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Abstract
Historically, spectroscopic techniques have been essential for studying the optical properties of
thin solid films. However, existing formulae for both normal transmission and reflection
spectroscopy often rely on simplified theoretical assumptions, which may not accurately align
with real-world conditions. For instance, it is common to assume (1) that the thin solid layers
are deposited on completely transparent thick substrates and (2) that the film surface forms a
specular plane with a relatively small wedge angle. While recent studies have addressed these
assumptions separately, this work presents an integrated framework that eliminates both
assumptions simultaneously. In addition, the current work presents a deep review of various
formulae from the literature, each with their corresponding levels of complexity. Our review
analysis highlights a critical trade-off between computational complexity and expression
accuracy, where the newly developed formulae offer enhanced accuracy at the expense of
increased computational time. Our user-friendly code, which includes several classical
transmittance and reflectance formulae from the literature and our newly proposed expressions,
is publicly available in both Python and Matlab at this link.

Keywords: thin solid films, spectrophotometry, transmittance, reflectance, wedge-shaped films,
substrate absorption
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1. Introduction

Thin solid films are essential in a wide range of modern indus-
tries, especially in the development of efficient transistors
and photodiodes, as well as in the fabrication of protective
metal and dielectric coatings. Thin film technologies directly
impact the performance and efficiency of several everyday
devices, including active matrix LCDs, photovoltaic systems,
flashmemory chips, photonic integrated circuits, and semicon-
ductor batteries [1–5]. It is important to remark that the specific
conditions under which thin films are prepared have a signific-
ant impact on their final properties. Factors such as deposition
techniques, preparation time, growth temperature, and work-
ing pressure all play critical roles in determining the charac-
teristics of the resulting films [6–8]. Consequently, a precise
analysis of their optoelectronic properties prior to mass pro-
duction is crucial.

Thin films, with thicknesses often ranging from nanomet-
ers to several micrometers, are commonly deposited onto thick
glass substrates (often on the millimeter scale), as seen in
figure 1(a). Our main objective is to determine the optical
properties of the film, specifically the refractive index n1(λ)
and the extinction coefficient κ1(λ), as functions of the
wavelength λ, within a broad spectral range of interest, typic-
ally in the UV–Vis-NIR region.While there are multiple meth-
ods for optically characterizing these thin solid films, spec-
troscopic ellipsometry often emerges as the preferred choice
due to its high accuracy. This technique measures how the
polarization state of an incident beam changes upon reflec-
tion on the layer surface [9, 10]. Spectroscopic ellipsometry
techniques provide comprehensive data collection through dif-
ferent reflection angles and polarization states, which allows
for highly precise thin-filmmaterial characterization. It should
be noted that this technique is particularly effective for ana-
lyzing complicated sample structures, including multilayered
[11–13] or anisotropic materials [14, 15].

Despite the significant benefits of ellipsometry techniques,
it is still very common to perform the optical characteriza-
tion of simple thin films using measurements of normal trans-
mittance and/or reflectance [16]. Several compelling factors
contribute to the continued reliance on these latter meas-
ures. First, transmission and reflection spectrophotometers are
indispensable instruments with applications in a wide range
of fields, including biology and chemistry [17]. Second, the
widespread availability of these instruments in research insti-
tutes and industriesmakes them a practical choice. Third, these
instruments are generally more economical than spectroscopic
ellipsometers, offering a cost-effective alternative for many
laboratories [18]. In addition, many commercial instruments
are designed to integrate both optical transmittance and reflect-
ance measurements, facilitating efficient data acquisition [19].
Fourth, collecting a single set of light intensity data at normal
incidence is generally easier, simpler, and faster than collect-
ing a comprehensive ellipsometric dataset.

In the spectral ranges where the films exhibit medium-
to-low absorption, most of the incident light is trans-
mitted, enabling highly sensitive and accurate optical

characterizations based on these transmission measurements.
Conversely, for characterizations within the strong absorption
regions of a film material, reflection measurements (such as
those performed in reflectometry or ellipsometry) offer more
advantages. It should be noted that ellipsometric measures are
sensitive to surface roughness [20–23], as rough surfaces lead
to a certain degree of depolarization upon reflection. While
there are well-establishedmethods to account for these effects,
such as effective medium approximations [24, 25], incorpor-
ating depolarization and surface roughness can add significant
complexity to the ellipsometric analyses. In contrast, trans-
mitted and reflected intensity measurements are generally less
affected by surface roughness [26]. Moreover, one can still
measure the total transmission and reflection in fully optically
rough surfaces by using integrating sphere components [19] in
the spectrophotometers, which allows to capture the scattered
light due to diffuse reflectance and transmittance.

A representative schematic of a double-beam spectropho-
tometer can be found in figure 1(b). A lamp emits broad-
spectrum light. Typically, a deuterium arc lamp is used for
the UV region, and a tungsten-halogen lamp for the Vis-
NIR spectrum. This light is then dispersed by a diffraction
optical element, as seen in the figure. Consequently, it passes
through a slit, allowing for a controllable spectral bandwidth
that usually ranges from 0.1 to 10 nm, which determines
the coherent length of the beam. Various apertures are avail-
able to adjust the beam diameter, generally in the millimeter
range. The normal-incidence reflected and transmitted light
intensities, denoted as IT and IR, are then measured by a
photodetector. Double-beam instrumentation splits the input
beam into two parts: one to analyze the sample and the other
to serve as a reference, measuring the baseline intensity I0
with a separate sensor. Variations in the light source intens-
ity are then recorded simultaneously in both the reference and
sample beams, allowing an accurate intensity ratio for trans-
mission T= IT/I0 and reflection R= IR/I0. Then, N sequen-
tial transmittance and reflectance experimental measurements,
denoted {Texp(λi),Rexp(λi)}, are obtained at discrete specific
wavelengths λi, i ∈ {1,2, . . .,N}, with a typical step size of a
few nanometers. Our goal is then to develop a computational
method that determines the two optical constants, n1(λi) and
κ1(λi), from that experimental dataset.

Since the proliferation of advanced spectroscopic tech-
niques, numerous analytical expressions have been formu-
lated for the spectral transmission and reflection of thin-film
samples, denoted Ttheory(λ;n1,κ1) and Rtheory(λ;n1,κ1). The
formulae were then used to computationally fit the real-world
optical measurements, finding the most reasonable values of
(n1,κ1) that match the experiment. However, these theoretical
expressions generally relied on rough assumptions or approx-
imations. The approximations introduced were necessary in
order to simplify the analysis and reduce computational com-
plexity, particularly given the limited computing resources
available at the time. Among the simplifications that still per-
sist nowadays, two are particularly critical: (1) the glass sub-
strate is presumed to be completely transparent throughout the
spectral range of interest, and (2) the film surface is regarded

2



Meas. Sci. Technol. 36 (2025) 025502 M Ballester et al

Figure 1. (a) Geometrical model of the sample under study. A thin solid film is deposited on top of a glass substrate. The inset shows a
cross-sectional view of the film within the illuminated area, where the thin-film surface is approximated as a plane with a wedge parameter
∆d. (b) Schematic diagram of the experimental spectrophotometric setup for transmission and reflection measurements. The setup includes
two broadband light sources covering the UV and VIS-NIR spectral ranges, a diffraction optical element, a tunable slit that produces a
quasi-monochromatic beam, and a beam splitter.

as a specular plane with a minor wedge angle, usually only a
few nanometers in height.

Current instruments are capable of detecting very subtle
variations in light intensity measurements, revealing the exist-
ing weak substrate absorption, because of the presence of
inherent glass absorption at specific spectral ranges or impur-
ities in the substrate. Additionally, although it is true that most
films are conveniently prepared to have quasi-uniform thick-
nesses, more ‘exotic’ thin-film samples may display complex
surface geometries [27] or being deliberatively preparedwith a
certain wedge [28, 29]. Such variations in thickness can lead to
a pronounced wedge effect on the illuminated spot under ana-
lysis (see figure 1(a)). It should be highlighted that the mod-
ern literature has already addressed simplifications (1) and (2)
separately, as explained in the next section in further detail.
In contrast, the current work presents a unified and compre-
hensive theoretical model that addresses both problems simul-
taneously, bridging the gap in the current literature. Our code,
written both in Python 3.0 [30] andMatlab 2021a [31], is avail-
able to the public at this link. Please note that this code also

includes a collection of previously established formulae in this
field, accounting for the results of Ttheory and Rtheory under dif-
ferent approximations.

2. Historical context and previous works

The study of the physics of thin films has profoundly influ-
enced the fields of optics and photonics, particularly in the
analysis of optical interference effects during the nineteenth
century [32, 33]. Relevant advancements in this field include
the development of the Fabry–Perot interferometer, the ana-
lysis of the etalon effect, and the formulation of Airy’s
equations. These contributions have facilitated advances in
instruments for precise wavelength determination and enabled
the development of accurate optical components. In addition,
the examination of absorption bands in these thin layer materi-
als significantly advanced atomic physics in the early twentieth
century, improving our understanding of material properties
at the quantum level. During the latter half of the twentieth
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century, there was a proliferation of accurate optoelectronic
analyses of film semiconductor materials. The key advances
that propelled these characterizations included (i) the introduc-
tion of automated spectrophotometers [34, 35], (ii) the integ-
ration of modern computer technologies and numerical meth-
ods, and (iii) the continuous development and refinement of
film preparation techniques [36].

