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1. Introduction

Distinguished Drinfeld modular forms like the discriminant function A or the Fisen-
stein series Ej, admit expansions with rational coefficients (i.e. elements of F(T")). The
study of these coefficients was initiated by D. Goss (see for example [5]); among other
interesting results, he got a bound for the denominators of Eisenstein series.

Another direction in the study of the coefficients of modular forms was proposed by
E.-U. Gekeler in [4]: he used the action of Hecke operators on the function h and obtained
some congruences (modulo primes) which determine the coefficients with subscripts
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(g —1)g% +1,d > 1 (for the t-expansion of h). Similar results were obtained for other
modular forms using the same idea: the coefficients of A with subscripts (¢—1) (g4t +1),
d > 1, were determined in [6], and the coefficients of the Eisenstein series E,_; with
subscripts (¢ — 1)(¢™ + ¢'~' 4+ --- + 1), d > 1, were determined (up to a factor of
relatively low degree) in [2].

Empirical formulas (without proof) were also found for other coefficients of h, with
subscripts (g — 1)Jg% +1,2< J < q¢—1,d > 1, and A, the coefficients with subscripts
(q—1)(Jgt +1),2 < J < q—1,d > 1 (see [7, p. 74]). For the function h these
coefficients could be determined if some congruences (modulo powers of primes) were
proven, but this becomes more complicated than in the case of the coefficients with
subscripts (g—1)¢?+1. Armana’s formula determines the coefficients of h with subscripts
(q—1)Jg%+1,1<J < q—1,d > 1, as power sums of coefficients of the Carlitz module
(Eq. (8)). These power sums can be explicitly computed to obtain a simple formula
(Theorem 3.1) from which the empirical formulas for h are easily derived (Corollary 3.1);
these two results are proven in Section 3 of the present work.

In Section 4 we extend the formula for / to the functions A and E,_; (Theorem 4.1
and Corollary 4.2). From these formulas and Theorem 3.1, it is possible to find the
expression of the coefficients of #1~7° A with subscripts (q—1)(Jgt+1),1<J <q—1,
d > 1 (Theorem 4.2), and the coefficients of Fl-d E,_y with subscripts (¢ — 1) Jgd+t +
¢ —1,1<J<q—1,d>1 (Theorem 4.3).

2. Preliminaries

Let I, be the field of ¢ elements; let A = F,[T] be the ring of polynomials over F,, and
K =F,(T) its quotient @\eld. We consider the field Ko, = F,((1/T)), and its completed
algebraic closure Coo = K.

Let Coo{7} be the ring of non-commutative polynomials whose product is given by
Ta = at, @ € Cy. The ring C{7} can be identified with the ring of g-additive
polynomials Y1, ¢; X " where the product is given by substitution.

A Drinfeld module of rank r over Co is a ring F,-homomorphism ¢ : A — Coo{7}
determined by ¢r =T7° +>_, ¢;7", with ¢, # 0.

An A-lattice in Co of rank r is a discrete free A-module A C C,, of rank r. The
exponential function associated to a lattice A is

ealz) =z [] (1_§>.

AeA—{0}

Through the function e, it is possible to construct a Drinfeld module of rank r. This
construction establishes a bijection between the set of lattices in Co, of rank r and the
set of Drinfeld modules of rank r over C.
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The Carlitz module is the rank one Drinfeld module C : A — Coo{7} determined by
Cr=T"+7=TX + X1.

Let L = TA be the lattice in C,, which corresponds to the Carlitz module C'. We consider
the function #(z) = er(T2) ' = 7' Y, 4 792 this function will be used as parameter

of the expansions of the modular forms considered here (it is an analogue of the classical
2miz
e,

Let a € A, dega = d; let C, denote the image of a by C, and we write C, =
Z?:o C,.;7" (we adopt the notation used in [1]). The coefficients C, ; satisfy the following
identities. Let P € A, deg P = d; then Cpp = TCp + C}; therefore

Crpo =TCpy,
CTP,i :TCP)Z‘—}-C%J?N i=1,...,d. (1)

Furthermore, Cpi+1 = C7:Cr; it follows that
OT""*'l,k: :CTi,k:—l +CT77,kqu7 k: 1,7Z+1 (2)
Now, if P € A, then Crp = CrCp = CpCr; we get that

i+1

(19" = T)Cpiyr = Ch; — Cpi. (3)

Let 2 = Cy, — K. A function f : 2 — C, is a modular form of weight k and type m
for the group GL(2, A) if f is holomorphic on {2, satisfies

az+b m
f(cz—i—d) = (ad — be) "™ (cz + d)* f(2) (4)

for any (‘i Z) € GL(2,A), and admits an expansion of the type f = Zn>0 ent(2)™.
A cusp form is a modular form whose expansion is », -, ¢, t(2)".

The Eisenstein series of weight k, defined as

1
Ey(z) = Z o+ dF

c,deA
(c,d)#(0,0)

is a Drinfeld modular form of weight k£ and type 0. The discriminant function, defined as
A(z) = (TT =T)Egp 1 + (T = T)(E,_1)*

is a cusp form of weight ¢ — 1 and type 0.
The set My, ,, of modular forms of weight k and type m is a Co-vector space of finite
dimension; the subspace of cups forms of My, ,, is denoted by M, ,gm. The spaces MSZ_l 0
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and Mq +1,1 are one-dimensional spaces; the first one is generated by A, and the second
one is generated by one of its (¢ — 1)-st roots h (cf. [3, p. 681]). We determine h as the
modular form of weight ¢ + 1 and type 1 whose expansion is —t(z) +>_,, 5, ant(2)".

