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ABSTRACT

Modeling knowledge systems by determining relationships among key variables have been and currently is a funda-
mental and nontrivial challenge in real-world scenarios. Many approaches have been developed to reach this goal,
but many of them are heuristic and require of alternative procedures to provide robust and tractable rules. With this
significant aim, attribute implications were introduced in the mathematical framework of Formal Concept Analy-
sis. In this paper, we will introduce a novel procedure to obtain relationships among variables from any dataset in
which a Galois connection has been defined. In particular, we will be focused on the general multiadjoint frame-
work, which is one of the most general approached in which a Galois connection have been considered, although
the obtained results and methodology can also be used in other well-known approaches, such as in the residuated or
heterogeneous frameworks.

1 | Introduction

Formal concept analysis (FCA) has become a powerful methodology for managing and extracting knowledge from rela-
tional databases, with important theoretical foundations, such as considering generalized quantifiers in the definition of
the concept-forming operators [1], relating it to other tools, such as local congruencies [2], fuzzy relation equations [3],
rough set theory [4, 5], fuzzy linguistic approach [6], fuzzy closure structures [7], and practical applications in
medicine [8], digital forensic [9-11], and renewable energy [12, 13]. FCA facilitates the representation of relationships
between attributes and objects contained in datasets, by using specific units of information called concepts. One of the
most important properties of the most significant FCA frameworks is that the concept-forming operators form a Galois
connection, this fact happens from the classical case, with the derivation operators, to the most general fuzzy ones such
as the multiadjoint [14], residuated [15] or heterogeneous [16] approaches.

Different fuzzy extensions of FCA have been proposed [14-22] to better accommodate the reasoning under vagueness
and uncertainty. Specifically, multiadjoint concept lattices [14] have emerged as a unifying and flexible framework that
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integrates several fuzzy FCA approaches [17, 19, 20, 22]. This paradigm has been particularly useful in tasks such as
attribute classification [23-25], reduct computation [26], lattice size reduction [27] and the computation of attribute
implications [24, 28, 29].

The number of valid attribute implications obtained from contexts is often substantial, hence the need to obtain effective
methodologies for their management and reduction [24, 30-36]. A remarkable challenge within this framework lies in
identifying a nonredundant subset of valid attribute implications from which all others can be inferred, in other words,
a basis of attribute implications. Several approaches have been proposed to address this challenge both in the classical
case [37-41] and in the fuzzy residuated case [15]. The particular mechanisms, which have been considered in these
approaches, are not equivalent in general.

In this paper, we introduce a new procedure inspired by Guigues and Duquenne’s methodology [40], which was clarified
and compared with other classical procedures in [42]. This procedure is based on the Galois connection to define the
relevant notions associated with the attribute implication theory. We will start introducing the notion of validity of an
attribute implication as the degree of inclusion of the consequent set of the implication in the closure of the antecedent
set. Then, we will see that it is necessary to consider only informative implication, and so a mechanism to determine the
most informative implications is provided. A sound and complete operational semantics is given based on the Armstrong’s
axioms. In addition, the notions of nonredundant attribute implication and base are presented in general. The notion of
minimal nonredundant node given in [40] is extended to the general framework, which is fundamental to compute bases
of attribute implications associated with a context. Finally, three possible alternatives of bases from three different point
of views are determined.

The structure of the paper is as follows. The preliminary notions are included in Section 2, which mainly recalls the
multiadjoint concept lattice framework and the key notion of antitone Galois connection. Section 3 introduces the notion
of validity given by Guigues and Duquenne in the multiadjoint framework, which can be straightforwardly given from any
approach based on a Galois connection as concept-forming operators. Moreover, the informative attribute implications
are studied in this section and paying more attention to the maximal informative attribute implications in Section 4. The
definition and computation of bases in this general framework is considered in Section 5. The paper finishes with the
conclusions and prospects for future work.

2 | Preliminaries

The multiadjoint concept lattice fuzzy framework [14, 43] arise as a general and flexible approach capable of conveniently
embed different fuzzy extensions of concept lattices present in the literature such as [17, 19, 20, 22], among others. The
basic operators used in this framework are the adjoint triples. Adjoint triples [44-47] represent a formal extension of
t-norms and their residuated implications [48], providing greater flexibility while preserving their fundamental properties.
Characterized by minimal mathematical conditions for their operability, these operators increase their applicability in
a wide range of fields. For instance, they are suitable in noncommutative and nonassociative frameworks. The formal
definition of adjoint triples is presented below.

Definition 1. Let (P, <)), (P, <), (P;,<;) be posetsand & : P, X P, = P;, /' P,X P, > P,,\\: P, X P, > P, be
mappings. We say that (&, //,\) is an adjoint triple with respect to (P, <), (P;, <), (P5, <3) if the following double
equivalence is satisfied:

xZz/y i x&y<yz Mf y<zNx

forall x € P, y € P, and z € P;. The previous double equivalence is called adjoint property.

The following proposition shows some direct properties of the residuated implications of an adjoint triple derived from
the adjoint property.

Proposition 2 ([46]). Given an adjoint triple (&, /,\) with respect to the posets (P,, <), (P, <,) and (Ps, <;), we
have that

1. /,\ areorder-reversing in the second argument, that is, if x,,x, € P, y;,y, € P,, z € Pyand x; <, x,, y; <, 5, then
(z/ y) <z yp)and (2N x,) <5 (2N x).
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2. (N,ez2) 7 y=/N.,ez(z: / y), foreach Z C Py and y € P,, when infimum there exists.

3. Nsezz) N\ x=\,c (z \ x), foreach Z C Py and x € P, when infimum there exists.

A well-known equivalence of the residuated implications of an adjoint triple can be obtained by assuming the associativity
of conjunctor, as shown in the following proposition.

Proposition 3 ([49]). Let (&,./,\) be an adjoint triple with respect to the poset (P, <). Then, for all x,y, z € P, the
following equivalence holds:

z/yNx=(z\Nx)/y ifandonlyif & isassociative.

Finally, we present the notion of forcing-implication, which play an important role in different results obtained in this
paper.

Definition 4. Let (P, <;), (P,, <,) be two posets such that T, is the top element in (P,, <,). We say that the map-
ping \: P, X P, — P, is a forcing-implication if it is order-preserving in the left argument, order-reversing in the right
argument and the following equivalence holds, for all y, z € P;:

zNy=T, ifandonlyif y<, z

After presenting the notion of adjoint triples and their corresponding properties, we will formally introduce the multi-
adjoint concept lattice framework. For this purpose, the fundamental notions related to multiadjoint concept lattices are
presented below [14, 43].

Definition 5.

« The tuple (L, L,, P,<;,%,, <, &, /LNy - 5 &, /"N, is @ multiadjoint frame where (L, <) and (L,, <,) are
complete lattices, (P, <) is a poset and (&;, /,'\,) is an adjoint triple with respect to (L;, <;), (L,, <,), (P, <), for all

ief{l,...,n}.

« The tuple (A, B, R,0) is a context where A and B are nonempty sets, R is a P-fuzzy relation R : AX B — P and
o : AX B — {1, ... ,n} is a mapping which associates any element in A X B with a particular adjoint triple in the
multiadjoint frame.

« The concept-forming operators '» : L® — L#and ¥ : L# — L? are defined as

g'*(a) = inf{R(a, b')./ " (g(t')|V' € B} (€)

FY () = inf{R(@, b) N iy (f(@)d € A) ©)

forallge L%, f € L}, a€ A, b € B, where L? and L{ denote the set of mappings g : B— L, and f : A - L,,
respectively.

« Aconceptisapair (g, ) satisfying that g'- = f, /" = g,forallg e L3, f € Lf. The fuzzy subsets g and f are usually
known as the extent and intent of the concept, respectively.

