contributions from the two

factors | sin(π/g)|−n and |Z(0)
n | in (16).

3.3. The phase space of the Penner model for negative values of the coupling constant

The l-dependence of the planar free energy means that from the point of view of KM

sequences, the phase space of the Penner model in the planar limit is the set

P = {(t, l) ∈ R2 | 0 < t <∞, 0 ≤ l ≤ 1}. (33)

In this way KM sequences reveal a fine phase space structure (see figure 3), where both

the weak- and strong-coupling phases depend on the additional parameter l. The points

(t, l) = (1, l) for 0 < l < 1 represent first-order phase transitions

F
∣∣∣
t=1−0

= F
∣∣∣
t=1+0

,
∂F
∂t

∣∣∣
t=1−0

=
∂F
∂t

∣∣∣
t=1+0

+ ln l, (34)

while the point (t, l) = (1, 1) represents a continuous phase transition in which F and

∂F/∂t are continuous at t = 1 but ∂2F/∂t2 diverges. Furthermore, the line l = 0

represents a singular phase with infinite free energy.
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Weak-coupling
phase

Strong-coupling
phase

l

t
1

1
Gap closing

Bose condensation

Figure 3. Phase space of the non-Hermitian Penner model with negative coupling

constant for KM sequences.

It is possible to characterize wide classes of KM sequences for all 0 < t < ∞ and

0 ≤ l ≤ 1, as for example the one-parameter family

gn =
1

[n/t] + c ln
, c 6= 0, (35)

where [x] denotes the integer part of x. They also arise as subsequences of ’t Hooft

sequences gn = t/n. For example, given an irreducible fraction t = p/q (p > 1), the

subsequences gnp and gnp+1 of the ’t Hooft sequence are KM sequences with l = 0 and

l = 1, respectively. For irrational t we have that the sequence {n/t}, where {x} denotes

the fractional part of x is a dense subset of the interval [0, 1], so that all subsequences

of the ’t Hooft sequence gn = t/n such that {kn/t} → x for some 0 < x < 1 are KM

sequences with l = 1. The value l = 1 represents the generic case of KM sequences (see

remark 1.3 in [28]).

A deeper understanding of the phase space of the Penner model is obtained from

the analysis of the asymptotic eigenvalue (saddle point) distribution.

4. Large-n saddle points and Coulomb gas

The KM sequences originated in the theory of large-n asymptotics of zeros of generalized

Laguerre polynomials [27, 28]

L(α)
n (z) =

n∑
k=0

(
n+ α

n− k

)
(−z)k

k!
, α < 0. (36)

In [29] we showed how these zeros determine the saddle points of the holomorphic matrix

integral Z(0)
n (g) for KM sequences in the strong-coupling case. In order to describe the

phase transitions at t = 1, we will extend here the analysis of [29] by considering the

weak-coupling case too.
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4.1. Complex saddle points

The saddle point equations for Z(0)
n (g) are

1

gn

(
1 +

1

z
(n)
i

)
+
∑
j 6=i

2

z
(n)
j − z

(n)
i

= 0, i = 1, . . . , n, (37)

and their solutions are given by [29]

z
(n)
i = gn l

(αn,n)
i , i = 1, . . . , n, (38)

where l
(αn,n)
i are the zeros of the Laguerre polynomials L

(αn)
n (z) with

αn = −1− 1

gn
. (39)

Let us denote by ρ(z) the asymptotic eigenvalue (saddle point) distribution for the

Penner model and by ρL(z) the asymptotic zero distribution of the scaled Laguerre

polynomials L
(αn)
n (nz). The form of ρL(z) has been completely characterized in the

large-n limit

n→∞, αn
n
→ A = fixed, (40)

for all real values of A in references [27, 28, 32, 33]. Using (38) and (39) we can

immediately translate the properties of ρL(z) into properties of ρ(z), since

t = − 1

A
, ρ(z) =

1

t
ρL

(z
t

)
. (41)

It turns out that the zeros of L
(αn)
n (nz) cluster along certain curves γL in the complex

plane. More concretely, if we denote

a± = A+ 2± 2
√
A+ 1, (42)