Let P € A be a monic polynomial of degree d. The P-th Hecke operator Tp acts on
the spaces M}, ., and M, ,S’m; this action can be given explicitly on the ¢-expansions of the
modular forms: if f € My, f = Zn>0 cnt(2)™, then

Tpf=P1>" " 575G 5(0tp)s), (5)

i>0 §€Ay, 8P
where Ay is the set of monic polynomials in A, t, = t(az) = t9°°"/fa(t), fo(X) =
Xa** “Co(X~1), and G5 is the i-th Goss polynomial with respect to the lattice ker C;s

(cf. Proposition 5.2 of [1, p. 1446]). Goss polynomials can be recursively defined as follows
(cf. [3, p. 675]): let @ € A, oy = Cy1/a; then G, =01if i <0, G1,, = X, and for ¢ > 1,

Gi,a = X(Gifl,a + alGifq,a + 042Gi7q2,a + - )

There also exists the following explicit formula for G; , (cf. [3, p. 676]): if deg @ = d, then

G a0) =5 % (F)amxr, ©)

Jj<t on
where n = (ng,n1,...,nq) runs over the set of (d + 1)-tuples satisfying ng +nqy + -+ - +
ng = j and ng +n1q+- - +naq =i, a® = af°a}’ ---agy?, and (é) = jl/(nolng!- - ng!).

We adopt again the notation of [1], and write
Cla)* = CaCan -+ Coly:

Then the formula of Eq. (6) is written as

GirnalX) = S0 % (7)ctarxi, ™

J<i

where n = (ng,n1,...,nq) runs over the set of (d + 1)-tuples satisfying ng +nq + -+ +
ng =j and ng + niq+ - - + naq® = i.

We conclude this section with Armana’s formula, which gives the expression of some
coefficients of modular forms with fixed weight and types 0 and 1 for the group Ip(n).

Proposition 2.1. Let P € A be a monic polynomial of degree d. Let h = Zi>0 a;t* be the
expansion of the function h. The t1-coefficient of Tp(h) is

q—1 n
Z ( n >C<P)a1+no+n1q+---+ndqd - Z Q7.

Q€A1+, Q|P

n=(n0,n1,-.-,74d)
not+ni+-+ng=q—1
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Proof. Cf. [1, Proposition 5.5, p. 1447]. O

Notation 2.1. For d > = (40,91, --,%4-1), i = 0, let
Sa(io, i, id—1) Z cp Z CBoCp1 Oty
PcAay PeAgy

where A4y denotes the set of monic polynomials of degree d in A.

Corollary 2.1. The t?-coefficient of 3 pc,, C(P)Tp(h) is

qg—1 . )
Z ( n )Sd(no + 10,y Nd—1 + 1d—1)01 fngtnygt-tnagd

n=(ng,n1,..., na)
notnit--+ng=q—1

Z C?,OC?J T C?Qh ( Z Qq)

PeAay Q€A1+, QP

The following proposition, that we will use along the work, is crucial for proving the
formula for the coefficients of h which is given in Corollary 2.2.

Proposition 2.2. Let d > 0 and i; € {0,1,...,2(¢—1)} for all j € {0,1,...,d—1}. Then

Sulio - ia1) = { (=14 if, for all j, ij € {g—1,2(¢ — 1)},

0 otherwise.

Proof. Cf. [1, Proposition 3.5, pp. 1440-1441]. O

Theorem 2.1. Let ¢ = Z?:o cj¢? with 0 < ¢; < q, Z;l:o c;j=q—1and cq # q- 1, and
let iy =q—1—cg for 0 <k <d—1. Then the t9-coefficient of Y- pc4,, C(P)'Tp(h) is

af 9-1 o i "
=) <Co e Cd) Get1 = Z C;S,OCEI o Cf;dil ( Z Qq).
B PeAay QEA1L, QP

Proof. Cf. [1, proof of part 2 of Theorem 7.2, p. 1455]. O

Corollary 2. 2 Let ¢ = Zd_o cj¢? with 0 < ¢; < g, E;‘l:o ¢;=q—1and cqg # q— 1.
Assume ( ) # 0. Then

CQyeeny

-1
q—1 i vin Ga-1
=01 7N) S ek o X @)

PeAayt QEALL,Q|P
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As it was indicated in Section 1, we are interested in the coefficients a;q_1yqe+1,
1<J<qg—-1,d>1Forc+1=1 —I—Z?ié cj¢’ = J(q —1)g% + 1, we get the sequence
cj =0for j=0,....,d—-1,¢cg = ¢g—J and ¢c441 = J — 1; now from the formula of
Corollary 2.2,

. 1) -1
Aj(g-1)qi+1 = (_1)d+ (%)

x Z C?)ﬂngJl.-~Cj%dl_lC,‘§dl( Z Qq). (8)

PEA(d+1)+ Q€A1+7Q|P

We will determine these coefficients in Corollary 3.1. The key for proving this corollary
is given in Theorem 3.1: the power sums of the coefficients of the Carlitz module are
explicitly computed to obtain a simple formula from which the result is derived. Formulas
similar to that of Eq. (8) are obtained for coefficients of the Drinfeld modular forms A and
E,i_y (Corollary 4.2), and these coefficients are determined in Theorems 4.2 and 4.3; as in
the case of Corollary 3.1, these theorems are proven from the formula of Theorem 3.1.

Remark 2.1. (a) The multinomial coefficients that we consider in this work are always
viewed as elements of F,.

(b) Let m > 1,1 <r < g —1; then %ﬂ = 1land ™= = —1 in [F,. It follows that
() =(-Drif0<k<qg—1

(¢) In Eq. (8) the coefficient % is nonzero for any ¢: by part (b), if k& <
q — 1, then (qgl) = % = (=1)* (compare with [1, Theorem 7.2, p. 1453, and
Proposition 8.1, p. 1458]).