« The multiadjoint concept lattice, denoted as (M, <), associated with the multiadjoint frame and the context
(A, B, R, 0) is the set:

M = {(g’f>|g € LB’f (S Lf,gT" :f,flo :g}

where the ordering is defined by (g;, f;) =< (g,, f,)ifand onlyif g; <, g, (or equivalently, f, <; f;).- The sets of extents
and intents of the concepts of (M, <) will be denoted as Ext(M) and Int(M), respectively.

From now on, in order to simplify the notation, we will write g' and f* instead of g'- and f!", respectively.
It is important to mention that the pair of concepts-forming operators (',!) forms an antitone Galois connection, which

provides (M, <) with the algebraic structure of a complete lattice [14]. Next, in order to make the paper self-contained,
we recall the notion of an antitone Galois connection.
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Definition 6. Let (P, <)), (P, <,) be two posets. We say that the pair (',') of mappings‘ : P, - P, : P, > P,isan
antitone Galois connection between P, and P, if the following properties are satisfied:

1. "and ' are order-reversing.

2. x<; xtand y <, yM

3. x! = xand y = yt¥
forallx € P and y € P,.

This paper is focused on the study of attribute implications within the multiadjoin concept lattice framework previously
introduced. Consequently, a multiadjoint frame (L,, L,, P, <, <,, <, &, e N - &0 " N\ ), the context (A, B, R, o)

and the multiadjoint concept lattice (M, <) will be fixed from now on.

3 | Attribute Implications in Multiadjoint Concept Lattices

This section introduces properties and formal mechanisms which allows us to understand and analyze attribute implica-
tions within the multiadjoint framework, following the Guigues and Duquenne approach presented in [40]. First of all,
it is convenient to recall the underlying philosophy behind the notion of attribute implication.

Definition 7. An attribute implication over A is an expression f, < f,, where f,, f, € L are two fuzzy subsets of
attributes. The subsets f; and f, are called antecedent and consequent, respectively.

Namely, an attribute implication indicates that if an object satisfies all the attributes from the antecedent of the rule,
then it will also satisfy the attributes from the consequent. Since the above notion is a syntactic definition, a degree of
validity for an attribute implication is required in the given context, in order to reinforce its meaning and interpretation.
Therefore, we need to establish a definition of validity for attribute implications in the multiadjoint framework. For this
purpose, we will initially introduce two generalizations of the usual notion of fuzzy inclusion considering adjoint triples.

Definition 8. Given an adjoint triple (&, ./, \\) with respect to (L,, <,) and two fuzzy subsets of attributes 1\, f, € L{,
the degree in which f, is included in f, is defined as

SH(f1. f2) = inf{ (@) \ fi(@)la € A}

Given an adjoint triple (&, /, \) with respect to (L,, <,) and two fuzzy subsets of objects g,, g, € Lf, the degree in which
g, isincluded in g, is defined as

Sz(gl,gz) = inf{g,(b) /" g,(b)|b € B}

We can now establish a formal definition of the degree of validity of an attribute implication for a given fuzzy subset of
attributes.

Definition 9. Given anadjoint triple (&, /, \) with respectto (L,, <) and three fuzzy subsets of attributes f, f,, f; €
L{‘, the degree in which an attribute implication f, < f, isvalid in f; is

”fz < f1”f3 = Sl(fzaf3) 7 Sl(fl,f3)

This notion is extrapolated to a set of fuzzy subsets of attributes F C Lf, defining the degree in which the attribute impli-
cation f, < f; isvalid in F as

/> < fille = N\ I < £l

ferF

The notion of validity of an attribute implication was extended in [24] to the multiadjoint concept lattice framework by
means of the degree of validity in the whole set of intents of the concept lattice. In this paper, we propose an alternative
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definition for the degree of validity, inspired by the crisp characterization of validity of an attribute implication [39, 40].
This new definition provides a straightforward extension of the usual equivalence of validity of the Boolean case. In the
multiadjoint framework, the corresponding condition of validity can be formalized through the degree of inclusion of the
consequent set of the rule in the closure of the antecedent set.

Definition 10. Given two subsets of attributes f, f, € L#, the degree in which the attribute implication f, < f, is
valid in the multiadjoint concept lattice (M, <) is defined as

Ifs < fillae =S £

We say that f, < f is a fully true attribute implication if || f, < f;|l,, = T,. The whole set of fully true attribute impli-
cations will be denoted as F,.

The following result provides a equivalence which allow us to characterize the fully true attributes implications in the
multiadjoint framework, and extent it to any approach based on a Galois connection as concept-forming operators.

Proposition 11. Let (&, ,/,\) be an adjoint triple with respect to (L,, <) such that \ is a forcing implication. Given
two subsets of attributes f,, f, € Lf, then we have

Ify < filly =T, ifandonlyif f, =, £}

Proof.  Given fi, f, € L#, the next chain of equivalences are obtained, for all a € A:

Ilf2 < fillp = T,if and only if Sl(fz,flu) =T
ifand only if f}(a) \ fy(@) =T,
if and only if f,(a) <, f;'(a)

where the first equivalence holds by Definition 10, the second equivalence is deduced from Definition 8, and the third
one holds because of N is a forcing implication. O

From a practical standpoint, this equivalence plays a fundamental role in the computation of fully true attribute implica-
tions in a formal context, as the following example shows.

Example 12. Consider the multiadjoint frame

(10,115, <, (& pg» P9 N pg)s &pps P8 Npp)s (&prs  PE Nopr))

where [0, 1], is a regular partition of the unit interval in 2 pieces, that is, [0,1], = {0,0.5,1} and (&pg. /PG, NG
(&pps P2 N pp)» (&prs /PF, N\ pr) are adjoint triples obtained from the discretization of the Godel, product and
Lukasiewicz t-norms, respectively, considering the following mappings &pr,/PT, Npr: [0,1], X [0,1], — [0,1],
defined as

[k-T(x,y)] Z/DTy= m-(z =7 y)] Z Npp X = [n-(z =7 x)]

x& =
prY Xk m n

foreach x, y, z € [0, 1],, where [ _] is the ceiling function, | ] is the floor function, T is the Godel, product or Lukasiewicz
t-norm and — is the corresponding residuated implication of the t-norm 7.

. lify<z
Ti(x, y) = min{x, y} ZoGg Y= .

z otherwise
1 ify<z
Tp(x,y)=x-y Z—=py= ,

z/y otherwise

Ty (x,y) = max{0,x +y—1} z =y y=min{l,1 -y + z}
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TABLE1 | Relation R and mapping ¢ of Example 12.

R b, b, b,
a, 0.5 0 0
a, 0.5 0 0.5
as 1 1 0.5
a, 1 0.5 0
as 1 0.5

c b, b, b,
a; &pr, & pp &pg
a, &pr, & pp &pg
as &pr, & pp &pe
ay &pr, &pp &pg
as &pr. &pp &pg

The context (A, B, R, o) is composed of the set of attributes A = {a,, a,, a5, a4, a5}, the set of objects B = {b,, b,, b5}, the
relation R : A X B — [0, 1], and the mapping ¢ given in Table 1. The concept lattice related to this framework and context
has 11 concepts whose intents are given in Figure 1.

Now, we will consider the fuzzy subset of attributes f; = {0.5/a5}, and we will compute its closure, f' ”, in order to identify
fully true attribute implications. Applying the definition of the operator !, we have that

fi(by) = inf{R(a, b)) \p, fr(@)|a€ A} =1
f1(by) = inf{R(a, b)) \pp fi(@)a € A} =1
f}(by) = inf{R(a, b3) N\ pg fi(@)]a € A} =1

Then, we obtain that fll = {1/b,,1/b,,1/b;}. Now, applying the definition of the operator ! to the set fll , we obtain that

£ @y) = inf{R(ay, b))/ " £} (b)), Rlay. by)/ PF £ (b,). R(ay. by)/ PO 1 (by)} = 0
1(ay) = inf{R(ay, by)/PF £} (b)), R(ay, b))/ PP £1(by), R(ay, b3)/ PC f1(b3)} = 0
[N (as) = inf{R(ay, b))/ P £1 (b)), R(as, b))/ PP £ (b)), R(az, bs) /PO £} (bs)} = 0.5

£ (a,) = inf{R(ay, b))/ PF £1(by), Rlay, b))/ PP £1(b,). R(ay, b3/ PO fH(by)} =0
[N as) = inf{R(as, b))/ " £} (by). R(as, b))/ P £ (b)), R(as, bs)./ PO f}(bs)} = 0.5

Hence, we have that fll "={05 /as,0.5/a5}. As a consequence, applying Proposition 11, we can conclude that {0.5/a;} <
{0.5/as} is the only nontrivial fully true attribute implication that we can obtain considering f; = {0.5/a5} as antecedent.

