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Abstract

In this paper, we are presenting a new method based on operator-valued Fourier multipliers to
characterize the existence and uniqueness of ¢,-solutions for discrete time fractional models in the form

k
A%u(n,z) = Au(n,z) + Zﬁju(n —75,2) + f(n,u(n,x)), n€Z,xeQC RN,Bj €Rand 7; €Z,
j=1

where A is a closed linear operator defined on a Banach space X and A® denotes the Griinwald-Letnikov
fractional derivative of order a > 0. If X is a UM D space, we provide this characterization only in terms
of the R-boundedness of the operator-valued symbol associated to the abstract model. To illustrate our
results, we derive new qualitative properties of nonlinear difference equations with shiftings, including
fractional versions of the logistic and Nagumo equations.
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1. Introduction

Evolution equations with delays arise in many areas of applied mathematics. Time delays have
been incorporated by many researchers into biological models to represent resource regeneration times,
maturity periods, feeding times, reaction times, etc. There has been a substantial amount of work related
to this topic, as one can see consulting for example [16], [6], [27], [5] and the bibliography therein.

It is well known that the study of maximal regularity is very useful for treating semilinear and
quasilinear problems. Maximal regularity of evolution equations with operator-valued Fourier multipliers
began to be studied after the pioneering work of H. Amman [3] and L. Weis [33]. Some authors as Arendt
and Bu [4] studied maximal regularity of periodic problems for abstract evolution equations in Banach
spaces having geometrical advantages. They are called UM D-spaces. See also [11], [10] and [9] for more
information on this topic and related work.

Concerning delay equations, there is an increasing number of researchers working on this topic. For
instance, Poblete [29] analysed maximal regularity on vector-valued Holder spaces. The fractional case
was considered by Ponce in [30]. In [15] Fu and Li treated the well-posedness for a class of evolution
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equations with infinite delay in the scales of Lebesgue, Besov and Triebel-Lizorkin vector-valued Banach
spaces. A good reference in the context of this paper is the monograph by Bétkai and Piazzera [5].

The discrete time setting naturally arises in a wide variety of applications where the temporal structure
is oscillatory and possesses a discrete character as well as in the one-dimensional spatial discretization of
continuous problems. Concerning literature, Hu and Li [18] examined the spatial dynamics of semidiscrete
equations with a shifting habitat. Yu [39] investigated the existence of traveling waves for nonlocal
semidiscrete equations with delays. In [38] and [37], Zinner et.al. investigated, respectively, the existence
of traveling wave fronts for the semidiscrete Nagumo and Fisher equations. A global study of the structure
of such dynamical systems was performed by Mallet-Paret [27].

However, there has been little mention of semidiscrete equations with fractional differences. Recently,
Tarasov [31], [32] began to study fractional models with the Griinwald-Letnikov fractional difference. As
suggested by Tarasov, these models can serve as a new microstructural basis for the fractional nonlocal
continuum mechanics and physics. Fractional-order semidiscrete equations can also be used to formulate
adequate models in nanomechanics [32], [34].

Fractional differences do not only exhibit the advantages of memory effects, as the continuous case
does, but they also involve fewer numerical computations. Recent work of Wu, Baleanu and Xie [36] on
fractional chaotic maps reveals this interest. See also the references therein. The study of the chaotic
behavior of the fractional discrete logistic map with delay was recently proposed in an interesting work by
Wu and Baleanu [35]. In this paper, the bifurcation diagrams are also given for various fractional orders.
Since there is a discrete kernel function in the definition of A%u(n) by means of a discrete convolution (see
definition below), the present status of u(n) depends on the previous information. This is the discrete
memory effect, and it has been freshly reported by Huang, Baleanu, Wu and Zeng in [19] in the case of
the fractional logistic map. Roughly speaking, the discrete fractional models have some new degrees of
freedom which can be used to capture the hidden aspects of real world phenomena [35].

First results concerning maximal regularity for discrete time abstract Cauchy problems in Banach
spaces are due to Blunck ([7], [8]). Kalton and Portal [21] considered maximal regularity in ¢, spaces
for the critical cases p = 1, 00. In [20], Kovécs, Li and Lubich showed that for a parabolic problem with
maximal L,-regularity, the time discretization by a linear multistep method has maximal £,-regularity if
the method is stable. Finally, Cuevas and Vidal [13] incorporated the delay in the research of maximal
{y-regularity of discrete time equations.

In this paper, we address the novel study of the existence and ¢,-regularity of solutions for the following
abstract Cauchy problem with finite advance/delay:

k
Aau(n,x):Au(n,a:)—l—ZBju(n—Tj,x)—|—f(n,u(n,as)), neZ, ze€QCRY, a>0 7,€Z

j=1

(1.1)
where A is a closed linear operator with domain D(A) defined on a Banach space of functions X, and
A% denotes the generalized Griinwald-Letnikov derivative of order o« > 0. See Definition 2.6 below and
the reference [28], where this definition is used in the context of signal processing.

In [24], the author introduced an operator-theoretical method for characterizing ¢,-maximal regularity
of discrete time fractional linear equations. This characterization was given in terms of boundedness of
the associated resolvent operator, but only in case that A is a bounded operator and 0 < o < 1. See also
the recent paper [26] for the case 1 < a < 2. However, the study of maximal regularity for A unbounded
was left open. Motivated by that mentioned above and the fact that such results are of interest by
themselves, we focus this paper on the study of maximal ¢,-regularity of (1.1).