3. Coefficients of the function h

We will determine in this section the coefficients of the expansion of h = 7, a;tt
with subscripts (¢ — 1)Jq? +1,1 < J < q— 1.
By Remark 2.1, Eq. (8) can be rewritten as

) —1,4q—1 R
as(g-nygi = ()N Cron "'O;]D,dlcP,d1< > Qq>~ (9)
PGA(d+1)+ Q€A1+, QP
Observe now that

> 0%510%;1---0%;1101%,;1( > Qq)

PGA(d+1)+ Q€A1+, QP

Yo X apencnlof), (10)

QEALL PeAwt1)+, QP
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For fixed QQ € Ay, we are computing

q—1 ~q—1 q—1 J—1
E , Cho Cp1 "'CP,d—1CP,d .
PeAat1)+, QIP

We first do it for Q = T and then we extend the result to any @ € A;,. We need two
auxiliary results.

Lemma 3.1. Let P,QQ € A, and 0 <r < q— 1. Then

Y (P+a) (Q+a) =c—(Q-P),

ackF,
where e = =1 ifr=q—1, ande =0 if r < q— 1.

Proof. Observe that Zaemq a* = —1if k(> 0) is a multiple of ¢ — 1, and Zaqu ab* =0
otherwise; we deduce that

Y (P+a) T (Q+a) =) a4 Ny ar! s ( k1)<rik)Per_k
k=0

a€l, a€lFy a€l, =
= r+(¢—1) q—1 —~ (¢-1 r kyr—k
e () (S0 L))
a€l, a€F, k=0
=€ (Q - P)Ta

where e = —1ifr=gq—1l,ande=0ifr<qg—1. O

Lemma 3.2. Letd > 1,0<i<d, 1 <r <q—1. Let (aq,a4—1,-..,a;+1) be a (d—1i)-tuple
with a; € Fy; we consider the polynomial

d—i d—i—1
Piyi(ag,aq-1,...,0i01) =T + a0 4 -+ aiq1.

Then, for each (d —i— 1)-tuple (aq,a4—1,...,a;+2), it holds that

i =1 /541 "
q* q"
Z Z CTikaPHl}ifk? Z CTi+17kCPi+l’i+17k

ais1€Fy \k=0 k=0
i+1 . r
i+1
_ q . q
=e—|T § Criv kCp, iv1—k |
k=0

where e = =1 ifr=q—1,ande =0 if r < qg—1.
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Proof. We have that Cp,,, 0 = T P12 + a;41, and so

i i—1
k k i
§ : o _E : o a \a .
CT’;kCPi+1,i—k = CT",kCPi+1,i—k —+ (TPH_Q) —+ Ai+1,
k=0 k=0
i+l i
qa" q* ¢ttt
E CrivvkCp ., iv1—k = E Crit1 1Cp,, ip1-k + (TPig2)? + aiga.
k=0 k=0

i+1

. i—1 k i i k
Now, since 374~ Cri 4sCp, | i x+H(TPiy2)?  and 305 o Opisa 4O 1+ (TPiy2)?
do not depend on a;1, we deduce from Lemma 3.1 that

i =1 /49 r
q" } : q"
Z ZCTi7kCP,;+1,’L-7k CTi+17kCP7‘,+1,’L'+17k

ai+1€]Fq k=0 k=0
: k it1
- <<Z CTiJrlkag’iJrl,iJrl*k + (TPi+2)q >
k=0
i—1 X AN
- (Z CrikCh,,, ik + (TPiy2)" )) ; (11)
k=0

where e = —1if r=¢—1, and e =0 if r < ¢ — 1. From the identity

Cp,

i+1,

w =TCp,

(3

ok T Ch gy k=1 i+ 1

it follows that

i i1
k i1 k i
<Z Crivs kCp iv1-k T (TPis2)" > - (Z CrixCh ik + (TPig2)? )

k=0 k=0

7 . i
- (Z CTi-H)k: (TCPi‘*’Qvi‘i’l*k + CqPi+2,i—k)q + (Tpi+2)q +1>
k=0

i—1 k ;
_ (Z Crig (TCPHQ,FI@ + C}]Di+1,i7k71)q + (TPiy2)? ) . (12)
k=0

We rearrange the terms of the right-hand side of Eq. (12) in order to obtain the recursive
formula established in the lemma. We know that the polynomials Crpit1 j, satisfy

CTi+17k :CTiJC_l +OTi7k.qu7 k=1,...,i+ 1. (13)
Furthermore, if P € A, then

i+1

(T =T)Cpiy1 =Ch,; — Cp,. (14)
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From Egs. (13) and (14) it follows that

k

k k
) q 4q ) q )
Crit1 1 (TCp,yit1-1 + C} )" = CrixaCh,, it — Crik(TCp, 5 k)"

i+2,0—k

k k
o ‘ ] q q . q
= Cri+1 (TCPi+2,Z+1—k + CP;+2,i—lc) - CT’L“JCOPMJ—/C

k+1

q
itk T CT"“JC (CP

it2,i—k

k
q
CP

k
= quC i+1 Cq . )
T 7]‘3 P; i+2,l*k

i+2,

it1 k
=171 (CTi+1,kC?3i+2,i+1—k)7
for 1 < k < 4. On the other hand,

CTi+1,0 (TCP7;+2,i+1 + CZ‘)

i+2 7i)

i1 + T (C’}]g

P20

— TCTi70CPL.+2)i

- CPHN)

— Ti+QCPi+2,i+l + Ti+1 ((Tqi+1 _ T) OPiJrQ,’H-l)

