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1 | INTRODUCTION

| Marina Murillo-Arcila?

In this article, we introduce a new nonlocal operator H* defined as a linear
combination of the discrete fractional Caputo operator and the fractional sum
operator. A new dual operator R* is also introduced by replacing the discrete
fractional Caputo operator with the discrete fractional Riemann-Liouville oper-
ator. It is shown that it corresponds to a natural discretization of a proportional
hybrid operator defined by the Riemann-Liouville operator instead of Caputo
hybrid operator. We then analyze the most important properties of these oper-
ators, such as their inverse operator and the Z-transform, among others. As an
application, we solve difference equations equipped with these operators and
obtain explicit solutions for them in terms of trivariate Mittag-Leffler sequences.

KEYWORDS

fractional Caputo and Riemann-Liouville operators, Laplace, discrete Laplace, and Poisson
transformation, Mittag-Leffler functions and sequences, proportional hybrid operators, Toeplitz

operators
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A few years ago, Baleanu et al. [1] defined a new fractional operator convolving the constant proportional derivative

with the kernel

D) 1= K@) f (1) + Ko(a) /(1) (1.1)
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ta—l
a )= — 5 1.2
8a(t) I@ (12)

where 0 < a < 1. In (1.1), K, and K; are functions of the parameter « that satisfy the following conditions:

lim Ko(a) = 0, lim Ko(a) = 1, Ko(@) # 0;

lim Ky(a) = 1, lim Ky(a) = 0, Ki(@) #0.

The new type of fractional operator was called the constant proportional Caputo hybrid operator, and it can be seen as
a linear combination of the Riemann-Liouville integral J'~* and the Caputo derivative “D?, as follows:

CPCDE () 1= Ky(@)J ™ £(£) + Ko(@)“D* £ (1). (1.3)

This operator has been proven to be very useful in applications and is today the subject of intense research; see below
for a bibliographic discussion. However, as far as we know, there is no discrete counterpart of (1.3). Our objective in this
article is to contribute to filling this important gap.

To start with, we observe that discrete counterpart of the Caputo derivative using convolution as part of the definition
can be found in a number of articles, see, for example, [2, 3], as follows:

cA%(W)(n) 1= (k' % Au)(n), n € Ny, (1.4)

where Av(n) :=v(n + 1) — v(n) is the forward Euler operator and

_TB+n

p .
K = T

> ﬂ > O’ ne N09 (15)

see [3].
It happens that at the basis of the definition (1.4), there is a bounded linear operator P : L}(R,) — £!(Np), called the
Poisson transformation [4], which relates (1.2) to (1.5) by the following relevant identity:

P(go)(n) = k*(n), n € N, (1.6)
see [3]. Moreover, it is not difficult to check that
P(f(n+1) = AP(f)(n), n € Ny, .7)

for sufficiently regular functions f. Taking into account (1.6) and (1.7) and taking the Poisson transformation to (1.3), we
arrive at the following discrete counterpart of the constant proportional Caputo hybrid operator:

H*(w)(n) := Ky (@)A" ") (n + 1) + Ko(@)cA®(w)(n), n € Ny,

where A=1-®y ;= k=% % uis the fractional sum of order «, that is, the discrete analog for the Riemann-Liouville integral.
However, after examining some properties of H%, and as a consequence of our analysis in this article, we will conclude
that from the point of view of Poisson transformation, it gives more sense that a constant proportional hybrid operator
should be defined using the Riemann-Liouville derivative instead of the Caputo derivative. Because of this, we also intro-
duce in this article the following definition of constant proportional Riemann-Liouville hybrid operator in the discrete
setting:
R*(w)(n) 1= Ki(@)A™ " u(n + 1) + Ko(@)A*w)(n), n € Ny,

where A%(w)(n) := Ak'™® % u)(n), and we prove that

P ("EDYf) (n+1) = R*(w)(n), n € Ny,
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being
PREDE (1) 1= K1 (a)J} = £ () + Ko(a)D* £ (1),

the Riemann-Liouville counterpart of (1.3). To relate R* and H*, we find the following interesting identity:
R%u(n) = H*u(n) + Ko(a)k'=*(n + Du(0), n € Ny.

Before describing the main sections and contents of this work, we will briefly summarize some of the relevant literature
related to the constant proportional Caputo hybrid operator, after the appearance of the seminal work [1]. We also refer
the reader to monographies [5, 6] for more information about fractional calculus.

In [7], the constant proportional Caputo hybrid operator is used for a comparative study with other fractional order
operators in the analysis of solutions of economic models based on market equilibrium. In the article [8], the same oper-
ator is applied to the heat transfer of clay-water base nanofluids over an infinite vertical surface moving with constant
velocity. In such article, the authors show that this operator is better at exhibiting decay of the velocity of the fluid. An
analogous analysis was conducted in the article [9] for an unsteady and incompressible MHD viscous fluid model with
heat transfer. The authors conclude that the constant proportional Caputo hybrid operator is the best choice to get the
controlled velocity and temperature profiles for different values of the parameter «. In the article [10], the authors ana-
lyzed an HIV model, obtaining its solution and simulation results for the operators “D,* and “*¢D,*. In [11], investigating
the calcium signaling in cardiac myocytes, a mathematical model for anomalous subdiffusion using the operator “?°D,*
is analyzed. In [12], natural convection and slippage flow of Newtonian SWNTs nanofluid with radiation, heat genera-
tion, and chemical reaction in the presence of magnetic force through a porous media subject to the Newtonian heating
is analyzed by utilizing the *€D,* operator. From another point of view, Abbas [13] studies Ulam-Hyers stability for lin-
ear and nonlinear equations involving the operator €*°D,%, and Ibrahim and Baleanu [14] deal with the extension of the
constant proportional Caputo hybrid operator to the complex domain and its generalization by using quantum calculus.
Other recent references involving the proportional hybrid operator are [15-23], the list being not exhaustive.