Notice that, in the above example, the attribute implication f, < f; is fully true for all f, € [0,1]4, since the inequality
i< flH always holds. This type of attribute implication is considered as trivial in practice. Namely, we will use the notion
of trivial attribute implication to refer to logical relationships between attributes that are considered to be self-evident or
not informative, that is, attribute implications that are usually straightforward and do not provide significant or valuable
information. Another kind of trivial attribute implications arises, if we have that f, <, f;,. Trivial attribute implications
are generally not of interest in data analysis. They are usually ignored or excluded from further analysis since they do
not contribute to uncovering meaningful patterns or dependencies within the data. The focus in data analysis is usually
on discovering nontrivial and informative attribute implications that provide valuable insights and allow us to obtain
significant information from the given context. The following definition presents the concept of informative attribute
implication [40].
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Int(Co) = ({1/a1,1/az,1/a3,1/as,1/as})
IO Int(Cy) = ({0.5/ay,0.5/as,1/as, 1/as, 1/as})
ﬁntggzg = 2%%@2,%@371?05{;
nt(C3) = as, l/aq, 1/as
NN e,
nt(Cs) = as,U.0/a4,Y.0/as
° ° Int(Ce) = ({1/as,1/as})
nt(Cg) = R as, R as
° @ Int(Cy) = ({0.5/as,1/as})
Int(C’lo) = <{0-5/a270~5/a3» ]-/a’5}>

FIGURE1 | Hassediagram and intents of (M, <) in Example 12.

Definition 13. Given two subsets of attributes f, f, € L#, we say that the attribute implication f, < f, isinformative

iff, 5 f1lT and f, %, /1.

In addition, we can define an ordering relation, in order to compare the attribute implications of the context and analyze
which one provides more information.

Definition 14. Given f1, 5, f3, f, € L{, we say that the attribute implication f, < f; is at least as informative as
f4s € f3, whichisdenoted as f, « f; C f, « f1,if f1 =, f3and f, <, f>.

In other words, one implication is considered more informative than another when it requires less conditions (corre-
sponding to the antecedent set) to generate a greater number of valid conclusions (corresponding to the consequent set).
Notice that, (F,,C) is a poset, and hence, if we assume that L, is finite, then it has maximal elements, which will be called
maximal informative attribute implications. From now on, we will consider L, as a finite set.

Definition 15. Given two subsets of attributes f;, f, € L4, we say that the attribute implication f, « f, € F, isa
1>J2 1 y p 2 1 t

maximal informative implication, if it is a maximal element of the poset (F,,C), thatis, f, « f, & f, « f; forall f, «
f3 € F,. The set of all maximal informative implications of (M, <) is denoted as MF,.

The following result shows that the closure of the antecedent set coincides with the consequent set in every maximal
informative implication.

1

Proposition 16. Given two subsets of attributes f,, f, € L{,if f, < f, isa maximal informative implication, then f, = f|".

Proof. Let f, < f, be a maximal informative implication. By Definition 13, the inequality f, <, fliT holds. Conse-
quently, considering Definition 14, we deduce that the attribute implication f, < f; is less informative than fllT < f1,

thatis, f, « fi C fllT < f,. Moreover, since f, < f; is a maximal informative implication, by Definition 15, we have

that is a maximal element of (F,, ). Thus, from the last inequality, we can deduce that f, = 1”. ]

However the counterpart is not true, that is, if the equality f, = fllT holds for f,, f, € Lf the implication f, < f; is not
necessarily maximal informative. This fact is illustrated by the following example.

Example 17. We will consider again the multiadjoint framework and context given in Example 12, and the fuzzy
subset of attributes f; = {1/a;,1/a,,1/as}. Following the same procedure as in Example 12, we obtain that fllT =

{0.5/a,,0.5/a,,1/a;5,1/a,,1/as}. Taking into account Proposition 11, if we consider f, € L{ such that f, = 1“, we have
that || f, < fill, = T,, and hence, f, < f, € F,. Now, we will see that this attribute implication is not a maximal ele-
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ment of (F,,C), that is, there exists f, < f; € F, such that f; <, f; and f, <; f,. For this purpose, we will consider the
fuzzy subsets of attributes f; = {0.5/a,}, which satisfies f3lT =1{0.5/a,,0.5/a,,1/a5,1/a,,1/as} = f,. Itis easy to check
that the attribute implication f3lT < f; € F,, as a consequence of Proposition 11. Moreover, it is clear that f; <; f; and
f= 3l ', Hence, we can conclude that f, < f; is not a maximal informative implication.

The notion of maximal informative implication can be characterized as the following theorem shows.

Proposition 18. Let (&, ./, \) be an adjoint triple with respect to (L,, <) such that \ is a forcing implication. The
attribute implication fllT & fy is maximal informative if and only if for each f, € L{ such that f, <, f,, we have that

%

Proof. First of all, given f, € Lf, we will prove that if fllT <& f; is a maximal informative implication, then for every
f, € L{with f, <, f,,itissatisfied that f; %, fZ“. By reductio ad absurdum, if f; <, f2”, then f, <; f1 <4 f2”. Since the

pair (!,%) forms an antitone Galois connection, from Definition 6(1), we obtain that fzlT < 1“ < fzu, that is, fzlT = 1“
and so, fllT & f, contradicts the maximality of fllT < fi.

Now, in order to prove the opposite, we will prove the contraposition. Hence, we assume that the attribute implication

1“ <« f, is not maximal informative. Considering Definition 15, there must be an attribute implication f; < f, € F,
such that fllT < f, E f; < f,. By Definition 14, this is equivalent to f, <; f; and fllT <; f5, which implies the following
chain of inequalities

(i) (i)
L= 20,

where (i) holds by Definition 6(2), and (ii) is obtained because f; < f, € F, and by Proposition 11. Thus, we have shown
that there exists f, € L{ such that f, <, f} and f; <, f ' which is the opposite of the hypothesis. O

As a consequence of the two previous results, to maximize the informativeness of this implication, it would be necessary to
identify the minimal subsets f; < f, such that f, = 1l t, Formally prove this claim will be the next goal. For this purpose,
we need to define the notion of subintent.

Definition 19. Leti € Int(M)be an intent of a concept of (M, <). A subintent of i is any subset f of i such that £} = i,
that is, whose closure is . The set of all subintents of i will be denoted as S(i). We say that a subintent is irreducible if it
is a minimal set in S(i). The set of all irreducible subintents of an intent i is denoted as Z.S(i), and the union of these sets,
that is, [ J{ZS(i)|i € Int(M)}, is denoted as I.S,,.

From the above definition, we can establish an equivalence relation between fuzzy subsets of attributes, providing a
partition of L.

Definition 20. The relation = on L# x L# is defined as f, = f,, if fllT = f2”, for all f,, f, € L{. The equivalence
classes will be denoted as [ /], and are given by the families [f],, = S(/'"), forall f € L#.

Moreover, given an intent 7, if it has more than one subintent, that is, S(i) # {i}, then the minimal elements of the set of
subintents S(i) are irreducible elements. As we previously advanced, these elements play an important role to detect and
obtain maximal informative implications, since they are directly related to the antecedent part of these implications, as
the following proposition asserts.

