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Abstract: Recent work has shown that the f-index of inclusion can serve as a foundation
for modeling Generalized Modus Ponens. In this paper, we develop a novel fuzzy inference
system based on this inference rule. To establish its soundness, we connect it to a Fuzzy
Description Logic LU enriched with fuzzy modifiers (also known as fuzzy hedges). This
logic background provides to the approach a strength absent in most fuzzy inference
systems in the literature, which allows us to formally prove a series of results that culminate
in a final correctness theorem for the proposed fuzzy inference system. This paper also
presents a running example aimed at showing the potential applicability of the proposal.
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1. Introduction

Fuzzy inference rules have long served as a cornerstone in fuzzy set theory, bridging
theoretical concepts with practical applications. There are two main kinds of fuzzy inference
systems (FISs) according to how the inference is performed. The first group is formed by
the so-called relational fuzzy inference systems and includes the well-known compositional
rule of inference, which performs an inference by means of a fuzzy relation and a couple of
fuzzy operators, standardly, a fuzzy conjunction and a fuzzy implication. In this group, the
most prominent approach is the one of Mamdani [1], but we can find in the literature more
general approaches [2-4]. On the other hand, the second group of approaches is formed
by those whose rules provide crisp values which are combined by means of aggregator
operators in order to obtain a final inference. In this latter group, the most prominent
approaches are those of Takagi-Sugeno [5] and Tsukamoto’s FIS [6], although some other
recent FISs in this family can be found as well, such as those based on F-transforms [7], those
considering probability distributions as consequents [8], or those considering nonlinear
systems as consequents [9].

While their utility is undeniable (e.g., there are recent approaches dealing with Multicrite-
ria Decision-Making [10,11] or medical diagnosis [12]), a critical flag remains from a theoretical
point of view. Rigorously speaking, most of the FISs in the literature are not developed on the
basis of a formal fuzzy logic system. In other words, although those FISs rely on fuzzy logic
operators, they lack the formal syntax and semantics necessary for a rigorous definition of the
notion of consequence. This absence impedes the ability to formally define syllogisms and to
prove the correctness of those inference processes. As a result, the literature on FISs focuses
mainly on appropriateness rather than on logical correctness. Here are some illustrative exam-
ples: in [8], the appropriateness of fuzzy-probabilistic inference systems is measured according
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to empirical experimentation with ad hoc data and real data; in [7], the appropriateness of
dependency rules is rephrased in terms of results that prove the representation of functions
via F-transforms; in [3], the appropriateness of relational fuzzy inference rules is reduced to
the satisfiability of fuzzy relational equations; and in [9], the appropriateness of a switching
Takagi-Sugeno FIS is identified with results on stability.

Most FISs are based on approximate reasoning and the so-called Generalized Modus
Ponens (GMP). GMP is a conceptual inference that extends the Modus Ponens syllogism as
follows: given X — Y and something similar to X (denoted by X’), we can infer something
similar to Y (denoted by Y’). This inference rule is usually depicted as

X—=Y
X' 1)
Y/

Taking this as the reference point, we present in this paper a novel FIS that makes use
of a GMP recently defined by means of the f-inclusion [13] between fuzzy sets [14].

Remarkably, both components needed in the definition of the GMP can be modeled by
f-inclusion. This is due to a dual interpretability of this operator. On the one hand, in [15],
we proved that f-inclusion can be linked to an optimal choice of an implication operator in
order to perform a Modus Ponens. Consequently, this operator can be interpreted as the
truth degree of an If-Then rule. On the other hand, f-inclusion was originally designed to
represent inclusion, but then, it was also appropriated to represent similarity between two
fuzzy sets [16].

The proposed FIS is defined as a formal logic system by means of a syntactic construc-
tion of rules and a semantics, i.e., models. The semantics is based on Fuzzy Description
Logic [17], a family of formal logics that represents knowledge and reasons with it by
using as central element the notion of inclusion between fuzzy sets. This link with Fuzzy
Description Logic allows us to prove that the GMP used in our FIS is a correct inference
rule; in other words, our FIS performs correct inferences even if the input (a fuzzy set) does
not coincide with the antecedents of rules.

It is worth mentioning here the two main differences of our approach with respect to
the compositional rule of inference.

¢ The compositional rule of inference requires a fuzzy relation to link the universes of X
and Y and to compute the output. In our approach, the connection between universes
is left to interpretations and models. This simplifies the computation of the output in
our FIS.

¢  The compositional rule of inference requires to fix a pair of operators in advance, in
general, an implication operator and a conjunction operator. However, we do not
need to fix operators in advance; the inference is performed directly by a mapping
that represents the inclusion between fuzzy sets.

These two facts make our approach simpler and more interpretable than the
traditional FISs.

It is also worth mentioning here two approaches that deal with providing a formal
logical sustain to FIS. The first is [18], which shows that most of the deduction procedures
appearing in FISs can be axiomatized in Rational Pavelka Predicate Logic. The other
is [4], where the author presents an FIS based on a formal fuzzy logic system with its
respective syntax and semantics. The main difference between those approaches and the
FIS based on f-inclusions is that the logic theory supporting the latter is Description Logic,
which is a much more application-oriented logic theory than Rational Pavelka Predicate
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Logic [19] (used in [18]) and the MTLF, [20] (used in [4]). This fact makes our approach
more application-oriented than [4].

This paper is structured as follows: In Section 2, we present some preliminary notions
that are used throughout the paper. Subsequently, in Section 3, we introduce the Description
Logic LUFy, which allows us to consider intersection, union, and concept modifiers (or
fuzzy hedges) in the syntax. The semantics provided for modifiers in our approach differs
slightly from the one presented in [21], since here, we require them to be part of an adjoint
pair. This modification allows us to define a correct GMP in LUy through the adjunction
property. Section 4 contains the main content of the paper, the FIS based on the notion of
f-inclusion. Such a section describes the syntax and semantics of knowledge databases,
allowing us to formally define the concept of consequence. In this section, we also present
a link between models of knowledge databases and those of the Description Logic LU,
allowing us to use any inference of LUy on our knowledge databases. Throughout this
section, we provide an illustrative example that shows the semantics and the performance
of our FIS. Finally, in Section 6, we present some conclusions and future works.

2. Preliminaries

Let us begin by recalling the notion of fuzzy set.

Definition 1. A fuzzy set is a pair A = (U, up) where U is a non-empty set (called universe)
and p 4 a mapping from U to [0, 1] (called membership function).

The set of fuzzy sets defined on the universe U is denoted by F (U ). Moreover, since
the universe is in general pre-fixed by the context, for the sake of clarity, we refer to a fuzzy
set (U, it 4) directly by its membership function, i.e., A(u) = pa(u).

Let us recall that a fuzzy partition of a universe U is a set P = { A1, Ay, ..., An} of fuzzy
sets on U satisfying the covering property, i.e., for all u € U, there exists a fuzzy set A; € P
such that A;(u) > 0. In this paper, we also use the notions of the core and support of a
fuzzy set.

Definition 2. Given A € F(U), the support of A is defined as
supp(A) ={u €U | pa(u) >0}
and the core of A is defined as
core(A) ={u el |pua(u)=1}.

Zadeh identified the ordering between fuzzy sets with the ordering of their membership
functions, i.e., A < Bif and only if p4 (1) < pp(u) for all u € U. Because this relation is quite
restrictive and rigid, many authors have focused on generalizing the ordering between fuzzy
sets with a graduated structure. In this paper, we focus on the f-index of inclusion, which is a
novel notion that identify the ordering between fuzzy sets via a mapping from [0, 1] to [0, 1].
Not any mapping from [0, 1] to [0, 1] is appropriate to represent such an inclusion, so the first
step is to fix the set of possible functions used as indexes.

Definition 3. The set of indexes of inclusion, denoted by (), consists of all the deflationary and
monotonically increasing mappings, that is, any mapping f: [0,1] — [0, 1] such that

e f(x) <xforallx €0,1];

e x <yimplies f(x) < f(y) forall x,y € [0,1].



Mathematics 2025, 13, 1897

4 of 36

The indexes of inclusion are assigned by means of the notion of f-inclusion recalled below.

Definition 4. Let A and B be two fuzzy sets and consider f € Q). We say that A is f-included in
B, denoted by A C¢ B, if and only if the inequality f(A(u)) < B(u) holds for all u € U.

Here, it is convenient to note that each mapping f € Q) determines a different restric-
tion by means of f-inclusion; in other words, given a fuzzy set A, the greater f € (), the
stronger the restriction imposed on the fuzzy set B by the f-inclusion. The reader is referred
to [13,16] for more details about that assertion. Finally, the f-index of inclusion between
two fuzzy sets is determined by choosing an index in () that represents the criterion given
by the f-inclusion. Instead of presenting the original one [13], we consider here a recent
generalization [22,23], which allows us to consider subsets of () to determine such a choice.

Definition 5. Let A and B be two fuzzy sets and © be a join-subsemilattice of (3, i.e., ® is closed
under arbitrary suprema and contains 0 and id. Then, the f-index of inclusion restricted to ©®,
denoted by Incg (A, B), is defined as

Ince(A,B) =sup{f € ©® | A Cf B}.

If ® = ), we write directly Inc(A, B) to denote the f-index of inclusion. In [22], the
properties of the f-index of inclusion were studied according to the axiomatic properties
required by the standard approaches of inclusion between fuzzy sets [24,25]. We refer the
reader to [16] for a detailed explanation on how to compute the f-index of inclusion.

Theorem 1. Let A, B, and C be three fuzzy sets and let @ C Q) be a join-subsemilattice of Q) with

0,id € O; then,

1.  Incg(A,B) <Inc(A,B);

2. Ince(A,B) =idifand only if A(u) < B(u) forallu € U;

3. Ince(A,B) = 0ifand only if, for each f € © with f # 0, there exists an element u € U
such that f(A(u)) > B(u);

4. Inc(A,B) = 0 if and only if there exists a set {u;}icz C U such that A(u;) = 1 and
il‘lfl'ez B(ui) =0

5. If©is closed under composition (i.e., for all f, g € ®, we have f o g € ©), then Incg(B,C) o

Incg (A, B) < Incg(A,C);

If B(u) < C(u) for every u € U, then Ince(C, A) < Ince(B, A);

If B(u) < C(u) for every u € U, then Incg (A, B) < Incg(A,C);

Let T: U — U be a bijective mapping on U; then, Incg(A, B) = Ince(T(A), T(B));

Incg(A,BNC) > inf{Incg(A,B), Ince(A,C)};

10. Ince(AUB,C) > inf{Incg(A,C),Ince(B,C)}.

© % N

Among all the join-semilattices of (), the following one, denoted by ¢, is remarkable,
and it is used throughout the paper.