In the first part, we present a novel method based on the theory of operator-valued Fourier multipliers
to handle the linear version of (1.1). Roughly speaking, this method takes into account the operator-
valued symbol associated to the linear part of the model abstractly formulated in the setting of a Banach
space, and then inserts it in a distributional framework related to the discrete time Fourier transform. In
order to do that, the necessary preliminaries are given in the Subsection 2.1 below. Then, we introduce a
new concept of £,-multiplier (on sequences) correlated with Blunck’s theorem on operator-valued symbols
[7]. See Definition 2.4 below. The idea of ¢,-multiplier resembles the variational method for PDE’s, in
the sense that the original model is weakly formulated. This new formulation allows us to solve the weak
problem, by means of a constructive method using consecutive steps and an appropriate choice of regular



(or test) functions in each step.

Using this method, we succeed in proving that under the hypothesis that X is a UM D-Banach space
and {(1—e~ ") — Z?:l Bje "Ti}ier C p(A) (the resolvent set of the operator A), the following assertions
are equivalent:

(i) The operator A has maximal ¢,-regularity;
(i) N(t):= ((1 —e )™ — Z?:l Bje~"Ti — A)~1 is an £,-multiplier from X to [D(A)];
(iii) The set {N(¢t) : t € T} is R-bounded.

As an immediate consequence of our characterization, we deduce that the solution for the linear version
of (1.1) satisfies the following discrete time maximal regularity estimate:

k
1A%ulle, (z:x) + | Zﬁﬂ”“”ep(z;x) + [ Aulle, z;x) < Cllflle, z:x)- (1.2)

Jj=1

Concerning this last estimate, it has been recently highlighted by Akrivis, Li and Lubich [1] that the
combination of discrete maximal regularity and energy estimates is very useful to derive optimal-order
error bounds for the time-discrete approximation of quasilinear parabolic equations by backward difference
formulas. As pointed out by Li in [22], this estimate can be regarded as the stability of the parabolic
projection onto the finite element space. These results are required for instance in [23] to establish
optimal L,((0,T); L,) error estimates of finite element methods for parabolic equations. According to
this research, it could be an interesting challenge to derive optimal-order error bounds for fractional order
schemes using the framework given here.

In the second part of this paper, we show some practical criteria for proving the existence of solutions
on the Lebesgue space (,(Z; X) for a large class of nonlinear difference equations with advance/delay,
notably including the fractional logistic and Nagumo equations.

More specifically, we provide conditions that ensure the existence of solutions in ¢,(Z; H) spaces for
the nonlinear equation (1.1) on a Hilbert space H solely in terms of the boundedness of the Nemytskii’s
operator and the compactness of the unit ball of D(A). Moreover, we consider the nonlinear perturbed
equation

k
A%u(n,z) = Au(n,x) + Z Biju(n — 7;,z) + G(u(n,x)) + pf(n, x) (1.3)
j=1
where 0 < p < 1, f € £,(Z; X) and G : £,(Z; X) — ¢,(Z; X). We give sufficient conditions in terms of
the R-boundedness of the operator-valued symbol associated to the linear part of equation (1.3) and the
regularity of G at u = 0 to ensure its £,-regularity for small values of the parameter p.
These results provide interesting consequences notably including the study of the existence of solutions
in ¢,-spaces for the fractional logistic and Nagumo equations. We prove the existence of solutions in
¢,(Z;R) for the non-homogeneous fractional logistic map

A%u(n) = (r — Du(n) — ru(n)? + pf(n), r,p>0, nez, (1.4)

whenever r # 1,1+ ( E, k € Z. We also point out that in the non-fractional case we obtain

1+ tan(%’“)>
£p-solutions whenever r # 1,3, a qualitative property which seems to be new in the literature.
We finish this paper considering the one dimensional fractional discrete equation with delay

A%(n,t) = u(n,t) + (% + Du(n,t) —u(n —1,t) + %u(n,t)?’ = (1—5@) u(n, t)? + éf(n,t), (1.5)

10
d ot
where a,d > 0, t € R and n € Z, showing the existence of at least one solution in £,(Z; L*(R)) for a,d
being big enough to satisfy the compatibility condition d < 5. New insights are provided in the case
« = 1 which corresponds to the non-homogeneous discrete Nagumo equation. The main idea behind this



example, and others of the same nature, is to combine the given characterization of maximal regularity,
which is provided only in terms of the data of the equation, and the well established theory of strongly
continuous semigroups (or Cp-semigroups). Indeed, as we will see in our last example (Example 4.5)
we take advantage of the fact that in our abstract setting the differential operator A = 8t +(§5+DI
generates a Cp-semigroup on some Lebesgue spaces, like L2(R).

2. Preliminaries

In this section, we present some results that will be needed throughout the paper.

2.1. The discrete time Fourier transform in £,(Z; X)

By S(Z; X) we denote the space of all vector-valued sequences f : Z — X such that for each k € Ny
there exists a constant C}, > 0 satisfying

pr(f) = sup [n[*|| f(n)[| < Cy.
nez

Recall that S(Z; X)) is norm dense in ¢,(Z, X) when 1 < p < co. We also consider C7.,.(R; X),n € Ny,

per
the space of all 27-periodic X-valued and n-times continuously differentiable functions deﬁned in R.