Proposition 21. Giveni € Int(M),if S(i) # {i}, then the nonclosed sets f € Lf serving as antecedent parts for maximal
informative implications i < f are the irreducible subintents of i.

Proof. 1f we assume that S(i) # {i}, then there exist maximal informative implications such that their consequent is i,
that is, attribute implications of the form i « f,with f € Lf and f # i. From Proposition 16, we have thati = f!!, which
implies that f is a subintent of i, that is, f € S(i). In addition, by Proposition 18, we can deduce the antecedent f is also
a minimal subset in S(i), and hence, by Definition 19, an irreducible subintent of i. m]
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As a consequence of the previous proposition, we can establish an isomorphism between the sets of irreducible subintents

and the set of maximal informative implications, and hence, the last mentioned set can be defined as MF, = { fY1 « f|f €
1S,,}. We will denote MF,(i) the set of maximal informative attribute implications which generates the intent i, that is,
MF,(i) ={i < f|f € IS(3i)}.

This section finishes with an example in order to illustrate the previous notions and results associated with the attribute
implications in the multiadjoint concept lattice framework.

Example 22. Consider the multiadjoint frame

(10,115, <, (& pg» P N p6)s &pps P8 Npp)s (&prs  PE Nopr))

and the context (A4, B, R, 6), where the set of attributes is A = {a;, a,, a5}, the set of objects is B = {b,, b,, b5}, the relation
R : Ax B — [0,1], and the mapping ¢ are given in Table 2.

The multiadjoint concept lattice (M, <) associated with the context (A, B, R, o) is composed of 10 concepts whose intents
are given in Figure 2.

The equivalence classes of subintents corresponding to each of intents are presented below:

ligla = {{1/ay.1/a5}. {1/a,.1/a,},{0.5/a;.1/a,. 1/az}. {1/a;,0.5/a,. 1] as},
{1/a;.1/a,,0.5/a,},{0.5/a,,0.5/ay,1/as}, {0.5/ay,. 1/as}, {1/a;.1/ay. 1/as}}
li;ly =1{{1/a,0.5/a,},{1/a;,0.5/a,,0.5/a;}}
lir1p = {{1/a3},{0.5/ay,1/a3},{1/ay,1/as}}
liz]y = {{1/a,,0.5/a5},{0.5/a;,1/a,},{0.5/a;,1/a,,0.5/a;}}
ligly = {1/a;}.{1/a;,0.5/as}}
lis]y = {{0.5/a,.0.5/as}.{0.5/a,,0.5/a,}.1{0.5/a,,0.5/a,.0.5/as}}
ligly = {{0.5/as},{0.5/a,},{0.5/a;.0.5/as}}
Lizlp = ({1}
liglp = {{0.5/ay}}
liglyg = {{1/ay}}
Notice that, the sets of subintents associated with the intents of the concepts C,, Cy, and C, are formed only by their own

closures, and hence, these sets do not produce any informative implication. Therefore, the irreducible subintents in the
above nonsingleton equivalence classes are the following:

IS(iy) = {{1/ay.1/a,},{0.5/a,.1/as}}
IS(3i) = {{1/a,,0.5/a,}}

1S(3iy) = {{1/as}}

IS(iy) = {{1/a,,0.5/a;},{0.5/a,,1/a,}}

1S(3iy) = {{1/ay}}
1S5(is) = {{0.5/a,,0.5/a;},{0.5/a;,0.5/a,}}

IS(ig) = {{0.5/a5},{0.5/a,}}
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TABLE2 | Relation R and mapping ¢ of Example 22.

R b, b, b,
a 1 1 0
a, 0.5 0

as 0.5 0.5 0
c b, b, b,
4 &pe &pp &pr
a, &pe &pp &pr
as &pg & pp &pr

{1/(11, ]./CLQ, 1/a3}>
{1/a1,0.5/as,0.5/az})
{1/a1,1/as})

(Co) = ¢
(C1) =
(C5) =
i3 = I’I’Lt(03) = <{O.5/CL1, 1/&2,0.5/&3}>
() (o) (o) ia=1Int(Ch) = ({1/a1,05/as})
' (C5) =
' (Cs) = (
(Cr) =
(Cs) = (
(Co) =

{0.5/a1,0.5/a2,0.5/as})
{0.5/a,,0.5/as})

FIGURE 2 | Hassediagram and intents of (M, <) in Example 22.

Finally, taking into account Proposition 21, the following maximal informative attribute implications result from the
above sets of irreducible subintents:

MF,(iy) = {{1/a;,1/ay,1/a5} < {1/a;,1/a,},
{1/a,,1/a,,1/a5} < {0.5/a,,1/a,}}

MF,(i;) = {{1/a,,0.5/a,,0.5/a5} < {1/a;,0.5/a,}}

MF,(iy) = {{1/a;.1/ a3} < {1/as}}

MF,(i5) = {{0.5/a;,1/a,,0.5/a5} < {1/a,,0.5/a5},
{0.5/a;,1/a,,0.5/a;} < {0.5/a,,1/a,}}

MF,(iy) = {{1/,,0.5/a3} < {1/a;}}

MF,(is) = {{0.5/a,,0.5/a,,0.5/a;} < {0.5/a,,0.5/a5},
{0.5/a,,0.5/a,,0.5/a;} < {0.5/a;,0.5/a,}}

MF,(is) = {{0.5/a,,0.5/a5} < {0.5/a;},
{0.5/a,,0.5/as} < {0.5/a,}}

4 | Maximal Informative Attribute Implications

In formal contexts, the number of attribute implications often constitute a considerably large set, and many of these
implications can indeed be redundant or trivial, making it difficult to work efficiently with the whole set of attribute
implications. For this reason, we focus on exploring smaller sets of attribute implications that can provide us with the
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desired information without the need to compute the whole set of valid attribute implications associated with the given
context. In this section, we will show that the set of maximal informative implications is indeed sufficient to generate all
the fully true attribute implications that can be logically deduced from a given formal context.

The notion of informative implicational system is presented below.

Definition 23. An implicational system 7 is a set of fuzzy attribute implications over A. If an implicational system 7
composed only by informative implications will be called informative implicational system.

We now focus on two fundamental properties of an implicational system, soundness and completeness, which are essen-
tial to ensure that all attribute implications derived from the system are fully true and that every fully true attribute
implication in the concept lattice can be derived from it. First, we will introduce the notion of soundness.

Definition 24. An implicational system 7 is called M-sound if every attribute implication of 7 is fully true in (M, <).

The soundness of an implicational system provides a consistent and logically valid representation of the dataset. The
following proposition shows that the set of all maximal informative implications is sound.

Proposition 25. Let (&,,/,\) be an adjoint triple with respect to (L, <,) such that \ is a forcing implication. Then,
the set MF, = {1 < f|f € IS,,} is M -sound.

Proof.  The proof straightforwardly follows from Proposition 11. O

Next, we will present the notion of completeness of an implicational system, which guarantees that all valid attribute
implications in a multiadjoint concept lattice can be deduced from it. For this purpose, we need to consider a proof system
with certain inference rules for attribute implications. Namely, we will use the usual syntactic inference system based on
Armstrong’s axioms.

Definition 26. Given three subsets of attributes f;, f,, f: 5 € Lf, the adaptation of the Armstrong’s axioms is as follows:

o If £, <, f1, then F f, < f; (Reflexivity)
s fo & fir LV f3 < fiV f; (Augmentation)
o f3 < frand f, « f, F f; « f; (Transitivity)

Different inference rules can be obtained directly from the above inference system, which will be used later on.