2.1. Computational methods to find optical properties

It is essential to review the historical context of well-
established computational methods that perform optical char-
acterization. We mentioned above a straightforward approach
that consists of directly fitting the experimental transmit-
tance (or reflectance) measurements with the derived theoret-
ical formulae. By minimizing the least-squares error between
the experimental data and our theoretical models, we find
the optimal values for the optical functions, n1 and κ1.
This approach is commonly known as ‘inverse synthesis’
or ‘reverse engineering’, and involves solving a complicated
global optimization problem [37–43].

In contrast, Hall and Ferguson (1955) [44], Lyashenko
and Miloslavskii (1964) [45], and Manifacier et al (1975)
[46] developed an alternative approach to find optical proper-
ties, initially known as the method of ‘successive iterations’.
This method does not operate for all the discrete measure
wavelengths, but rather works for those particular wavelengths
at which the minimum and maximum thin-film interferences
occur. This algorithm requires the calculation, during the inter-
mediate steps, of the lower and upper envelopes of the spectral
transmission and/or reflection curves.

Ryno Swanepoel significantly refined this technique, intro-
ducing more precise formulae in two seminal works in 1983
[47] and 1984 [48], respectively for uniform andwedged films.
Subsequently, the algorithm was universally renamed as the
Swanepoel method to his honor. Originally confined to trans-
mission measurements, this methodology was later extended
to include reflectometry studies. This expansion began with
the pioneering work of Kushev et al in 1986 [49], and was
further developed through a series of studies by Minkov et al
[50–54]. Since then, numerous significant works have fur-
ther advanced this method for both transmission and reflection
spectroscopy [55–64].

A comparison between the inverse synthesis and envelope
method [65, 66] indicates that, although inverse synthesis gen-
erally achieves greater precision, it comes with significantly
higher computational costs. In addition to these two traditional
methods, new research directions are emerging. For example,
a novel deep learning (DL) technique has shown promise in
accurately predicting optical properties of thin solid films from
reflection [67] and transmission [68] spectra. Furthermore, a
hybridmethod has been proposed that combines the traditional
Swanepoel method with DL enhancements [69]. In that work,
a neural network automatically determines the envelopes of a
transmission spectra, and then an automatic algorithm determ-
ines the optical constants using the information contained in

the envelopes. Another approach recently proposed by our
group is a numerical method that compares the experimental
transmittance with the transmittance generated by a numerical
simulator [70]. The simulator closely replicates wave propaga-
tion under the realistic conditions of a spectrophotometer,
effectively acting as a digital twin of the actual setup.

2.2. Existing transmission and reflection formula

Revisiting now the early theoretical analysis of transmission
and reflection formulae for thin solid films, it is essential to
highlight the contributions of Crook in 1948 [71] and Abelés
in the 1950s [72–74]. They independently laid the foundation
for the transmission and reflection analysis in stratified media.
The compilation work in the original Heavens book ‘Optical
Properties of Thin Solid Films’ from 1955 [75, 76] further con-
solidated the theoretical formulations employed in this field.

Despite these incipient accurate analyzes, it was common
practice during that period to simplify the theoretical expres-
sions and assume that the film was deposited on an infinitely
thick substrate [46, 77, 78]. Observe that the approximation
overlooks the impact of back-reflection at the later substrate-
air interface. The approximation significantly simplified the
formulae to favor a straightforward optical characterization
employing the envelope method [46]. In 1983 and 1984, the
two aforementioned seminal works by Swanepoel [47, 48]
formally challenged the notion of neglecting the actual thick-
ness of the substrate. These studies demonstrated that such
simplifications could result in errors in transmittance values
of up to 3%–4%. Subsequent studies highlighted the import-
ance of accounting for substrate back-reflection in reflectance
analyses [79].

In 1971, Potapov and Rakov proposed a pioneer algorithm
to account for the effect of slightly absorbing thick substrates
[80] on the transmittance and reflectance of samples with uni-
form films. Another relevant subsequent work on the topic was
later reported byVriens andRippens in 1983 [81]. A later work
by Swanepoel in 1989 [82] meticulously derived the compre-
hensive formulae for slightly absorbing substrates, explaining
now in depth the effect of a quasi-coherent light source. It
should be noted that these close-form friendly expressions and
methodology proposed by Swanepoel have been adopted in the
present work. In 1997, Kotlikov and Terechenko [83, 84] inde-
pendently reached findings identical to those of Swanepoel,
although in the context of antireflection coatings. Continuing
the discussion on substrate absorption, it is important to high-
light a study [85] by Nichelatti (2002), which introduces a very
efficient numerical technique to directly characterize the sub-
strate optical properties through spectroscopic measurements
of that isolated substrate (explained in section 9). In 2010,
Barybin and Shapovalov [86] offered an alternative deriva-
tion of the transmission and reflection formulae for uniform
films using the matrix formalism, specifically accounting for
the effects of highly absorbing substrates.

The analysis of transmission and reflection formulae has
continually evolved to accommodate increasingly complex
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Table 1. Set of transmittance and reflection expressions analyzed in the present work, each with their corresponding levels of accuracy and
approximations.

Formula equation Work Coherence Uniform Approximations

T equation (24) Established [102] ∞ Yes Exact
R equation (25) Established [102] ∞ Yes Exact
Tℓ equation (29) Swanepoel 1989 [82] 2d< L< 2ds Yes Exact
Rℓ equation (30) Swanepoel 1989 [82] 2d< L< 2ds Yes Exact
Tnew
∆d equation (37) Current 2d< L< 2ds No Exact
Rnew
∆d equation (45) Current 2d< L< 2ds No Exact
TRP20
∆d equation (55) Ruiz Perez 2020 [99] 2d< L< 2ds No κ2 = 0
RMink89 equation (69) Minkov 1989 [50] 2d< L< 2ds No κ2 = 0
TSwan83 equation (74) Swanepoel 1983 [47] 2d< L< 2ds Yes κ2 = 0 and κ2

1 ≪ n21
TSwan84
∆d equation (80) Swanepoel 1984 [48] 2d< L< 2ds No κ2 = 0 and κ2

1 ≪ n21
RRP01 equation (90) Ruiz Perez 2001 [63] 2d< L< 2ds Yes κ2 = 0 and κ2

1 ≪ n21
RRP01
∆d equation (99) Ruiz Perez 2001 [63] 2d< L< 2ds No κ2 = 0 and κ2

1 ≪ n21
Tapprox
s equation (99) Established [1] L< 2ds Yes κ2 = 0
Rapprox
s equation (99) Established [56] L< 2ds Yes κ2 = 0
Ts equations (103) and (107) Nichelatti 2002 [85] L< 2ds Yes Exact
Rs equations (104) and (107) Nichelatti 2002 [85] L< 2ds Yes Exact

sample characteristics. First, research has broadened from
straightforward planar surfaces (tilted or not) to consider
more complex, higher-order surface topographies [70, 87–
90]. Second, considerable attention has been devoted to mul-
tilayer configurations [91, 92], where multiple thin films are
stacked. Rather than closed-form analytical solutions, these
scenarios often require numerical approaches based on the
Transfer Matrix Method. These multi-film analyses enable
the study of film coatings, surface oxidation, and other mul-
tilayer structures with applications in areas like color fil-
ters for display technologies [93, 94]. Third, while most
spectrophotometric thin-film characterizations assume nor-
mal incidence, some studies have investigated quasi-normal
[62, 70] and oblique angles [95], broadening the applic-
ability of these techniques. Fourth, additional research has
explored how light scattering from surface roughness, tex-
ture, and defects influences the measured transmission and
reflection [96–98].

A new significant contribution came from Ruiz-Perez
(RP) et al [99] in 2020, adapting the transmission for-
mula to account for films with a pronounced wedge depos-
ited on transparent substrates. The RP formula accounts
for ‘exotic’ films with a high-wedge condition (explained
below in detail), which leads to significant changes in the
shape of the spectrum, shrinking the characteristic oscilla-
tions of the transmission curves. This particular transmission
expression has been successfully used in the recent literat-
ure and was named as the ‘universal transmission formula’
[100, 101]. Built upon the RP approach, our current work
presents both transmission and reflection formulae, which
are now able to account not only for complex films with
a high wedge angle but also for thick absorbing glass sub-
strates. Table 1 summarizes the contributions of several rel-
evant formulae from the literature, together with their asso-
ciated approximations and their corresponding degree of
precision.

3. Theoretical background

The present study assumes that the thin film ismade of a homo-
geneous material with isotropic properties. We describe the
complex dielectric function (the electric permittivity) across
the stratified structure as

ϵ(z) =


ϵ0, z< 0 (Air)
ϵ1, 0< z< d1 (Film)
ϵ2, d1 < z< d1 + ds (Substrate)
ϵ0, d1 + ds < z (Air).

(1)

The bold notation represents the complex nature of the func-
tions. In this formula, d is the thickness of the film and ds the
thickness of the substrate. The initial sections 2–4 assume a
film of uniform thickness ∆d= 0. Later on, we explore films
with a certain tilt, including those with the high wedge condi-
tion∆d> λ/(4n), which requires a careful and distinct math-
ematical treatment, as discussed in detail in [63]. Although
multiple surface geometries could be considered for the film, a
plane surface with a potential wedge parameter ∆d is reason-
ably assumed for the small illuminated area. This illuminated
spot is often represented as a rectangular region with only a
few millimeters of width and height . This planar assumption
can be thought of as a Taylor first-order approximation of the
actual much more intricate film surface (see figure 1(a)).