Definition 6. The set & contains all the mappings in f € Q) satisfying that there exists g: [0,1] —
[0,1] such that (f,g) is an adjoint pair.

Let us recall that an adjoint pair (f, g) in [0, 1] is a pair of functions f,g: [0,1] — [0, 1]
such that

fx)<y <= x<g)

for all x,y € [0,1]. This property (called adjointness) is used in this paper to define a
Generalized Modus Ponens that is used as the inference engine of our fuzzy inference
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system. It is worth recalling here a well-known result about adjoint pairs [26]. With a fixed
mapping f: [0,1] — [0, 1], there exists a mapping g: [0,1] — [0,1] such that (f, g) forms
an adjoint pair if and only if f is left continuous. Moreover, in this case, the mapping g is
unique and right continuous.

3. The Description Logic with Concept Modifiers LUy

In this section, we provide the syntax and semantics of the Description Logic LUy
that adds to the standard syntax of LU/ fuzzy modifiers (or fuzzy hedges). Thanks to these
modifiers, which are interpreted as mappings in ¢ (Definition 6), we can define a correct
Generalized Modus Ponens (GMP) in LUy . Later, in Section 4, we use this Description
Logic as the reference to define our inference engine.

3.1. Syntax of LUry

The formal language of LUy consists of a set of alphabets of symbols, for individuals,
concepts, modifiers, and membership degrees.

e The set of individuals is represented by lowercase letters 4, b, c, . . .. In general, they are
denoted by a;.

*  The set of primitive concepts, identified by uppercase letters A, B, ... (A; in general),
denote properties satisfied by individuals. Here, we also include two particular
concepts, the top (T) and bottom (L) concepts.

*  The set of truth-depressing modifiers is denoted by the symbol m;.

¢ The set of membership degrees is represented through Greek letters a, 3, ... (in general, a;).

On the other hand, this syntax also includes the connectives M, U, C, o, and —.
Specifically, given a truth-depressing modifier m, we can construct a new modifier called
truth-stressing modifier as follows:

m | (truth-stressing modifier)

Note that by construction, the operator — cannot be applied twice to one modifier,
since it is applied directly on truth-depressing modifiers, which are atomic elements in the
alphabet. Moreover, given two (truth-stressing or truth-depressing) modifiers m; and my,
the following expression is a modifier as well:

myomy | (composition of modifiers)

Finally, given two concepts C and D and one modifier m, the following expressions
are concepts as well:

CMD| (conceptconjunction)
CUD| (concept disjunction)
"C | (modified concept)

The interpretation of the connectives I, LI, T, o, and — is left to the following section,
which is devoted to the semantics of LU rp. Moreover, the auxiliary symbols ( and ) are
also used in this syntax to define the following axioms.

Definition 7 ([17]). Given a concept C and an individual a, an assertion is an expression of type
C(a), where a is called instance of C. A fuzzy assertion is a pair (C(a), «), where C(a) is an
assertion and a € [0,1].
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A fuzzy assertion (C(a), a) is an expression that can be translated as “the membership
degree of a being an instance of C is at least a”. A finite set of fuzzy assertions is called an
A-Box, which is denoted by A.

Definition 8 ([17]). A concept specialization or terminological axiom is a relation between two
concepts C and D denoted by C C D.

A concept specialization C C D is interpreted as “C is more specific than D”. A finite
set of terminological axioms, denoted by T, is called a T-Box.

Definition 9. A set of axioms is an ordered pair (T, A) consisting of a T-Box and a A-Box.
Below, we present an example showing a T-Box and an A-Box contextualized on cars.

Example 1. Let us consider the following T-Box, denoted by T, aimed at describing the notions of a
sports car and a family car.

High HorsePower(x) M Fast(x) T SportsCar(x)
High HorsePower (x) M Small(x) M Light (x) = %Y Fast(x)
Big_Interior(x) M Big_Trunk(x) C FamilyCar(x)

Let us consider also the following A-box, A, with instances about one hypothetical car a

(HorsePower(a); 0.9)
(Small(a); 0.9)
(Light(a); 0.7)

In order to obtain the consequences from the T-Box and the assertions in the A-Box, we need to
define the semantics in LU pry, which is carried out in next section.

Table 1 presents a summary of the main symbols employed in this syntax along with
their respective interpretation.

Table 1. Summary of connectors and modifiers included in LU .

Symbol Label
T Top concept
4 Bottom concept
cnbD Concept conjunction
cub Concept disjunction
(C(a), ) Fuzzy assertion
CCD Concept specialization
m Truth-depressing modifier
m Truth-stressing modifier

3.2. Semantics of LUry

Definition 10 ([17]). A fuzzy interpretation (or simply an interpretation) T is a pair T = (A%, 1)
such that AT is a non-empty set called domain, and -* is an interpretation function mapping:

e Different individuals into different elements of A*;
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e Primitive concepts into membership degree functions AT — [0,1];
*  Truth-depressing modifiers into mappings in & (see Definition 6).

For convention, given an individual 4, a primitive concept C, and a modifier m, the
mappings given by a fuzzy interpretation Z are denoted by aZ, C* and m?, respectively.
Moreover, note that fuzzy interpretations can be extended to concepts constructed by
means of connectives and other symbols as follows:

THw) =1
1Tw) =0
(€ D)X (u) = min{C%(u), D¥(u)}
(CuD)*(u) = max{C%(u), D (u)}
("C)F (u) = m*(C*(u))

for all u € A, and to modifiers constructed by composition and — as follows:

(myomy)t = (m)* o (my)*
(7)) = the only mapping f such that (m?, f) is an adjoint pair.

Now that the notion of interpretation has been introduced, the reader is aware of the
reasons why we have called the atomic modifiers truth-depressing and those constructed by
— truth-stressing. In more detail, given an interpretation 7 and a truth-depressing modifier
m, mt isa mapping in (), so mL (0) < aforalla € [0,1]. On the other hand, by construction,
the modifier 77” satisfies 7~ («) > a for all « € [0,1]. The former kind of modifiers are
called truth-depressors in the literature, whereas the latter, truth-stressors [27].

Table 2 shows some examples of truth-depressing modifiers that appear in the
literature [28,29] along with their associated truth-stressing modifiers.

Table 2. Examples of truth-depressing modifiers and their associated truth-depressing modifiers.

TRUTH-DEPRESSING MODIFIERS TRUTH-STRESSING MODIFIERS
Label Analytl.cal Label Analytl.cal
Expression Expression
True m(n) = True ma) =«
Very true m(a) = a? Fairly true m(n) =
Extremely true m(a) = a® Slightly true m(a) = Ja
m(a) = . ma) =
At most n-true a ifa<n At most n-certain a ifa<n
{n ifao >n {1 ifa >n
. m(a) = . mia) =
n-strictly true 0 ifa<n n-uncertain n ifa<n
{n ifa >n {1 ifa >n
m(a) = . i(a) =
At least n-true 0 ifa<n At least n-uncertain n ifa<n
{a ifa >n {0( ifa>n

Definition 11. An interpretation T satisfies a fuzzy assertion (C(a), &) ifand only ifa < CZ(al).
Moreover, T is said to satisfy a concept specialization C T D if and only if C* (u) < D*(u) for all
u € A (ie., CT is lesser than or equal to DT in Zadeh's sense).
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Definition 12. An interpretation T is called a model of a set of axioms (T, A) if and only if T
satisfies each element of (T, A).

Definition 13. A set of axioms (T, A) entails a fuzzy assertion (C(a), a), written (T, A) =
(C(a), a), if and only if every model of (T, A) also satisfies (C(a), «). Similarly, we say that
(T, A) entails a concept specialization C T D, written (T,A) = C T D, if and only if every
model of (T, A) also satisfies C T D.

Example 2. Let us reconsider the T-Box T and the A-Box A described in Example 1. Let us consider
amodel T = (AL, T) of (T, A). Then, T satisfies:

0.9 < HorsePower (a%)
0.9 < Small® (a®)
0.7 < Light* (aT)

Consider the truth-depressing modifier 18", This modifier is interpreted by the model

as follows:
High? (a) = o?

for every a € [0,1]. Then, if we apply this modifier to the first assertion of the A-Box, we obtain
the new assertion (Mi8"HorsePower(a); 0.81). By definition 11 it can be proven that the fuzzy
assertions (“"YFast(a); 0.7) and (SportsCar(a); 0.7) are consequences of (T, A).

The literature on Description Logic contains plenty of algorithms to derive conse-
quences and concept specializations from a set of axioms (T, A). However, that is out of
the scope of this paper, and we refer the reader to [17,21] for more details.

3.3. Generalized Modus Ponens in LUy

The inclusion of modifiers in the syntax of LUy enables the formulation of new
inference rules that extend beyond the standard Description Logic £U{. The first result
shows a couple of tautologies in LU ry involving modifiers.

Proposition 1. Given a concept specialization C and a truth-depressing modifier m, we have that
e EM"CLCC
e ECLC™C

Proof. To prove the first item, we have to show that any interpretation Z = (A%, Z) is a
model of "C C C. By definition of an interpretation, m! € ¢, so mt(a) < aforalla € [0,1].
As aresult, m? (C(u)) < C(u) forallu € AL.

To prove the second item, let us consider an interpretation Z = (AZ,-7); we see that 7
is a model of C C ™C. By definition of an interpretation, 7 is the right part of an adjoint
pair (m%,m?) with m* € 4. Since m*(x) < a for all & € [0,1], we have by the adjoint
property that « < 7% (a) for all « € [0,1]. As a result, C(u) < 7t (u) forallu € AT. O

The second result shows that the modifier connective — can be used in inferences of
concept specializations.