(i) For −∞ < A < −1 (the weak-coupling region 0 < t < 1) the curve γL is a simple

open arc with endpoints a− and a+ = a− symmetric with respect to R, which as

A→ −1 closes and becomes the Szegő curve

|z e1−z| = 1, |z| ≤ 1. (43)

This process is shown in figure 4. The corresponding zero density is

ρL(z) =
1

2π

∣∣∣∣∣
√

(z − a−)(z − a+)

z

∣∣∣∣∣ . (44)

(ii) For −1 < A < 0 (the strong-coupling region 1 < t <∞), and if the limit

l = lim
n→∞

| sin(αnπ)|1/n = lim
n→∞

| sin(π/gn)|1/n, (45)

exists, then γL is of the form

γL = Cl ∪ [a−, a+], (46)

where



Penner matrix model with negative coupling constant 11

(a) For l 6= 0 the curve Cl ⊂ C\({0}∪[a−,+∞)) is a simple closed curve encircling

0 once, which is determined by the implicit equation

Re

∫ z

a−

√
(z′ − a−)(z′ − a+)

z′
dz′ = − log l. (47)

The corresponding zero density is

ρL(z) =
1

2π

∣∣∣∣∣
√

(z − a−)(z − a+)

z

∣∣∣∣∣ . (48)

(b) For l = 0

γL = {0} ∪ [a−, a+], (49)

and the zero density is

ρL(z) = Aδ(z) +
1

2π

∣∣∣∣∣
√

(x− a−)(x− a+)

x

∣∣∣∣∣χ[a−,a+], (50)

where χ[a−,a+] is the characteristic function of the real interval [a−, a+]. The filling

fraction of the zero density on Cl is equal to |A|. The value l = 1 is the generic

case (see remark 1.3 in reference [28]), and it follows from equation (47) that it is

the only situation in which the loop Cl and the interval [a−, a+] intersect (at the

point a−). It should be noticed that the form of γL depends not only on the value

of A but also on l.

4.2. Coulomb gas, gap closing, eigenvalue tunneling and Bose condensation

In this section we use the electrostatic interpretation wherein the eigenvalue density

ρ(z) is thought of as a unit normalized positive charge density for a Coulomb gas in the

external electrostatic potential

V (z) = x+ ln |z|, (x = Re z). (51)

The electrostatic energy of the Coulomb gas,

E(t) =
1

t

∫
γ

V (z)ρ(z)|dz| −
∫
γ

|dz|
∫
γ

|dz′| ln |z − z′|ρ(z)ρ(z′), (52)

is given [29] by

E(t) = −1

2
ln t− (t− 1)2

2t2
ln |t− 1|+ 3

2

(
1− 1

t

)
. (53)

We remark that E(t) is independent of l.

The form of the support of ρ(z) is independent of l in the weak-coupling phase,

but it depends on l in the strong-coupling phase. Thus for 1 < t < ∞ the support of

ρ(z) consists of two pieces: an l-dependent closed loop γ1 around the origin with filling

fraction 1/t, and an l-independent interval γ2 = [ta−, ta+] on the positive real axis with

filling fraction 1− 1/t.

The points of the weak-coupling phase are electrostatic stable equilibrium

configurations of ρ(z). However, points of the strong-coupling phase represent stable
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Figure 4. Eigenvalue distribution in the gap-closing phase transition for n = 80.

electrostatic equilibrium configurations only for l = 1 [29]. Indeed, for strong coupling

the effective potential of the charge distribution corresponding to ρ(z)

Veff(z) = V (z)− 2t

∫
γ

ln |z − z′|ρ(z′)|dz′|, (54)

is constant on the two pieces of the support of γ [29], but with values

Veff |γ1 = −t ln l + Veff |γ2 , Veff |γ2 = (2t− 1)− t ln t− (t− 1) ln(t− 1),(55)

which coincide for l = 1 only.

Finally, note the following two types of phase transitions:

(i) In the weak-coupling phase the limit t → 1 and constant l 6= 0 represents a gap-

closing (confining) transition in which the open arc formed by the support of ρ(z)

closes and becomes the Szegő curve (figure 4). In the strong-coupling phase this

limit represents a gap-opening (deconfining) transition mediated by an eigenvalue

tunneling process in which the charge 1− 1/t located on the interval γ2 tunnels to

the higher-potential points of the loop γ1.