The paper is organized as follows. In Section 2, we present some basic notions and results that will be necessary
throughout this article, including the definition of the Poisson transformation and its main properties. In Section 3, we
introduce the Caputo hybrid difference operator H* and carry out an in-deep study of it to find its inverse operator and
its Z-transform. See Theorems 3.10 and 3.11, respectively.

As an illustration, we consider two examples of difference equations with the operator H* that can be solved after
introducing the notion of trivariate Mittag-Leffler sequence, see formula (3.32). To introduce such a notion, we previously
realize the surprising fact that the bivariate Mittag-Leffler sequence, recently defined by Mohammed et. al. [24], is the
Poisson transformation of the bivariate Mittag-Leffler function defined by Fernandez et al. [25]. See Theorem 3.12 below
for a precise description of these results.

In Section 4, we define and perform a similar study for the Riemann-Liouville hybrid difference operator R*. We show
the notable fact that this new operator is the Poisson transformation of the constant proportional Riemann-Liouville
hybrid operator, see Definition 4.1 and Theorem 4.4. Furthermore, we prove that R* is a Toeplitz operator, see Theorem
4.4, in contrast to H* which does not have this property. Finally, we illustrate our results by considering two difference
equations endowed with R*, obtaining explicit solutions and comparing them with the continuous case. Once again, these
examples illustrate the fact that R” is closer to being a consistent notion of proportional hybrid operator for the discrete
setting, see our final Remark 4.10.

2 | PRELIMINARIES

Let denote g,(t) := t(—:) a > 0. As usual, * denotes the convolution of two functions on R, as

t
(f = 8)®) 3=/ ft—71)gx)dz, f,g € L'(Ry).
0

Definition 2.1. The Caputo fractional derivative of order 0 < a < 1 of a differentiable function f is given by

“DEf() 1= (81-a * f1)(D), t>0. 21)
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It can be easily seen that the Caputo fractional derivative can be defined in terms of the fractional integral defined by
TLF@ = (g % H©, >0,

for p > 0 and f a differentiable function. We now recall the notion of Riemann-Liouville fractional derivative, see [26].

Definition 2.2. The Riemann-Liouville fractional derivative of order a € (0, 1) of a function f € L'(0,T), T > 0
such that g;_, * f is differentiable, which is given by

DO 1= S s 0. 1> 0.

In [1], the authors introduced the proportional Caputo hybrid operator as a linear combination of the
Riemann-Liouville integral and the Caputo derivative as follows:

CFCDE £ (1) = Ky (a)J} 7" £ () + Ko(@) DE £ (1), t > 0, (2.2)

where Ky(a) and K; («) are functions of the variable a« € (0, 1] that satisfy

linol+ Ky(a) =0, lir{[ Ko(a) =1, Kq(a) # 0and (2.3)
lirg)l+ Ki(a) =1, hI{lﬁ Ki(a) =0, Ky(a) £ 0. 2.4)

The prototypical case is Kyp(a) := « and Kj(a) :=1— a.
This operator is a generalization of the constant proportional operator defined in [27] and given by

PDEf (1) = Ki(@) £ (1) + Ko(a) f(2).

We now recall some basic definitions from discrete fractional calculus. Let s(Np; C) denote the vector space consisting of
all complex-valued sequencesu : Ny — C. We recall that the forward Euler operator A : s(Ny; C) — s(Np; C) is defined by

Awn) := f(n+1)— f(n), n € Ny.

We also recall the concept of discrete convolution, denoted also by the symbol x, of two sequences f,g € s(Np):
n
(f * @) 1= ) f(n—j)g(), n € No.
Jj=0

We define the following special kernel.
Definition 2.3. For any a € R, we define

'+ j)

k*(j) = Wj-l—l)’ j €Ng, a e R\{0,-1,-2, ... },

and k°(n) = 6o(n), k7 (n) = (6p(n) — 6:(n))*/, n € Ny, j = 1,2, ..., where ;(n) is the Kronecker delta, and the symbol
+*/ denotes (discrete) convolution j-times.

For instance, k~1(n) = 6y(n) — 6:(n) and k~2(n) = 6yo(n) — 26:(n) + 6,(n), n € N,.

Remark 2.4. The sequence k*(n) originates from the generation formula:

- , 1
k*(j)z) = :
Z’o Wz d—2¢
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valid for all z € C except in the case @« > 0 where it is valid only for |z] < 1. Note that this, in passing, justifies the
definition of the values k~/(n) for j = 0,1, 2, .... This remarkable sequence has been obtained and studied by several
authors, see, for example, [2, 28, 29] for an overview.

We next recall the concept of Z-transform of a sequence f € s(Ny; C), which is defined by
f@ =Y 27 f0)
j=0

where z is a complex number. Note that convergence of the series is given for |z| > R with R sufficiently large. It is well
known [2] that

Za
(z—1)

ke (z) = a R, (2.5)

for |z| > 1.
We define A = I. The following definition of fractional sum was originally introduced in [3], after the previous work
by Atici, Eloe, and Abdeljawad (see [30-32]).