Proposition 27. Given four subsets of attributes f1, f5, fs, f4 € L{, the following inference rules are derived from the
adaptation of the Armstrong’s axioms:

1. f, <« fiF fo A f3 < f1 (Left weakening)
2. f, < f1F LA fo < f1V f; (Information loss)

Proof.  'We will prove that the above inference rules can be deduced from the adaptation of the Armstrong’s axioms.
1. Let f1, f, € Lf such that f, < f;. By the reflexivity rule, we have that f, A f; <« f,,forall f; € L{‘. Now, applying

transitivity to f, A f3 < f, and f, < f;, we deduce that f, A f; < f;.

2. Let f1, f, € Lf such that f, < f;. By the reflexivity rule, we obtain that f, A f, < f, and f; < f; V f;, for all
f3. f4 E L{‘. Applying transitivity to f, A f, < f,, f, < f1, and f; < f,V f;, we can conclude that f, A f, <
f1V f3 o

Notice that, Rule 1 is called Right weakening when the consequent is located in the right side of the implication symbol.
Since the notation in this paper considers the consequent in the left side of the implication symbol, then we have called
it Left weakening.

The next result shows that the inference system presented in Definition 26 is sound.
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Proposition 28. Let (&, /,\) be an adjoint triple with respect to (L,, <) such that \ is a forcing implication. Then,
Armstrong inference system is sound for any formal context.

Proof. In order to prove the soundness of the Armstrong inference system, we will show that any rule deduced from
this system is a fully true attribute implication.

1. Since the operators ' and ! form an antitone Galois connection, by Definition 6(2), we have that f; <, fllT holds,
for all f, € L. In addition, by hypothesis, we have that f, <, f,. From the above two inequalities, we deduce that
2 < fI“,which, by Proposition 11, implies that || f, < f;|| = T,. Consequently, we conclude that f, < f; isa fully
true attribute implication.

2. Let fy, f, € L{suchthat f, < f, € F,, thatis, || f, < f,ll,, = T,.Given f; € L#, we will see that the attribute impli-
cation f, V f3 < f, V fiisalsofully true, thatis, the equality || f, V f5 < f1 V f5]l = T holds. As || f, < filly = T1s
by Proposition 11, we have that the inequality f, <, flH holds. In addition, since " and ! form an antitone Galois
connection, by Definition 6(2), we have that f; <, f3”. Applying the supremum property, we then obtain that
LV 35 fllT \ f3“. On the other hand, the following inequalities f; <; f; V f; and f; <; f; V f5 also hold due to
the supremum property. Then, as consequence of the monotonicity of the concept-forming operators, we deduce that

M < (AL v f3)! and f3l T <, (f; V f)'1. Once again, applying the supremum property, we have that the inequal-
ity fllT \Y f3lT <, (f1 V f3)'! holds. Therefore, we have obtained that the inequalities f, V f; <; 1” \Y f3lT and fllT \Y

3” <, (fy V f3)" are satisfied, from which we deduce that f, v f3 <, (f; V f3)*1. Consequently, by Proposition 11,
we can conclude that the equality || £, V f; < f; V f5]| = T; holds.

3. Let f1, f,, f3 € L{ suchthat f; < f,, f, « f, € F,. We will prove that the attribute implication f; < f is also fully
true. For this purpose, we only have to check that the inequality f; <; fllT is satisfied. By hypothesis, we have that
If5s < follp = Trand || f, < fillu = T,. By Proposition 11, this fact implies that f; <; leT and f, < flu. From the
second inequality, due to the properties of the antitone Galois connections, we obtain that f2H <i flu. Then, from
the last inequality and the first previous one obtained, we deduce that the inequality f; <, fllT holds.

4. Let f1, f, € L{ suchthat f, < f; € F,.Given f; € L{, we will see that the attribute implication f, A f; < f} isalso
fully true, that is, the equality || f, A f5 < f;|| = T, holds. To prove this equality, as a consequence of Proposition 11,
it is enough to show that the inequality (f, A f3) < fllT is satisfied. This fact follows from the following chain of
inequalities:

(i) (i) "
Honfs=i o =0 f)

where (i) holds due to the infimum property, and (ii) is obtained because f, < f; € F, and by Proposition 11. O

Therefore, we can ensure the correctness of the inference process when working with relational databases. In other words,
these rules ensure that if we consider a set of attribute implications that are fully true in a given multiadjoint concept
lattice, then any other attribute implication inferred/deduced from that set, by applying the adapted Armstrong’s axioms,
will also be fully true. Next definition introduces the formal notion of inference from an implicational system considering
the Armstrong’s axioms.

Definition 29. Given an implicational system 7, we say that an attribute implication f, < f, is A-inferred from T,
denotedas 7 +, f, « f;,if f, < f; can syntactically be obtained from 7, by using the Armstrong. We will simply write
inferred if there is no confusion about the inference system.

Once presented the inference system, we can provide the notion of completeness of an implicational system.

Definition 30. An implicational system 7 is called M ,-complete if every fully true attribute implication in (M, <) is
A-inferred from 7.

The following result shows that the whole set of maximal informative implications is complete.

Proposition 31. Let (&,,/,\) be an adjoint triple with respect to (L,, <) such that \ is a forcing implication. Then,
theset MF, = { f1 < f|f € IS,,} is M, -complete.
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Proof.  To prove that the set MF, is M ,-complete, we proceed as follows. We will show that, for any fully true attribute
implication, there exists a maximal informative implication from which it can be deduced. Let f;, f, € L such that
f, < f1 € F,. By Proposition 11, this is equivalent to f, <; fln. Now, two possibilities regarding the antecedent of the
rule can be considered:

 f; is an irreducible subintent of fl”, that is, f; € S( flu). Then, clearly flH & f, € MF,. In addition, the attribute
implication f, < f; can be deduced from fllT & f, considering Armstrong’s axioms. From the inequality f, <, fllT
and the left weakening rule, we deduce that f, < f;.

+ f1isnotan irreducible subintent of f T thatis, f1 € S( flu). In this case, an irreducible subintent f of fllT exists such
that f <, f;. By construction, it is clear that fllT « f € MF,, and by augmentation with f;, we obtain fllT < f1.

Therefore, we can conclude that MF, is M ,-complete. o

As a consequence of the above result, any fully true attribute implication that are not maximally informative can be
inferred from maximal informative implications as a logical consequence of using the adapted Armstrong inference sys-
tem. Even some maximal attribute implications can also be deduced from other maximally informative implications, as
the following example shows.

Example 32. Consider again the multiadjoint frame and context presented in Example 22. From the attribute implica-
tions {0.5/a;,0.5/a;} < {0.5/a5},{0.5/a;,0.5/a;} < {0.5/a,} € MF,(iz), by the augmentation rule, we deduce the fol-
lowing attribute implications {0.5/a;,1/a,,0.5/a;} < {1/a,,0.5/a;},{0.5/a;,1/a,,0.5/a;} < {0.5/a;,1/a,} € MF,(is),
respectively. Then, we have obtained that

MF, +, {{0.5/a,,1/a,,0.5/a;} < {1/a,,0.5/a5},{0.5/a,,1/a,,0.5/a;} < {0.5/a,,1/a,}}

In other words, the maximal informative attribute implications obtained from the irreducible subintents of 7.5(i;), can
be deduces using the Armstrong inference system from others maximally informative implications.

Hence, the maximal attribute implications considered in the above example are redundant in practice, since they can
be obtained from other maximal attribute implications in MF,. The main goal of the following section is to introduce a
mechanism to detect and remove from the set M7, the attribute implications that can be deduced from others.

5 | Bases of Attribute Implications in Multiadjoint Concept Lattices

As we mentioned in the previous section, we are interested in studying smaller sets of attribute implications that can
provide us with the underlying information from a given context without the need to compute the whole set of attribute
implications. A reasonable approach would be to require, on the one hand, that this set provides information regarding
the validity of all attribute implications and, on the other hand, that it is not redundant, that is, attribute implications
belonging to the set cannot be deduced from each other. In this section, we present an extension of the notion of a basis of
attribute implications to the multiadoint framework and we establish the corresponding results for this purpose, following
the Guigues and Duquenne approach [40].