Proposition 2. Given two concept specialization C and D and a truth-depressing modifier m, we
have that

e "mCLDECLC ™D.

e CLCL"™DE ™CLCD.
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Proof. Let us prove the first item. Let Z = (A%, -7) be a model of "C C D. Then, for all
u € AL, we have that
m* (C*(u)) < D*(u)

Since m% € ¢4, then (mZ it ) forms an adjoint pair, which implies that
C*(u) < m"(D*(u))
forallu € AT , and then 7 satisfies C C ™D. The other item is proved similarly. O

The following results present various versions of Generalized Modus Ponens (GMP)
within the LUy language. In this framework, the syllogism of GMP is comprised of
a concept specialization, which serves the role of implication, and the instance of the
antecedent is incorporated in the form of an assertion.

Theorem 2. Let (T, A) be a set of axioms composed of T = (C C D) and A = ("™C(a), ). Then,
(T,A) [= ("D(a), «).

Proof. Consider a model Z of (T, A). By definition, 7 satisfies
o a<mt(C%(a?)), where m’ € ¥;
e CL(u) < D*(u)forallu € AL.

Specifically, CZ(a?) < DZ*(a’). Since m’ € ¢ is a monotonic mapping, from the
previous inequality, we can obtain « < m?(C%(a’)) < m?(D*(a?)). In other words, T
satisfies the assertion (" D(a), «). In conclusion, (T, A) |= ("D(a), «). O

The second GMP considers a modifier in a concept specialization and an assertion free
of modifier.

Theorem 3. Let (T, A) be a set of axioms composed of T = ("C T D) and A = (C(a), «). Then,
(T,A) = ("D(a), a).

Proof. Consider a model Z of (T, A). By Proposition 2, every model of ("C C D) equally
satisfies (C C ™D). Therefore, we have

o a<Cral);
o CT(u) <m*(D*(u)) forallu € AT

Specifically, the following chain of inequalities holds:
v < Ct(at) <t (D (ah)).
Namely, 7 satisfies the assertion ("D(a), «). In conclusion, (T, A) = ("D(a), «). O

The third GMP considers two concept modifiers: one of them appears in the antecedent
of the concept specialization, and the other one is included in the instance of the antecedent.

Theorem 4. Let (T, A) be a set of axioms composed of T = ("™ C C D) and A = ("2C(a), «).
Then, (T, A) = ("™°™MD(a), a).

Proof. Let Z be a model of (T, A). Then,
o CI(al) <t (D%(al)) forallal € AL;
o a <m?t(Ct(al)).
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Therefore, by using the monotonicity of m,?, we have
a < my? (CH(a®)) < my* (it (DF (a%))) = (my” 07" ) (D (a7)),
in other words, Z satisfies the assertion ("2°™ D(a), a),so (T,A) |= (™°™D(a), a). O

In the following section, the latter rule is used to derive conclusions from an inference
system by applying it as the core of an inference engine.

4. A Fuzzy Inference System Based on the f-Index of Inclusion

Although in the literature, we can find different versions of fuzzy inference systems,
all of them can be divided, in general, in four steps: fuzzification, knowledge database,
inference engine and defuzzification. The first step is the fuzzification process, where crisp
data are transformed into fuzzy information. Usually, this step is performed by means of a
fuzzy partition. The knowledge database comprises some knowledge by rules of the type
If-Then. The inference engine is the central stage, where the fuzzy inference system takes
the fuzzified input and returns an output by combining the input with the rules in the
knowledge database. Finally, the defuzzification process takes the output of the inference
engine (usually a fuzzy set) and returns a crisp output according to the applied context of
the FIS. Next, we specify how these four phases are formalized in our inference system
based on the f-index of inclusion. We start with the knowledge database, to show how the
information is comprised in If-Then-type rules. Then, under the semantics of the rules in
the knowledge database, the inference engine is introduced using the Description Logic
LUry as support. Finally, the fuzzification and defuziffication are analyzed according to
the previous consideration.

4.1. The Knowledge Database

Definition 14. A frame is a tuple (X, Y, Ax, By) where X and Y are sets and Ax and By are
two fuzzy partitions over the universes X and Y, where Ax = {A;}ic; and By = {B,}jc;.

Definition 15. A knowledge database (KB) on the frame (X, Y, Ax, By) is a set of rules of the form
(Ai = Bj ;fij)
where A; € Ax, Bj € By and fi; € 9.

To provide an interpretation to the connection between the implication rule A; — B;
and its associated function f;j, we use the f-inclusion relation between fuzzy sets, as
presented in the following definition.

Definition 16. Let I be a KB on the frame (X,Y, Ax, By). A subset of pairs M C X X Y is
a model of T, if, for every rule (A; — B; ; fi;) € I, we have that f;;(A;(x)) < B;(y) for all
(x,y) € M. The set of all models of T is denoted by M.

The use of the f-inclusion to model implication rules in our frame (X, Y, Ax, By) is
justified by the ability of this operator to serve as fuzzy implication, as explained in [15].

Note that a model of a KB is a crisp set, i.e., a subset of X x Y is either a model or
not. Consequently, with a fixed KB I', we can consider in the set of models of I', M, the
standard order between sets and then analyze the structure of (M, C). The next result
shows that (M, C) is a complete lattice:
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Theorem 5. Let T bea KB on a frame (X,Y, Ax, By), and let M be the set of models of T. Then,
M has a complete lattice structure with the standard order between sets.

Proof. Let us prove that both intersection and union of an arbitrary number of models are
also models. Let { M };c; C Mr be a subset of models of I' and let us begin by showing that

My = M;
icl

is a model. Let (x,y) € My, then, necessarily, there exists a model M € { M, };c; such that
(x,y) € M. As aresult, for any rule (A; — B; ;fj;) inT, we have f;;(A;(x)) < Bj(y). In
other words, M, is a model.
The proof that shows that
Mn = [ M;
icl

is amodel of T is similar. [

Corollary 1. Let T be a KB on a frame (X, Y, Ax, By), and let Ml be the set of models of T'. Then,
the greatest element of (M, C), denoted by Mr, is the join of every model of T', and the least model
of (M, C) is the empty set.

The previous result highlights a substantial difference with respect to Description
Logic and logic programming. In the aforementioned formal theories, the emphasis is
placed on minimal models (the least model in logic programming or canonical models in
DL). In our work, we focus on the maximal model, as it determines the possible pairs of
points in X X Y that are consistent with its associated KB. Later, in Section 4.2, it is shown
that we can reduce our analysis to the greatest model of I to check correct inferences.

Below, we provide an illustrative example describing a knowledge database where
the step-by-step construction of its greatest model is described. For the sake of showing
the potential application of this inference system, it has been contextualized in pediatrics
despite the synthetic nature of the example.

Example 3. Let us assume that we have conducted a study on heart rate in infants and children

between the ages of one and nine. In order to establish a relation between these two properties, we

consider the frame (X, Y, Ax, By) consisting of

*  Theinterval X = [1,9] to represent the ages between 1 and 9, e.g., the age of an infant who is
18 months old would be 1.5;

e Theinterval Y = [70,130] to cover a wide range of heart rates (in bpm).

o The fuzzy partition Ax = {A1, Ay, A3, Ay} consists of four fuzzy sets A; € F(X) which
distinguish four fuzzy age ranges. The membership functions corresponding to each element of

Ax are
1 ifx €[1,2]
Ai(x) =< 2—-05x ifxe (24
0 ifx € (4,9],
0 ifx € [1,2]
Ao() 05x—1 ifxe (2,4
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0

0.5% —2

A0 =93 4 05x
0
0

Ag(x) = { 05x—3
1

*  The fuzzy partition By = {By, By, B3} only consists of three elements, which can be classified

into By = “low heart rate”

", By = “standard heart rate”, and B3 = “high heart rate”, respectively.

These fuzzy sets have the following respective associated membership functions:

100 —y
Bi(y) = 30
0

y—70

30

130 —y
30

0
y — 100

30
Both of these fuzzy partitions are represented in Figure 1.

ify € [70,100]

ify € (100,130),
ify € [70,100]
ify € (100,130],

ify € [70,100]

ify € (100,130].

05+ B;

Il

B, B;

T

70 85

¥ % Y
100 115 130

Figure 1. Membership functions of every fuzzy set in Ay and By in Example 3.

Once the frame (X,Y, Ax, By) has been defined, it is time to set the rules (A; — B; ; fij)
that constitute the knowledge base I'.  This KB contains 4 -3 = 12 different rules, each one
corresponding to a different combination of elements A; € Ax and Bj € By. As explained before,
the mapping fi; € & associated with each rule determines a relation of f-inclusion A; — Bj;. In other
words, when the relationship between A; and B; is stronger (i.e., patients with ages corresponding



Mathematics 2025, 13, 1897

13 of 36

to A; tend to have a heart rate within B;), the mapping fij € ¢ is closer to the identity (i.e., the
f-inclusion relation is more restrictive). Conversely, when the elements A; and B; are not related at
all, the inclusion function is null, i.e., fij(a) = 0(a) = 0 forall a € [0,1].

Since, in general, the average heart rate of infants and children decreases with age, the
knowledge base associated with this frame is represented as in Table 3.

Table 3. KB I associated with (X, Y, Ax, By) in Example 3.

By B, B3
Ay 0 0 fos
Ay 0 fos 8025
As 0 fozs 0
Ay fos 0 0
Where
0 ifa<n
gn(“)_{ noifa>mn,
) a dffa<n
fn(a) - { n l:flx >n,

and 0(«) = 0 forall « € [0,1].

Now that the KB has been defined (denoted by T'), it is time to compute its greatest model Mr.
Let us recall from Definition 16 that a model M of T is a set of pairs in X x Y which satisfy all the
following f-inclusion relations:

fij(Ai(x)) < B;(y)

forevery rule (A; — B; ; fij) € I. Thus, in order to obtain the greatest model, we have to compute
which pairs (x,y) € X x Y satisfy each of these f-inclusions. This calculation can be performed
graphically in the X x Y plane through the representation of all the restrictions imposed by each
f-inclusion associated with each rule (A; — B; ; fij) € T. This plotting process is performed step
by step in order to facilitate its understanding.