— Ti-‘rQCPi

+2

it1
= qu (CTi+1,OCP5+2,i+1>-

We finally observe that (TP0)? " =74 (CTi+1’i+IC%:::;i+l). O

Theorem 3.1. Let 1 < J < q—1, and a € F,. Then

S Ch - CEL O = ()T )T
PeAgy1y4, (T+a)|P

Proof. Let us first consider a = 0. We have

q—1 q—1 J-1
Z C(P,O o .CP,dflcP,d
PEA(d+1)+, T|\P

= E ce ! e o cl-1
Tad+14agTd+---+a1T,0 Td+1pagTad4-4a1T,d—1 " T+ 4agTd4---+a,T,d"
ai,...,ag€ly

(15)
Now, if P € A, then
i k
Cripi =Y CrixCh, ;. (16)
k=0

Using this identity for Cra+iyq,riq...qpq,170 and Craviyg,piaq..iq,r1 in Eq. (15) we
obtain that
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§: CTd+1+a Ta+.. +a1TOCTd+1+ade+ +a T,1° CTd+1+ade+ ~+a1T,d
ai,...,ad€Fq
— g—1 q
= E (C1,0Cp,0)"  (Cr0Cpy 1 +CT,1Cp1’1) CTd+1+ade+ T
ai,...,aq€Fy
where P; is the polynomial defined in Lemma 3.2. Now, since the polynomials

Cratitq,rdteta,T,rs 2 <7 < d, do no depend on ay, it follows that

—1
§ Ccly d+1 d qu+1 d C d+1 d
T +aqgT+--4a1T,0T +aqT +~~+a1T,1 T +aqT4+---4+a1T,d
ai,...,ag€ly
= E : CTd+1+ +axT2,2° CTd+1+ +axT?2, 41 (17)

az,...,ag€ly

where
-1

S| = Z (CT700P170)q71(CT,00p1,1 + CTJC?ghl)q

a1 €Fy
By Lemma 3.2,

S1=—T9" T (CroCp,1 + CraCh, )" (18)
Coming back to Eq. (17),

E: CTd+1+ade+ +a1TOCTd+1+ade+ +aT,1° CTd+1+ade+ ~+a1T,d
ai,...,aq€Fy

— Z (—Tq_1 -1 (CT,OCPz,l + CT,IC;ZD2,0)q_1)

az,...,aq€Fq
CT¢+1+ +apT2,2° CTd+1+ +axT?,d

— _7aq—1 § ’
=-T CTd+1+ FaxT2,2" CTd+1+ +axT?,d
az,...,aqg€Fy

2_1 q—1
- E T (CT,OCPQ,l + CT,lO%Z,O)
az,...,ag€lfy
CTd+1+ +asT?,2" CTd+1+ +axT?.d" (19)

Since 0 < J —1 < g — 1, the term

_Ta-1 E : —
T CTd+1+ HaxT?,2° CTd+1+ HaxT?,d 0
az,...,aq€Fg

(cf. Proposition 2.2). Hence
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}: a1 -1 ..
T+l 4a T4 +a1T,0 " T+l 4a T+ 4a1T,1

ai,...,ad€Fq

— Z TqQ*1 (CT7OCP2,1 + CTJC?JQ,O)q

az,...,ad€Fq

—1

J—1
'CTd+1

+agTa4-+a1T,d

q—1 J—1
CT¢+1+ +asT?,2" CTd+1+ +axT?.d (20)
Repeating this argument we obtain that
qg—1 qg—1 J—1
Z CTd+1+ade+---+a1T,OCTd+1+ade+---+a1T,1 CTd+1+ade+ +a1T,d
ai,...,aq€Fy
)d-1 a1 J-1
:( T Z (ZCTd 1kCP d—1— k) CTCHU,-aded
adEIF
J-1
)d-1 a1
s 5 (S (Semick)
aq€ly
d d d k d d
dmg?—1 ' dg?—1n(J—1 dmJgl—1
= (71) T (Tq ZCTd1kC?Dd+l7d_k> = (71) T4 T( )a = (71) T4 .
k=0

Let now a € Fy; if P(T) € F,[T], then

Cp(1+a),i = Cpr),i(T + a).

It follows that

> OLt - Ch L Ot = (1)U + a)’" 1,

PEA(d+1)+, (T+a)\P

forany a € Fy. O

Corollary 3.1. Letd > 1, 1< J<q—1. Leth=3_,-, a;t’

. Then

a J
ag-1)gi1 = (=) TT =T)" +¢,

where e = =1 if J = q—1, and € = 0 otherwise.

Proof. From Egs. (9), (10) and Theorem 3.1, we conclude that

d d_
aJ(q_l)qd+1 = +7 Z (T + )Jq 1 =
ackF,

(1) D (T a)’e ot

aclF,
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Now, by Lemma 3.1,

ST+t t =3 (1 4 a) (THa) =~ (T7° - T),

a€F, a€lF,

where e = —-1if J=¢gq—1,ande=0if J<qg—1. O
4. Coefficients of A and Egi_

Let us consider the discriminant A and the Eisenstein series E,_; of weight ¢ -1,
I > 1. The functions A and E,_; are modular forms of type 0 for GL(2, A), so they
admit expansions in the parameter s = t7~!; nevertheless, we will use their t-expansions
since the action of Hecke operators is given with respect to t-expansions. These modular
forms satisfy the following property. Let f = Zz>0 ;if f = A, then b; # 0 =
i = 0,¢ — 1 mod g(q — 1) (cf. [3, Proposition 6.10, p. ()84}), and if f = F_,_q, then
b #0 = i=0,¢"1(¢g—1),¢"2(¢>—1),...,¢" — 1 mod ¢'(q — 1) (cf. [2, Proposition 1,
p. 111]).