Definition 2.5. Let @ > 0 be given and u : Ny — C. We define the fractional sum of order « as follows:

n

AT (@) (m) = (k" * w)(n) = Y k“(n = ju(i). n &€ No. (2.6)

j=0

Now, we recall from [3] the discrete analogous concept to the definition of a fractional derivative in the sense of
Riemann-Liouville, see also [31]. In that paper, it is shown their strong connection, by means of the Poisson transfor-
mation, with the Riemann-Liouville fractional derivative on R,. We recall that the Poisson transformation of a function
u: LY(R,) - £Y(Np) is defined by

Pw)(n) := /oopn(t)u(t)dt, n € Ny,
0

where p,(t) = ¢! ;—n', see [3] and [4, Section 4] for their main properties. Also, we recall from [3] that the following
important property holds:
k*(n) = / DPn(Dg(H)dt, n € Ny, a >0, n € Ny, 2.7
0
and from [3, Theorem 3.1], the following remarkable result
P = L(Sf) <T> s 1zl > 1, (2.8)
where £ denotes the Laplace transform of f : R, — R. This result allows to calculate easily the Z-transform of some
sequences.
For example, for the function h(f) = e~ where a € R, it is well known that L(h)(s) = a%rs On the other hand, it is easy
to see that

P(h)(n) = <a+r1)l ne N,

n+1
Therefore, we conclude from (2.8) that for the sequence y(n) := (ﬁ) , the following identity holds

11 z
a+s_a+1(z_L>'

a+1

(2.9)

7(@2) =

Definition 2.6. The fractional difference operator of order a > 0 (in the sense of Riemann-Liouville) is defined by
A*u)(n) 1= A™(A"Du)(n), n € N,

wherem —1<a<m,m= [a].
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In other words, to a given complex-valued sequence, first fractional summation and then integer difference are applied.

Definition 2.7. Let « > 0. The ath fractional Caputo-like difference operator is defined by
cA"W)(n) 1= A" D(A™Mu)(n), n € N,. (2.10)

For further use, we note the following relation between the Caputo and Riemann-Liouville fractional difference
operators of order 0 < « < 1 which can be found in [2, Theorem 2.9].

Theorem 2.8. Let 0 < a < 1. Then, the following assertion holds for every u € s(Ny, C):

cA*w)(n) = A*w)(n) — K %(n + Du(0), n € N,

3 | THE CAPUTO HYBRID DIFFERENCE OPERATOR

We introduce the corresponding analog of the operator defined in (2.2).

Definition 3.1. Let 0 < @ < 1 be given and u : Ny — C. The Caputo hybrid difference operator H* : s(Ny; C) —
s(Ng; C) is defined by

H*w)(n) := K (A" @)(n + 1) + Ko(@)cA*(W)(n), n € Ny,

where Ky(a) and K;(«) are functions that satisfy (2.3) and (2.4).

Remark 3.2. An easy calculation shows that cA*(u)(0) = u(1) — u(0) and A~"9wu)(1) = (1 — a)u(0) + u(1). Hence,
the value of H*(u)(0) depends on u(0), u(1) and « to be given, in general.

Remark 3.3. We note that for Ky(«) = « and K;(a) = 1 — «, we obtain

H*w)(0) = (1 = 3a + a®)u(0) + u(1),

where a> —3a +1 = 0 forap := %g € (0,1). Therefore, H*(u)(0) = u(1), that is, the value of H*(u)(0) could

eventually depend only of u(1) and a.
Remark 3.4. Observe that, formally

alir?_ H*(w)(n) =un+1) —u) =: A(uw)(n)and
n+l
lim H'w)(m) = A~ w)(n+1) = ZO u@j).
and therefore, H* interpolates between these two limits.
Given 0 < a < 1, we will now introduce the following operator.

Definition 3.5. The operator
Hy)(n) 1= Ki(a)u(n + 1) + Ko(a)A(u)(n), n € Ny,

is called the proportional difference operator.
The following property of proportional difference operators will be useful.

Lemma 3.6. Forallp € N, we have
7y o Hy = H} o 7, 3.1

where 1, denotes the translation operator given by (zpu)(n) := u(n + p).
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Proof. For all n € Ny, we have

(71 0 Hyu)(n) = ri(Hyu)(n) = Ki(a)u(n + 2) + Ko(a)(n + 2) —u(n + 1))
= Ki(@)(m)(n + 1) + Ko(@)(mu)(n + 1) — (muu)(n)) = Hy(m1u)(n)
= (HZ’ o Tiu)(n).

O

The proportional difference operator will play a key role when calculating the inverse operator of H* since it can be
expressed in terms of H' as the next formula shows.

Lemma 3.7. Let 0 < a < 1. The following identity holds:

H*u)(n) = A~ (Hu)(n) + Ky (a)k'~*(n + )u(0), n € N,. (3.2)

Proof. Denoting (z,u)(n) := u(n + p), first observe that by definition,
AT (Hu)(n) = Ky(@) A~ (qu)(n) + Ko(@) A (zyu — u)(n). (3.3)
Also, we have using [28, Lemma 2.3] that

A~ (qu)(n) = (A" W))(n) — k' (n + Du(0)

= A" (n + 1) — k' (n + Du(0). G4
As a consequence of (2.10), (3.3), and (3.4), we obtain
ATOHu)(n) = Ky (@A™ ") (n + 1) — Ky (a)k' = (n + 1)u(0) + Ko(a)c A" (u)(n) 3.5
= H*(w)(n) — Ky ()k'~*(n + 1u(0),
and the conclusion holds. O
Remark 3.8. Comparing with the continuous case, we observe that for u(0) = 0, we have the identity
H*u)(n) = A~ (Hu)(n), n € Ny, (3.6)

which is the analog to [1, Definition 1, formula (6)].
The right-side inverse of H; is provided in the next lemma.

Lemma 3.9. Letu € s(Ny; C), and we define

1 .
— ———(y*xuwn-1)if neN,
Hb (u)(n) = { 161(“)+K0(‘1) lf n=o.