In what follows, we will denote T := (==, 7) and Tg := (—m,7) \ {0}.

The space of test functions is the space Cp,.(T; X) := ey, Cper (R; X). The topology of Cpe,.(T; X)

per per per
is induced by the countable family of seminorms:

_ (k) (¢
a(p) = kme%ﬁtgup]\\w O,

and so Cpe,(T; X) becomes a Fréchet space. If X = C we simply denote Cpe,.(T; X) = Cp,.(T) and

S(Z; X)=8(Z).
We will also need the following spaces of vector-valued distributions:

§(Z;X):={T :S8(Z) — X : T is linear and continuous}

and
D'(T; X) :={T : Cp¢,.(T) = X : T is linear and continuous}.
It is useful to observe that for each f € ¢,(Z; X) we can define
Tr() = (Ty, ) =Y _ f(n)v(n), o € S(2), (2.1)
nez

and we have Ty € §'(Z, X).

Remark 2.1. By this mapping we identify ¢,(Z; X) with a subspace of S'(Z; X). When convenient and
confusion seems unlikely, a function f € ¢,(Z; X) is identified with T, € §'(Z, X).

There also exists a natural mapping that identifies C2° (T; X) with a subspace of D’(T; X) which

per
assigns to each S € Cp¢,.(T; X) the linear map

1

Lo(o) = (Ls.phi= o | oS ¢ € C2,(D),
and we have Lg € D'(T; X).

It is well known that the discrete time Fourier transform F : §(Z; X) — C22,.(T; X) defined by

per

(oo}

Fot)=(t):= Y e (), te(-mn]

j=—o00



is an isomorphism whose inverse is given by

Flo(n) = ¢(n) := % /:r (t)e™dt, neZ, (2.2)

where ¢ € Co (T; X).

per
In particular, we have

Cper( ) = @ES(Z)v

which follows from integration by parts. This isomorphism, allows us to define the discrete time Fourier
transform (DTFT) between the spaces of distributions S'(Z; X) and D'(T; X)) as follows:

~

(FT,¢) = F(T)(¥) :=T(W) = (T,9), TeS(Z;X), o¢eCp(T), (2.3)
whose inverse F~1: D'(T; X) — S§’(Z; X) is given by
(FILY) =F U D)W) = L) = (L,4), LeD(TX), ¢eS@)
In particular, we have

(FTy,0) = (Ty,¢) = > _ f(n e Cx.(T), fe(Z,X). (2.4)
neEZ

2.2. The Griunwald-Letnikov fractional derivative
Given u € {,(Z; X),v € £1(Z) we define the convolution product as

(uxv)(n) = Zun—] ZU v(in—j), né€Z.

Jj=—00 7=0

The convolution of a distribution T € S'(Z, X') with a function a € ¢1(Z) is defined by

(Txa,p):=(T,ao0yp), ¢cS(Z), (2.5)
where -
(aop)( Za o(j +n).
=0

Observe that a o p € S(Z). For any a € R, we set
ala+1)..(a+n-1)
ka(n) — n!

0 otherwise,

nEZ+,

where T is the Euler gamma function. Note that if & € R\ {—1, —2,..}, we have k%(n) = % For

any >0 and f:7Z — X a given sequence, we define the fractional sum of order 3 as follows

(AP f)(n) == (K" = f)(n Zkﬁn NFG), nez,

j=—o00

whenever it exists. For a € R, the fractional difference of order « is defined by

n

Af(n) = (k" f)(n) = Y _ k™ *(n—j)f(j) =Y _k“()f(n—j), nez, (2.6)

j=—o0 7=0

see [28, formula (27) with h = 1]. From [24], or directly from the definition, we have the generation
formula

> K ()2 = T PR k<L



see [40, p.42 formulae (1) and (8)]. In particular, for all & € Ry we have that the radial limit exists and

o I —a — —a g W] 1 —iw @
To end this section, we show the following lemma that will be crucial for the characterization of
maximal regularity given in the forthcoming section.

Lemma 2.2. Let u,v € ,(Z; X) be given and a € {1(Z4) which is defined by 0 for negative values of n.
The following assertions are equivalent:
(1) axv € L,(Z,X) and (a*v)(n) =u(n) for alln € Z.
(“) <u7 ¢> = <Uv (90 : a*)> fO?” all Y e C[C)):T(’]T))
where 1 g
(p-a_)(n): / a(—t)p(t)e™dt, nec.

= % .
Proof. (i) = (ii) By hypothesis, a * v € £,(Z, X) and (a * v, p) = (u, @) for all p € Cpe,(T). We have

<ua¢> = <a*v,¢> = <v,ao¢> = <U’ (@'a—»a

since

(@0 )(m) = > a(pli+n) = > aliy- [ T p(r)ar

j=0 3=0 -7
— 1 " = -\ igt | jint _ 1 " = -\ L ijt | jint
_%/_W[;ameqe eyt =g | [j;wa<y>ea}e p(t)dt
1 Wa(—t)ei”t (t)dt
27 v

(u, p) = (v, (p-a-)) = {axv,p),

for all ¢ € C22.(T). Since v € £,(Z; X) and a is summable, we obtain a * v € ¢,(Z; X) and the identity

per

Y (axv)(n)p(n) =Y u(n)p(n),

neZ nez

holds. Choosing ¢y (t) := e~ k € 7Z we achieve that (a* v)(n) = u(n) for all n € Z and the proof is
finished.
O

2.8. R-boundedness and Blunck’s Theorem

Now, we recall the following Fourier multiplier theorem for operator-valued symbols given by S. Blunck
[7, 2]. This theorem corresponds to the discrete version of a notable result independently proven by Weis
[33] and Amann[3] which provides sufficient conditions to ensure when an operator-valued symbol is
a multiplier. This theorem is established for the UM D class of Banach spaces. For more information
about these spaces see [3, Section I11.4.3-111.4.5].