As we indicated previously, another property of these modular forms is that the coeffi-
cients of the expansions of 7!~ @’ A and 719 E,i_; are elements of F(T"). The goal of this
section is to determine the coefficient b(,_1)(sqa+141) of the t-expansion of 7_1'1_‘12A, and
the coefficient c¢(q_1jqa+144 -1 of the t-expansion of Fi=d E,_q, where 1 < J <q—1,
d > 1. The first step is to extend the formula of Eq. (8) to A and to the Eisenstein series
Egu_q.

Remark 4.1. We will use the following result (Lucas’ formula) in the proofs of Lemmas 4.1
and 4.3. Let p be a prime, let ¢ = p" and m = > 7 miq’, n=;_yniq", 0 < my,n; <

g — 1. Then
( ) ( z) ?
n ZIIO

Lemma 4.1. Let a € A, dega = d, | > 1, andi+1 = ¢ — 1 mod ¢'(¢ — 1). If the
XF_coefficient of the Goss polynomial Gii1.4(X) is nonzero for some k < ¢' — 1 such
that k2 0mod q, theni+1=¢" —1 and k= ¢ — 1.

Proof. We have from Eq. (7) that
7,+1 a Z e Z ( ) nX]+1v
Jj<t

where n = (ng,ni,...,nq) runs over the set of (d + 1)-tuples satisfying ng +ny +--- +
ng=jand ng +niq+ - +ngq? =



D. Baca, B. Lépez / Journal of Number Theory 141 (2014) 18-35 25

From the assumption on the polynomial Gjit1,4(X), there exists a (d + 1)-tuple
(no,n1,...,ng) such that 1 +ng+ny+---+ng=k=j+1, k< ¢ —1, k#0mod q,
no+mnig+---+nqgq® =1, and (ZL) # 0. We divide 1 +ng +n1q+ - +nqq? by ¢'(¢— 1)
(considering ¢ as an indeterminz;te). The remainder of this division is

(ng+ - 4+mn)¢d" +ni_1¢" 4+ +no + 1.
Since i + 1 = ¢! — 1 mod ¢'(¢ — 1), it follows that
ni—1g" 4 -+ n1g+no + 2 =0 mod ¢.
Hence
nsg® +---+nog+2=0mod ¢°t, s=0,1,...,1—1. (21)

We now have that

<j> _ (no+m +---+na)!

n nolni! - ng!
_<”0+"'+”d>_<”1+"‘+”d)...("d—1+"d) (22)
o ni Ndg—1 '

Let ng = Zi;% nerq", s =0,1,...,d, 0 < ng,r < ¢g— 1. Since (fl) # 0, applying Lucas’
formula to Eq. (22), we conclude that

nor+niy+-+ng,<qg—1, r=0,1,...,1 -1 (23)

From Egs. (21) and (23), we deduce (using induction) that
no,o0 =¢q — 2,
Ngo+MNs—1,1+ - +Mngs+1=gq, s=1,...,1—1.
By Lemma 4.2, g po + 11,0+ * - FNi—1—rg,re = ¢— 2 for exactly one rog € {0,1,...,1—1},

and ng, +n1 4+ +nj—1—p, = q—1 for r # ro. Now, since k = 1+ng+n1+---+ng <
¢' — 1, we get that

k=1+ng+nm+ +na=1+(g—2)q°+ > (¢—1)q" =4 —q".
r#rQ

The condition k # 0 mod ¢ implies o = 0; by Lemma 4.2, ng =¢' —2. O
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Lemma 4.2. Let k € N. Let {ns,: s,r € {0,1,....k}, s+r < k} be a set of natural
numbers. Assume that no, +nip+ -+ np—p, <qg—1forr=0,1,...,k, and

ng,0 = q — 2,

Ngo+nNs—11+--+ns+1=q, s=1,...,k

Then ng ry +N1,r + -+ Nk—rg.ro = ¢ — 2 for ezxactly one rg € {0,1,...,k}, and ng, +
Ny + -+ Ng—py, = q—1 for r # ro. Furthermore, if ro = 0, then ng, = g — 1 for
r=1,2,...,k.

Proof. Induction on k. O

Proposition 4.1. Let P € A be a monic polynomial of degree d.
(a) Let ®~TA = Zpobti be the expansion of the discriminant function. The

=1 _coefficient of Tp(T1=9" A) is

2
q — 2 n — 2_
Z ( n )C(‘P)b1+n0+n1q+.u+ndqd — pa—2 § QT+,

n=(no,n1,...,nq) Q€A+, Q|P

no+ni+-+ng=q*—2

where 1 +ng +mn1q+ -+ +nqq? = q— 1 mod q(q — 1).
(b) Let Fl-d Eg_1 = Y isocit’ be the expansion of the Eisenstein series. The

I+1

t2 " ~_coefficient of Tp(ﬁlfqlqu_l) is

ql-‘rl ) N Ly
Z ( n )C(P)Cl+no+n1q+~--+ndqd - P1 Z Qv

n=(ng,n1,..-,nd) Q€A1+, QP
no+nit+-tng=q'+1-2

where1+n0+n1q+~-~+ndqd5ql—1m0dql(q—1)-

Proof. (a) We make f = 7!~ ¢ A in Eq. (5); then

Tp(@~TA) =P 23" N 6V TBGg(0tpys). (24)

i>0 S€Ay, 8|P

Now to = t(az) = t9°°"/fo(t), fa(X) = Cu(X~1); so t4°*" divides ta. Therefore,
in order to obtain the coefficient of #9°~1 in the expansion of T p (71 7 A), we only
have to consider in Eq. (24) the polynomials § such that deg(P/d) < 1. Furthermore,
bi#0 = i=0,g—1mod ¢q(¢—1);if i = 0mod ¢(q¢ — 1), then G, 5(X) is a ¢-th power
of some polynomial (cf. Proposition 3.4 of [3, p. 675]); hence, if i = 0 mod g(q — 1),
then the ¢7°~!-coefficient of Gi,s5(6tpss) is zero. Thus, we only consider the case i =
g — 1 mod q(qg—1).
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Let deg(P/é) = 0; then 6 = P. The sum corresponding to P in Eq. (24) is