Ko(@)

n
—20— ) n e N, Then, it satisfies
Ky (a)+Ko (@) ) € No fi

where y(n) := (
Hg(Hb“’u)(n) = u(n), n € N,

and
Hy*(Hw)(n) = u(n) — y(nyu(0),
foralln € N,
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Proof. For all n € Ny, we have
Hy(H,“u)(n) = (Ki() + Ko(a))(H, “u)(n + 1) — Ko(a)(H, “u)(n).
Using the definition, a simple computation shows that
Hy (H,*u)(0) = (Ki(a) + Ko(a))(H, “u)(1) = y(0)u(0) = u(0),

and, foralln € N,

Ko(a)
(y *w(n) — Im(? *u)(n—1)

Hy(H,“u)(n)

n-1

D v = pulp) =y Y y(n = 1= jul)
j=0

n-1

j=0
= Y y(n— jul) = Y yn = puj) = u(n),
j=0 j=0

WILEY——

where we have used that y(n+j) = y(n)y(j) forall j,n € Z, and y(0) = 1. On the other hand, it follows from definition

that H,*(H;ju)(0) =0 and

Hb_“(ng)(n) = m@ * Hl’;’u)(n -1)
B Im (r * [Kr(@)riu + Ko(a)(t1u — w)]) (n — 1)
_ Ki(@) + Ko(a) o K@ _
" Ki(a) + Ko(a) & *m)(n —1) Ki(a) + Ko(a) (v *u)(n 1)
n-1 -1

= D y(n—1=puG+1)—y1) Y r(n—1-jug)
Jj=0 j=0

n-1

= Y v(n=ju() = Y v(n— juj)
= 7=0

Jj=

n n-1
= ) v = juG) = Y y(n = pul) - y(nyu()
j=0 Jj=0

= u(n) — y(n)u(0),

for each n € N, proving the lemma.
Our next result gives an explicit formula for the right-side inverse of the operator H*.

Theorem 3.10. Let0 < a < 1, u € s(Ny; C), and we define

1 l1-a _ :
H(u)(n) = { TR (y * AT w)(n—1) lf neN,
0 if n=0.

Then, the following identities holds:
H*(H™"u)(n) = u(n), n € No,

and
H*H'w)(n+1) =u(n+1) —y(mu(l)
Ko(al){l-l(-ali'l(a)u(o)[(y k() = (7 * K+ 1) +y(n+ D) + (@ = Dy,

foralln € Ny and H-*(H*u)(0) = 0.

3.7)

(3.8)

(3.9
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Proof. First, note that by definition, the following identity holds:
H™*w)(n+1) = (H," o A'™u)(n), n € N,. (3.10)

Also, we observe that for any f € s(Ny, C) and a > 0,

ATAS)) = Y k= DAG) = Y K (= DG+ = Y k(= HFG)
j=0 j=0 j=0

n+1 n
= Y K+ 1= )G = X k(= NfG)
Z; Zg (3.11)
n+1 n
= Yk (n+1=)fG) = Y k(= )HfG) - K (n+1)(0)
j=0 Jj=0

=A™ () — k*(n+1) f(0).

Using Definition 2.6 and the fact that 0 < 1 — a < 1, we obtain the identity A'=%*(u)(n) = A(A~*u)(n). Therefore,
from (3.11), we conclude that the following identities holds:

A (w)(n) = A(A™u)(n) = A™*(Aw)(n) + 71 (k*)(n)u(0). (3.12)
Using the above equality, we conclude that

AI=DAI ) (r) = AI[AR W) = AI[ATHAWM) + 71 () (MU(O)]

3.13
= A" IATY (AW () + AT (k)] (n)u(0). G13)
Consequently, using [28, Corollary 2.4(a)], we obtain
ATOAT ) (n) = ATH(Au)(n) + Z k= (n = j) (k)
=0
n+1
= u(n+1)—u0) + ) K'=*(n+1- k()
j=1
=um+ 1) — u(0) + [k = k*)(n) — k' ~*(n + 1)k*(0)Ju(0).
Since k=% % k%(n) = k}(n) = 1 and k*(0) = 1, we finally obtain the identity
A~TDA Y (n) = u(n + 1) — K *(n + Du(0). (3.14)
On the other hand, we obtain from (3.12) and (3.11) with f = A=1~%y the following identities:
AHAT ) (n) = AH(ARAT T w)(n) + (kM) (AP u)(0)
= AA™(AT ) () — (11 k) (m)(A™Pu)(0)
+ (k) () (A~ u)(0)
= A(A'w)(n),
where in the last equality, we have used [28, Corollary 2.4(a)]. We conclude that
ATYA YY) (n) = u(n + 1) = ryu(n). (3.15)
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Also, observe that from [28, Lemma 2.3] and the fact that H~*(u)(0) = 0, we have

(A" o HY o H™"u)(n) = (k'™  (z1(Hy o H™*w)))(n) + k'~*(n + 1)(H} o H™*u)(0)
=A™ (7 o HY o H™"u)(n) + k' “(n + D(H o H"u)(0)
= A1z 0 Hy' o H™"u)(n)
+ k' (n + D[K1(@)H*(w)(1) + Ko(@)(H*(u)(1) — H*(w)(0))] (3.16)
= A" (7 0 HY o H"u)(n) + k" *(n+ 1) + k' (n + 1)(K1(a) + Ko(@))H™*(u)(1)
= A1"9(z) o HY o H™"u)(n) + k'~*(n + 1)y(0)A~""u(0)
= A"z o HY o H™"u)(n) + k'~*(n + 1)u(0).