Maxwell equations express a relationship between the elec-
tric and magnetic fields [32] , denoted E⃗ and H⃗. Note that
an external electric field E⃗ can influence an internal electric
polarization P⃗ within a dielectric or semiconductor material,
described as

P⃗= ϵ0χ
(1)E⃗+ ϵ0χ

(2)E⃗2 + ϵ0χ
(3)E⃗3 + . . . (2)

The electric flux density within the material is then given by
D⃗= ϵ0E⃗+ P⃗. For non-magnetic materials, the magnetic flux
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density is simply B⃗= µ0H⃗, where µ0 is the magnetic per-
meability in vacuum. In equation (2), the Taylor approxima-
tion around E⃗= 0 was used to approximate an arbitrary polar-
ization function, considering complex susceptibility coeffi-
cients (χ(1),χ(2),χ(3), . . .). In practice, most materials exhibit
a linear response, although second- and third-order effects
have also been studied in depth [103] since the invention of
laser in 1960, especially in the context of high intensity light
beams. Our research focuses exclusively on linear materi-
als, where D⃗= ϵ0(1+χ(1))E⃗= ϵ0ϵrE⃗= ϵE⃗. In these partic-
ular cases, the complex relative permittivity ϵr fully describes
the optoelectric properties of the material.

In linear non-magnetic isotropic film materials, the com-
plex refractive index is defined as n(z) =

√
ϵr = n(z)+ iκ(z).

Here, n denotes the real part of the refractive index, propor-
tional to the phase velocity of light through the medium. The
extinction (or attenuation) coefficient κ is closely related to
the absorption of the medium. The complex dielectric func-
tion reveals key information about the electronic transitions
of the material. In turn, this allows us to deduce several crit-
ical aspects relevant to the film industry. For instance, it
provides estimations of the band gap energy [100], thematerial
conductivity [104], the dissipation factor [105], the compound
stoichiometry [106], and the level of structural disorder [1].
Understanding structural disorder is particularly important for
the analysis of the physical properties of amorphous materials
and the identification of defects in crystalline structures.

4. Light propagation through a sample

Without loss of generality, let us consider a simple linearly-
polarized light beam oriented in the x-direction, expressed
as E⃗= (Ex,0,0), perpendicular to the film’s incidence plane
(see figure 2). Considering that this planar light wave propag-
ates in the z-direction, the propagation vector becomes k⃗=
(0,0,2π/λ) = n(0,0,2π/λ0) = nk0ẑ, where λ= λ0/n is the
wavelength in the material, λ0 the wavelength in vacuum, and
k0 the wavenumber. Isotropic linear materials ensure the ortho-
gonality between the propagation vector and the electric and
magnetic fields [33], thus H⃗= (0,Hy,0).

If no external current is applied to the material (J= 0) and
no free charges are induced in the bulk of the material (ρ= 0),
the Maxwell equations simplify as follows [33]:

∂xEx = 0 (3)

∂yHy = 0 (4)

∂zEx = µ0∂tHy (5)

−∂zHy = ϵ̃∂tEx. (6)

4.1. Propagation matrix

We will now focus only on propagation through layer 1
(the thin film). When the incident beam is a monochro-
matic continuous wave, the temporal dependency of the light
wave becomes e−iωt [33], leading to an electric field of the

Figure 2. Scheme of the stratified media. Multiple interferences
between incident and reflected waves occur because of the different
interfaces.

form Ex(x,y,z, t) = A(x,y,z)e−iωt. Here, ω = 2π c/λ0 repres-
ents the angular frequency and c the speed of light in vacuum.
Incorporating this field expression into equations (3)–(6) and
assuming constant material properties ϵ1 and µ0 within the
bulk of the layer, one can derive the so-called Helmholtz
equation:

(∂zz+n1k0)A(x,y,z) = 0. (7)

A well-known solution [33] for the amplitude A(x,y,z) from
equation (7) is a combination of two planar waves propagating
in the z-direction,

A(x,y,z) = AT (z)+AR (z) =

A0t02ei k0n1z+A0r12e−i k0n1z. (8)

Equation (8) shows two distinct components, corresponding
to a transmission wave (moving forward) and a reflection
wave (moving backward) [102]. Note that t01 and r12 repres-
ent the complex amplitude Fresnel coefficient for transmission
and reflection, respectively. The transmission occurs between
layer 0 and layer 1, while the reflection takes place from layer
2 toward layer 1. At normal incidence, these coefficients are
defined as

t01 =
2n0

n0 +n1
= r01 + 1 (9)

r12 =
n1 −n2

n1 +n2
= t12 − 1. (10)
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Considering the amplitudesAT(z) andAR(z) immediately after
the air-film interface (see figure 2), our goal is to determine
the transmitted and reflected wave amplitudes just before they
encounter the next interface: the film-substrate boundary at z+
d1. By applying equation (8) at z+ d1, we derive the following
expressions using matrix formalism [107]:(

AT (z+ d1)
AR (z+ d1)

)
= P1 ×

(
AT (z)
AR (z)

)
(11)

P1 =

(
ei k0n1d1 0

0 e−i k0n1d1 .

)
(12)

The transfer matrix P1 represents the propagation matrix
for layer 1. Note that the complex refractive index (located in
the exponents of equation (11)) accounts for both phase delay
and absorption through that homogeneous layer. Indeed, we
can derive from equation (11) that a collimated light beam
passing through the film during a single forward trip becomes

AT (z+ d1) = AT (z)exp
(
−α1

2
d1
)
exp

(
− iδ1

2

)
(13)

where

α1 =
4π
λ0

κ1 (14)

ϕ1 =
2π
λ0
n1d (15)

δ1 = 2ϕ1. (16)

Here, ϕ1 refers to the phase delay introduced during the
propagation of the beam through the film. It is more con-
venient to work instead with the variable δ1, which represents
the phase delay during a whole round trip. Another relevant
wavelength-dependent optical parameter is α1, known as the
absorption coefficient.

Considering the well-known relation [32] between light
intensity and wave amplitude, I∝ |A|2, one can see from
equation (13) that the transmitted intensity decreases expo-
nentially with depth as IT(z+ d1) = IT(z)e−α1d1 , following
the Beer–Lambert law [32]. Note that x1 = IT(z+ d1)/IT(z) =
e−α1d represents the transmittance corresponding to a single
light trip. However, it should be noted that the multiple beam
interferences within the two stratified media will lead to a dif-
ferent overall sample transmittance.

4.2. Dynamic matrix

Let us now consider the case where the beam reaches the inter-
face between two layers, such as the thin film (layer 1) and the
thick substrate (layer 2).

Because the incident beam is normal to the sample surface,
the electric and magnetic fields have only tangential compon-
ents, represented as (E1x,H1y) for the film layer and (E2x,H2y)
for the substrate layer. The tangent fields must remain continu-
ous across the interface, meaning thatE1x = E2x andH1y = H2y

at z= d. Imposing these boundary conditions in equations (3)–
(6) gives us the following relations [102]:

A(1)
T +A(1)

R = A(2)
T +A(2)

R (17)

n1
(
A(1)
T −A(1)

R

)
= n2

(
A(2)
T −A(2)

R

)
. (18)

Here, A(i)
T and A(i)

R represent the amplitudes of the transmitted
and reflected light waves within the layer i ∈ {1,2}, right next
to the film-substrate interface. Equations (17) and (18), when
transformed to matrix form, yield(

1 1
n1 −n1

)
×

(
A(1)
T

A(1)
R

)
=

(
1 1
n2 −n2

)
×

(
A(2)
T

A(2)
R .

)
(19)

After a few calculations, one can finally find(
A(2)
T

A(2)
R

)
= D12 ×

(
A(1)
T

A(1)
R

)
(20)

D12 =
1

1+r12

(
1 −r12

−r12 1.

)
(21)

The transfer matrix D12 is called the dynamic matrix and
accounts for amplitude changes between the film-to-substrate
(interface 12).

4.3. Resulting transmittance and reflectance

By sequentially computing the wave propagation through the
layers and the interactions at the interfaces, the transmitted and
reflected fields through the whole sample can be determined
as: (

A(3)
T

A(3)
R

)
=M×

(
A(0)
T

A(0)
R

)
(22)

where the transfer matrix is now given by

M= D23 ×P2 ×D12 ×P1 ×D01. (23)

Note that there is no light absorption throughout layers 0 and
3 (as it corresponds to air). Therefore, the propagation in these
layers only leads to a constant phase delay, which will not
affect the overall transmitted or reflected light intensity. The
total transmittance and reflection can be calculated from the
elements of the transfer matrix M, as explained in [102]. We
then obtain the following formulae:

T=

∣∣∣∣ 1
M(1,1)

∣∣∣∣2 = h
τ τ̄

=
h

a+ 2bcosδ2 + 2csinδ2
(24)

R=

∣∣∣∣M(1,2)

M(1,1)

∣∣∣∣2 = ηη̄

τ τ̄
=
e+ 2f cosδ2 + 2gsinδ2
a+ 2bcosδ2 + 2csinδ2

(25)
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Figure 3. Transmittance (a) and reflectance (b) spectra of our simulated sample (for an amorphous silicon thin film), assuming a weakly
absorbing glass substrate. The results are shown for a monochromatic light source with infinite coherence (equations (24) and (25)) and for
another light source with limited coherence (equations (35) and (36)), where 2d1 < ℓ < 2d2.