P71 " biGs p(PY).

i>0

The coefficient of t2°~1 in this expansion is

2
q- =2 n
E ( " )C(P)b1+n0+nlq+”'+ndqd

n=(no,n1,...,nd)
no+nit-+ng=q*—2

(cf. Eq. (7)); by the previous argument, the coefficients b; that occur in the sum satisfy
i=q—1modq(qg—1).
Let now deg(P/d) = 1. The sum corresponding to ¢ in Eq. (24) is

(P/6)T723 " 670,G5(0t pys). (25)

i>0

Let i = ¢ — 1 mod g(q — 1); the £’ ~L-coefficient of Gi,5(6tpss) is nonzero only if the
XF-coefficient of the Goss polynomial G;s(X) is nonzero for some k < ¢ — 1. By
Lemma 4.1, i = ¢ — 1. Thus, we just determine the t7°1_coefficient of

(P/6)% =260y 1Gg-1,5(8tps5) = —(P/0)T ~26 (8t pys) .

We have that

s = T prgET = 1 DL (P,

n>=0

Then the t4°~!-coefficient of (tpss)?'is P/6. Therefore the 7 ~L_coefficient of the ex-
pansion of Eq. (25) is —(P/6§)?" ~1§1-2.
(b) We have that

Tp (fl_qlEqL,l) = qu_z Z Z (51_‘1[01‘02"5((51513/5). (26)
i>0 €A, s|P

The expansion ﬁl_qlqu,l = Z@o c;t! satisfies that ¢; # 0 = i = 0,¢"7 (¢ — 1),
¢ 2(¢> - 1),...,¢" — 1 mod ¢!(¢ — 1); as in part (a), due to the property of Goss poly-
nomials, in order to obtain the coefficient of 7 =1 in the expansion of Tp (7?1_‘1[ Eg_1),
we only have to consider in Eq. (26) the case i = ¢' — 1 mod ¢'(q¢ — 1). Let & be such
that deg(P/d) > 1; if the term 4" =1 occurs in t’fg/é, then k < ¢! — 1 and k # 0 mod q.
By Lemma 4.1, only the terms corresponding to deg(P/J) < 1 contribute to the term
4" =1 of the expansion of Tp(ﬁl_qlqu,l) (Eq. (26)).
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Now the proof for E;_; is similar to that of part (a). We just indicate that the
coefficient ¢,y has to be determined for the case deg(P/d) = 1. This coefficient is —1;
this follows from the formula

77_17(11qu_1 _ (_1)l+1Ll—1 _ (Z(_l)lLl_l Z tgqu',)’

i<l acA

—1

where Ly =1and L; = (T9 —T)(T9 ' —T)---(T9 —T) (cf. [2, BEq. (6), p. 111]). O

Corollary 4.1. Let i = (ig,%1,---,%4), 9 = 0, and let Sqy1(i0,%1,--.,44) be as in Nota-
tion 2.1.
(a) The t°~1-coefficient of ZPeA(d+1)+ C(P)iTp(F1TA) is

2
Z -2 . ,
( n Sd+1(n0 +10,...,Nq + Zd)b1+no+n1q+~~-+nd+1qd+1

n=(no,n1,...,Nd41)
not+ni+-+ng41=9q>—2

q—2+1io i i 2—g+1
S aanecn( Y et

PeAay1y+ Q€A+, QP

where 1 + nol—&— niq+- +ngr1¢¢tt = q— 1 mod q(q — 1)'1
1 .
(b) The t1"" ~L-coefficient of ZP6A<d+1)+ C(P)Tp(m'" 1" Eyu_,y) is

+1 _ 2
q . .
E ( n >Sd+1(”0 405+ -+ Nd + 1) Clpngfnigttngsgdtt

n=(n0,11,-.-,7d+1)
n0+n1+-'~+nd+1:ql+172

- ¥ oﬁo—“ioc};l-.-cgd( > Q),

PEA(at1)+ Q€A1+, Q|P
d+1 — 1 l
where 1 +ng +n1q+ -+ - + ngy1q =¢ —1modq'(¢—1).

Lemma 4.3. (a) Letl > 1, and i +1 = ¢ — 1 mod ¢'(¢g — 1). Let d > 1; we consider a
(d 4+ 2)-tuple n = (ng,n1,...,nq+1) satisfying n, >0 for k=0,1,...,d+ 1, nog+mny +
ot ngy = ¢ =2, ng+ g+ -+ ngyigtt

<ql+1n_ 2) 40,

Then ng +2 = 0mod ¢!, and ny, = 0mod ¢ fork=1,2,...,d+ 1.
(b) Let 1 < J < q—1. Then

=1, and

(ql+1 _ 2)]

CEPCIrER IS A
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Proof. (a) This can be done using the arguments of the proof of Lemma 5 of [2, p. 114];
nevertheless, since the claims of this reference are slightly different from our claim, we
briefly indicate the proof.