Now, using (3.1), (3.10), (3.15), (3.16), Lemma 3.9, and the fact that H~*(u)(0) = 0, we obtain for every n € Ny:

HYH"u)(n+1) = A" HIH “u)(n + 1) + Ky (k' ~*(n + 2)(H“u)(0)
=(r0 Ao Hy' o H™"u)(n)
= A" (zy o HY o H™"u)(n) + k'~*(n + 1)u(0)
= (A" o 1y 0 HY)(7_1 0 H;* o A" u)(n) + k'*(n + 1)u(0)

3.1
= (A" o 7y 0 7y 0 Hy o Hy")Y A" w)(n) + k'™*(n + Du(0) 17
= A~ A Y (n) + k%1 + 1)u(0)
= u(m+1) — k' "*(n + Du(0) + k' ~*(n + Hu(0) = u(n + 1),
Moreover,
H*(H™"u)(0) = Ky (@)H*(u)(1) + Ko(a)(H*(u)(1) — H~"()(0))
= (Ki(a) + Ko(a)H *(w)(1) (3.18)

= y(0)A~9y(0) = u(0).

It proves the identity (3.8).
On the other hand, using (3.1), (3.2), (3.10), (3.15), and Lemma 3.9, we have for n € N:

H™ (H"u)(n+ 1) = (H;" o A"™) (A" H u)(n) + Ky (@)k'~*(n + 1)u(0))
= H,“(ri(Hyw)(n) + Ky (@)u(0)H, *(A'~*(z1(k'~*))(n)
= (H,* o H})(riu)(n) + Ky (@)u(0)H, * (A" (71 (k' ~))(n) (3.19)
= [(uw)(n) — y(n)(r1w)(0)] + K1 (a)u(0)H, *(A'~*(z1 (k' ~*))(n)
= u(n+1) — y(mu(l) + Ky (@)u(0)H, “(A' (1 (k'~*))(n).

Now, from definition (2.6) and [28, Lemma 2.3], we have

AT (m (K ))(n) = AATH Tk T)() = T (k* * (mk ) () — (K % (k7))
= k" « kKM + 2) — kK*(n + 2)k17(0) — (k* « k") (n + 1)
+ k*(n + Dk (0)
=k'm+2)-kK*n+2)-k'n+1)+k*n+1)
=k*(n+1) - k*(n+2)
= (71k")(n) — (r2k")(n),

(3.20)
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where we have used k'(n) = 1 for all n € N and k#(0) = 1 for every # > 0. As a result, we get

H (A (n (k™) () = Hy*[(mk")(n) = (0:2k*)(n)]
1

= Rl * @K =D = @k)) o)
N S o . ~
= @K@ KW = k4 D+ y(n+ D+ (@ = Dy ()

using again [28, Lemma 2.3]. Consequently, for every n € N, identity (3.19) leads to

H™ (H*w) (n+1) = u(n + 1) — y(mu(1l) + Ky(@)u(0)H, “ (A~ (21 (k'~*))(n)
=u(m+1) —y(mu(l)

(3.22)
Kl(a) o _ o _
mu(o)[(}’ *kM)(n) — (= kDH)(n+ D +y(n+1)+ (a -1yl
Now, if n = 0, we get
H™ (H"u)(0) =0,
since by definition H=*(v)(0) := 0. It proves the theorem. O

The following result describes the Z-transform of H*. It is useful for treating difference equations and can be considered
the discrete analog to [1, Theorem 1].

Theorem 3.11. The Z-transform of the operator H* is given by

Z2—a

= e Ko@) wO), 2] > 1. (3.23)

1-a
Hu(z) = [Ky(@)z + Ko(@)(z — 1)] <Z_i1> i(z) — [zKl(a) +

Proof. First, let denote the translation operator (z;u)(n) : = u(n + 1). By definition (2.10), we have

cA' () = A Au)(n) = AV (mu)n) - AT u(n)

3.24
= (k'™ % ryu)(n) — (k1 * w)(n). (3.24)
Applying now [28, Lemma 2.3] to the last expression in (3.24), we arrive to
cA*w)(n) = (k1 x w)(n + 1) — kK *(n + Du(0) — ('~ = u)(n). (3.25)
Applying the Z-transform to (3.25), we obtain
cATU(2) = 2K (R)A) — 2k % u)(0) — [2k1=*(2) — Zk'~*(0)]u(0) — K-*(2)il(2)
Zl—a . ZZ—a (326)
=(z-1)———1i(zx) - ——u(0),
@= D@ = o)
where we have used k#(0) = 1 for every § > 0 and identity (2.5). On the other hand, we have
— o~ 1-a
A-1-0y(z) = K4 (Q)(2) = ————1i(2). (3.27)
(z—1t
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Consequently, using (3.26) and (3.27) and the properties of the Z-transform for a translation, we immediately obtain

Heu(7) = 2 A
Hu(z) =Ky (a) [z Z- D= uR) —zA u(O)]
K D2 2) - Ko@) —F—u(0
+ [ o(a)(z — )mu(z) - o(a)mu( )]
1-a o
= [Ki(@)z + Ko(a)(z — 1] <i> (z) - [zKl(a) + Z—I_Ko(a)] u(0),
z-1 (z— 1)1«
proving the theorem. O

Next, we will solve some difference equations involving the hybrid fractional difference operator.
Some previous comments are in order: From [24, Definition 2.3] with a = —1, we obtain that the discrete Laplace
transform of a sequence f : Ny — R satisfies

LaNH®=Q A=sYf(D=F(7—)-
! JZO ( 1- s)
Therefore, replacing z = ﬁ we obtain the identity
f@ =) <Z—; ! ) ) (3.28)

Next, we recall that the bivariate Mittag-Leffler function was recently defined for a, #,7,6 € C with Re(a) > 0 and
A, A2 € Rsatisfying |4;] < 1 and |4,] < 1 as follows [24, Definition 3.1]:

(5)j1+j2 Zajl+ﬂjz+7—1

E5 A,A;Z := i]lﬂjz
a,ﬂ,r( 1, 42;2) 22 Y2 T(ajy + Bja+7)

J1=0j,=0

—, z2€C(,
Jilj2!
where z° ;= % and (6), :=6(6+1) ... (6 + n — 1) is the Pochhammer symbol.