We will first recall the notion of R-bounded sets in the space B(X,Y") of bounded linear operators
from X into Y endowed with the uniform operator topology.

Definition 2.3. Let X and Y be Banach spaces. A subset 7 of B(X,Y) is called R-bounded if there is
a constant ¢ > 0 such that
Tz, ... Thzn)|r < c||(z1, ..., 20) || R, (2.8)



for all Ty, ..., T, € T, x1,....,x, € X, n € N, where

b

1 n
||(x17"'axn)||R = ﬁ Hzejmj
g e€{-1,1}» j=1

for z1,...,z, € X.

For more information about R-bounded sets and their properties see [2, Section 2.2] and [14]. We
next introduce the following notion.

Definition 2.4. Let X, Y be Banach spaces, 1 < p < oco. A function M € C2 (T,B(X,Y)) is an

per

Cp-multiplier (from X to Y) if there exists a bounded operator T : £,(Z; X) — £,(Z;Y) such that

D (THgn) = (¢ M_)(n)f(n) (2.9)

nez nez

for all f € £,(Z; X) and all p € C32,(T). Here

per

s

(o M_)(n) = i/ e o(t)M(—t)dt, n €.

2 J_,

Now, we recall the following Fourier multiplier theorem for operator valued symbols given by S. Blunck
[7, 2]. Since we are dealing with unbounded operators we need to state a slight modification of Blunck’s
theorem concerning two Banach spaces instead of one. The proof of this result follows the same steps as
the case X =Y.

Theorem 2.5. [7, Theorem 1.3] Let p € (1,00) and let X, Y be UMD spaces. Let M € Cp¢, (T, B(X;Y))
such that the sets . '
{M(t):teTo} and {(1—e")A+e)M'(t): t€To},

are both R-bounded. Then M is an £y-multiplier (from X toY) for 1 < p < oco.

The converse of Blunck’s theorem also holds without any restriction on the Banach spaces X,Y as
follows:

Theorem 2.6. [7, Proposition 1.4] Let p € (1,00) and let X,Y be Banach spaces. Let M : T — B(X;Y)
be an operator valued function. Suppose that there is a bounded operator Thy : 1,(Z; X) — 1,(Z;Y') such
that (2.9) holds. Then the set

{M(t):teT}

1s R-bounded.

3. Maximal £,-regularity of the linear shifted model

Let « € Ry, 85 € R, 7; € Z and A be a closed linear operator defined in a Banach space X. For a
given vector-valued sequence f :Z — X we consider the abstract discrete equation

k
A%u(n) = Au(n) + > Bju(n —7;) + f(n), neL (3.1)

Jj=1

Definition 3.1. Let 1 < p < oo be given. We say that A has maximal ¢)-regularity if for each f €
0y(Z; X) there exists a unique solution u € £,(Z; [D(A)]) of (3.1), where [D(A)] denotes the domain of A
endowed with the graph norm.

In this section, our purpose is to provide a characterization of maximal ¢,-regularity of equation (3.1).
For the sake of simplicity, we will first obtain this characterization for the following equation

A%u(n) = Au(n) + Bu(n — 1) + f(n), n € Z. (3.2)

As a corollary, we will have a full characterization of maximal ¢,-regularity for the more general equation
(3.1). In the following result, we show the equi\{alence bet_ween the R-boundedness of the operator valued
symbol of the equation (3.2) defined by ((1—e~%)*—Be~%" — A)~! and the fact that it is an ¢, multiplier.



Theorem 3.2. Let X be a UMD space, 1 <p <oo, BE€R, a € Ry and 7 € Z. Suppose
{(1 _ e—it)a _ ﬁe_it‘r}teﬂl‘ C p(A)7

and denote M(t) := ((1 — e~ ")* — Be=7 — A)~1 then the following assertions are equivalent:
(i) M(t) is an €,-multiplier from X to [D(A)].
(i1) {M(t) }rer is R-bounded.

Proof. (ii) == (i) Since the set {M(t)}ser is R-bounded, it is not difficult to observe that {(e* —
1)(e® + 1)M’(t) }ser is also R-bounded. Indeed, given t € T, M(t) : X — [D(A)] can be rewritten as

M(t) = (fa(t) = Be™™" = A)7", teT, (3.3)
where f,(t) := (1 — e~ %)*. Moreover,

M'(t) = —(fa(t) = A)T2(fL(t) +iTBe™"T) teT. (3.4)

i a—1
Since f!(t) = « (e tfl) 4 =iafo(t)z7—, t € T we obtain in (3.4) that:

elt

M'(t) = (folt) — e — A)2ia fa(t)il _16“ —iTBe T (fo(t) — Be” T — A)72 teT. (3.5)

Therefore,
(1—e")(1+e")M'(t) = iaM)?(1 + ) (1 — ™) —irBe "M ()*(1 — e)(1 + ), teT.