where the complex coefficients are defined as follows:

h= x1x2 (r01 + 1)(r̄01 + 1)(r12 + 1)(r̄12 + 1)(r23 + 1)(r̄23 + 1)

τ = r01
(
r12 + r23x2e

iδ2

)
x1e

iδ1 +
(
r12r23x2e

iδ2 + 1
)

η =−r01
(
r12r23x2e

iδ2 + 1
)
−
(
r12 + r23x2e

iδ2

)
x1e

iδ1 . (26)

Note that the overall sample absorption can then be com-
puted as A= 1− (T+R) [104]. The overbar on bold sym-
bols, such as τ̄ 2, indicates the conjugate of complex numbers.
Note that the sinusoidal functions from equations (24) and (25)
depend on δ2 and account for the beam interferences within
the substrate. Since the sample’s transmittance and reflectance
are scalar wavelength-dependent functions, equations (24)
and (25) can be equivalently written either in terms of com-
plex coefficients (h,τ ,η) or either in terms of real coeffi-
cients (h,a,b,c,e, f,g), which are all defined in appendix A.
Although equations (24) and (25) becomes more extensive
when working with the real coefficients, it is much more con-
venient for computational purposes. It should also be clarified
that the coefficients (a,b,c), which appear in the denominator
of equations (24) and (25), contain sinusoidal functions that
depend on the phase δ1. These sinusoidal functions account
for the Fabry–Perot light beam interferences within the thin
film.

Figure 3(see curves in blue) shows the resulting transmis-
sion and reflection within the spectral range of 500 to 750 nm.
In this work, we consider a simulated thin-layer sample that
has a slightly absorbing glass substrate (see appendix B for
further details), with fix values n2 = 1.5, κ2 = 10−6, and d2 =
0.5 mm. The optical properties of an amorphous silicon thin
film, with thickness d1 = 1 µm, were simulated employing
the empirical dispersion expressions n1 = 2.6+ 3× 105/λ2,
log10(α1) =−8+ 1.5× 106/λ2 [47]. Note that the extinction
coefficient κ1 can be directly determined from the absorption
coefficient α1 by using equation (14).

5. Exact formulae for uniform films

So far, all the calculations have assumed a purely monochro-
matic light source, which introduces some unwanted high-
frequency noise in the transmission and reflection spectra (see
figures 3). In the actual experiment, the light sources have a
finite spectral bandwidth, which inherently limits the coher-
ence length of the beam. By carefully selecting the bandwidth,
we can avoid coherent interference within the substrate, effect-
ively eliminating the associated noise.

For a standard light beam with Gaussian spectral shape,
the coherence length ℓ can be determined from the specific
central wavelength λc and the bandwidth ∆λ (measured at
full width half maximum). The established formula for this
relationship is ℓ= 4ln(2)/πλ2

c/∆λ [108]. The pure mono-
chromatic light source (∆λ≈ 0) considered in equations (24)
and (25) inherently led to an infinite coherence length. In this
case, the interreflections both within the thin film and within
the thick substrate resulted in the superposition of the electro-
magnetic waves, causing two distinct interference effects.

According to the etalon interference condition [32], con-
structive interference occurs at wavelengths wherem= 2nd/λ
is an integer, leading to high values in the transmission spectra.
Note that when m is a half-integer, there is destructive inter-
ference, and we observe valleys in the spectra. According to
this interference equation, the relatively small thickness of the
film d≈ 1µm leads to low-frequency oscillations. These long
oscillations appear as a characteristic sinusoidal pattern in the
transmission spectrum, as illustrated in figures 3(a) and (b)
(see dashed red lines). In contrast, the considerable thickness
of the substrate, ds ≈ 1 mm, gives rise to high-frequency oscil-
lations that can be interpreted as noise.

The curves presented in figures 3(a) and (b) were plotted
at each discrete wavelengths, 500, 501, 502, ..., and 750 nm.
However, this spectral resolution is insufficient to clearly
resolve the high-frequency oscillations originated by light
wave interferences at the substrate, as illustrated in the insets
of the figures (top left). Indeed, the insets show that there are

8
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eight oscillation peaks in a range of two nanometers. This lim-
itation in sampling leads to the emergence of aliasing effects.
In spectral regions where the oscillation frequency is roughly
a multiple of the sampling rate, the curve appears to have
fewer oscillations (e.g. 700–725 nm). Conversely, regions with
greater misalignment exhibit rapid noisy oscillations (e.g. 725
to 750 nm).

Consequently, it is standard practice to deliberately adjust
the bandwidth such that the coherence length ℓ is less than 2ds,
twice the thickness of the substrate. This adjustment mitigates
the unwanted etalon effect from the glass, and it effectively
removes the noise in the spectra, as the beam will become
incoherent after a single round trip. Recall that the coher-
ence length defines the distance over which the electromag-
netic waves maintain their sinusoidal nature [32]. When two
coherent light beams with electric fields E1 and E2 overlap,
they interfere linearly, resulting in a combined electric field,
E= E1 +E2 [32]. The resulting light intensity is given by I=
|E1 +E2|2 = I1 + I2 + 2E1E2 cos(∆θ), where ∆θ is the phase
difference between the two light beams. The interference term
2E1E2 cos(∆θ) oscillates rapidly with changes in wavelength.
In contrast, for incoherent beams, the electric fields do not
interfere, and the total intensity is simply I= I1 + I2, with no
oscillatory interference term.

In many real experiments, the coherence length is set
within 2d< ℓ < 2ds. The multiple thin-film interreflections
then result in the linear superposition of the electric fields (see
figures 2). However, interreflections within the substrate lead
to an incoherent superposition, producing just a simple sum of
their intensities. To incorporate this complicated finite coher-
ence model into our expressions from equations (24) and (25),
the spectral averaging method [102] proposes to average
out the transmittance and reflectance over the corresponding
phase delay introduced by the substrate, δ2 = 4πn2d2/λ. For
instance, consider an incident beam with a reasonable spectral
bandwidth of 1 nm, center around the wavelength λ0 = 600
nm. The spectrum of the light beam spans from λ−

0 = 599.5
nm to λ+

0 = 600.5 nm, which leads to a phase delay change
of∆δ2 = |δ−2 − δ+2 |= 8π. The superposition of infinite waves
with a phase delay range exceeding 2π will effectively aver-
age out (see appendix C for further details). Therefore, we
can simply integrate the transmittance and reflectance from
equations (24) and (25) within the substrate phase delay range
[0,2π], yielding

Tℓ =
1
2π

ˆ 2π

0

h dδ2
a+ 2bcosδ2 + 2csinδ2

(27)

Rℓ =
1
2π

ˆ 2π

0

(e+ 2f cosδ2 + 2gsinδ2) dδ2
a+ 2bcosδ2 + 2csinδ2

. (28)

Taking into account a change of variable, θ = eiδ2 , we
can conveniently calculate the phase-average reflectance and
transmittance as

Tℓ =
1
2π

˛
|θ|=1

h dθ
F(θ)

(29)

Rℓ =
1
2π

˛
|θ|=1

G(z) dθ
F(θ)

(30)

F(θ) = θ2 (c+ ib)+ θ (ia)+ (−c+ ib) (31)

G(θ) = θ2 (g+ i f)+ θ (i e)+ (−g+ if) . (32)

The denominator can now be factor as F(θ) = (c+ ib)(θ−
θ1)(θ− θ2), where

θ1,2 =
−ai ±

√
−a2 + 4(b2 + c2)
2(c+ ib)

, (33)

|θ1,2|=
∣∣− γ±

√
1− γ2

∣∣, γ =
a

2
√
b2 + c2

∈ [0,1] . (34)

Note that the discriminant in equation (33) is negative, as
a2 ≫ b2,c2, making the numerator a pure imaginary num-
ber. This allows for a straightforward calculation of |θ1,2| in
equation (34). It then becomes evident that θ1 (with a posit-
ive square root) lies within the unit disk of the complex plane,
while θ2 lies beyond the disk. Applying the Cauchy Residue
Theorem [109] to equation (29), we finally obtain the expres-
sion for the transmittance,

Tℓ = hiR
(

1
F(z)

,z1

)
=

hi
(c+ ib)

lim
z→z2

(z− z2)
(z− z1)(z− z2)

=
h√

a2 − 4(b2 + c2)
=
h
u
=

h
a ′ + 2b ′ cosδ1 + 2c ′ sinδ1

.

(35)

The variables (u,a ′,b ′,c ′) are defined in appendix A. The
coefficients (a ′,b ′,c ′) do not have any sinusoidal compon-
ents. Therefore, the oscillations in transmittance Tℓ come
solely from the phase delay δ1 (see the sine and cosine in the
denominator of equation (35)). These oscillations are now only
introduced by the thin film and not the substrate.

Employing an absolutely similar methodology, the analysis
of reflectance results in the following formula:

Rℓ =
e
u
− 2(bf + cg)

uw
. (36)

The expressions (w,e,b, f,c, f) are also defined in the
appendix A. Figure 2 shows the transmission and reflection for
a quasi-coherent beam. It can now be seen in that figure that
the high-frequency noisy oscillations caused by light beam
interference within the substrate have been correctly removed
both in the transmission and reflection spectra.