Let us start by focusing on the second element of Ax, Aa, which covers the fuzzy age range
from 2 to 6 years. According to Table 3, the three rules associated with this fuzzy set are

(Ay = By ;0), (Ay — By ;fos), (Ay = B3 ;8025)-

First of all, note that the former rule, (A — By ;0), does not impose any restriction on the
set of models, since all pairs (x,y) € X x Y satisfy null f-inclusions, i.e., 0 = 0(Az(x)) < By(y).
Therefore, the step-by-step graphical representation is only performed for the next two rules (since
the graph associated to the first rule does not impose any constraint on the maximal model).

The graph in Figure 2 illustrates the pairs in X X Y that satisfy the condition imposed by the
rule (Ay — By ; fos). This is carried out in two simple steps:

e First, the fuzzy set fo5(Az) is computed, and its graph is represented over Ay in the partition Ax.

o Then, the pairs with positive membership degree in Ay are selected. Among these, the pairs
(x,y) € X x Y whose y-coordinate has a membership degree in By lower than fo5(Az(x))
are discarded from M.

Note that the mapping fo 5 associated with the rule (Ay — By ; fo.s) implies the existence of
a patient whose age belongs to A with the highest possible membership degree, that is, 4 years old,
and with a heart rate with a membership degree in By equal to 0.5, e.g., 85 or 115 beats per minute.
A similar process is followed to plot in Figure 3 the set of pairs (x,y) € X X Y that satisfy the
rule (Ay — B3 ; g0.25). The apparition of this mapping implies the existence of two different patients:
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one of them who is 4 years old and whose heart rate is approximately 110 and another one whose age
has a membership degree in Ay higher than 0.25 (i.e., their age is between 30 and 66 months old) and
whose heart rage is lesser or equal than 100 bpm, so it does not belong to partition Bs.

The final step consists in computing the intersection of the shaded regions obtained in
Figures 2 and 3, as the resulting region contains the set of pairs (x,y) € X X Y that satisfy
all the rules associated with the fuzzy set Ay. Figure 4 shows the result of this computation.

130 Heart rate (bpm)

)

| |

l Bs 1 l

| | |
I I

l - 115

|

|

l

I

‘ B, 100

I

|

:

l - -85

| |

| |

| By |

| |

— — Age
7001 2 3 4 5 6 7 8 9

Figure 2. Graphical representation of rule (A — By ; fo5) (bold line) in Example 3. Dashed lines
are auxiliar lines and grey lines represent the partitions Ax and By. The shaded region represents
the points which satisfy the rule.

130 Heart rate (bpm)

I

I

l B3

|

l 115
|

|

: PR
I

: B, 100
I

|

l

l 85
|

I

l By

I

! " ; — Age
7011 2\' 3 /4\ 5 ,/6\ 7 /8 9

Figure 3. Graphical representation of rule (A, — B ;g025) (bold line) in Example 3. Dashed lines
are auxiliar lines and grey lines represent the partitions Ax and By. The shaded region represents
the points which satisfy the rule.
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By performing an analogous process with the remaining elements of Ax, we obtain the
graphical representation in the X x Y plane of the greatest model My, which corresponds to the
shaded region in the X x Y plane shown in Figure 5. Note that the pairs (x,y) € X x Y that lie on
the “boundary” of the shaded section also belong to Mr.

130  Heart rate (bpm)

Figure 4. Graphical representation of rules (Ay — B; ; f;) for j € {1,2,3} (bold line) in Example 3.
Dashed lines are auxiliar lines and grey lines represent the partitions Ax and By. The shaded region
represents the points which satisfy the rules.

130  Heart rate (bpm)

)
|
1 Bs
|
! 115 —\7
|
| 1 :
‘ Bo 100 : 1
| 1 '
| 1 :
: : ! 'I
1
l 85 + : : '
| L : |
| By ':' 1 ’ ' :
| 1 : 1 |
1 1

Figure 5. Graphical representation of the greatest model Mr in Example 3 (the shaded zone). Dashed
lines represent the restrictions imposed by each rule in I and solid lines are part of Mr.

The computation of the greatest model provides an easy way to calculate other models of the
KB, since the search for a model is reduced to selecting a set of pairs (x,y) € X x Y that lie within
the shaded region. In some applied environments, some models different from the greatest one may
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be of interest. For example, Figure 6 shows (in bold) two different models. The left graph presents a
finite model, My, consisting of seven elements (x,y) € Mr:

My = {(2,120), (3,115), (4,110), (4,115), (6,95), (7,85), (9,75)}.

On the other hand, the right graph in Figure 6 shows a model M, consisting of a functional
dataset, namely, a set of pairs (x, f(x)) € Mr.

130 b - 1830 hgo

115 1 115 1

1 1
100 + : 100 + :
: :
1 1
85 1 ! 85 1 !
1 1
I( I(
A A
70 L - X 70 L X

3

N~

3

N~

1 1

Figure 6. Left, graphical representation of the discrite model M; (with black dots) of I" in Example 3 .
Right, graphical representations of the functional model M, (with a black curve) of I' in Example 3.
Dashed lines represent, in both graphs, the restrictions imposed by each rule in KB and solid lines are
part of Mr.

The following result shows that with this semantics, we can identify each model of
a KB with one particular T-Box of the Description Logic LUy defined in the previous
section. As shown in a subsequent section, this link allows the application of inference
rules of LUy in our KB.

Proposition 3. Let I be a KB on a frame (X,Y, Ax, By), and let Tr be the T-Box of LUy
constructed as follows:

e Foreach A;in Ax (resp., B; in By) consider the concept Cp, (resp., CBj);

*  Foreach fj; € G appearing in T, consider the concept modifier m;j;

*  Foreachrule (A; — B; ;fij) €T, consider in T the specialization concept

"iCy; T Cg;.

Then, given a model M of T, the interpretation T = (Ay,-!) given by
o AT =M
. If A; € Ay, then Cii(x,y) = A;(x);

* IfB € By, then ng(x,y) = Bj(y);

o (MO (xy) = fij(CHxy));
is a model of Tr.

Proof. Let (x,y) € M. Then, by definition of a model, f;;(A;(x)) < B;(y) for every rule in
I', which implies that ("iCy4, )% (x,y)) < ng(x, y). In conclusion, T satisfies "1C,, C Cp;
for every concept specialization in Tr. In other words, 7 is a model of Ty. [

Obviously, the converse of the previous result is not true in general, since the models
in LUy may be very general. Actually, a KB with only empty models may be connected
to a T-Box with non-empty models via the translation described in Proposition 3.
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Example 4. Let us consider, on the universes X = {x1,x2,x3} and Y = {y1,y2,y3}, the fuzzy
partitions Ax = {A1, Ay} C F(X) and By = {By, By} C F(Y) given by the fuzzy sets defined
in Table 4.

Table 4. Membership functions of fuzzy sets in partitions Ay and By in Example 4.

X1 X2 X3 n Y2 Y3
Aq 1 1 0 By 1 0.5 0
Ay 0 0 1 By 0 0.5 1

On this frame (X, Y, Ax, By), we define the KB composed by the next four rules:

° <A1 —)Bl ,1d>, ° <A2—>B1 ;E>;
id 2
e (A1 —B ;5>; e (Ay— By ;id).

Consider each element (x;,y;) € X X Y, and let us check that there is at least one rule in T

that is not satisfied by (x;,y;):
*  (x1,11) and (x2,y1) do not satisfy (A; — Ba ;%) since % d(A1(x1)) = %(Al(xz)) =
o (x3,y1) does not satisfy (Ay — By ;id), because Ay(x3) =1 % Ba(y1) =
L e =1 2

*  (x1,y2) and (x2,y2) do not satisfy (A; — By ;id), since Al(xl)
B1(y2) = 0.5.
o (x3,y2) does not satisfy (Ay — By ;id), because Ax(x3) =1 £ Ba(y2) =
e (x1,y3) and (xp,y3) do not satisfy (A1 — By ;id), since Al(xl) = A ( ) =1«

Bi(ys) =0.
*  Finally, (x3,y3) does not satisfy (A, — By ;ig> since ' d(Ay(x3)) = 0.5 £ By(y3) = 0.

In conclusion, there is no pair (x,y) € X X Y that belongs to a model of KB; in other words,
the only model is the empty set, Mr = {QD}.

Nouw, let us define in LU gy the set of concepts IT = {Ca,, Ca,,Cp,, Cg, } associated with each
one of the elements of Ax and By, respectively, and consider the T-Box defined as in Proposition 3:

Tr= {<mch1 = CBl>’ <mchl = CBz>/ <m2cAz C CB]>1 <m1CA2 C CBz>}'

Given the interpretation T = (AT, 1) where

o A ={u};

e CL(u) =05 forall u € AT and for every concept C € T1;

o mt =idand myt = %;
it can be easily checked that 1 satisfies every concept specialization in Tr. Therefore, L is a

model of Tr.

4.2. Adding Inputs to KBs: Defining Consequences

In the previous subsection, we described the structure of KB; now, let us explain how to
reason with it. The purpose of this fuzzy inference system is to draw conclusions from a KB
and a certain input. Let us begin by defining what is a KB-input on a frame.

Definition 17. A KB-inputon the frame (X,Y, Ax, By) is a fuzzy set defined either on X or on Y.

Thanks to Proposition 3, it looks natural to incorporate inputs to KBs by giving a
similar semantics to assertions in LU . Since assertions in LU g resemble the so-called
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a-cuts in fuzzy set theory, our semantics considers a-models that represent the a-cuts of a
(fuzzy) model.

Definition 18. Let A (resp., B) be a KB-input on a frame (X,Y, Ax, By) such that A € F(X)
(resp., B € F(Y)), and let a € [0,1]. A subset of pairs M C X x Y is an a-model of A (resp., B) if
and only if M C {(x,y) € X x Y | A(x) > a}ifand only if M C {(x,y) € X x Y | B(y) > a}).

Under the previous definition of an a-model, KB-inputs can be interpreted as con-
straints that bound the pairs of elements in X x Y. Note that the greater the KB-input (as a
fuzzy set), the weaker the restriction, since it admits more a-models. On the other hand, the
value « also determines a restriction in the sense that the greater the value «, the stronger
the restriction imposed to pairs in X x Y to be in an a-model.