From [2, Proposition 2.2.5] we conclude that the set {(1 —e®)(1+¢e®)M'(t) : t € T} is R- bounded and
the claim is proven. Finally by Theorem 2.5 we obtain (7).
(i) = (ii) By hypothesis we have that there exists a bounded operator T such that (2.9) holds.
The conclusion follows from Theorem 2.6.
O

In some cases, it is necessary to have simultaneous R-bounded symbols in order to obtain /-
multipliers. This is the content of the following theorem.

Theorem 3.3. Assume that X is a UMD space. Let 1 <p < oo, T € Z,f € R and o € Ry be given.
Assume . .

{(1—e7)% = Be " }er C p(A),
and the set {((1—e~ ") —Be™"" — A) =1}, is R-bounded, then the sets N(t) := (1—e~ ) ((1—e ®)>—
Be T — A)7L and S(t) = e (1 — e )* — Be~ T — A)~1 are {,-multipliers.

Proof. Tt is enough to observe that since N(t) = f,(t)M(t) and S(t) = e " M(t) where f,(t) =
(1 — e=™)* the R-boundedness of N(t) and S(t) follows. Then the claim holds from the equivalence
between the R-boundedness of the sets {N(t)}ier and {S(¢)}ter and the fact that N(¢) and S(¢) are
¢p-multipliers from X to [D(A)].

The proof of this last assertion is analogous to the one of Theorem 3.2, taking into account the R-
boundedness of the sets {N(¢)}ter and {S(t) }rer and the identities:

(1 —e")(1+e*)N'(t) = iaN(t)*(1 + ™) —irBS(t)N(t)(1 + ™) (1 — ™) — iaN(t)(1 + ™),
(1—e")(1+e")S'(t) = iaSE)N#)(1 + ™) —ir(1 +e™)(1 — e™)(S(t)* + S(t)).
O

Our next result provides sufficient conditions, in terms of the spectrum of the operator A, in order to
have an ¢,-multiplier. We point out that an additional condition on the Banach space X in this case, is
not needed. In what follows we denote:

1 n=r,
dr(n) =

0 otherwise.



Theorem 3.4. Let X be a Banach space, 1 <p < oo, T €Z, B €R and o € Ry be given. Assume
{(1 _ e—z’t)a _ Be_it‘r}te'ﬂ‘ C p(A)
If A has mazimal €,-regularity, then M(t) := ((1 —e~")™ — Be™"" — A)~1 is an £,-multiplier.

Proof. Let f € (,(Z; X) be given. By hypothesis there exists a unique sequence uy : Z — [D(A)] such
that uy € €,(Z; [D(A)]) satisfies:

A%ug(n) = Aug(n) + Pus(n —7) + f(n), neLZ. (3.6)

Let Ty @ €,(Z; X) — £,(Z;[D(A)]) be defined by T, (f) = uy, where uy is the unique solution of (3.6).
It can be easily shown using the closed graph theorem that T, is bounded. To finish the proof, let
€ C2.(T), f € £,(Z; X) be given and set u := T, f. Since k= € £1(Z), (see [40, p.42 formula (2)]) we

per
obtaln the following identities:

(k%0 8)(n) = kK *(NSG+n) =D k()5 /w e!HIS (t)dt

=0 =0 -

valid for any S € C2, (T, B(X,Y)). Therefore, using the hypothesis, and that M € CS2,.(T, B(X,[D(A)])),

per per
we get

(Taff) = tup) = 5 oohutn) = o [ eptautmar

nez nGZ

- [ ") e o(t)((1 — €)™ — e — A)"tu(n)dt

nEZ i
-8B 5 / — Bel' — A)"hu(n)e ™ p(t)dt

nGZ

-2 5 /_ (1—e™)* = Be'™™ — A) " Au(n)e™ o(t)dt

nEZ &
_ ane:z - / mt(; n)dt — Z / nt (—t)Au(n)dt

(B2 ML) — B 6 - M) (s (- M)
= <u’k_a © (QO : M—5> - ﬁ<u75‘r © (QO ' M—5> - <Au7 (4,0 : M_5>,

where 8, (t) = e, and in the last equality we have used (3.7) with S = ¢ - M_. Therefore using (2.5)
and (2.6) we get

(u, @) = (k™% u, (9 M_)) — B(d; #u, (- M_)) — (Au, (- M_)) = (A®u — Bu, — Au, (¢ - M_5(>é 9

where &, % u(n) = u(n — 7) := u,(n). We conclude that (T, f, @) = (f, (¢ - M_)). This proves the claim
and the theorem.
O



The following theorem shows that the converse of Theorem 3.4 is also true.
Theorem 3.5. Let X be a UMD space, and 1 <p < oo, T €Z, B € R, a € Ry be given. Suppose
{(1—e™™)™ = Be " e C p(A).
The following assertions are equivalent:
(i) The operator A has mazimal {,-reqularity;
(ii) M(t) == ((1 — e )> — Be=" — A)~ is an €,-multiplier from X to [D(A)];
(ii3) The set {M(t) : t € T} is R-bounded.