First of all, we will introduce the notion of nonredundant implicational system.

Definition 33. Given an implicational system 7, an attribute implication f, < f, € T is called 7 -redundant if f, <
f1 is inferred from 7\ {f, < f;}. An implication system 7 is nonredundant if none of the attribute implications f, <
f1 € T is T -redundant.

An example of a redundant attribute implication from a particular implicational system and context is presented below.

Example 34. In the multiadjoint concept lattice and context of Example 22, we will consider a implicational system
T composed of the three attribute implications displayed in Table 3.

Now, we will see that the attribute implication I, can be deduced from I; and I,, using the Armstrong inference system.
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By the augmentation rule applied to I, and I,, we obtain the following attribute implications {1/a;,1/a,,1/a;} <
{1/a,,0.5/a,,1/a;} and {1/a;,0.5/a,,1/a;} < {0.5/a;,0.5/a,,1/a;}, respectively.

« Applying transitivity to the two implications obtained above, we deduce 1.

Then, we have proved that the implication I is inferred from 7 \ {/}, and hence, considering Definition 33, we conclude
that the attribute implication I, is 7 -redundant.

From a complete and nonredundant implicational system, we can introduce the notion of a basis of fuzzy attribute impli-
cations according to the requirements mentioned at the beginning of the section.

Definition 35. Given an implicational system 7 is a basis of attribute implications, which will be denoted as B, if
it is M-sound, M ,-complete and nonredundant system for (M, <).

The above definition implies that we can obtain different bases of attribute implications for a given context. In this paper,
we focus on a kind of basis introduced for a context with a finite set of attributes by Guigues and Duquenne [40] and
clarified in [42], which are based on the concept of minimal nonredundant nodes. The idea is to systematically expand
sets of attributes while ensuring that they remain minimal and nonredundant. This process, known as saturation, is a
fundamental step for constructing the bases proposed by Guigues and Duquenne. This notion will be studied from now
on in this section.

First of all, we will present the formal definition of pre-saturation. Before that, we need to introduce the following notation
for a given informative implicational system 7. We will denote as J; the set of antecedents of rules in 7, that is, J, =
{(heL{|l<heT}).

Definition 36. Given an informative implicational system 7 and a fuzzy subset of attributes f € Lf, the set:

7 =\ (A U{rTh<, f.hedy, and b £ f11})

is called T -pre-satured.

Basic properties of the pre-saturation operator are presented below. It is important to recall that we are considering that
L, is finite.

Proposition 37. Given an informative implicational system T and three fuzzy subsets of attributes f, f1, f, € Lf, we
have that

Lf< 7 = M

—7  —T
2. The pre-saturation operator is increasing, that is, if f, <, f,, then f; =<, f, .

Proof.

1. Since we assume that L, is finite, we have that the set {h € Lf|h <y foh€Jy, and W' £ £I1} is also finite,
T
that is, equal to {h,, ... , h,}, with n € N. The first inequality f <, f , follows directly from the definition of the
—7
pre-saturation operator. Now, we will prove the inequality f <, f!! holds. Due to the pair (',') forms an antitone

TABLE3 | Attribute implications of the theory 7 given in Example 34.

Name fr e fi

1 {1/a,,1/a,,1/a5} < {0.5/a,,1/a5}

1, {1/a,,1/a5} < {1/as}

1, {1/a,,1/a,,1/ay} < {0.5/a,,0.5/a,,1/a5}
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Galois connection, from h; <; f, we obtain that hilT < f It foralli € {1, ... ,n}. Therefore, we have that

—T
ro=\anuia, ety = \Jdnu ity =\ = v
2. The proof straightforwardly follows from the definition of the pre-satured operator. O

The following proposition shows that definition of the pre-saturation operator can be characterized by terms of 7.5, , that
is, replacing J; by .S, in Definition 36.

Proposition 38.  Given an informative implicational system T and f € L4, if 1S,, C J;, then we have

7=\ (1S U IR <, f.h € 1Sy, and 1M+ f11))

Proof. Let f < hbean attribute implication in 7, such that A <; f and £ U Ifh e 1S5, then,as1S,, C J,and
taking into account Definition 36, it is clear that the closure of the antecedent 4 must be considered in the computation of

—7
f . Now, we suppose that 2 ¢ 1.5,,, thatis, h € J, \ IS,,. In this case, there exists an irreducible subintent f, € IS,
such that f, <; hand f ;T = h'!. Specifically, we have an irreducible subintent f, satisfying f, <, h <; f and with the

—T
same closure of A. Therefore, the same contribution provide both f, and & to the computation of f (f }I b=pt). Asa

-7
result, it is possible to avoid the consideration of the mappings in J- \ 1.5, in the computation of f . O

Moreover, we can define a pre-saturation for a given fuzzy subset of attributes with respect to a multiadjoint concept
lattice, as follows.

Definition 39. Given a fuzzy subset of attributes f € L{‘, the set:

F=\ (1 uintlih <, f.he LY, and b # f11))
is called pre-satured with respect to (M, <).

The computation of the above pre-saturation operator respect a multiadjoint concept lattice (M, <) can be obtained
directly from the set of the irreducible subintents of (M, <), that is, considering 7 = MF, (J, = I1S,,) in Definition 36.
This fact is shown in the following proposition.

o s _MPr .
Proposition 40. Given a fuzzy subset of attributes f € L4, then we have that f = f ', that is,

7:\/({” U{h''|h <, f.h€TS,,, and h'1 # f'1})

Proof. 1t is straightforwardly follows similarly to the proof of Proposition 38. O

The following proposition presents more properties which allow us to relate the pre-saturation operator to the redundancy
of implicational systems. The philosophy behind these properties is to eliminate redundant attribute implications from a
given implicational system using the augmentation axiom.

Proposition 41. Let (&,,/,\) be an adjoint triple with respect to (L,, <) such that \ is a forcing implication. Given

—T
a M, -complete informative implicational system T and a fuzzy subset of attributes f € L#, we have that f < fis T
-redundant.

Proof. As we assume that L, is finite, we can consider that {h € L{!|h <, f,h € J;, and h'' # f\1} = {hy, ... . h,},
with n € N. Due to & <, h'! is satisfied, for all » € L{, taking into account Proposition 11, it is clear that hl.lT < h, €F,
that is, ||hilT < h|| =Ty, foralli € {1, ... ,n}. Then, as T is M ,-complete, we have that, the attribute implication h[.lT &
h; is inferred from 7, thatis, 7 + hl.lT & h;,foralli € {1, ... ,n}. Namely, it is satisfied that 7 - hiT < h,.Now, applying

Mathematical Methods in the Applied Sciences, 2026 2743

dny) suonIpUeD Pue swe L 8L 885 *[9202/E0/LT] U0 ARd18U1lUO 481 ‘(PepILES 8P OLBISIUIIN) UOSIAOI [EUOITEN BUBIUD0D USIURAS AQ 6220, BLIW/Z00T OT/I0p/W00™/8| 1M Afiq1jeutjuo//sduy o) pepeojumod *t ‘9202 ‘92¥T660T

00" o ARG BL

3SUBD| T SUOWIWOD dA IR 3|qedl|dde aup Aq pausenob ae sapile YO ‘38N Jo sajnl oy A%eiqi auluQ A3\ UO (Suonpuod-pue:



the augmentation axiom, we obtain that 7 + f v hiT & fVvhy,thatis, 7 = \/{f, h{T} <« f.Therefore, if we sequentially
apply this axiom to h,, ... , h,, we obtain that

s Iy

T\ o e

—T7 —T
Then, taking into account that \/{ f,hl', ... \h!1} = \/({f}U{Ai", ... \h!1}) = f , we have that T I /<« f, which

9 1 b
—T
implies that f <« f is T -redundant. O

It is important to mention that, the pre-saturation is not a closure operator, as the following example shows.