6. Novel formulae for highly-wedged films

We now examine a film characterized by a wedge-shaped
planar surface, denoted as∆d> 0. This wedge implies that the
film thickness at the illuminated spot varies within the range
[d1 −∆d,d1 +∆d]. In that case, the phase delay introduced
by the film exhibits a variation from δ−1 = 4πn1(d1 −∆d)/λ
to δ+1 = 4πn1(d1 +∆d)/λ, depending on the particular
region within the illuminated spot. Considering a reason-
able wedge ∆d≪ d1, the change in phase delay is typically

9
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∆δ1 = |δ+1 − δ−1 | ≪ 2π. As a result, while the interference
effects from the thin film are not completely eliminated, they
can be significantly reduced depending on the value of ∆d. A
very large wedge (such as ∆d≈ d) will eventually cancel out
all interference effects.

Additionally, the film’s absorption will vary depending on
the light path, whether it passes through d1 −∆d1, or d1 +
∆d1, or somewhere in between (see figure 6). Therefore, the
single-trip transmittance x1 should now be integrated from
x−1 = e−α1(d1−∆d) to x+1 = e−α1(d1+∆d). With the assistance of
the symbolic software Wolfram Alpha Mathematica [110], we
were able to calculate the total transmittance of the sample,

Tnew
∆d =

1(
δ+1 − δ−1

)(
x+1 − x−1

) ˆ x+1

x−1

ˆ δ+1

δ−1

h dδ1 dx1
a ′ + 2b ′ cosδ1 + 2c ′ sinδ1

≈
1

δ+1 − δ−1

ˆ δ+1

δ−1

h dδ1
a ′ + 2b ′ cosδ1 + 2c ′ sinδ1

=
2 · h

K ·
(
δ+1 − δ−1

) [arctan( I+

K

)
+N+π − arctan

(
I−

K

)
−N−π

]
(37)

K=
√
a ′2 − 4 · (b ′2 + c ′2) (38)

I− = (a ′ − 2b ′) tan

(
δ−1
2

)
+ 2c ′ (39)

I+ = (a ′ − 2b ′) tan

(
δ+1
2

)
+ 2c ′ (40)

N+ = round

(
δ+1
2π

)
, N− = round

(
δ−1
2π

)
. (41)

Note that in the intermediate steps, we applied the identity
tanh−1(i q) = i tan−1(q), valid for any value q ∈ R.

The average light absorption x1 in a tilted film is approx-
imately equivalent to that observed in a uniformly thick film,
which is the reason for the approximation in equation (37).
Although this assumption has been commonly used in vari-
ous contexts [99], it has not been previously supported by a
rigorous mathematical proof. We will now explore the condi-
tions under which this statement holds true. We introduce a
local coordinate system (x ′,y ′,z) such that the linear wedge is
expressed solely in terms of the coordinate x′. The film pro-
file can then be described as S(x ′) = mx ′, where m= 2∆d/L
represents the thin film slope. According to the Lambert–
Beer law, the light intensity after the collimated beam passes
through the film depth is given by I(x ′) = I0e−α1(d1+mx

′). By
integrating over the x′-range [−L/2,L/2], we obtain

⟨Iout (x ′)⟩=
1
L

ˆ L
2

− L
2

I0e
−α1[d1+mx ′] dx ′ (42)

=
I0
L
e−α1d1

(
−1
α1m

e−α1mx
′
∣∣∣∣ L2
− L

2

)
(43)

= I0e
−α1d1 sinh(α1mL/2)

α1mL/2
. (44)

We must take into account that q= α1mL/2= α1∆d. One
should notice that sinh(q)/q≈ 1 for q≈ 0, which justifies
the aforementioned assumption for relatively small wedges,
where q remains close to zero. To quantify this, even in the case
of a relatively large wedge ∆d= 60 nm and high absorption
α1 = 104 cm−1, the wavelength-dependent term sinh(q)/q has
an average value of 1.000 60. Therefore, we can say that I≈
I0e−α1d1 with an average error of around 0.06%, which is
negligible in practice, comparable to the typical photometric
noise of the spectrophotometer. In these common scenarios,
the single-pass light transmittance x1 in a tilted film can be
considered approximately equivalent to that observed in a uni-
form film.

It should be noted that the film presents high absorption at
500 nm, as seen in figure 3, where the transmittance eventually
approaches zero. At that wavelength, the term sinh(y)/y finds
the highest value, 1.015, and the approximation becomes less
accurate.

Figures 4(a) and (b) present the transmittance and reflect-
ance simulated curves, respectively, for films with different
wedges, ∆d= 0,30,60 nm. We can see how higher wedges
lead to less interference contrast, reducing the amplitude of
the oscillations in the spectra.

Equations (41) introduce the correction factors N+ and
N−, which account for the different branches of the tan-
gent function and facilitate the application of the formula to
high wedges, where ∆d> λ/(4n). These factors were pre-
viously motivated in [99] in the context of sample transmit-
tance for non-absorbing substrates. To clearly see the import-
ance of the correction factors in the transmittance formula (see
equation (41)) when dealing with relatively high∆d paramet-
ers, one can also see in figures 5(a) and (b) the plot of the
spectra with and without the correction factors for the two
representative cases∆d= 30,60 nm. As the wedge increases,
the naive approach (without correction factors) disagrees more
with respect to the expected curves.

To the best of our knowledge, there is no equivalent closed-
form expression for the reflectance. Consequently, we pro-
pose using the trapezoidal rule [111] for efficient and accurate
numerical estimation:

Rnew
∆d =

1

δ+1 − δ−1

ˆ δ+1

δ+1

(
e

u
− 2(bf + cg)

uw

)
dδ1 =

1
2

[
RL

(
δ−1 + 2∆d

0
N

)
+ 2RL

(
δ−1 + 2∆d

1
N

)
+ . . .

. . .+ 2RL

(
δ−1 + 2∆d

N− 1
N

)
+RL

(
δ−1 + 2∆d

N

N

)]
(45)

where RL(δ1) is the reflectance for a uniform film as a func-
tion of the phase δ1, as given by equation (36). Our find-
ings indicate that setting N= 40 points for the phase already
yields reasonable results, since we obtain a total absorptance
value A effectively zero when no film or substrate absorption
is added (κ1 = κ2 = 0), A= |1−T∆d−R∆d|< 10−2. In any
case, note that we can define a sufficiently fine sampling that
meets any desired level of accuracy.
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Figure 4. Sample (a) transmittance and (b) reflectance, using the exact formulae for uniform films (equations (29) and (30)) and for wedge
films (equations (37)–(45)), with ∆d= 30 nm. When the wedge increases, the contrast in the interferences decreases, as does the amplitude
of the oscillations.

Figure 5. Simulated transmittance showing the effect of the correction factors N+ and N− (see equation (41)) for thin films with two
representative wedge parameters, (a) ∆d= 30 nm and (b) ∆d= 60 nm.

Figure 6. Profile of a tilted film with a linear surface described by S(x ′) = mx ′. The optical path length in the z-direction varies depending
on the position along the x′-axis.
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7. Particular case: non-absorbing substrate

7.1. Transmittance

The newly derived transmittance formula, equation (37),
closely matches that found by RP et al in [99]. However,
our expression now incorporates the possibility of substrate
absorption. Indeed, the RP equation (without substrate absorp-
tion) can be alternatively derived now6 by simply setting
κ2 = 0 in our new equation (37). Following the notation from
RP, we then get the following simplified formulae

A= 16
(
n21 + k21

)
n2, (46)

B=
(
(n1 + 1)2 + k21

)(
(n1 + 1)

(
n1 + n22

)
+ k21

)
, (47)

C1 = 2
((
n21 + k21 − 1

)(
n21 + k21 − n22

)
− 2k21

(
n22 + 1

))
,
(48)

C2 = 2k1
(
2
(
n21 + k21 − n22

)
+
(
n21 + k21 − 1

)(
n22 + 1

))
,
(49)

D=
(
(n1 − 1)

(
n1 − n22

)
+ k21

)(
(n1 − 1)2 + k21

)
, (50)

TRP20 =
Ax1

B−C1 x1 cos(δ1)+C2 x1 sin(δ1)+Dx21
(51)

F=
(
B+Dx21 +C1x1

)
tan

(
δ−1
2

)
+C2x1, (52)

G=
(
B+Dx21 +C1x1

)
tan

(
δ+1
2

)
+C2x1, (53)

H= B2 − x21
(
C2

1 +C2
2 − 2BD−D2x21

)
, (54)

TRP20
∆d =

2Ax1(
δ+1 − δ−1

)√
H

[
arctan

(
G√
H

)
+N+π

−arctan

(
F√
H

)
−N−π

]
. (55)

Note that TRP20 from equation (51) corresponds to the trans-
mittance of the sample with a uniform film thickness, without
taking into account substrate absorption. Similarly, TRP20

∆d from
equation (55) represents the case in which the sample has a
certain wedge ∆d> 0. We have confirmed numerically that,
when no substrate absorption is considered (i.e. κ2 = 0), the
root mean square error (RMSE) is zero for any wedge para-
meter between (i) our new exact formula from equation (37),
and (ii) the approximate expression from equation (55). When
κ2 = 10−6 and ∆d= 30 nm, the RMSE of the approximated
formulae by RP goes up to 0.465%. This finding clearly shows
the importance of incorporating substrate absorption into the
models. More results for different wedges are summarized in
table 2. One can see that, as the wedge increases, the error
decreases. This happens because the smaller the oscillation
amplitude, the smoother the curve, getting lower peak val-
ues. Similarly, we have checked for the case of uniform films

6 We found an errata in the RP formula presented in [99]. In particular,
their equation 6 incorrectly omits a minus sign before the term ‘C22x sin(ϕ)’.
This error can be confirmed by comparing it with equation A1 in [47].
Consequently, equations (14) in [99], corresponding to the formulae for the
coefficients ‘K1’ and ‘K2’, should also include a minus sign before ‘C22x’.