Proof. It remains to show that (#¢) implies (i). Let f € ¢,(Z; X) be given. By hypothesis, there exists
u € £y(Z; [D(A)]) such that

Y ulm)g(n) = (¢ M_)(n)f(n), (3.9)
for all p € C5¢,.(T). Moreover, by T&‘ehzeorem 3.3 thgreezexist v,w € £,(Z;[D(A)]) such that

S i) = 0N o), (3.10)
and " b

gzw(n)ﬁ(n) - gn - S_)(n)f(n), (3.11)

o~ ~

for all 1, € Cpe,(T). Since N(t) = k=*(t)M(t) and S(t) = o, (t)M(t), we have:

™

(- N_j(n) = = / e (1R (—t) M (~t)dt,

2 J_,

and
v

(- S3(m) = 5 [ e tne)S (~0M(~tyat

:5_7"

—

Choosing ¢(t) = ¥(t)k—*(—t) € C2.(T) in (3.9) we get

per
(v, 6) = (u, (¢ - kZ%).
From Lemma 2.2 we conclude from the above identity that
A%u(n) = k~%xu(n) =v(n), né€Z. (3.12)

Now, considering ¢(t) = n(t)&(—t) in (3.9) we obtain (w,n) = (u, (n - 5;_)5 Observe that ¢ € Cpg,.(T)
because T € Z. Again, making use of Lemma 2.2, we conclude from the above identity that

w(n) =6, xu(n) =u(n—7), neZ. (3.13)

Since N (t)—3S(t) = AM (t)+1, after multiplication by e ¢(¢) and integration over the interval (—m, ),
we have

(- N-)(n) = By -5-)(n) = A(p - M_)(n) + @I,
for all ¢ € C55,.(T). Then we obtain

per

(£, (9 N2)) = B(f. (¢ S-)) = (£, Alp - ML) + (f. @),
and by replacing (3.9), (3.10) and (3.11) in the above identity we obtain

Y vm)g(n) =Y wn)p(n) =Y Au(n)p(n) + Y (n)f(n),

nez nez neZ neZ
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for all ¢ € C%2,.(T). Considering (3.12) and (3.13) we conclude that u satisfies the equation (3.2). We

per
have proven the existence of a solution. It remains to prove the uniqueness.

Let u : Z — [D(A)] be a solution of (3.2) with f = 0. For all ¢ € C22_(T) and (3.8), we obtain

per

(u, @) = (A% — Pu, — Au, (@ - M_)) =0.

Taking ¢ (t) := e~ k € Z we obtain v = 0 and then the theorem is proven.

The following corollary follows directly from the closed graph theorem.

Corollary 3.6. If the hypothesis of Theorem 3.5 holds true, then u, A®u, Au € £,(Z; X) and there exists
a constant C > 0 ( independent of f € €,(Z; X)) such that

I1A%ulle, z:x) + 1B]l|ulle, z:x) + | Aulle, z:x) < Cllflle, z:x)- (3.14)

We immediately obtain a characterization of maximal ¢,-regularity for Hilbert spaces, since each
Hilbert space is UM D and, in such case, R-boundedness coincides with boundedness [2].

Corollary 3.7. Let H be a Hilbert space, T € Z, B € R and a € Ry.. Suppose
{(1—=e™™)* = Be™"T}ier C p(A).
The following assertions are equivalent:

(1) For all f € 0,(Z; H) there exists a unique u € £,(Z; H) such that u(n) € D(A) for alln € Z, and
u satisfies (3.2);

(i) We have
-1
sup < 0. (3.15)

teT

((1 _emitya _ gemitt _ A)

Example 3.8. Let us consider the following equation that corresponds to a discrete Lotka-Sharpe equa-
tion with delay (see e.g. [5]),

A?u(n,z) = —uz(n,2) — pu(n, ) +vu(n — 1,z) + f(n,x) ne€Z, zcR, (3.16)
where ¢ and v are positive numbers. Equation (3.16) can be modeled as (3.2) with o = 2, Au = —u' — pu,
B8 = v and 7 = 1. More concretely, we will analyse the existence of solutions for this equation in

lp(Z; L*(R)).
It is well known that the operator Bu = v/ with domain D(B) = W%(R) generates a contraction
semigroup on L?(R). Therefore, the following estimate holds true:

1
A=A =A+p-B) <.
It )=\ +p—=B) H_%()\)Jru
It is not difficult to check that minger R[(1 — e™)? — ve™#] = —1(2 + v)?. Therefore, for all 1 such that
1 2
§(2 +v)<up

we obtain from Corollary 3.7 that there exists a unique solution u € £,(Z; L?>(R)) of the Lotka-Sharpe
equation (3.16).

As a corollary of Theorem 3.5, we immediately obtain the following characterization of maximal
¢p-regularity of equation (3.1).

11



Theorem 3.9. Let X be a UMD space, 1 <p < oo, 7 €Z, B; €R and o € Ry. Suppose

k
{1 =)™ = Bie " T hier C p(A).

j=1
The following assertions are equivalent:

(i) The operator A has mazimal €,-reqularity;
(ii) N(t) = ((1 —e )™ — Z§=1 Bie~Ti — A)~L s an €,-multiplier from X to [D(A)];
(iii) The set {N(t) : t € T} is R-bounded.