As in Lemma 4.1, we get the congruences

nsq® +ns1¢° P+ -4+ ng+2=0mod ¢°"!, s=0,1,...,1—1. (27)

Let v, be the p-adic valuation on Q (here p = char(F,)); then either ng = ¢ — 2 or
vp(gtt —2—ng) = vy(no+2). i ng = ¢"*1 =2, then ny, = 0 for k = 1,2,...,d+1. Assume
now that v, (¢! 1 —2—ng) = v,(ng+2); since (‘IH;_Q) # 0, it follows that (qu;j_"") #0
for each k = 1,2,...,d+1. By Lucas’ formula v,(ng) = v,(¢' ™ —2—ng) = v,(ng+2) for
k=1,2,...,d+ 1; we obtain from the congruences of Eq. (27) that v,(ng +2) > v,(q"),
and so v, (ng) = v,(q') for k=1,2,...,d+ 1.

(b) We write

(g+! — 2)! FL =2\ [ gt — ¢
= . 28
a7 = (a2 ) (o) 2%)
I+1_ s _
By Lucas’ formula, (q _22) 1, and ( L ;qu) = (q J) By Remark 2.1, (3—}1) =

(-7 = (<)’ D

Theorem 4.1. Let 1 < J<qg—1,d>1
(a) Letig = q(q—1)=(¢=2), ix = q(q—1) for L Sk < d—1, 14 = q(¢—1) —qlg—J).
Then the t7 ~!-coefficient of ZPEA(d+1)+ C(P)Tp(m T A) is

2
(—1)d+7 Blg—1)(Jgd+141) — Z C«q(q I)Cq(q 1) C«Q(J 1)( Z Q1 q+1>.
PGA(d+1)+ Q€A1+, QP

(b) Letiolfl ¢ (qg—1)—(q'=2), ir, = ¢'(q—1) for2 < k < d—1,iq = ¢'(¢—1)—¢' (¢—J).

Then the t9 " ~-coefficient of ZP€A<d+1>+ C(P) Tp( 1-¢' Ep_q) is
e, L, Loy
(_1)d+JC(q71)Jqd+l+qlfl - Z CV?:’,(()q 1)0;19,(1(1 RS CIQD,SJJ Y < Z Q) :
PeAwi1y+ QEA L, QIP

Proof. (a) We prove in the formula of Corollary 4.1 (a) that, if ng+ni+- - -4+ngy1 = ¢>—2,
1+ng+nig+--+ngr1q¢t =q¢—1mod g(qg — 1) and

T_L# (q_2707--'70aQ(q_‘])7q(‘]_1))7

then

¢ —2
( n )Sd+1(no+io,...,nd+id) =0.
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By Lemma 4.3 (a), no +2 = 0 mod ¢ and ny, = 0mod ¢, for k =1,2,...,d+ 1. Let

ng=mq—2,1<m<qIfm=gq,thenng=¢>—2and n; =ny = --- = ngy1; = 0.
Hence
Sari(no+io,...,na+ig)= Y. CHaPoy V.o Dog) Y
PeA+1)+
q
R p———
PeAw+n+

Since 0 < J—-1<qg—2,

2q—2 ~q—1 q—1 J—1 __
E , Cro Chyr " Cha1Cpy =0
PeAt1)+

(cf. Proposition 2.2).
Assume now that ng = mqg—2,1 < m < ¢g— 1. Let np = gmy, 1 < k < d; then
my + -+ mg < g —m. We have that

Sav1(no +io, ..., ng +iq)
_ q(g—2+m) ~q(g—1+m1) q(g—1+ma—1) ~q(J—1+ma)
- Z CP,O CP,l "'CP,dfl CP,d
PeAt1)+

2+ 1+ 1+ J—1+ a

_ q— m ~q— mi q— mgq—1 — mq .

- < Z CP,O CP,l "'CP7d—1 CP7d ) ’

PeA@+n+
if m > 1, then Sg41(ng + ig,...,n4 + ig) = 0. Assume now that ng = ¢ — 2; then

mi+--+mg < g—1.If my > 1 forsome 1 < k < d—1, then Sgy1(no+io, ..., ng+iq) = 0.
In summary, the only case for which

¢ =2
( n )Sd+1(no+i0,...,nd—|—id)

may be nonzero isng =q—2,n;, =0, 1 < k<d—1,ng=q(qg—J), ngr1 = q¢(J —1); in
this case Sgt1(no + o, ... ,na +i4) = (—1)?*1. Now, by Lemma 4.3 (b),

(q2*2)! _ (_I)Jfl
(¢ —2)(qlqg — J)(q(J — 1))! '

(b) Similar to part (a): using Lemma 4.3, it is proven in the formula of Corollary 4.1 (b)
that

ql+1_2
( n >5d+1(n0+i0,~~,nd+id)7éo
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only forng =¢ —2,n, =0, 1 <k <d—1,ng=q(q—J), ngr1 = ¢"(J — 1), and in
+1
this case (7 +n_2)Sd+1(no +ig,...,ng+ig) = (=1 O

Corollary 4.2. Let 1 < J<q—1,d > 1.
(a) We have that

_ _ _ 2
banygiian = (1) S e Doaah L ol 1>< L q+1).
PeAyn+ QEALL, Q|P
(b) We have that
1 _ l _ 1 _
=0 Y ol oy (% )
PeA(tn+ QEA1L, QP

Proof. (a) A is an eigenfunction for all the Hecke operators Tp and the corresponding
eigenvalues are P92 (see Eq. (5)). Let i be as in Theorem 4.1, i.e., ig = ¢(¢—1) — (¢—2),
ir=q(g—1) for1 <k<d—1,iq=q(qg—1)—q(q—J); it follows that the #4°—1_coefficient
of ZPGA(d+1)+ C(P)TpA is

bpr Y. PTPC(P)=bp_y Y 0%587”0?4?’1) : -~C§iff”-
PeAt1+ PeA@t1)+

Since J < ¢—1, we conclude that ZPeA(d+1)+ C%fg—l)cgstll—l) .. Cg}(’i—l) = 0 (cf. Propo-
sition 2.2). The corollary now follows from Theorem 4.1, since

-1 -1 J—1 2_
O = Y VoY )
PGA(d+1)+ Q€A1+, Q|P

is also the 4" ~1-coefficient of ZPeA<d+1)+ C(P)'TpA.
(b) Similar to part (a). O

We can already obtain the coefficients bq_1)(jqa+141) and c(g_1)sqa+iyq—1. We first
determine b(qil)(Jqd#»lJrl).