(∆d= 0) that the exact formula equations (29) and (51) pro-
duce exactly the same numerical results when no substrate
absorption is considered.

7.2. Reflectance

Based on the foundational work of Grebenstikov et al [112],
Minkov et al [50] derived in 1989 an accurate expression
for reflectance (which excludes substrate absorption). While
Minkov’s equation is only applies to films with uniform thick-
ness, an analytical expression for wedge-shaped films can
be simply derived if we further assume κ1 ≪ n1 (as will be
explained in detail in the next section).

One can observe that Minkov’s formula, equation (69),
is not completely equivalent to the exact expression derived
from equation (36) when substrate absorption is disregarded
(κ2 = 0). However, the numerical discrepancy between them is
minimal. For instance, we found a value of discrepancy error
as low as 10−4% when using our simulated sample. The dis-
crepancy arises because, in addition to the assumption that
κ2 = 0, second-order approximations involving n1 and κ1 were
also utilized in Minkov’s expression.

However, when considering the weakly absorbing substrate
from our simulated sample, the RMSE of Minkov’s formula
rises up to 0.034%. It should be highlighted that the reflec-
tion formula, equation (69), is considerably less affected by
the substrate absorption than the transmission formula from
equation (55) (see table 2): As mentioned earlier, the over-
all reflectance and transmittance can be expressed as the addi-
tion of infinite light wave components, which appear due to
the inter-reflections at each interface (see figure 2). When
analyzing the overall reflectance, the two main components
come from the first air-film interface and the second film-
glass interface. The third component from the last substrate-
glass interface (thus affected by the substrate absorption) is
certainly weaker. In contrast, all transmission components
account for the beam passing through the whole substrate
volume. Therefore, transmittance measurements are notably
affected by the existing substrate absorption.

The main advantage of Minkov’s reflectance formula, and
the reason of its popularity [113, 114], is that it provides a sim-
pler and more accessible expression than simply setting κ2 = 0
in our new complicated formula, equation (36). Additionally,
Minkov’s formula facilitates the analysis of reflection for the
envelope method, as explored in the next section.

Minkov’s formula is shown below:

A ′ =
(
(n1 − 1)2 + k21

)(
(n1 + n2)

2
+ k21

)
(56)

B ′
1 = 2

((
n21 + k21 − 1

)(
n21 + k21 − n22

)
+ 4k21n2

)
(57)

B ′
2 = 4k1

(
n2
(
n21 + k21 − 1

)
−
(
n21 + k21 − n22

))
(58)

C ′ =
(
(n1 + 1)2 + k21

)(
(n1 − n2)

2
+ k21

)
(59)

A ′ ′ =
(
(n1 + 1)2 + k21

)(
(n1 + n2)

2
+ k21

)
(60)

B ′ ′
1 = 2

((
n21 + k21 − 1

)(
n21 + k21 − n22

)
− 4k21n2

)
(61)

B ′ ′
2 = 4k1

(
n2
(
n21 + k21 − 1

)
+
(
n21 + k21 − n22

))
(62)
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Table 2. Errors associated with the approximated formulae. When ∆d= 0 the formulae for uniform films are used, tested against the exact
formulae from equations (29) and (30). For ∆d= 10−5 nm, the formulae for wedged films are applied, demonstrating consistency as
∆d→ 0. They were tested against the new formulae from equations (37) and (45). Note that the two left blocks assume κ2 = 0, while the
two right blocks use the Swanepoel approximations (κ2 = 0 and n21 ≪ k21).

κ2 ∆d (nm)

Transmission (RP)
equation (55)
RMSE (%)

Reflection
(Minkov)
equation (69)
RMSE (%)

Transmission
(Swanepoel)

equations (74)–
(80) RMSE (%)

Reflection
(Swanepoel)

equations (90)–
(99) RMSE (%)

0 0 0 10−4 0.035 0.068
0 10−5 0 — 0.035 0.068
0 30 0 — 0.012 0.067
0 60 0 — 0.007 0.067
10−6 0 0.496 0.034 0.497 0.074
10−6 10−5 0.496 — 0.497 0.074
10−6 30 0.487 — 0.487 0.073
10−6 60 0.488 — 0.488 0.073

C ′ ′ =
(
(n1 − 1)2 + k21

)(
(n1 − n2)

2
+ k21

)
(63)

G ′ = 64n2 (n2 − 1)2
(
n21 + k21

)2
(64)

D ′ ′ =
(
(n1 + 1)2 + k21

)(
(n1 + 1)

(
n1 + n22

)
+ k21

)
(65)

E ′ ′
1 = 2

((
n21 + k21 − 1

)(
n21 + k21 − n22

)
− 2k21

(
n22 + 1

))
(66)

E ′ ′
2 = 2k1

((
n21 + k21 − n22

)
+
(
n22 + 1

)(
n21 + k21 − 1

))
(67)

F ′ ′ =
(
(n1 − 1)2 + k21

)(
(n1 − 1)

(
n1 − n22

)
+ k21

)
(68)

RMink89 =
A ′ − (B ′

1 cos(δ1)−B ′
2 sin(δ1))x1 +C ′x21

A ′ ′ − (B ′ ′
1 cos(δ1)−B ′ ′

2 sin(δ1))x1 +C ′ ′x21

+
G ′ x21

A ′ ′ − (B ′ ′
1 cos(δ1)−B ′ ′

2 sin(δ1))x1 +C ′ ′x21

× 1
D ′ ′ − (E ′ ′

1 cos(δ1)−E ′ ′
2 sin(δ1))x1 +F ′ ′x21

.

(69)

8. The Swanepoel approximations

To ensure the completeness of this work, and to facilitate
comparison with our results, we will now examine other pre-
viously established formulae for T and R that have been
widely employed in the literature. As mentioned before,
Swanepoel refined an algebraic procedure, commonly known
as the envelope method, to directly determine (n1,κ1,d).
However, this method finds the optical properties only at spe-
cific wavelengths λi corresponding to the maxima or minima
Fabry–Perot interferences. In particular, these critical points
are situated near the peaks and valleys of the transmission
spectra (see figures 5(a) and (b)). In practice, they are iden-
tified by the intersection of the experimental spectra with their
respective envelopes (reason why these intersection points are
often described as the ‘tangent points’).

This envelope method operates under two assumptions: (i)
the substrate does not absorb (κ2 = 0), and (2) the extinction
coefficient of the film is much weaker than the refractive index

κ2
1 ≪ n21. These two conditions are known as the Swanepoel

approximations. Note that we analyzed condition (i) only in
section 7. Condition (ii) is typically valid for spectral regions
with medium-to-weak absorption, where the transmittance
alone indeed contains sufficient information for characteriz-
ation. This second assumption, however, does not hold in
areas of strong absorption, particularly near the optical band
gap, where the transmission T clearly decreases, eventually
approaching and reaching zero.

8.1. Transmission

By setting κ2 = 0 in equation (35), the transmission through
a sample with a uniform-thickness film simplifies [47] to the
following expression:

A0 = 16n21n2 (70)

B0 = (n1 + 1)2 (n1 + 1)
(
n1 + n22

)
(71)

C0 = 2
(
n21 − 1

)(
n21 − n22

)
(72)

D0 = (n1 − 1)3
(
n1 − n22

)
(73)

TSwan83 =
A0x1

B0 −C0x1 cos(δ1)+D0x21
(74)

TSwan83
M =

A0x1
B0 −C0x1 +D0x21

(75)

TSwan83
m =

A0x1
B0 +C0x1 +D0x21

. (76)

It must be pointed out that the upper and lower envelopes of
the spectrum from equations (75) and (76) are found by fixing
the sinusoidal component of the transmittance in equation (74)
to the maximum or minimum value, that is, cos(δ1) =±1.

The set of expressions from equation (74) were first derived
in the Swanepoel seminal paper from 1983 [47].When no sub-
strate absorption is considered (κ2 = 0), the RMSE between
our exact equation (37) and the approximated equation (74)
(which assumes κ2

1 ≪ n21) is 0.039% for our simulated thin-
film sample. When substrate absorption is considered, the
error increases to 0.472%.
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For non-uniform thin films with a certain wedge parameter
∆d> 0, the expressions for the transmission and envelopes
are rewritten as follows:

F0 =
A0x1

B0 +D0x21
, G0 =

C0x1
B0 +D0x21

(77)

I+0 =
1+G0√
1−G2

0

tan

(
δ+1
2

)
(78)

I−0 =
1+G0√
1−G2

0

tan

(
δ−1
2

)
(79)

TSwan84
∆d =

λ

4πn1∆d
F0√
1−G2

0

[
arctan

(
I+0
)
+N+π

−arctan
(
I−0
)
−N−π

]
(80)

IM =
1+G0√
1−G2

0

tan

(
2πn1∆d

λ

)
(81)

Im =
1−G0√
1−G2

0

tan

(
2πn1∆d

λ

)
(82)

Nδ = round

(
δ+1 − δ+1
2 · 2π

)
(83)

TSwan84
M =

λ

2πn1∆d
F0√
1−G2

0

(arctan(IM)+Nδ π) (84)

TSwan84
m =

λ

2πn1∆d
F0√
1−G2

0

(arctan(Im)+Nδ π) . (85)

These formulae for wedged-shaped films were initially
found in the subsequent seminal paper by Swanepoel from
1984 [48]. Please consider that we have also added the cor-
rection numbers N+ and N− to account for highly tilted films,
∆d> λ/(4n), and we have also included a correction factor
Nδ for the envelopes. An interesting detail is that when ∆d>
λ/(4n) holds, the upper and lower envelopes cross: the lower
envelope will stay above the spectra and the upper envelope
below (see figure 5(c)). Over a wide spectral range, one can
see how the two envelopes alternate sequentially. Therefore,
there are particular wavelengths at which the spectra TSwan84

∆d
and its two envelopes precisely coincide, as seen in figures 7(c)
and (d). The crossover points are located at λcross = 4n∆d/N,
forN= 1,2,3, . . ., as discussed in [99]. These particular points
contain essential information and allow us to extract accurate
information for the optical properties.