Remark 3.10. Below we illustrate the behavior of the set Q4 5 1= {(1 —e™*)* — Be "7}, for different
values of a, 7 and 8. In Figure 1 we observe that the delay 7 has the property of multiplication because
there are two and three leaves representing the delay, respectively. It shows that the number of points in
Qq.8,r is greater in the measure that the delay increases.

&

Figure 1: left: a =2;8€ (0,7);7 =2 right: a=2;8€ (0,7);7=3

4. £,-regularity of nonlinear shifted equations

We will first prove the following theorem that will be very useful for the analysis of the existence of
solutions of some nonlinear equations.

Theorem 4.1. Let X be a UMD space, 1 <p < oo, T €Z, B; € R and o € Ry. Assume
k
{(1—e"™M> = " Bje " }er C p(A),
j=1

and that the set {(1 — e ) — 25:1 Bje~"Ti . t € T} is R-bounded, then the operator Au(n) :=
A%u(n) — Au(n) — Z§:1 Biju(n — ;) with D(A) := £,(Z; [D(A)]) is an isomorphism onto.

Proof. Observe that the space £,(Z; [D(A)]) becomes a Banach space under the norm |||u||| := || A%u|, +
|Z§:1 Billlullp + ||Aullp,. By hypothesis and Corollary 3.6 the inequality (3.14) holds true, and then
we get |[|u]|] < C||Aul|. On the other hand, by definition of the operator A we obtain || Aul|| < |||u]|l.
Therefore A is an isomorphism. By Theorem 3.9, the operator A has maximal ¢,- regularity and then A

is onto.
O

We now proceed to study the existence of solutions of the following nonlinear equation:

k
A%u(n) = Au(n) + Y Bju(n —5) + f(n,u(n)). (4.1)
j=1
We will first introduce the following notation. Let B := A~! : ¢,(Z; X) — ¢,(Z; D(A)) be defined
(

by B(f) := u where u is the unique solution of the equation (4.1). Let N : £,(Z; ) = €,(Z; X) be
defined by N (u)(n) := f(n,u(n)) the Nemytskii’s operator.

12



Theorem 4.2. Let H be a Hilbert space, T € Z, B; € R and oo € Ry. Assume that:

) . . ) —1
(i) {(1 = et = X8, Bre it hier C p(A) and sup,ep || (1= ™) = S5, Bie=#7 — A)

< 00,

(i1) There exists M > 0 such that sup), < [N (w)]|ey(z;m) < %7
(iii) The closed unit ball of D(A) is compact in H,
then the equation (4.1) has a solution u € lo(Z; H) and ||ul|syz;my < M.

Proof. Since (%) holds, for all K € Z we can define the operator By : lo(Z; H) — ¢2(Z; H) given by

1

B =5 [ (= =3 et — ) oy,

B 2 77r+%

Tt is clear by (4i%) that By is compact for all K € Z. Moreover, since (i) holds as K — oo, Bx converges
in norm to B, so B is compact. Observe that B is well defined by Theorem 4.1. We can now apply the
Schauder’s fixed point theorem to the equation u = BN (u) in the set {u € ¢3(Z; D(A)) : ||u|] < M} and
then the conclusion holds. O

We now consider the nonlinear equation:
k
A%u(n) = Au(n) + > Bju(n — ;) + G(u)(n) + pf(n), (4.2)
j=1

where 0 < p < 1, f € (,(Z; X) and G : ,(Z; X) — £,(Z; X) are given. The following result shows the
existence of solutions of (4.2) under some assumptions on the nonlinear term G.

Theorem 4.3. Let X be a UMD space, 1 <p <oo, T €Z and o € Ry. Assume that

k

{(1—e™)" = Bie "} ier € p(A).

j=1
Suppose that
(i) The set {((1 —e )™ — Z?Zl Bie~ " — A)"1 et is R-bounded,
(i) G(0) =0, G is continuously Fréchet differentiable at u =0 and G'(0) =0,

then there exists p* > 0 such that equation (4.2) is solvable for each p € [0, p*), with solution u := u, €
0,(Z: X).

Proof. Let p € (0,1) be given and let us define the following one-parameter family:
Hlu, p] = —Au+ G(u) + pf.

By (1), it is clear that H[0,0] = 0, H is continuously differentiable at (0,0) and the partial Fréchet
derivative is H(lO 0 = —A, which is invertible by Theorem 4.1. We now apply the implicit function

theorem (see e.g. [17, Theorem 17.6]), and then, we can find p* such that for all p € [0, p*) there exists
u=1u, € {,(Z; X) such that A%u(n) = Au(n) + Z?=1 Bju(n — ;) + G(u(n)) + pf(n) foralln e Z. O

We finish this paper with the following set of examples in order to illustrate our results.

Example 4.4. Let us consider the inhomogeneous logistic equation:

u(n+1) =run)(1 —u(n)) + pf(n), r,p>0, neZ. (4.3)

13



This equation can be expressed as Au(n) = (r — 1)u(n) —ru(n)?. It fits into the scheme of equation (4.2)
with X =R, a =1, G(u(n)) = —ru(n)?, A= (r — 1)Id and 8; = 0 for all j € N.

We now want to analyze the existence of solutions of this equation in ¢,(Z;R). It is clear that
supyer | (1 — €)= (r — 1)Id)~!|| < oo, whenever r # 1,3 and then (i) in Theorem 4.3 is satisfied.
Moreover, it is clear that G(0) = 0 is continuously Fréchet differentiable at v = 0 and G’(0) = 0. As
a consequence of Theorem 4.3, there exists p* > 0 such that the equation (4.3) is solvable for each
p € [0, p*), with solution u = u, € {,(Z;R).