Note that from a theoretical point of view, we can assume theoretically that only two
inputs can be considered: one fuzzy set on the universe X and another on Y. In other
words, if we are interested in reasoning with two different fuzzy sets A; and A, on X, this
is equivalent to considering the fuzzy set A; N A3 as a KB-input.

Proposition 4. Let Ay and A, be two KB-inputs on a frame (X, Y, Ax, By ), both of them defined
on the same universe. A subset of pairs M C X x Y is an a-model of A1 and Ay if and only if M is
an a-model of A1 N Aj.

Proof. Let Ay, A; € F(X) and let M be an a-model of A; and A,. By definition of an
a-model, we have that for all (x,y) € M, A1(x) > a and Ay(x) > a. That is equivalent
to saying

AN Ay(x) =min{A;(x), Ax(x)} > a.

Therefore, M is a model of A1 N A,. O

As a consequence of the previous result, we can combine different fuzzy sets defined
on the same universe into one KB-input and keep the semantics. Thus, as mentioned before,
from a theoretical point of view, only two inputs are possible, one fuzzy set on the universe
X and another on the universe Y. For the sake of simplicity in this approach, we only
consider one KB-input for reasoning.

The following result shows that the set of -models has a complete lattice structure.

Proposition 5. Let A be a KB-input on a frame (X,Y, Ax, By). Fixing a € [0,1], the set of
a-models of A has the structure of a complete lattice.

It is also convenient for the reader to keep the following meaning of a KB-input A:
the fuzzy set A determines the set of possible values of X (or Y) a system may consider
for reasoning with. In this way, we focus on determining the greater set of possible values
in X x Y that satisfy the constraints represented by the rules in both a KB and in a KB-
input. The following definition determines the semantics for the fusion of the knowledge
represented by a KB and the restriction imposed by a KB-input as a fuzzy seton X x Y.

Definition 19. Let I be a KB, and let A be a KB-input on a frame (X,Y, Ax, By). A model
of T U{A} is a fuzzy set M on the universe X x Y such that for each « > 0, the a-cut M* =
{(x,y) € X XY | M(x,y) > «a} is a model of T and an a-model of A.

Note that a model of the pair of a KB I' and a KB-input A is a fuzzy set constructed
by a-cuts that intersect models of I' and a-models of A. The following result shows an
equivalent definition of a model that is used in some proofs of further results.
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Theorem 6. Let T be a KB, and let A be a KB-input on a frame (X, Y, Ax, By). M is a model of
T'U{A} ifand only if supp(M) is a model of T and M(x,y) < A(x).

Proof. Let us start by proving the backward implication, as it is more straightforward:
< LetM € F(X xY),and let us assume that supp(M) is a model of I and that M(x,y) <

A(x) forall (x,y) € X x Y. Let us prove that M is a model of I' U { A}. Consider the
a-cut M* with fixed a > 0:

First, since M* C supp(M) = {(x,y) € X xY | M(x,y) > 0} and supp(M) is a
model of I', M* is also a model of T'.

Second, for each (x,y) € M*, we have that « < M(x,y) < A(x) by assumption.
Then, « < A(x) for all (x,y) € M*. In consequence, M* C {(x,y) € X x Y |
A(x) > a}, namely, M" is an a-model of A.

= Assume that M € F(X x Y)isamodel of T U{A}. Then,

O

On the one hand, by Definition 19, every M* with « > 0is a model of I. Moreover,
the support of a fuzzy set can be characterized by

supp(M) = | M*.

a>0

Since, by Theorem 5, (M, C) is a complete lattice, supp(M) is also a model of T.
On the other hand, by Definitions 18 and 19, every M* with « > 0 is also an
a-model of A, which means that M* C {(x,y) € X x Y | A(x) > a}. Let us prove
by reductio ad absurdum that M(x,y) < A(x) forall (x,y) € X X Y. Suppose
that there exists an element (xo, y9) € X x Y such that

B = M(xo,¥0) > A(x0)

for certain B € (0, 1]. Then, by definition, (xo, yo) belongs to the B-cut of M, i.e.,
B € MP. By assumption, MP is a B-model of A, which implies

(xo,0) € MP C {(x,y) € X x Y | A(x) > B}
which implies that A(xp) > B. This leads us to a contradiction since
B < Alxo) < M(xo,%0) = B

which completes the proof.

In Theorem 5, it was already demonstrated that for every KB, there exists a greatest

model associated with it. The following theorem presents an analogous result for models
KBs with KB-inputs.

Theorem 7. Let T be a KB, and let A be a KB-input on a frame (X,Y, Ax, By). The set of models
of T U {A}, denoted by Mr 4, has a complete lattice structure with the standard Zadeh's ordering
between fuzzy sets (i.e., A < Bifand only if A(x) < B(x)).

Proof. Let us begin by proving that Mr 4 is closed by the union of arbitrary models. Let
{M;}ic; € M 4, and let us show that both fuzzy sets My = U;c; M; and M = ;i1 M;
are models of I'U { A}, i.e., they are in M 4. By Theorem 6:

e We know that M;(x,y) < A(x) foralli € I and (x,y) € X X Y;
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e The resultis reduced to prove that prove that My (x,y) < A(x) and Mn(x,y) < A(x)
forall (x,y) € X x Y.

Let (x,y) € X X Y; then,

My (x,y) = sup M;(x,y) < A(x);
icl

Mn(x,y) = inf Mi(x,y) < A(x).
IS

This is what we wanted to prove. [

It it straightforward to check that the empty set is the least model of Mr 4. The
following theorem shows the expression of the greatest model of M 4.

Theorem 8. Let T be a KB and A be a KB-input on a frame (X,Y, Ax, By ). The greatest model

of T U{A}, denoted by Mr a, is the fuzzy set given by the restriction of the support of A to the

greatest model of I':

A(x) if(x,y) € Mr
0 otherwise.

Mra(x,y) = { ()
Proof. Let us prove that Mr 4 is a model of I' U { A} and that every model M of T U {A}
satisfies M < Mr 4 . Then, necessarily, Mr 4 is the greatest model of I' U {A}.

By Theorem 6, Mr 4 is a model of I'U { A}, since by definition, Mg a (x,y) < A(x) for
all (x,y) e X xY.

On the other hand, let M be a model of Mr s and let us assume by reductio ad
absurdum that there exists (xg,y9) € X x Y such that M(xg,y9) > Mra(xo,v0). By
definition, we have that M(xg,y9) > Mr a (X0, Y0) = A(xg), which contradicts the fact that
M is a model according to the characterization of Theorem 6. [

We can now introduce the notion of logical consequence as usual in formal logic theories.

Definition 20. Let I be a KB, and let A be a KB-input on a frame (X, Y, Ax, By ). We say that a
fuzzy set B € F(X) (resp., B € F(Y)) is a consequence of ' U { A}, denoted by T U {A} |= B,
if for every model M of T U { A}, we have B(x) > M(x,y) forall (x,y) € X x Y (resp., B(y) >
M(x,y) forall (x,y) € X X Y).

Thanks to the complete lattice structure of the set of models of I' U { A} (see Theorem 7),
we can reduce the validation of consequences to checking the greatest model of I' U { A }.

Theorem 9. Let T be a KB, and let A be a KB-input on a frame (X,Y, Ax, By). A fuzzy set B €
F(X) (resp., B € F(Y)) is a consequence of I U { A} if and only if we have B(x) > Mr a(x,y)
forall (x,y) € X x Y (resp., B(y) > Mr,a(x,y)), where Mr 4 is the greatest model of T U {A}.

Proof. Suppose that B € F(X) (the proof for the case B € F(Y) is similar) and that I' U
{A} [= B. Then, every model M of I' U { A} satisfies B(x) > M(x,y) forall (x,y) € X x Y.
In particular, that inequality holds for the greatest model My a. That is, B(x) > Mra(x,y)
forall (x,y) € X x Y.

Conversely, let us assume that B(y) > Mra(x,y) for all (x,y) € X x Y. Given a
model M of I' U {A}, we have that M(x,y) < Mra(x,y) forall (x,y) € X x Y, since Mr 5
is the greatest model of (Mr 4, <). Therefore,

B(y) > Mra(x,y) > M(x,y)

forall (x,y) € XxYandTU{A} EB. O
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From the previous characterization, it is obvious that in order to determine conse-
quences, we can focus only on the greatest model of I' U { A}. The following result shows
that when considering a KB with a simple condition of coherence, determining whether a
fuzzy set defined on the same universe as the KB-input is a consequence is trivial.

Theorem 10. Let I be a KB on a frame (X,Y, Ax, By). Let us assume that for each x € X and
y €Y, there exists y, € Y and x, € X such that {(x,yx), (xy,y)} is a model of T. Then:

e Given A,B e F(X),TU{A} = Bifandonlyif A < B;

e Given A,Be F(Y), TU{A} = Bifand only if A < B.

Proof. Let us prove the first item, since the second is proved similarly. Let Mr 4 be the
greatest model of I' U {A}. From Theorem 8, we have that Mra(x,y) = A(x) for all
(x,y) € Mr and Mra(x,y) = 0if (x,y) ¢ Mr. Let B € F(X) such that TU{A} = B.
Then, by Theorem 9, that is equivalent to say that Mr 4 (x,7) < B(x). Then, for each x € X,
and choosing yy € Y such that (x,yx) € Mr, we have

A(x) = Mra(x,yx) < B(x),

which is equivalent to say that A < B. O

From the previous result we have the following: given a KB I on a frame (X, Y, Ax, By)
and a KB-input A € F(X), the only non-trivial consequences of I' U { A} are those fuzzy sets
defined on Y. The following proposition shows that there is a monotonicity on the set of
consequences with respect to the ordering of fuzzy sets with respect to Zadeh’s ordering.

Proposition 6. Let I be a KB and A € F(X) be a KB-input on a frame (X,Y, Ax, By). Let
B,C € F(Y)suchthat BC CandT U{A} |= B; then, TU{A} = C.

Proof. Consider amodel M of T’ U {A}. IfTU{A} = B, then (Theorem 9) B(y) > M(x,y)
for all (x,y) € X x Y. Since B(y) < C(y) forally € Y, then C(y) > M(x,y) for all
(x,y) € X x Y. Again, by Theorem 9, we can conclude thatT U {A} = C. O

It can be also proved that the set of consequences of I' U { A} inherits the complete
lattice structure from the set of models of ' U {A}.