Note that % = k(n)and (n + 1)¢ = @ Therefore, for ¢ = aj; + fj, +y —1 and z = n + 1, we obtain for each
n € Ny: . '

(8)j,+j, Iajy+pj.+v+n)

B, Grdsn+1) = ) ala2

3.29
“hy P V2 Dajy + Bia+7) Jilja!n! (3.29)
Denote by (n) := Ejﬂy(ﬂl, Ax;n+ 1), n € Ny. From [24, Theorem 4.3] and using (3.28), we conclude that
—~ 1 ao L\’
bur(z) = — <1 -2 - —2> : (3.30)
s7 s« sp

where s := Z_Tl Even more, we have the following remarkable result.

Theorem 3.12. The discrete bivariate Mittag-Leffler sequence byy is the Poisson transformation of the bivariate
Mittag-Leffler function defined as

0 /1]1/112 (8)j 4
B, (hdgt) 1= Y, Sk
. WSlo ! T+ Bja+y)

tuithiztr=1 (331)
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. S . .. ) ) _ (e +Piz+r-1 .
Proof. Denote By (t) := Ea’ﬂ!},(ﬁl’ﬂb t). Then, observing that by definition Zajirpi,ry () = ETRTTIY we obtain
using (2.7)
0 1 42 ) J1 9J2
PBM) = Y, 2 (8), P@ujpps )W) = D (8 K2 ()
jj=0J1~]2- j!j=ojl.12.
1-J2 1-J2
o0 J1 4] . .
> A 6y, "t Pty n)
oy ! R T(ajy + Bjz + y)n!
122
which coincides with (3.29). This finishes the proof. O

Remark 3.13. Definition (3.31) is the one-parameter version of the Mittag-Leffler function applied to two variables
proposed by Fernandez et al. [25]. The precise form can be found, for example, in [33, Definition 2.4].

Since by [33, Lemma 2.5] we have £L(By)(s) = s7(1 — 4,57 — A,57%)%, we retrieve immediately from (2.8) the for-
mula (3.30). This remarkable relation motivates the following result that allows to define a trivariate Mittag-Leffler
sequence in a very natural way.

Theorem 3.14. Let a, f,7,6,p > 0 and Ay, A2, A3 € R. The Poisson transform of the trivariate Mittag-Leffler function

defined by

Tar(t) =B, (1, A2, A3, 1) = e L
wbrs Z J1li2s! T(ajy + Bja + vjz + 6)

%0 +Bjy+ris+o—1

J1:J2-J3=0
is given by
B Gndn i S A D@+ fjo+vis +6+m) 32
n) = A, Az, n+1) := —_— (D) i .
) w1 A2 43 ) jl,jzz,j‘::O i ljs! PR T 1 s + v + B)n!
that will be called a trivariate Mittag-Leffler sequence.
Proof. The proof follows the same steps of the above theorem, and therefore, it is omitted. O
The next important result follows again from identity (2.8) and [33, Lemma 2.8].
Theorem 3.15. The following identity holds:
. MoA 3\
TML(Z)__‘S<1_S_’1_S_17_S_7> ,
where s := Z_TI
We now consider the following example.
Example 1. Let 0 < @ < 1 and consider the difference equation given by
H%(n) =0, u(0)=_=C.
Applying Z-transform to both sides and using Theorem 3.11, we arrive to
z l1-a Zz_a
(Ki(2)z + Ko(a)(z — 1)) <—> ii(z) - (Kl(a)z + —I_Ko(a)> u(0) =0.
z-1 (z -1t
Letting s = z_Tl and observing that 1 — s = i, the above identity becomes
1 . 1
(K @)z + Ko@)z ~ Ko(@)) 57 12) = Ky(@)2u(0) + Ko(@)z 5= u(0). (333)
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where
(Ki(@z+ Ko(@)z — Ko@) =2 [Kl(oosf_a + Ko@) 5 — Ko@) =
= z[Ki (@55 + Ko@) — Ko@)(1 - 95| (3.34)
g« N g«
=z[Ki(@ L +K0(a)%a] .
S S

Replacing identity (3.34) into the left-hand side of identity (3.33) and simplifying z, we obtain

1 -1
@) = Ki(@u(O) [Ku@ <= + Ko@) |+ Ko(@uO)=L [Ki@)— + Ko(@ = |

= Ki(@)u(0)s" ' [Ky(a) + Ko(@)s] ™ + Ko(@)u(0)[Ki (@) + Ko(a)s]™

K@ e [K@ ] K@ ]
= Ko(a) u(0)s [Ko(a) +s] + u(0) [Ko(a) + S] R
which leads to (see 2.9):
u(n) = m(kl_“ * y)(Mu(0) + y(mu(0), n € N,
Ko(a)

n+1
with y(n) := <_++1> .

Ko@)
For instance, for Ky(«) = « and K;(a) = 1 — a, we obtain y(n) = ™! and

u(n) = lea(kl_" * y)(mu(0) + y(mu(0), n € No.
Example 2. Let 0 < @ < 1 and consider the following difference equation:
H(n) = Au(n), u(0) =1. (3.35)

Applying Z-transform to both sides and using (3.23), we arrive to

2—a

1-a
(K1(a)z + Ko(a)(z — 1)) <Z_il> () — (Kl(ooz + £

Z——l)l_aKO(a)> = Aa(Z)

Denote s = 2_71 and hencel —s = % Then, the above identity is equivalent to

K@z + K@z - Ko@) == - 4] ) = Ku@z + Ko(@e (3.36)
where
| Kz + Koz - Ko@) < - 2] =2 [K1<a> L Ko@) == - Ko(@)—— —
S S S e Z
= z[Ki(@ 55 + Ko(@ = — Ko(@)(1 = 9)55 — 41— 9)]
S N S
1 1 (3.37)
= z[Ki@) 5 + Ko@) — = 2+ 4]
S S
_ Ki(@) 1 Ko@) 1 1
=24 [ A st A stme g +1] '
Replacing (3.38) into (3.38), we obtain
o K@1 K@ 1 K 1 11"
b2 == E[l A sa A sa E]
~1 (3.38)
Ko(a) 1 [1 Ki(a) 1 Ko@) 1 1]
A s A st A st g|
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Hence, using (3.32), we obtain

u(n) = Kl(a) kl * E;—a,l—a,l,Z—a <_K;(a)’ _Kz(a), 1, o | 1) +
Ko@) K K (3.39)
* Oia) kz_a * Eé—a,l—a,l,Z—a < ;(a) ’ Z(a)’ 1, ° + 1> ,

which is the solution of (3.36).