(ii) As l→ 0 from the strong-coupling phase with constant t the loop γ1 of the support

of ρ(z) shrinks to the point z = 0 forming a condensate of charge 1/t (figure 5). This

represents a process of Bose condensation in which the electrostatic energy E (53)

remains finite and constant. However, the planar free energy diverges (F → −∞)

as a consequence of the contribution to F of the oscillatory factor in (16).

5. Outlook

There are several relevant non-Hermitian matrix models which have a phase space in

the large-n limit with properties similar to the Penner model with negative coupling

constant. We will briefly mention some examples.

Multi-Penner models of the form

W (z) = −
k∑
i=1

µi log(z − qi), (56)
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Figure 5. Eigenvalue distribution in Bose condensation for n = 80.

have been introduced to characterize the correlation functions of the d = 2 conformal

A1 Toda field theory [14, 34]. The simplest case is the double Penner model [14]

W (z) = −µ+ log(1− z)− µ− log(z + 1), (57)

which is connected to the theory of Jacobi polynomials

P (α,β)
n (z) = 2−n

n∑
k=0

(
n+ α

n− k

)(
n+ β

k

)
(z − 1)k(z + 1)n−k, (58)

with

α =
µ+

g
, β =

µ−
g
. (59)

The Hermitian matrix model corresponds to the classical Jacobi polynomials with

α, β > −1. Its large-n limit with ’t Hooft sequences is well defined, and the eigenvalue

distribution is determined by the asymptotic zero distribution of the Jacobi polynomials

on the real interval [−1, 1]. However, there are non-classical cases for which the existence

of the planar limit requires a special formulation based on KM sequences [35]. For

example, if we take a large-n limit with sequences ngn → t > 0 such that

n→∞, αn
n
→ A =

µ+

t
,

βn
n
→ B =

µ−
t
, (60)

where

−1 < A < 0 < B, (61)

or, equivalently,

µ+ < 0, µ− > 0, t > |µ+|. (62)

Then the existence of a well-defined asymptotic zero distribution requires the existence

of the limit [35]

l = lim
n→∞

| sin(πAn)|1/n. (63)

The corresponding zero distribution of non-classical Jacobi polynomials exhibits

properties like gap-closing processes [35], similar to the generalized Laguerre
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polynomials. Therefore it would be interesting to analyze the non-Hermitian version

of the double Penner model following the scheme used in the present paper for the

Penner model.

Families of Laguerre polynomials also appear in certain matrix models used to study

the low-energy limit in Quantum Chromodynamics, e.g., the chiral Gaussian Unitary

matrix model (also called the Wishart-Laguerre ensemble) [36, 37]

Z
(Nf ,ν)
n =

1

n!

 n∏
i=1

∫ ∞
0

dxi x
ν
i e
−xi

Nf∏
f=1

(xi +m2
f )

∆(x)2, (64)

where Nf > 0 is the number of fermionic quark flavors, mf (f = 1, . . . , Nf ) are the

corresponding masses, and ν ≥ 0 is the topological charge of the physical sector under

consideration.

This partition function can be determined in terms of Laguerre polynomials (see [37]

and the references therein). For example, it is clear that the reduced case with mf = 0

for all f gives

Z(Nf ,ν)
n =

1

n!

(
n∏
i=1

∫ ∞
0

dxi x
ν+Nf
i e−xi

)
∆(x)2, (65)

which is directly associated to the family of Laguerre polynomials L
(ν+Nf )
n (x).

Consequently, non-Hermitian versions of (65), like those arising from (64) with bosonic

quarks (Nf < 0) [38], will involve families of generalized Laguerre polynomials and may

exhibit non-perturbative effects similar to the Penner model with negative coupling

constant.