As the fractional version of the logistic equation, we consider:

A%u(n) = (r — Du(n) — ru(n)? + pf(n), r,p>0, neZ. (4.4)
Let us calculate the values of 7 such that (1 —e™)% = (r — 1), that is:

sint

(2 — 2cost)? cos(aarctan( )) 4+ i(2 — 2cost)? sin(a arctan(

) =r—1.

Since r — 1 € R then necessarily, sin(a arctan(22L-)) = 0 and 2804 = tan(E7) k € Z, that is:

1 —cost 1 —cost

l1—cost l1—cost o
V1 — cost? sint km
= = tan(—).
1 —cost 1 —cost a

tan(%‘)271

Solving this equation for cost we obtain cost = 1 or cost = Trtan(EE)?

. As a result, r will be such that:

4 a
r_1:j:<7k)27 keZ or r=1.
1+ tan(*F)

Then sup,cr H((l —e ) — (r — 1)Id)_1H < oo, whenever r # 1,1 £ (ﬁn(%ﬂ))f, k € Z. As a conse-
quence, given « > 0, Theorem 4.3 asserts the existence of p* > 0 such that the equation (4.4) is solvable

in ¢,(Z;R) for each p € [0,p*) and r # 1,1 £ (H%n('ﬂ))%’ where —5 < k < §, k € Z. As an example,

we study the case 2 < o < 4. In Figure 2 we observe that if 2 < « < 2.5 equation (4.4) will have a

solution in £,(Z;R) for all r # 1,1+ (ﬁn(l)) % In contrast, if &« > 2.5 we can ensure the existence of
solutions whenever r # 1,1 + (H%n(l)) 2

y

/

Figure 2: Red: 1+ (H%n(g))% Blue: 1 — (ﬁn(g))%

Example 4.5. The one dimensional discrete Nagumo equation:

%u(n,t) =dlu(n+1,t) — 2u(n,t) + u(n — 1,¢)] + H(u(n,t)), teR, neZ,
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where H(u(n,t)) = u(n,t)(u(n,t) — a)(1 — u(n,t)),d > 0, a > 0 serves as a prototype system for
investigating the properties of lattice differential equations. It has also been proposed as a model for
conduction in myelinated nerve axons [12, 38]. Here we investigate the existence of £,-solutions for the
inhomogeneous equation. In this case, the Nagumo equation can be rewritten as follows:

Au(n,t) = = —u(n,t) + (g + Du(n,t) —u(n — 1,t) + G(u(n,t)) + éf(n,t), teR, neZ. (4.5)

d

In Theorem 4.3 we set v =1, 4 = 1 at +(2+1)Id, 1 = -1,7=1,p= % and G(u(n,t)) = Ju(n,t)? -
(H2)u(n,t)?. It is clear that G( ) = 0 is continuously Fréchet differentiable at v = 0 and G’(0) = 0. It is
well known that the operator Bu = —u/ with domain D(B) = W12(R) generates a contraction Cy-group
on L?(R). Therefore, a € p(B) and the estimate

—it\a —i - a | - d
10 —e™)" = Bre™ = AT = |0 = (G+ D+ ZB) [ =dl(a=B)7'| < =,
holds for all @ > 0. Then Theorem 4.3 asserts the existence of a solution in £,(Z; L?(R)) of the inhomo-
geneous Nagumo equation (4.5) for d to be big enough.

We now consider a fractional version of the Nagumo equation given by

u(n,t) + (5

A%u(n,t) = pi

1
T + Du(n,t) —u(n — 1,t) + G(u(n,t)) + gf(n, t), teR, neZ (4.6)

In this case, given a > 0, for a, d being big enough to satisfy d <
we find the existence of a solution in ¢,(Z; L*(R)) of (4.6).
Indeed, since

5a, and as consequence of Theorem 4.3,

1 a sin t a int
(1 —e ™) +e ™ <1+|(2—2cost)? co (ozarctan(L)—1—2(2—200815)5 i (aarctan(Lﬂ =
1-— 1 —cost
=1+ [(2 — 2cost)F gl arctan( 1“:cm)| <14 2%
we have for all t € T that
; ; d(l1+ 2«
[(d(1 —e ™) +e N ((a+d) —B) < i +27) < 1. (4.7)
a+d
Considering now the identity
IO =+ B) 7 < [ = B) Il (M = B)™H = Id) ™1, (4.8)

valid for all p, p — A € p(B), we have that for a,d such that d < g% there exists a constant M > 0
verifying

(1 = &) = Bre=it — A)7 | = dj(d(1 - =) +d”t(d+D+$BYW=

=d||(d(1 - 7”) +de™" (a-i—d)-i—B)*lH

<d|[((a+d) = B) (1 —e ) +e ") ((a+d) — B)~" = I1d)~!
dM

< 7

~ (a+4d)’

where we have used inequality (4.8) with A :=d((1 — e~ ¥#)® +¢e~%), = a+d, Bu = —u/, the estimate
(4.7) and the Neumann’s series. We conclude that if a,d are big enough, satisfying d < then we
obtain the existence of a solution u € £,(Z; L*(R)) for the equation (4.6).

a_
2047
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