Remark 3.16. We refer the reader to [1, Example 2] for the continuous analog of Equation (3.36) where the bivariate
Mittag-Leffler function is shown to be a solution. More concretely, they showed the solution of equation

PEDSf)y = Af (1), f(0)=1, (3.40)
is given by
1 ), a _Kl(a)
fO=E,, <K0(a)t , K—O(a)t> ) (3.41)

4 | THE RIEMANN-LIOUVILLE HYBRID DIFFERENCE OPERATOR
In contrast with the continuous case, we now introduce the corresponding analog of hybrid difference operator when
considering the Riemann-Liouville notion instead of Caputo.

We will see that this operator so defined is, in some sense, more natural. For that, we consider the constant proportional
Riemann-Liouville hybrid operator that we define as

PREDYF () 1= Ka(@)J[ ™ f(£) + Ko(@)Df £ (D).

We do not know if this operator has been considered previously in the literature.

Definition 4.1. Let 0 < « < 1 be given. The Riemann-Liouville hybrid difference operator R* is defined by
R*u)(n) := Ki (@A™ D) (n + 1) + Ko(a)A*(u)(n), n € Ny, 4.1)
where Ky(a) and K; () are functions that satisfy (2.3) and (2.4).
Remark 4.2. Due to Theorem 2.8, it is immediate that
R%u(n) = H*u(n) + Ko(a)k'~*(n + Du(0).

In other words, R* and H” coincide when u(0) = 0. Hence, the main difference between both operators is only the
starting point.

Remark 4.3. Observe that, for all n € Ny, we have
alinl[ R*u(n) = all)r{{ H%u(n) + Ko(a)k°(n + 1)u(0) = Au(n) and
lim R*u(n) = lim H*u(n) + Kok (n + Du(0) = A u(n + 1),
since k°(n) = 6y(n), n € Ny, and lim,_,+ Ko(a) = 0.

The following theorem shows that the Riemann-Liouville hybrid difference operator R* corresponds to a discretization
of the operator RLD‘;’. In this sense, the operator R* appears to be appropriate and, in some sense more natural, as a
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discrete version of a constant proportional Riemann-Liouville hybrid operator defined as a linear combination of the
Riemann-Liouville integral and derivative, instead of Caputo.

Theorem 4.4. The operator R* corresponds to the discretization of the operator * RLD? by means of the Poisson
transformation.

Proof. First, from [4, Theorem 4.5], we have the following relation between the discrete and continuous fractional
derivatives in the sense of Riemann-Liouville via the Poisson transformation

P f)(m + 1) = A%(u)(m), m € Ny, (4.2)
where u = P(f). On the other hand,
P} f)m) = P(gq * f)(m) = (k* * u)(m) = A™*(u)(m), m € N. (4.3)
Finally, we get from (4.2) and (4.3) that

P ("EDIf) (m+ 1) = Ky(@)P (J]7°f ) (m+ 1) + Ko(@)P (DY f) (m+ 1)
= K1 () A" w)(m + 1) + Ko@) A%(u)(m) = R*(w)(m), m € Ny.

O

Remark 4.5. In case of the operator H*, we note that we need the condition f 1= f0°° e~*f(s)ds = f(0) to obtain an
analogous result. However, except for f(t) = 1, such condition is rarely valid.

Remark 4.6. We point out that
R'w)(n) = A"V (Hyu)(n) + (K (@) + Ko(@)k' ™ (n + 1u(0).
In particular, in case u(0) = 0, we retrieve the analog of identity (3.6).

Theorem 4.7. Let 0 < a < 1 be given and the operator H=* be defined as in (3.7). Then, the following relations hold:
R*(H "u)(n) = u(n), n € Ny, 4.4
and for every n € N, it follows that

H™(R"u)(n) = u(n) — y(n — Hu(1)

Ki(a) ) )
—Ko(a)1+ K@ wO)[(y * kH(n=1) = * k) + y(n) + (@ — Dy(n — 1)] (4.5)
Ko(a) " B . B
Ko@) + K@ Ol * K90 = (7 % K+ D+ y(n+ ) + (@ = Dy (),

and
H™*(R*u)(0) = 0.

Proof. From Remark 4.2, we have
R*(H *u)(n) = H*(H “u)(n) + Ko(a)k'~*(n + 1)(H*u)(0) = u(n), (4.6)

where we have used the fact that H*(H™*u)(n) = u(n) and H~*(u)(0) = 0. Moreover, for every n € N, the following
identity also holds:
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H*(R*u)(n) = H*(H*u)(n) + Ko(a)H_"(rlkl_“)(n)u(O)
= ) = 71 = DUCY) + BTl # K= ) .
= (r # k() + y(n) + (@ = Dy(n — 1)] '
%u(om £ kD)) = (7 % KO+ 1) + 1+ 1) + (@ — Dy,

where we have used identities (3.9) and (3.21). Also, as a consequence of identity H~*(H*u)(0) = 0 and the fact that
H™*u(0) :=0, we get
H™*(Rw)(0) = H*(H*u)(0) + Ko(a)H *(:k*~*)(0)u(0) = 0. (4.8)

O

Our next theorem shows that R is a Toeplitz operator for any 0 < a < 1. For more information about Toeplitz operators,
we refer the reader to [34, 35].