Proposition 7. Let T be a KB and A € F(X) be a KB-input on a frame (X,Y, Ax, By). The
set of consequences of T U {A}, i.e., theset {B € F(Y) | TU{A} |= B}, has a complete lattice
structure with greatest element Y.

Proof. Let C be the set of consequences of I' U {A}, and let {B;};c; C C. By Proposition 6,
we have directly that | J;c; B; is a consequence of T U {A}.

Let us prove now that (;c; B; is a consequence of I' U { A} as well. By definition of a
consequence, we have that for all B;’s and all models M of T U{A}, we have B;(y) > M(x,y)
forall (x,y) € X X Y. As a result,

() Bi(y) > M(x,y)
iel

for all models M and all (x,y) € X x Y. Thatis, N;c; B; is a consequence of TU{A}. O

Corollary 2. Let T be a KB and A € F(X) be a KB-input on a frame (X,Y, Ax, By). Let
B,C € F(Y) be two fuzzy sets such that T U{A} = Band T U{A} = C; then,

e TU{A}EBNC;
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e TU{A}EBUC

4.3. Inference Engine: Links with LUry

In the previous section, we showed that given a KB I' and a KB-input A € F(X),
the set of consequences was determined by the greatest model of I U {A} or by the least
consequence on F (Y). Determining the greatest model and checking whether a fuzzy set is
a consequence by comparison with it may be complex from a computational point of view.
In this section, we propose a simple inference process to obtain correct consequences that
upper-bound the least consequence of T U {A}.

In order to keep the support of our fuzzy inference system on the Description Logic
LUry (and its power of reasoning), it would be desirable to link the models of both
constructions, as linked in the previous section by Proposition 3. The following theorem
presents an analogous result for a KB and a KB-input by fixing elements in a-cuts of models.

Theorem 11. Let I bea KB and let A € F(X) be a KB-input on a frame (X, Y, Ax, By). Let Ar
be the A-Box of LUy constructed as follows:

e Foreach A;in Ax, consider the concept C A

e For Ain F(X), consider the concept C4;

»  For each concept C,,, consider the pair of concept modifiers (m;, m;);
*  For each concept Cp,, consider in Ay the assertion

("MiCa,(a) ),

where & € (0,1].

Consider a non-empty model M of T U {A}, its a-cut M*, and (xo,y0) € M*. Then, the
interpretation T = (M*,-T) given in Proposition 3 plus
o al = (xo,y0) and
o mf =Incy(A, A)

is a model of Ar.
Proof. By definition of the f-index of inclusion,
Incy (A, Ai)(A(x)) < Ai(x)

for all A; € F(X) and for every element (x,y) of M*. Then, the interpretation Z = (M*, -)
satisfies

mi (Ch(x,y)) < C4,(x,y)

for all (x,y) € M*. In other words, it satisfies the concept specialization "iC, T Cy,,. Then,
by Theorem 2, Z must also satisfy C4 C ™iCy..

At the same time, since the instance a of C 4; satisfies aZ = (xg, o) € M* and M* is an
a-model of A, C%(a’) = A(xp) > a. Therefore, given the assertion ("iCy4 (a), a):

o < Ch(a") < (CF (a7).

In conclusion, 7 satisfies the assertion ("iCy4.(a), «) for all A; € Ay, and therefore, 7
isamodel of Ar. O

Note that KB-inputs A € F(X) ina KB and a frame (X, Y, Ay, By) are translated as a
series of assertions in Description Logic through concept modifiers Incy (A, A;) for each
one of the elements of the partition A; € Ax. That is to say, for each KB-input, A € F(X) is
considered an A-Box consisting of as many assertions as there are elements in the partition
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Ax. This identification is carried out individually for each pair (x, y) in the support of the
model M € Mr 4, taking into account the a-cuts of M due to the specific characteristics
of Description Logic, i.e., DL only allows for the inclusion of a countable set of instances,
whereas the universes X and Y can be of a fundamentally different nature, such as R.
However, this identification of the instance a (in LU rp) with its corresponding (x,y) is
fixed but arbitrary within the a-cut M*, as is the choice of the value « € (0, 1]. This makes it
possible to translate the assertions (C4(a), «) defined in LUy into a fuzzy set A defined
on a universe X or Y.

The next result justifies the use of reasoning tools from Description Logic within our
framework, and in particular, the application of the Generalized Modus Ponens given in
Theorem 4.

Corollary 3. Let I' be a KB and let A be a KB-input on a frame (X,Y, Ax, By). Let Tr be the
T-Box of LUy and Ar the A-Box of LUy constructed as in Proposition 3 and Theorem 11,
respectively. Then, all fuzzy assertions entailed by the set of axioms (T, Ar) (on the context of
LUFrp) form a correct inference from I and A (interpreted as KB and KB-input).

Proof. Let (C(a), B) be a fuzzy assertion entailed by (Tr, Ar), which means that every
model of (Tr, Ar) satisfies (C(a), B) as well. Then, given a model M of ' U { A} and given
the interpretation Z = (M*, z ), with & € (0, 1], defined in Proposition 3 and Theorem 11,
it is guaranteed that Z is a model of (T, Ar); therefore, it also satisfies (C(a),B). As
C%(a’) > Band a’ € M¥, it can be concluded that M* is a -model of CZ. O

As a consequence of the previous corollary, we can apply tools of inference from the
Description Logic LUy on KB and KB-inputs. Among all of them, we are interested here
on the Generalized Modus Ponens (GMP) described on Section 3.3. Specifically, we can
join all the possible GMP applicable on the T-Box and A-Box constructed according to
Proposition 3 and Theorem 11 and obtain the following inference on KB, which is the core
of the inference engine considered in our approach.

Theorem 12. Let I' be a KB and let A be a KB-input on a frame (X, Y, Ax, By), where A € F(X).
Then, for all (A; — B; ;fij> € T, we have

{{Ai = B; ;fij), A} E Bij,

where B;j € F(Y) is the fuzzy set given by
Bij(y) = Incy (A, Ai) o f;(Bj(y)), ®)
where ]71-]- is the only mapping such that ( fij,fij) forms an adjoint pair.

Proof. Consider in LUy the T-Box Tr and the A-Box Ar constructed as in Proposition 3
and Theorem 11, respectively, by a fixed model M of T U {A} and a fixed a-cut of M,
M*, with « € (0,1]. Given the construction of both sets, one can rearrange them in
pairs of elements (( "iCy,; T Cgy), (MiCy,(a), zx)) € Tr x Ay related through the concept
specialization antecedent C,4,. Then, by applying the Generalized Modus Ponens given in
Theorem 4, we have

(™iCa, T Cay), (™Ca,(a), ) = (TiCp, (a), u),
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where the concept "1°™ii C B;; Obtained as an output is interpreted as

(Wioﬁi/-CBij)I(x, y) = ﬁg (A, Ai) o 7,](3] (]/))

for all (x,y) € M. If we denote this fuzzy set as B, it is concluded that M* is an a-model

of Bl] O

ijs

The previous result leads to the application of the following inference engine for a
frame (X, Y, Ax, By) and a KB. Given a KB-input A € F(X), for each pair (A;, B;) €
Ax X By, there exists a rule (A; — B; ;f;;) from which we can obtain the following
inference:

Bij(y) = Incy (A, A;) o f1;(Bj(y)) € F(Y),

where f is the only mapping such that (f, f) is an adjoint pair, as is Incy (A, A;) with
respect to Incy (A, A;), i.e., the f-index of inclusion of A into A; is restricted to the set ¢
(Definition 6).

Thanks to Theorem 12, we obtain the consequence T' U {A} [= B;; for each pair
(Ai, Bj) € Ax x By, where Ax = {A;}ic; and By = {Bj}c;. By Corollary 2, we can
conclude that the intersections and unions of the B;; are also consequences. Since our goal
is to find the smallest set that is a consequence of I and A, the inference engine takes the
infimum of all of them. This leads to our inference engine:

B)= | 1By | = inf Bcy(A,A) o FyB(1), @
1]661] B;GB);’

which is called the KB-output of I' U { A}. The next result states that the fuzzy set obtained
by our inference engine is actually a consequence of a KB and a KB-input.

Corollary 4. Let T bea KB and let A € F(X) be a KB-input on a frame (X,Y, Ax, By). Then,
the fuzzy set B € F(Y) defined by Equation (4) is a consequence of T U { A}, that is, TU {A} = B.

Proof. As a consequence of Theorem 12, given a model of I' U { A}, every a-model of A
with « € (0,1] is also an a-model if Bj;,
Bij(y) > a. Then, the fuzzy set defined in Equation (4) also satisfies

which means that every (x,y) € MH* satisfies

By)=| (1B |(v) = inf Bij(y) > a
%)
for every (x,y) € M*. In consequence, M* is an a-model of the KB-output B. [

Let us look at a pair of examples applying this inference engine to the KB defined
previously in Example 3. First, we study the case where the KB-input introduced is a
singleton. Second, the case where the KB-input is a more general fuzzy set is studied.

Example 5. Let (X,Y, Ax, By) be the frame and T the KB defined in Example 3, where a study on
the heart rate (in bpm) (Y) in children between 1 and 9 years old (X) is conducted. In this example,
the greatest model of I', My, was plotted in Figure 6. Suppose that we want to study the possible
heart rate of a child who is 30 months old, that is, two and a half years old. This case is translated on
the frame (X, Y, Ax, By) as a crisp singleton KB-input A € F(X), whose membership function is
given below in Figure 7:
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A@%:{1 ifx =25

0 otherwise

05—

|
L LR )

1 X
1 2253 4 5 6 7 8 9

Figure 7. Membership function of KB-input A (bold) in Example 5 together with partition Ax (grey).

The dashed line represents the discontinuity in the membership function of A.

The inference engine consists of the application of the GMP based on the f-index of inclusion
for each of the elements in I'. Since Ax has 4 elements and By has 3 elements, we apply a total of
4 -3 =12 GMP as described in Theorem 12:

{{Ai = B; ;fij), A} E By,
where B;; € F(Y) is described in terms of Equation (3):

Bjj = Incy (A, A;) o f(B;(y)).