Example 42. Consider the multiadjoint frame

([01 1]29 S’ (&DGs I/DG’ \DG)s (&DPa /DP, ‘\DP)s (&DL’ /DL, \DL))

and the context (4, B,R,o0), where the set of attributes is A = {a;,a,,a;,a,,a5}, the set of objects is B =
{b1, by, b3, by, bs, by}, the relation R : A X B — [0, 1], and the mapping o are given in Table 4.

Given f = {0.5/a5,0.5/a,}, we will see that the pre-saturation of this set is not a closed process, that is, 7 # 7 According
to Proposition 40, we only need to consider the whole set of irreducible subintents of (M, <) for the computation of the
above pre-saturation. Following a similar process to the one presented in Example 22, we obtain that the irreducible
subintents in the nonsingleton equivalence classes given by the relation = are the following:

IS(iy) = {{0.5/a,}}
ISG) = ({1/a;))
15(i,) ={{1/a5},{0.5/a5,0.5/as},{0.5/a;,0.5/as}}
15(iy) = {{0.5/a4,1/a5},{0.5/a5,0.5/a,},{0.5/a,,0.5/as},
{0.5/a,,0.5/a,},{0.5/a,,0.5/a5},{0.5/a,,0.5/a,}}
158Gy = {{1/ay4,1/as},{0.5/a3,1/a,},{0.5/ay,1/a,},{0.5/ay,1/a,}}
IS(is) = {{1/a,.0.5/as})
IS(ig) = {{0.5/ay,1/a3}}
IS5(i;) =1{{1/a;,0.5/as},{1/a;,0.5/a5},{0.5/a,,1/a5},{1/a,,0.5/a,},
{1/a,,0.5/a,,0.5/as},{1/a;,0.5/a,,0.5/a5}}
IS(ig) = {{0.5/ay,1/a,}}
IS(iy) ={{1/as,1/a,},{1/a,,0.5/as},{1/a,,0.5/a,},{1/a,,0.5/a5},
{1/a,,1/a,}}
where i,, with k € {0, 1, ... ,9}, are the intents given by the following fuzzy subsets of attributes:
ip ={0.5/a,,0.5/as}
i; ={1/a,,0.5/as}
i, ={0.5/a;,0.5,3,1/as}
i =1{0.5/a,,0.5/a,,0.5/a;,0.5/a,,1/as}
iy ={0.5/a,,0.5/a,,0.5/a;,1/a,,1/as}
is={1/a;,0.5/a;,1/as}
ie = {1/ay,1/as}
i; ={1/a;,0.5/a,,1/a5,0.5/a,,1/as}
iy ={1/a;,1/a,}
iy ={1/ay,1/a,,1/a3,1/a,,1/as}
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TABLE 4 | Relation R and mapping ¢ of Example 42.

R b, b, b, b, b, b
ay 1 0 0

a, 0.5 0 0 0 0 0
as 0.5 0.5 0 1 0.5 0.5
a, 1 0 0
as 0 0 0.5 0

o b, b, b, b, b be
a &pe &pp &pr &pe &pp &pr
a &pe & pp &pr &pe & pp &pr
as &pe & pp &pr &pe & pp &pr
s &pg &pp &pr &pg &pp &pr
as &pg & pp &pr, &pg &pp &pp,

Now, applying Proposition 40, we have that

f= \/ ({fYu{rh <, fLh €IS, and h*! # f'1})
=\/ ({{0.5/a;,0.5/a,}} U {{0.5/a,,0.5/a;}})

= \/ ({10.5/a3,0.5/a,},{0.5/a,,0.5/as}})
= {0.5/a;,0.5/a,,0.5/as}

Then, we obtain that f = {0.5/a5,0.5/a,,0.5/a5}. Now applying again the pre-saturation operator to the set 7, we
have that

7= \/ <{7} U h <, Foh € 1S, and h* # 7“})
=\/ ({10.5/a;,0.5/a,,0.5/as}} U {{0.5/a,,0.5/as},{0.5/a,,0.5/a5,1/as}})

= \/ ({{0.5/a3,0.5/a4, 0.5/as},{0.5/a,,0.5/as5},{0.5/a;,0.5/as, l/as}})
={0.5/a,,0.5/a5,0.5/a,,1/as}

Thus, f = {0.5 /a;,0.5/a;,0.5/a,,1/as} # 7. As a consequence, we can conclude that the pre-saturation operator is not
closed in this case.

Therefore, given a fuzzy subset of attributes f € L#, we have that its pre-saturation regarding an informative implication
system 7 is an increasing and not closed process, such that is upper bounded by its own closure f!!. Indeed, the sequence

—T
{fo}en defined as f, = f and f,,, = f, , for all n € N, is also increasing and upper bounded by f!!. This repeated
pre-saturation application process gives as a result the saturation of the given fuzzy subset f. The formal definition of
saturation is presented below.

A

1, the T -saturation

Definition 43. Given an informative implicational system 7 and a fuzzy subset of attributes f € L
operator is defined as

Fm=\/{flneN)

—T
where f, = fand f,,, = f, ,foralln eN.

In order to simply the notation, if no confusion exists with the implicational system, we will simply write saturation in
the above definition. We will write /, when 7 = MF,.
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Notice that, as we assume that L, is finite, the saturation of a fuzzy subset of attributes is attained in a finite number of

steps, that is, given f € L, and the sequence f, = f and f,,; = f_,,T, for all n € N, there exits n, € N such that f, ; =
f,» wWith ny < n, where n is bounded by the distance between f and f!!. This distance between two fuzzy subsets of
attributes can be a generalization from any distance between pairs of elements of L,. From this fact, we also deduce that
the saturation is a closure operator. Similar properties to presented in Proposition 37 can be obtained for the saturation

operator.

Lemma 44. Given an informative implicational system T and three fuzzy subsets of attributes f, f, f, € L’l“, we have
that

L= 7=

~T  ~T
2. The saturation operator is increasing, that is, if f; <, f,, then the inequality f; <, f, holds.
Proof.  Follows from Definition 43 and Proposition 37. O

Moreover, we can define an equivalence relation from the definition of saturation, which provide a partition of L4, as
follows.

Definition 45. The relation =" on L x L{ is defined as f,=" f,, if f~17 = fNZT, for all £y, f, € L{. The equivalence
classes will be denoted as [ f].r, forall f € Lf.

It is convenient to mention that the above partition induced by the saturation operator is finer than the induced by intents
(see Definition 20), as the following proposition proofs.

Proposition 46. Given an informative implicational system T and a fuzzy subset of attributes f € L%, we have that

[fler € [f1pe

Proof. Given f, € L, wewill consider f, € L{ suchthat f, € [f;].r, which is equivalent to fZT =f 7 We aim to prove
that f, € [ 11 i€, 2” = 1”. By Lemma 44(1), we have that f <, fT <, f',forall f € L{.In addition, due to the pair
(1,}) forms an antinone Galois connection, from the above chain of inequalities we obtain that £} <, (f Ty <; fY1, which
implies that (W = 1, forall f e L#. Consequently, we have that f2H = (fZT)lT = (flT)lT = f], that is f2lT =
Therefore, we can conclude [ f].r C [f;]14, forall f; € L{‘. O

The following lemma shows that the redundancy of attribute implications can also be related to the saturation process.

Lemmad47. Let(&,./,\)bean adjoint triple with respect to (L, <,) such that \ is a forcing implication. Given a M 4
-complete informative implicational system T and f € L%, we have that f T e fis T -redundant.