Appendix A. The Barnes G function

This Appendix collects the properties that we need about the Barnes G function [39,

40, 41]. The Barnes G function is the entire function defined by the canonical product

G(1 + z) = (2π)z/2e−
1
2

(z+z2(1+γ))

∞∏
k=1

(
1 +

z

k

)k
e−z+z

2/2k. (66)

The Stirling-like asymptotic expansion of G(1 + z) for z = x positive and large is

lnG(1 + x) ∼ 1

2
x2 lnx− 3

4
x2 +

x

2
ln(2π)− 1

12
lnx

+ ζ ′(−1) + ϕ̃(x), as x→∞, (67)

where ϕ̃(x) is the asymptotic negative power series

ϕ̃(x) =
∞∑
m=2

B2m

2m(2m− 2)

1

x2m−2
. (68)

Incidentally, we mention here that the asymptotic series ϕ̃(x) provides the connection

between Penner models and string theory [42], because ϕ̃(iµ) determines the genus

expansion F̃c=1(µ) of the free energy of the c = 1 string theory at the self-dual radius.
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The sector of validity of equation (67) is often quoted as −π < arg z < π or, more

precisely, | arg z| ≤ π−δ with δ > 0 (see equation 5.17.5 in [40]). We want to emphasize

that the expansion (67) is asymptotic in this sector only in the sense of Poincaré.

To evaluate the G function for large negative real values of the argument we use

the reflection formula (see equation (6) of [41]) to obtain

ln |G(1− x)| = lnG(1 + x) + x ln

∣∣∣∣sin(πx)

π

∣∣∣∣+
1

2π
Cl2(2πx), (69)

where Cl2(x) is the Clausen function

Cl2(x) = −
∫ x

0

ln
∣∣∣2 sin

τ

2

∣∣∣ dτ =
∞∑
m=1

sin(mx)

m2
. (70)

Note that equation (6) in [41] is limited to 0 < x < 1.

Thus, from (67) and (69) we obtain

ln |G(1− x)| − x ln

∣∣∣∣sin(πx)

π

∣∣∣∣− 1

2π
Cl2(2πx) ∼

1

2
x2 lnx− 3

4
x2 +

x

2
ln(2π)− 1

12
lnx+ ζ ′(−1) + ϕ̃(x),

x→∞. (71)

The second term in the left-hand side of (71) cancels the singularities of ln |G(1−x)| at

positive integer values of x, and therefore the left-hand side of (71) has a well-defined

asymptotic expansion. However, in order to have a well-defined large-n free energy of

the Penner model with negative coupling constant, we need to control the behavior of

ln |G(1− x)| as x becomes large. Obviously the terms x ln |sin(πx)/π| and Cl2(2πx)/2π

in (71) are the origin of the F (osc) in (26) and l-dependent contributions in (29) arising

in the planar free energy of the Penner model. Therefore we have to restrict the way

in which the coupling constant g tends to zero (and consequently x to infinity) in such

a way that these terms give well-defined contributions to the planar limit. This is the

ultimate reason for requiring the existence of the limit (11).

Appendix B. The topological expansion of the Penner model with positive

coupling constant

The large n expansion of the Penner model with positive coupling constants for ’t Hooft

sequences can be readily obtained from equations (7) and (67),

Fn(t) = − ln |Zn(g)|
n2

≈ −
(

(t+ 1)2

2t2
ln(1 + t)− 3

4
− 1

2t

)
+

1

12n2
ln(1 + t)

−
∞∑
k=2

B2k

2k(2k − 2)
n−2kt2k−2

(
(1 + t)2−2k − 1

)
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= −
∞∑
k≥0

n−2k
∑

s>0,2−2k−s<0

(−1)s(2k + s− 3)!(2k − 1)

(2k)!s!
B2k t

2k+s−2

n→∞. (72)

Alternatively, the standard perturbative method applied to (7) leads to a topological

expansion of the form [19, 24]

Fn(t) ≈ −
∞∑
k≥0

n−2k
∑

s>0,2−2k−s<0

χk,s t
2k+s−2, (73)

where χk,s is the virtual Euler characteristic of the space of Riemann surfaces of genus

k with a finite number s of punctures. Then equations (72) and (73) imply [19]

χk,s =
(−1)s(2k + s− 3)!(2k − 1)

(2k)!s!
B2k. (74)
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[26] Álvarez G, Mart́ınez Alonso L and Medina E 2014 J. Phys. A: Math. and Theor. 47 315205

[27] Kuijlaars A B J and McLaughlin K T R 2001 Comp. Methods and Function Theory 1 205–233

[28] Kuijlaars A B J and McLaughlin K T R 2004 Constructive Approximation 20 497–523
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