Let us recall that f is the only mapping such that ( fijs fl-]-) forms an adjoint pair, as is
Incy (A, A;) with respect to the f-index of inclusion restricted to & of A in A;. Therefore, in
order to apply the GMP, it is necessary to compute each of the mappings 71.]. and Incg (A, A;). The
following formula [30] allows us to compute the the adjoint pair associated with each f;; that appears
in I by a straightforward manual calculation:

?ij(‘x) = sup {fij(B) <a} ()

Blo]
which results in the Table 5.

Table 5. Adjoint pairs associated with each one of the mappings on Table 3 in Example 3.

B, B, Bs
A 1 1 J70.5
Ay 1 fos 80.25
Az 1 7 0.75 1
Ay ?0'5 1 1
Where B n o ifa<n
gAM:{l ifa > n,

= ) oa ifa<n
fn(a)_{ 1

ifa > mn,

and 1(«) = 1 forall a € [0,1].
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Secondly, in order to apply the inference engine, the f-index of inclusion restricted to & of
the KB-input A in each of the elements of the partition A; € Ax must be computed. The results
obtained are as follows:

II’ng(A, Al) = f0.75, II’ng(A, Az) = f0.25, Il’ng(A, Ag) = Il‘ng(A, A4) =0.

Nevertheless, the GMP defined in Theorem 12 employs the adjoint pair associated with each of
these f-inclusions. By using the formula described in Equation (5), adapted for each Incy (A, A;),
we obtain each Incy (A, A;), withi=1,...,4:

Eg(A, Al) = 70_75, Eg(A, Az) = 70.25, Rg(A, A3) = Eg(A, A4) =1.

Now, we can proceed to apply the GMP based on the f-index of inclusion restricted to 4. Let us
first show an example of computation of this inference rule, considering the rule (A1 — Bs;  fo5).
The f-index of inclusion of the KB-input A into Ay is fo.7s; then, according to Theorem 12, the
result of applying GMP is

Bi3(y) = foz5© fos(B3(y))-

Note that this composition of mappings is applied to Bs; in other words, it does not depend on
the KB-input A. Recall that the membership function of Bj is:

0 ifye [70,100]
B = _
3v) Y 3300 if y € (100,130].

Let us compute the output step by step. The result of applying this fuzzy set to the mapping
fos is:

. 0 ify € [70,100]
fo.s(Bs(y))I{B3(y) Fyerons) - _ )y 100 o o i00115)

1 ify€[115130] 30
1 ify € [115,130).

Finally, the output of this GMP is:

0 ify € [70,100]

fo.75°fo.5(33(y))—{ o ey =1 oo ifve (00,113

1 ify € [115,130].

In other words, applying the mapping f, - does not affect the final result.

In the vast majority of cases, we obtain the output B;; =Y due to the appearance of the top
element 1 as one of the components of the function composition. All these cases are consequences of
two possibilities: either the respective rule in I' determines no restriction or the inclusion of A into
Aj is null. Recall that the final inference is the intersection of all the outputs B;;; hence, all these
cases are degenerate and do not produce any restriction. Accordingly, only those outputs where the
mapping 1 is not involved in the application of the GMP are shown below:
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B13(y) = for5° fos(Bs(y)) = { Bll(y) Zi i E(l);iz)],
Baly) ify € [70,77.5)
B(y) = foas© fos5(B2(y)) = { 1 ify € [77.5,122.5]
Bo(y) ify € [122.5,130),
B2 (y) = foa5°R025(Bs(y)) =1 (ie, Bz =Y)

Once each of the inferences Bj; is obtained, the KB-output is given by the fuzzy set B obtained
by computing the intersection of each B;;. Its membership function is given by:

0 ify € [70,100]

x — 100
ify € (100,115)
Bly)= (] Biily) = 30 ;
24 1 ifye [115,1225]
je(123) B0 ey e (1225,130).

30

Figure 8 shows the membership function of this fuzzy set.

1k---—-"-"—"-"-""-""""-""“"“"~-~"~"~"--- —
1
0.75 -~ B ;
1
05F--B1-->------Byp------ '
1

l
70 85 100 115 1225 130

Figure 8. KB-output (bold line) obtained by applying the inference engine from I and A in Example 5.
The dashed line represents the discontinuity in the membership function of the KB-output.

Finally, let us study the greatest model of T U {A}. Unlike the greatest model of T, Mr a
is a fuzzy set, and therefore, it may be difficult to represent its membership function on the plane
X xY; instead, we can consider their a-cuts to study the relation between the KB-output and the
greatest model. Since the KB-input A is a crisp singleton (i.e., A only takes values in {0,1}), let us
consider the core (i.e., the 1-cut) of the KB-output B, which is represented in Figure 9. Its algebraic
expression is:

core(Mra) = {(x,y) € X xY | x =25, y € [115,122.5]}. (6)

Observe that for every element (x,y) € core(Mr,a ), the X-component is contained in the core
of A, and the Y-component is contained in the core of B, which is the interval [115,122.5], that is,

core(Mr ) = core(KB-input) x core(KB-output).

Later on, we demonstrate that this phenomenon is not a coincidence. This result is used to
justify the defuzzification procedure of our inference system, as can be seen in the following section.

Let us see now another example of application of the inference engine, this time
involving a fuzzy set as KB-input with a continuous membership function.

Example 6. Consider the same frame (X,Y, Ax, By) and the same KB T defined in Examples 3
and 5. Suppose now that we want to study the heart rate of a child who is “approximately seven
years old”. This statement is represented by the KB-input A € F(X) defined in Figure 10.
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Just like in the previous example, 12 GMP based on the f-index of inclusion have to be carried
out. Each one generates an output B;; given by the following expression:

Bjj = Incy (A, A;) o f(B;(y)),

where A; € Ax and B; € By. Let us now compute each f-index of inclusion of the KB-input A in
each element of the partition A; € Ax:
id
Inc(A, A1) = Inc(A, Ay) =0, Inc(A, Az) = Inc(A, Ay) = CR

130  Heart rate (bpm)

S E E s s s s s s s s e ..

701 2|3 /& 5 6. 7 /8 9

&

Figure 9. core(Mr 4 ) represented together with KB-input A and KB-output B from Example 5 (bold
lines). The shaded region represents the greatest model of T'.

0 ifxel[l

) x—6 ifxe (67

AX) 8—x ifxe (7,8

0 ifxe (89l
L
0.5 -

1 ; X
1 2 3 4 5 6 7 8 9

Figure 10. Membership function of KB-input A (bold) in Example 6 together with partition Ax (grey).

Let us now compute the mapping % such that (%, g) forms an adjoint pair by using

Equation (5):
id

4 - { 2x ifa €[0,0.5)

1 ifac051].
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Only two outputs Bj; different from Y are obtained, and they are given by those GMP obtained
by applying rules (A3 — By ; fo75) and (A4 — By ; fos):

o 2-By(y) ify €[70,85)

By = — o fo75(B2(y)) = 1 if y € [85,115]
2. By(y) ify e (115,130],
1 ifye[70,85]

id =
By = > of0.5(Bl(y)) = { 7. Bl(y) ify € (85,130].

The final inference is obtained through the intersection of each output of the 12 GMP, which results
in Bsp N Byy. This KB-output is represented in Figure 11, and it is given by the following expression:

x—70 .
= ify e [70,85)
Bly)= [\ By =14 00=x . 15100
i€{1234} 15 iy € [85,100)
jef123} 0 ify e [100,130].

U T ' + ¥ Y
70 85 100 115 130

Figure 11. KB-output (bold) obtained by applying the inference engine from I' and A in Example 6
together with partition By (grey).

Finally, let us study the greatest model of T U { A}, as in the previous example. In Figure 12,
we have represented the KB-input A, the KB-output B, and the core of the greatest model of T U { A}.
In this case, we can also check that this set can be rewritten in terms of the cores of both A and
B, namely, core(Mr a) = core(A) x core(B) = {(7,85)}. Moreover, there is an additional
property satisfied by the greatest model My a, which is related to the support of Mr a (represented
in Figure 12 by the shaded region within Mr), the support of A, and the support of B: supp(A) is
contained in the X-component of supp(M), and supp(B) is contained in its Y-component.

Nevertheless, this last property is not always satisfied by the KB-output of a KB I and a
KB-input; e.g., the KB-output obtained in Example 5 has a greater support than the Y-component
of supp(Mr,a) (see Figure 9).
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130  Heart rate (bpm)

Figure 12. core(Mr,a) and supp(Mr A ) (dark gray) together with KB-input A and KB-output B (bold
lines) from Example 6. The shaded region represents the greatest model of I and auxiliary lines are
represented in dashed.

4.4. On Fuzzification and Defuzzification Procedures

Last but not least, we discuss the procedures of fuzzification and defuzzification.
The reason is mainly because firstly, they depend strongly on the particular context of
application of the inference system, and secondly, the scope of this paper is to show the
correctness of the inference system. Nevertheless, here, we present some discussions and
some issues to be considered in further approaches.

Obviously, the definition of rules in the knowledge database requires a pair of fuzzy
partitions Ax and By on the universes X and Y, respectively. That is a fuzzification proce-
dure, but there is another that transforms the input of the system into a KB-input. In most
approaches, the same fuzzy partitions used in the construction of the knowledge database
are used to fuzzify the input of the system. However, in our approach, the KB-input may
be any fuzzy set defined independently from the fuzzy partition Ax considered in X for the
construction of the KB. That opens an endless number of possibilities for transforming the
input of the fuzzy inference system into the KB-input. For instance, consider that for the sake
of accuracy, we use two fuzzy partitions .Ax and By on the universes X and Y with hundreds
of fuzzy sets each. On the other hand, in order to keep an interpretable input and output
of the fuzzy inference system, we use linguistic labels in the form of fuzzy sets on X. These
linguistic labels may have more or less elements, may be defined differently for each user, and
may even have no relation with the partition Ax used in X for the KB. In all cases, given a
linguistic label as a fuzzy set on X, we can reason with the KB.