Theorem 4.8. For any 0 < a < 1, the operator R* defines a Toeplitz operator with symbol ®(z) = Ki(a)(1 —2)*! +
(K (@) + Ko(@) 2.

Proof. First, observe that by definition for every n € Ny, we have

R*u(n) = Ki(@)A~ " Pu(n + 1) + Ko(a) A%u(n)

n+1 n+1 n (4_9)
= Ki(@) ), K™+ 1= ju(j) + Ko(e) | Y, 6"+ 1= jul) = Y k= = pul| -
=0 =0 Jj=0

Our first important observation is that the representation of A* in the canonical basis {e;(j)}; e, is a Toeplitz matrix
for 0 < a < 1. In fact, we have

Ki(@)k=%(n — 1) — a(K; (a) + Ko(@)) =2 if n > 1,

n—Il+1

A%e(n) = { Ky(a) + Ko(a) if n=10-1, (4.10)

0 if n<il-1.

In view of (4.10), we have

e © [N
oz) = SO | k@) Y k()2 + (Kaw) + Ko(ay) Y, CE VR
z Jj=0 =0 G+1

Let denote

N i v ok ()
»1(2) = ,Zo k'4(j)z’ and @,(z) = /Zo —T

As a consequence of Remark 2.4, it is immediate that
P1(2) =1 -2

On the other hand, we get

_ ¥ okt
2p2(z) = ;0 T

95U8017 SUOWWOD aAIEe.D 3|gedldde ay) Aq peusenob o sejoie YO ‘8sn JO S9N J0j AiqT 8UIUQ A8]IA UO (SUONIPUCD-PUe-SWLBIW0D A8 |1 Afe.d1jBuluoy/:Sdny) SUORIPUOD pue swie 1 8y} 89S *[6202/20/0z] Uo Akeiqiauljuo A[IM ‘ziped JO AiseAun Ag TSSOT eWW/Z00T 0T/10p/wioo" A3 Im Alelq puljuo//sdiy wolj pepeojumod ‘v ‘520z 9.y T660T



LIZAMA and MURILLO-ARCILA Wl L EY 4361

and then using again Remark 2.4, we have
[202(@)) = —a Y\ K'*(j)2 = —a(1 —2)".
=0

After integrating once, we obtain
2p2(z) =(1—-2)" +c

Replacing z = 0in (4.11), we get c = —1.

As a consequence, @,(7) = % — i Finally, it follows that
Ki(a) + Ko(a a— 1-2* 1 1-2)*
o) = IR 4 k@1 - 27 + (i) + Ka(@) [% - 2] ——

1 —7)
= Ki(@)(1 = 2" + (Ky(a) + Ko(a)) 2=2

is the symbol of the Toeplitz operator.

The following result provides the Z-transform of R*.

Theorem 4.9. The Z-transform of the operator R* is given by

1-a
Reu(z) = [Ki(a)z + Ko(a)(z — 1)] (Z_LJ i1(2) — zlKo(@) + Ky()]u(0), |z] > 1.

Proof. Observe from definition (4.1), Theorem 3.23, and a straightforward computation that

Rou(z) = Hu(z) + Ko(a)[zk'~+(z) — zk~*(0)]u(0)

l-a 2—a

= [Ki(0)z + Ko(@)(z — 1)] <i> (z) — [zKl(a) + ———Ko(@)| u(0)

z—-1 (g =1t
1-a
+z l<i> - 1] Ko(a)u(0)
z—1

1-a

= [K1(@)z + Ko(@)z — 1)] <Z—L1> 01(z) — 2[Ko(a) + Ky (a)]u(0).

We end this article with the following illustrative examples.

Example 3. Let consider the following difference equation:
R*u(n) =0, u(0)=_C.

Applying Z-transform to both sides and using (4.13), we arrive to

1-a
[Ky ()2 + Ko(a)(z — 1)] (Z_LJ 0(z) — zlKo(@) + Ky (@)]u(0) = 0.

(4.11)

(4.12)

(4.13)
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Denoting s = 2_71 and using (3.34), this identity reduces to

-1
1(2) = (Ka(@) + Ko(@)u(O) [K(@) < + Koo |
= (Ki(@) + Ko(@))u(0)s" [Ky (@) + Ko(@)s] ™

_ K@+ K@ o [Kl(a) N S] o
Ko(a) Ko(a) ’

which leads to (see 2.9):

u(n) = %(kl—" & 7)), n € No,

n+1

Ko(a)

Example 4. Let us consider the following difference equation:
R*u(n) = Au(n), u(0) =1.
Applying Z-transform to both sides and using (4.13), we arrive to
<

1-a
[K1(a)z + Ko(a)(z — 1)] <z_1> (z) — z[Ko(a) + Ki(a)] = A0().

Denoting s = 1_71 and using (3.38), identity (4.15) leads to

(z)

_BE@+K@1f K@ 1 K@ 1 1]”
B A s A s+« A stme g
Hence, using (3.32), we obtain

K K
u(n) = Mkl * E;—a,l—a,l,Z—a

—Ki(@) —Ko(@)
(o ot ),

which is the solution of (4.14).

(4.14)

(4.15)

(4.16)

(4.17)

Remark 4.10. Note that formula (4.17) for the solution of the discrete counterpart of (3.41) is more consistent with
the solution (3.42) when compared with formula (3.40). This corroborates our feeling that the operator R* should be
a better discrete counterpart for the constant proportional Caputo hybrid operator in the continuous setting than the

operator H*.
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