Lemma 4.4. Let P,Q € A, 1< J<q—1, and € =0,1. Then
J—1+¢€ J q 9

€ P J q72: _ - Pr J—14¢ —r

aez]Fa (P+a)(Q+a) € ;} (r)(J—l+6’—T> Q ;

where e = —1if J=q—1ande =1, ande=0if J<q—1 ore =0.
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Proof. The lemma follows from the fact that Zae]Fq a® = —1if k(> 0) is a multiple of
g—1,and Zaqu a® = 0 otherwise (cf. Lemma 3.1). O

Theorem 4.2. Letd > 1,1 < J < q—1. Let Fl-*A = Z@o b;it*. Then

d+1

blg-1y g1y = ()T =) T IT = (S )T+ TT) 4,
where e = —1 if J = q— 1, and e = 0 otherwise.

Proof. We first observe that

2_
b vgran = (D) S CRETIORTY - CND( >, q+1>

P€A<d+1)+ QEA1+,Q‘P

2 — — —
SRS DAl (RND DG S RE )

QEA 4 PEA(441)+, QP

) . B ¢
= (—1)d+'] Z Q1 —att Z O?D,olc?),ll : "O}{,d1> :

QEALy PeAt1)+, QIP

Now it follows from Theorem 3.1 that

q
2_ _ — _
Doty (rgiian) = (1) S Qe Y onient "C}i,d1>
QEAL4 PeAgy1)+, QP
_ (_1)d+J Z (T—|— a)q27q+1((_1)d(T_|_ a)Jqd,1)q
ackF,
) ot
acF,
= (-1)7 Y (1" +a) (T +a) (T + ).
acF,

Let us calculate this last sum. From Lemma 4.4 we deduce that

-7 S (@ 4 a) (T + )" (T + a)
a€lF,

J+1 Z < ) < -2 >Trqd+1T(J—1—r)q+1
—1-r
1)/ Z (‘]) < >T“1 U4 (—1)7,
r
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where e = —1 if J = ¢ — 1, and € = 0 otherwise. From the identity

("77) = e+,

r

where 0 < 7 < g — 1, we derive that

D JZ_l (J) ( e )T rgtp(J—1-r)a+1
—\r J—-1—-r
1)J+1 Jz:_l(_l)J—1—rJ<J - 1) (I =1=r)g+1prgt*?
r=0 r

From the identities

(=09
= + s
T r r—1
we derive that

1)J+12J: J q_2 TrqurlT(Jfr)q

—\r J—r
_ J+1Z 7“+1) J TT.qurlT(J—r)q
T
J J—-1 d+1 J J dt1

— (—1)/*! 1 - Tra’ T(Jfr)q 1 Tra’ T(Jf'r)q
<><;<>JT DIC

-1
_ J+2Z )1 (J + )(JT )Trqd“T(J—r)q

— —1
D I (J " )T““)qd“Tw—l—ﬂq.

In summary,

J—-1
(I =1 : :
b(q—l)(Jqd+1+1) — €= (—1)‘]+1 Z(_1>J—1—7J< . )T(J—1—7)q+1T7qd+1

J+QZ )17 ']+1)<J7~ 1>Trqd'+1T(Jr)q

— —1
1)J+1 Z(_l)J—l—r (J . )T(T-&-l)qd“T(J—l—T)lI7
=0
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where e = —1 if J = ¢ — 1, and € = 0 otherwise. We finally observe that

+1

()71 =) TN IT = (T + )T+ T
equals the right-hand side of Eq. (29). O

Let us conclude this work with the coefficient c(q_1)sqa+i4q—1-

Theorem 4.3. Let d > 1,1 < J < q—1. Let ﬁlfqlqu_l = Zizo citt. Then

(74" — T)74' (T - T)
Clg-1)Tqi+4qi-1 = (=1)7 (T9 — T)7 te

where e = —1 if J = q—1, and ¢ = 0 otherwise.

Proof. From Corollary 4.2 (b) and Theorem 3.1, we obtain that

Lg—1 Yg—1 HJ-1
Clg—1)Jqd+l4ql—1 = (*1)d+‘] Z C?D,E)q )C?J,gq : "'C;]%t(i )< Z Q)
PEA(d+1>+ QEAL,, Q‘P

l

q
=D el ) 0%,010?»,f~-0%)

QeAry PEAd11)+, QIP

_ (_1)d+J Z (T—l— a)((—l)d(T—i—a)Jqd*l)ql

a€clF,

1 S
a€F,

We write

(_1)J Z (T + a)Jqd+l_ql+1
a€lF,

d q*
1 Jgt—gl 41 i ¢ 1T +a
(-1)/T + (—1) %X((T + a) TTa (T +a). (30)
aclky

Now, similarly to the proof of Theorem 4.2, we get the coefficient c¢(y_1)jqatijq—1. O

Remark 4.2. Corolary 7 of [2, p. 115] gives the expression of the coefficient c(,_1)ga+i4q1—1
up to a factor Py(T) of degree ¢' —¢q. In Theorem 4.3 this polynomial P;(T) is determined

l
T4 —T
to be = .
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