Another possibility for a fuzzification is to iterate fuzzy inference systems, and then,
the KB-output of one fuzzy inference system becomes the KB-input of the next one, so
the fuzzification is then the result of a fuzzy inference system. Note that we can even
not consider any fuzzification. That is, given a value or an interval of values in X (i.e., a
crisp input), we can consider it as a set (or a singleton as a set as in Example 5) and then
reason with it. As mentioned above, the fuzzy partitions considered in the construction of
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knowledge databases do not limit the fuzzification procedure for the KB-input; it is open
to any possible fuzzification.

On the other hand, the defuzzification also depends on the scope of the application
rather than the fuzzification. Therefore, it is hard to talk about it in this approach. Never-
theless, it is convenient to bear in mind the following characteristic of our fuzzy inference
systems. The consideration of crisp models for the semantics of KB allows us to focus on
models as a defuzzification procedure. In this respect, we have two options, to either take
into consideration all the possible values that are coherent with the modeling of a KB and
the KB-input (which results in choosing the greatest model as the (crisp) output of our
system) or to focus on selecting a specific kind of model. This latter case is certainly more
interesting, and the characteristics of these models depend on the scope of the application;
for example, a regression model focuses on a functional model, whereas a classification
model may focus on measure models with a certain y € Y in the second component.

It is worth finishing this section by focusing on the simplest case of fuzzification and
defuzzification procedures: a singleton crisp input and the search for a set of possible values
for the variable Y in the output. This is exactly the case illustrated in Example 5, were the
crisp value x = 2.5 is directly considered as a crisp-singleton fuzzy set as KB-input. The
following result shows that in that case, the core of the KB-output determines the greatest
model. Note that given x € X, the singleton {x(} can be interpreted as the fuzzy set A such
that A(xp) = 1and A(x) = 0if x # x.

Corollary 5. Let I be a KB on a frame (X,Y, Ax, By), let xo € X, let M be the greatest model of
I'N{xo} and let B be the fuzzy set obtained in Equation (4) as the KB-output of T N {x}. Then,
M is a crisp set (i.e., M(x,y) € {0,1}) and

M(xp,y) =1 if and only if B(y) =1

Proof. Proving that M is crisp comes directly from Definitions 18 and 19, since all x-models
of {x¢} coincide with the one-model of {xp}.

Let us prove the “if and only if” part. By definition of a consequence and the cor-
rectness of Corollary 4, M(x,y) = 1 implies B(y) = 1. In other words, to prove the other
implication, let us assume that B(y) = 1. By definition of the inference engine in terms of
intersections, we have that necessarily, for all rules (A; — B]- ; fi]-) erT,

Bij(y) = Incy ({x0}, Ai) o f;;(B;j(y)) = 1
Moreover, since {x} is a singleton, it can be proved that

Ai(xg) if x < Ai(x)
X otherwise.

Incy ({x0}, Ai)(x) = {
Then, we have the following chain of inequalities:

1< Byj(y) = Tncy ({0}, A7) o 7 (B (1)
<= Incy({x0}, A1) (1) < f;;(B;(y))
> Ai(xo) < 71']'(3]'(]/))
> f(Ai(x0)) < Bj(y).
In other words, (xg, y) satisfies all the rules in T, and {(xo, y)} is a model of I'. More-

over, since the KB-input is crisp, {(xp, )} is a one-model of I' N {x( }. By maximality of M,
necessarily, we have that M(xp,y) = 1, which is what we wanted to prove. [
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In other words, in the case of working in the simplest setting of fuzzification (a crisp
entry) and defuzzification (interval of plausible values in the greatest model), the values in
the core of the KB-output directly determine the greatest model of the KB and the KB-input.
That fact is illustrated in the following example.

Example 7. Let us reconsider Example 5, where the KB-input was the crisp singleton set {2.5}.
The result of the fuzzy engine is

0 if y € [70,100]

o _3300 if y € (100,115)
Bly)= () Bijly)= .
e(254) 1 ify € [115,122.5]
=2 130 — x
je{1,2,3} j 122.5,130].

whose core is the interval [115,122.5]. From Corollary 5, we can conclude that the greatest model of
ru{25}is
M= {(x,y) € R?| x =25and y € [115,122.5]}

The reader can check in Figure 9 that effectively, all pairs of values (x,y) € X x Y in the
greatest model of T with x = 2.5 are exactly the interval [115,122.5].

5. Comparison with Relational Fuzzy Inference Systems

Now that the FIS based on the notion of f-inclusion has been introduced, we can better
describe the similarities and differences with the existing FISs in the literature. Let us recall
that, as mentioned in the Introduction, there exist two families of FISs, namely, the so-called
relational fuzzy inference systems and those based on aggregating crisp values (or entities).
Our approach is mainly related to the former ones, because they consider relations to link
universes (the one of the antecedent and the one of the consequent), because the result of
the inference is a fuzzy set, which needs a defuzzification procedure, and because, as we
show below, the f-index of inclusion can be related to a pair formed by a fuzzy conjunction
and a fuzzy implication.

In the family of relational FISs, we have two main models, the Mamdani and the
implicative models [3], which have the following general form: given two sets X and Y, a
set of rules

If xis A; THEN y is B; i=1,...n
with A; € F(X) and B; € F(Y), an adjoint pair (%, —) (although in many papers, the
choice of the fuzzy conjunction and implication looks general, the truth is that without

the adjointness property, results may be unexpected [3,31]), and a fuzzy set A’ € F(X) as
input, the inference B’ € F(Y) is performed in the implicative model by

B'(y) = (A"oR)(y) = \ A'(x) *R(x,y)

xeX

where the relation R is defined as

n

R(x,y) = A\ Ai(x) — Bi(y)

i

and in the Mamdani model by

B'(y) = (A'>=R)(y) = )\ A'(x) = R(x,y)

xeX
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where the relation R is defined as

n

R(x,y) = \/ Ai(x) * Bi(y)-

i

These two formulae turn into the two following general forms:

n n
\/ (A’(x) * /\Ai(x) — Bi(y)> and /\ (A'(x) — \/Ai(x) * Bi(y)>. (7)
xeX i xeX i

Here, we can see a clear difference. Whereas in standard relational FISs, the relations
are the core of the inference engine, in the proposed FIS based on f-inclusion, the relations
belong to the semantics, providing to the approach a formal logic support. Here, it is
convenient to recall the following result from [15]: given f € G, there exists an adjoint pair
(%, —) with * a commutative fuzzy conjunction and « € [0, 1] such that

f(x) =xx*a.

Moreover, if f is the f-index of inclusion of two fuzzy sets A and B on the universe

U, then
a= N A(u) — B(u)
uel
Let us recall that in the FIS based on f-inclusion, rules are weighted by f-inclusions. If
those weights are interpreted as the f-index of inclusion between antecedent and conse-
quent, then we have that for each rule

(Ai —B; :fij)

there exists an adjoint pair (x;;, —;;) mapping f;; with the form

fij(z):Z*ij ( /\ Ai(x )%z]B(y))
(xy

)EXXY

and its respective right adjoint with the form

fijz) = ( N\ Ailx) =i B (y)) —ij 2
(xy

)EXXY

Consequently, and keeping the previous notation, the full inference for an input
A’ € F(X) given in Equation (4) is given by the following formula:

B'(z) = inf inf A’ i A ; inf A;
(z) AilgAX |:(;2X (x) = (x)> i <<(x,y§2X><Y i(x) i B](Z)> —ij B](]/)>:| 8)
jEBy

Here, we can clearly see the difference between the inference performance of our
approach (Equation (8)) with the standard relational FIS (Equation (7)).

At this point, and due to the intricate pattern of Equation (8), it is worth focusing
on the simplicity of our approach. The formulation of our inference engine, shown in
Equation (4), is

B(y) = inf Incy(A',A;)of(Bi(y)),

A; EAx,
B EBY
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Therefore, our inference is just the intersection of the inference performed by each rule
in the KB. In turn, the inference performed by each rule A; — B; is just the composition of
two mappings:

*  fjjthatrepresents the inclusion of the antecedent in the consequent;

e Incy(A’, A;) that represents the inclusion of the input in the antecedent of the respec-
tive rule.

Note that we do not need to consider any adjoint pair of fuzzy conjunctions and
implications to perform the inference, we only take mappings in ¢, i.e., Equation (8) is
purely theoretical.

6. Conclusions and Future Works

In this article, we showed how to define a fuzzy inference system (FIS) in terms of
the notion of f-inclusion. The main difference between this FIS and the ones from the
literature is that it is based on a formal logic background. Indeed, we related the models of
our knowledge databases with models of a certain Fuzzy Description Logic (FDL) LU,
which consists of the standard FDL LU enriched with modifiers (or fuzzy hedges). This
connection allowed us to apply inferences from LUy in our FIS based on f-inclusion,
allowing us to use a Generalized Modus Ponens (GMP) in our inference engine. Another
advantage of our FIS is that it allowed us to consider any fuzzy set as input of the inference
engine. That allowed us to consider fuzzy partitions for the construction of the knowledge
database independently on the fuzzification used to transform the input of the FIS into
the inference engine. For example, we can consider any set of linguistic labels in our FIS
independently from the fuzzy partitions used to define the knowledge database.

From a theoretical point of view, we highlight the following achievements. First, we
defined the notion of the consequence of a FIS, which allowed us to prove the correctness of
the proposed inference engine. Second, we proved convenient properties of the consequences
of a knowledge database and an input concerning monotony and a lattice algebraic structure.
Finally, we reduced the search of consequences to the computation of the greatest model.

This approach opens an interesting number of future research lines. First, in this
article, we focused on the theoretical correctness of the FIS. Therefore, it is necessary to
define more application-oriented procedures aimed at defining knowledge databases from
data. Because of the properties of the f-index of inclusion and the definition of the KB,
we believe that we can define easy machine learning methods for rules in our FIS based
on f-inclusion. Second, additional theoretical properties of the set of consequences in our
FIS are necessary to provide stronger support for our approach. Along this line, to obtain
a completeness inference engine would be ideal. Finally, applications of this FIS to real
applied domains are welcome and of interest to the authors. Since the semantics of the FIS
is inspired by Fuzzy Description Logic, we expect to have applications of this FIS based
on f-inclusion in the development of expert systems, although we do not discard other
applications, such as in classification or control systems.
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