The RMSE between the exact equation (37) and the approx-
imated equation (80) is 0.465% when substrate absorption
is taken into considering and ∆d= 30 nm. The error from
this formula is roughly equivalent to the error from the RP
formula in equation (55). The RP formula (which removes
the assumption κ2

1 ≪ n21) offers improvements only up to the
fourth decimal place.

Setting κ2 = 0 and ∆d= 10−5 nm in equation (80) leads
to a transmission error of 0.039%. As expected, the result

obtained was identical to that previously obtained by using
equation (74) for uniform films. This consistency occurs
because equation (80) converges to equation (74) as ∆d→ 0.

8.2. Reflection

Setting κ2
1 ≪ n21 in Minkov’s reflection formula (see

equation (69)), we derive the following simplified expression
for uniform films:

a0 = n1 − 1, b0 = n1 + 1 (86)

c0 = n1 − n2, d0 = n1 + n2 (87)

e0 = n1 − n22, f0 = n1 + n22 (88)

g0 = 64n2 (n2 − 1)2 n41 (89)

RRP01 =
(a0d0)

2
+(b0c0x1)

2 − 2a0b0c0d0x1 cos(δ1)

(b0d0)
2
+(a0c0x1)

2 − 2a0b0c0d0x1 cos(δ1)

+
g0x21

(b0d0)
2
+(a0c0x1)

2 − 2a0b0c0d0x1 cos(δ1)
(90)

× 1

b30f0 + a30e0x
2
1 − 2a0b0c0d0x1 cos(δ1)

RRP01
M/m =

(a0d0 ± b0c0x1)
2

(b0d0 ± a0c0x1)
2 +

g0x21
(b0d0 ± a0c0x1)

2

× 1(
b30f0 + a30e0x

2
1 ± 2a0b0c0d0x1

) . (91)

We have verified that these results precisely match the exact
formulae from equation (36) when κ2 = 0 and κ2

1 ≪ n21. Note
that the way to effectively set this last approximation is to write
κ2
1 = 0 when that term is compared to n21 within summations.

The upper and lower envelopes defined in equation (91) corres-
pond to the positive (+) and negative (−) signs, respectively.
These formulae were partially developed by Minkov et al [50]
in 1989. The RMSE of equation (90) is 0.42% for absorbing
substrates and 0.02% for transparent substrates.

The work [63] by RP et al from 2001 also incorporates
equations that address the scenario of weakly-wedge shaped
films:

L0 = b20d
2
0 + a20c

2
0x

2
1, L1 = b30f0 + a30e0x

2
1 (92)

L2 = 2a0b0c0d0x1, L3 =
√
L2 +L1 (93)

L4 =
√
L1 −L2, L5 = a20d

2
0 + b20c

2
0x

2
1 (94)

L6 =
√
L0 +L2, L7 =

√
L0 −L2 (95)

L8 = tan

(
δ−1
2

)
, L9 = tan

(
δ+1
2

)
, L10 = tan

(
δ+1 − δ−1

4

)
(96)

T1 = arctan

(
L3L9

L4

)
+N+π − arctan

(
L3L8

L4

)
−N−π (97)

T2 = arctan

(
L6L9

L7

)
+N+π − arctan

(
L6L8

L7

)
−N−π (98)
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Figure 7. Sample transmittance (left column) and reflectance (right column) using the Swanepoel approximations. The upper and lower
envelopes, as well as the tangent points where the spectrum intersects the envelopes, are shown. (a) and (b) represent uniform films (see
equations (74) and (90)), while (c) and (d) correspond to films with a very high wedge, ∆d= 100 nm (see equations (80) and (99)). Under
high wedge condition, we see how the envelopes cross over, reaching a particular wavelength in which the spectrum and the two envelopes
coincide.

RRP01
∆d = 1− 2(

δ+1 − δ−1
)
· (L1 −L0)

[
g0x21
L3L4

T1+ (99)

+
(L0 − L5)(L1 − L0)− g0x

2
1

L6L7
T2

]
T1M = arctan

(
L4L10

L3

)
+Nδπ, T2M = arctan

(
L7L10

L6

)
+Nδπ

T1m = arctan

(
L3L10

L4

)
+Nδπ, T2m = arctan

(
L6L10

L7

)
+Nδπ

RRP01
∆d,M/m = 1− 4(

δ+1 − δ−1
)
(L1 − L0)

(
g0x

2
1

L3L4
T1M/1m

+
(L0 − L5)(L1 − L0)− g0x

2
1

L6L7
T2M/2m

)
. (100)

It should be noted that we have now added the correspond-
ing correction factors to the original reflection formula and
its envelopes, accounting also for the highly-wedged shaped
films. Figures 7(d) display the reflectance for a highly-tilted
film. In this spectral range, one can also see one shift of the
lower and upper envelopes for the reflectance spectrum.

9. Substrate transmission and reflection

The thin film is typically deposited on a commercial glass
substrate, which is relatively thick (with a known d2 ∼ 1
mm) and has plane-parallel surfaces, ensuring uniformity.
Before performing the optical characterization of the film
under study, it is a common practice to first characterize
the optical properties of the substrate (n2,k2) using transmit-
tance and/or reflectance measurements of the substrate alone,
denoted {Texp

s (λi),R
exp
s (λi)}. This preliminary step allows us

to counteract the influence of the substrate on the overall trans-
mittance and reflectance of the sample, allowing a precise
determination of the desired properties of the thin film, namely
(n1,k1,d1).

Under the approximation k2 = 0, the thickness of the sub-
strate ds becomes irrelevant for the calculation of the trans-
mission and reflection intensities, as the glass substrate will
not absorb light. However, the real refractive index n2 remains
important because it determines the amount of light reflec-
ted on the film-to-substrate (interface 02) and substrate-to-air
(interface 20), as seen in figure 2, and described in section 4.1.
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Figure 8. Diagram of the spectroscopic measurements for the
substrate alone. The measures of Ts and Rs allow us to extract the
substrate properties n2 and k2.

Figure 8 shows a representative diagram of the spectro-
scopic measurements for the substrate alone. In the simplistic
scenario in which κ2 = 0, n2 can be uniquely determined
[102] from either transmission-only or reflection-only meas-
urements by using the following relations:

Tapprox
s =

2n2
n22 + 1

, n2 =
1

Tapprox
s

+

(
1(

Tapprox
s

)2 − 1

)1/2

(101)

Rapprox
s =

(n2 − 1)2

n22 + 1
, n2 =

1+
√
Rapprox
s

(
2−Rapprox

s
)

1−Rapprox
s

.

(102)

When the glass substrate does absorb light, both transmis-
sion and reflection measurements of the substrate are neces-
sary to uniquely determine n2(λ), k2(λ), and ds. The formulae
can be found using the same Abele transfer matrix formalism
as in section 4, and then using the spectral averaging method
to account for the limited coherence length, L< 2ds. However,
for the particular case of a simple slab surrounding by air, it
becomes more convenient to use the traditional technique of
infinite incoherent summation [85]:

Ts = T2
02e

−α2d2 ×
∞∑
m=0

[
R02e

−α2d2
]2m

(103)

=
T2
02e

−α2d2

1−R2
02e

−2α2d2

Rs = R02 +T2
02R02e

−2α2d2 ×
∞∑
m=0

[
R02e

−α2d2
]2m

= R02 +
R02T2

02e
−2α2d2

1−R2
02e

−2α2d2
. (104)

Here, R02 = |r02|2 = |r20|2 and T02 = |t02|2 = |t20|2 rep-
resent the square norm of the Fresnel’s coefficients. From
equations (10)–(9), we can see that, at normal incidence, the
normed square of these coefficients is the same for the air-
to-substrate and substrate-to-air interfaces. Following the dia-
gram from figure 8, we can see that the first addend ‘R02’
from equation (104) corresponds to the first bounce back of the
light beam at the air-to-substrate interface. The second addend
(for m= 0) occurs when: (i) the light passes through the air-
to-substrate interface (T02), (ii) it then gets reflected at the
substrate-to-air interface (R02), and (iii) it is finally transmit-
ted through the substrate-to-air (T20 = T02) interface bouncing
back to the detector above. During the round-trip of the beam
within the slab, the Lambert–Beer law describes the amount
of light absorption; this absorption is the responsible for the
exponential term form= 0 in the equation (104). Further inter-
reflections (for m⩾ 1) just include other addends that can be
reasoned in a similar fashion.

These direct formulae that define Ts and Rs as functions
of the substrate optical properties have been known for more
than a century. However, determining the substrate properties
(n2,k2,d2) from Ts and Rs is a more intricate inverse problem.
The work by Nichelatti [85] in 2002 provided the first-ever
analytical expressions for that scenario. The following rela-
tions were found:

R02 (Ts,Rs) =
2+T2

s − (1−Rs)
2

2(2−Rs)
(105)

−

√(
2+T2

s − (1−Rs)
2
)2

− 4Rs (2−Rs)

2(2−Rs)

k2 =
λ

4πh
ln

(
R02Ts

Rs −R02

)
(106)

n2 =
1+R02

1−R02
±
√

4R02

(1−R02)
2 − k22. (107)

Both the positive and negative signs in equation (107)
define correct mathematical solutions to equation (104).
However, only one solution makes physical sense. While it
is possible to discriminate the correct solution on a case-by-
case basis by using commonly reported values, in our particu-
lar spectroscopic analysis, only the positive solution is physic-
ally meaningful. Note that the film can be analyzed in spectral
regions of high absorption (when κ2

1 ̸< n21), as it can be very
thin and still permit some transmission. However, using fully
absorbing substrates with a high κ2 in the spectral region of
interest is not desirable, as their significant thickness would
then prevent any transmission entirely. Therefore, κ2

2 ≪ n22
is always the practical scenario for the case of the substrate.
That implies that n2 from equation (107) is greater than one
for the positive square-root (the correct physical solution) and
less than one for the negative square-root (which must be dis-
carded).

We can now compare the approximate formulae (with
κ2 = 0) from equations (101) and (102) with the exact expres-
sions from equations (103) and (104). It is important to note
that for an absorbing substrate with κ2 = 10−6, the RMSE of

16



Meas. Sci. Technol. 36 (2025) 025502 M Ballester et al

the approximated formulae is 0.3% for transmittance and 0.2%
for reflectance. Deriving n2 from the simpler equations (101)
and (102) leads to an RMSE of 0.010% and 0.005%, respect-
ively, for our simulated data.

10. Concluding remarks

In the present article, we derived the formulae for transmit-
tance and reflectance of a normal-incident quasi-coherent light
beam in a sample with a thin film, possibly with a high wedge
profile, deposited on a thick absorbing substrate. Our model
assumes a homogeneous, isotropic, and non-magnetic film
material with linear response.

In addition, we review other relevant formulae commonly
used in the literature, examining their approximations and
the level of accuracy. Rougher approximations lead to for-
mulae that are easier to implement and compute. Then, a
trade-off can be found between the accuracy of more com-
plex expressions and the efficiency of approximate ones.
Depending on the specific sample and the desired accuracy
level, one can choose the most suitable model. For instance,
for many conveniently-prepared films with uniform-thickness
analyzed in the medium-to-low-absorption region, the simple
Swanepoel formulae provide good accuracy with minimal
computation time. However, our newly-developed formula
proves to be more accurate in other more complicated scen-
arios: For instance, it is particularly effective when dealing
with an ‘exotic’ film surface, modeled with a large wedge
parameter, ∆d> λ/(4n), over a small illumination spot.
Additionally, it is beneficial for the analysis across wide spec-
tral ranges that encompass regions with strong film absorption
(κ2

1 ̸< n21) and substrate absorption (κ2 > 0).
A review of the formulae analyzed in our work can be

found in table 1. These expressions have been written with a
consistent notation, tested numerically and analytically, and
compared with each other. These formulae have been coded
both in Python and in Matlab, and they are publicly avail-
able link. Future work will focus on further comparison of the
developed formulas with respect to the traditional ones with
experimental measurements, providing an empirical proof of
their practical utility. Additional future work is also needed
to include absorbing substrates and tilted films in multilayer
configurations, as it will enhance the applicability of the for-
mulas to more complex thin-film technologies, such as those
employed in organic light-emitting diodes and organic photo-
voltaic cells. Investigating oblique beam incidence and non-
specular surfaces, where there is light scattering due to the film
surface roughness, will broaden the potential applications to
encompass a wider range of film structure analyses.

Data availability statement

The data that support the findings of this study are openly
available at the followingURL/DOI: https://drive.google.com/
drive/folders/1Mv0p9or5ePowgt37yitNnw2Xe449IFTG?usp
= sharing.

Appendix A

Following the notation from Swanepoel [82], we define the
following coefficients:

rij = rij + i r ′ij

rij =

(
n2i − n2j

)
+
(
κ2
i −κ2

j

)
(ni + nj)

2
+(κi +κj)

2

r ′ij =
2(niκj − njκi)

(ni + nj)
2
+(κi +κj)

2

Rij = |rij|2 = r2ij + r ′2ij

a= 1+R01R12x
2
1 +R01R23x

2
1x

2
2 +R12R23x

2
2

+ 2
(
r01r12

(
1+R23x

2
2

)
− r ′01r

′
12

(
1−R23x

2
2

))
x1 cos(ϕ1)

+ 2
(
r01r

′
12

(
1−R23x

2
2

)
+ r ′01r12

(
1+R23x

2
2

))
x1 sin(ϕ1)

e= R01 +R12x
2
1 +R23x

2
1x

2
2 +R01R12R23x

2
2

+ 2
(
r01r12

(
1+R23x

2
2

)
+ r ′01r

′
12

(
1−R23x

2
2

))
x1 cos(ϕ1)

+ 2
(
r01r

′
12

(
1−R23x

2
2

)
− r ′01r12

(
1+R23x

2
2

))
x1 sin(ϕ1)

b= r12r23
(
1+R01x

2
1

)
− r ′12r

′
23(1−R01x

2
1)x2

+(r01r23(1+R12)− r ′01r
′
23(1−R12))x1x2 cos(ϕ1)

+ (r01r
′
23(1−R12)+ r ′01r23(1+R12))x1x2 sin(ϕ1)

f = r12r23(x
2
1 +R01)x2 + r ′12r

′
23(x

2
1 −R01)x2

+(r01r23(1+R12)+ r ′01r
′
23(1−R12))x1x2 cos(ϕ1)

+ (r01r
′
23(1−R12)− r ′01r23(1+R12))x1x2 sin(ϕ1)

c= (r12r
′
23(1+R01x

2
1)+ r ′12r23(1−R01x

2
1))x2

+(r01r
′
23(1+R12)+ r ′01r23(1−R12))x1x2 cos(ϕ1)

− (r01r23(1−R12)− r ′01r
′
23(1+R12))x1x2 sin(ϕ1)

g= r12r
′
23(x

2
1 +R01)x2 − r ′12r23(x

2
1 −R01)x2

+(r01r
′
23(1+R12)− r ′01r23(1−R12))x1x2 cos(ϕ1)

− (r01r23(1−R12)+ r ′01r
′
23(1+R12))x1x2 sin(ϕ1)

u= 1+R01R12x
2
1 −R01R23x

2
1x

2
2 −R12R23x

2
2

+ 2(r01r12(1−R23x
2
2)− r ′01r

′
12(1+R23x

2
2))x1 cos(ϕ1)

+ 2(r01r
′
12(1+R23x

2
2)+ r ′01r12(1−R23x

2
2))x1 sin(ϕ1)

w= 1+R01R12x
2
1 + 2(r01r12 − r ′01r

′
12)x1 cos(ϕ1)
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′
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2 + r ′201)((1+ r12)

2 + r ′212)((1+ r23)
2 + r ′223)x1x2

a ′
1 = 1+R01R12x

2
1 −R01R23x

2
1x

2
2 −R12R23x

2
2

b ′
1 =

(
r01r12(1−R23x

2
2)− r ′01r

′
12(1+R23x

2
2)
)
x1

c ′1 =
(
r01r

′
12(1+R23x

2
2)+ r ′01r12(1−R23x

2
2)
)
x1.

Appendix B

In section 4, we explain the light propagation through our
sample of interest: a thin film deposited over a substrate.
It should be noted that in real samples, the absorption of
the glass substrate varies with wavelength. For instance, the
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common Borofloat33 (a type of borosilicate substrate) exhib-
its significant absorption in the UV range (below 350 nm)
and the NIR range (above 2100 nm) but is nearly transpar-
ent in the middle of the visible spectrum. Despite this quasi-
transparency, subtle variations in transmission and reflection
still occur. Researchers often limit their analysis to regions of
evident transparency, though completely eliminating absorp-
tion effects is not feasible in practice (e.g. see the slight vari-
ations in substrate absorption lines in figure 3 of [101]). In
our study, we use a simulated substrate with a constant weak
absorption across the spectrum to provide a generalized ana-
lysis of errors in transmission and reflection formulas. This
approach ensures that our findings are applicable to any type
of substrate, as real substrates have diverse absorption curves.

Appendix C

In section 5, we analyze the exact formula for uniform films.
There, we argue that the superposition of infinite waves with
a phase delay range exceeding 2π will effectively average out.
Note that the phase delay change∆δ2 depends not only on the
bandwidth but also on the central wavelength. As the central
wavelength increases, the change in the phase delay decreases,
making interference effects from the substrate more likely
to appear in the sample’s transmittance and reflectance. This
can result in subtle noise at longer wavelengths. Most mod-
ern spectrophotometers [19] can mitigate this high-frequency
noise, as well as photometric noise, using smoothing tech-
niques, such as the Savitzky-Golay filter.
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