Proof. Given f € L#, we will consider the sequence defined as f, = f and f,,; = 7,,7, for all » € N. As we assume
that L, is finite, then the saturation ya 4 is attained in a finite number of steps, and hence, there exits n, € N such that
Sfps1 = [, for all n € N, with n, < n. Moreover, by the definition of the considered sequence and Proposition 41(1), it
follows that the attribute implication f,,; < f, is 7-redundant, for all » € N. Then, if we apply the transitivity axiom
from the implication f; < f, to the implication f, < f, _;, we have that \/{ f,|n < ny} < f, is also 7 -redundant, that
is, /7 < fis T -redundant. o

As a consequence of the above result, we can ensure that attribute implications of the form £ < f will be 7 -redundant
whenever fi1 = f 7. Moreover, it is convenient to mention that if f is an intent of a concept, then it is verified that
f=f T = 4. From now on, we will focus in the fixed points provided by the saturation operator that are not intents,
which yield the concept of nonredundant node.

Definition 48. A fuzzy subset of attributes f € Lf is called nonredundant node, denoted as NRN for short, if f = f 4
and f # f!1. The set of nonredundant nodes will be denoted as N'.
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The above definition implies that the saturation of a fuzzy set of attributes is either an intent, or is an NRN. This definition
can be characterized in terms of the pre-saturation operator, as the following lemma shows.

Lemma49. Given an informative implicational system T, a fuzzy subset of attributes f € L{‘ is an NRN if and only if
-7
f=f and f# .

Proof.  Firstof all, if f isan NRN then f = f 7 and f # f1. From the first equality and the definition of pre-saturation,
we obtain that

—T
Conversely, if f = f and f # f1, then by the first equality, we obtain
—7
Y G —
f=r =75
that is, the iteration of the pre-saturation does not modify the mapping, and so f is a NRN. O

Notice that we can consider two types of NRN depending on whether they are irreducible or not. Therefore, we need to
introduce the notion of minimal NRN.

Definition 50. Given an informative implicational system 7, a minimal nonredundant node is an NRN f € Lf such

that for every subset h <, f,ifh!! = filandh = i thenh = f. The set of minimal nonredundant nodes will be denoted
as NV,.

The following results show the importance of the NRNs in the study of redundancy of implicational systems.

Proposition 51. Let (&, /,\) be an adjoint triple with respect to (L., <,) such that \ is a forcing implication. Given a
M, -complete informative implicational system T,a NRN f € N and h € [ f]r, we have that f*' < f isinferred from T
ifand only if h'! < h is inferred from T , that is,

TrHf1"<f ifandonlyif 7T FrA'T <h

Proof. Consider f € N and h € [f].r. First of all, we will prove that if f!! < f isinferred from 7, then h!'! < hisalso
inferred from 7. Since h € [ f].r, the following items holds:
L T AT . . T ST . =T
« By definition of [ f].r, we have that f/* = A . In addition, since f € N, we have that f = f* =h ,thatis f =h’.

« From Proposition 46, we deduce that i € [f],,, which implies that /1 = a'l.

Now, due to f! « f is inferred from 7, taking into account that f = i” and f11 = h'1, we obtain that h'! < &' is also
inferred from 7. Moreover, by Lemma 47, we have that h" « hisinferred from 7. Applying transitivity to h'! < h” and

B o< h, we can conclude that A'" < h is inferred from 7.

Conversely, we will prove that if A'! < h is inferred from 7, then f!! < f is also inferred from 7. Since & € [f1.r, it is
satisfied that

« From the definition of [ f].r, and due to f € N, we obtain that W= = By Lemma 44(1), we have that i <, n.
Thus, we deduce that h <, f.

« By Proposition 46, it follows that f!! = A!!. By Definition 6(2), the inequality f <, f!' holds. Then, we obtain that
f < Wi,

Now, due to A*! < hisinferred from 7, then, by the augmentation axiom, we deduce that 2! v f < h v f is also inferred
from 7. Finally, taking into account that 4 <, f, f <, A*" and f!! = ', we conclude that ! < f is inferred from 7.0

From the previous result, we obtain the following corollary.
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Corollary 52. Let (&, /,\) be an adjoint triple with respect to (L,,<,) such that \ is a forcing implication. Given a
M, -complete informative implicational system T, a NRN f € N and h,l € [ f].r, we have that h*" < h is inferred from
T ifand only if M < [ is inferred from T .

As a consequence of the above results, to construct a nonredundant implicational system, we can include at most one
implication A'! < h, with h € [f].r, for all f € N. Specifically, we can only consider minimal NRNs f € N, to obtain
nonredundant attribute implications of the form A!! < h, with h € [ f].r, since nonminimal NRNs result in redundant
attribute implications, as the following proposition shows.

Proposition 53. Given a M, -complete informative implicational system T,a NRN | € N'\ Ny, and f € [I],,, satis-
fying f <, land f € Ny . Let h € [f1.r, we have that, if h*! < h is inferred from T, then I"! < [ is inferred from T .

Proof. Letl € N\ Ny, and f € [I],, such that f <, / and f € N,. Consider h € [f].r such that h'! < h is inferred
from 7, we will prove that /'! < [/ is also inferred from 7. Since 4 € [f].r and f € N, we have that h <, no= fT =f,
that is, A <, f, which implies that A <, I, due to f <, [, by hypothesis. Moreover, we have that the equality A!! = [}
holds, which follows from the following chain of equalities 4!" = f41 = [¥1, where the first equality is a consequence of
Proposition 46, and the second one is obtained from the fact that f € [/],,. Therefore, applying the augmentation axiom
we deduce that 2! v I < h v [ is inferred from 7, which, taking into account the previous results obtained, implies that
I « [is also inferred from 7. O

Therefore, nonredundant and complete implicational systems, that is, bases, are defined by considering only the classes
provided by each minimal nonredundant node, that is, [ /1., with f € N,

Theorem 54. Let (&, /,\) be an adjoint triple with respect to (L, <;) such that \ is a forcing implication. Given a M ,
-complete informative implicational system T, and a family of fuzzy subsets of attributes F° composed of only one represen-
tative class [ f1.r, such that f € N, . Any implicational systems defined as

B={h'! <hheF}

is a base, that is, M , -complete and nonredundant.

Proof. First of all, we will prove that the set B is M ,-complete. For this purpose, we will show that any fully true
attribute implication of (M, <) (excluding those belonging to the base ) can be inferred from B, that is, they are
B-redundant. Taking into account the left weakening rule, it is enough to prove this fact for fully true attribute impli-
cations of the forms IV' < [, for all | € L'l“. Then, given / € LA, since the relation =7 forms a partition of LA, we can
ensure that there exists a satured set f € Lf such that / € [ f].-. Hence, we need to consider the following possibilities
regarding the satured set f:

« If f € N\ N, then there exists m <, f such that m € Ny and m'! = f!1. Therefore, by definition of B there exists
h € [m].r N F, such that m'! <« m € B. Hence, by Proposition 53, the attribute implication /'! < / is B-redundant.

« If f € N, by the definition of the set F, there exists 4 € F, such that 4 € [f].r and h'! < h € B. Therefore, by
Corollary 52, we deduce that the attribute implication /' < [ is B-redundant.

« If f & N isbecause of f 7 = FY, which implies that

Z’T (’=) fT (i) flT (g) llT

where (i) holds due to / € [f].r, (ii) follows from the fact that /' & N (see Definition 48), and (iii) is satisfied because
[fler € [f1), (see Proposition 46) and I € [ f].r.

Now, we will show that the set B is nonredundant. For this purpose, we will prove that given h!! < h € B, this attribute
implication cannot be inferred from B \ {h'" < h}. Consider h!! < h € B, since h € F, then there exists f € N, such
that 4 € [ f].r. Specifically, 4 is the only antecedent in B representing the class [ f].r. Then, for every antecedent / €
T\ (ntt <n)» it is satisfied that / & [ f].r, which implies that - f T — 1 . Asa consequence, we obtain that the attribute
implication h'" < h cannot be deduced from B \ {A'! < h}. Therefore, we conclude that the set B is nonredundant.
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]

In other words, only one representative of each class must be chosen for each minimal node to obtain a complete and
minimal base. As a consequence, different bases can be obtained for a given context. For example, we differentiate between
bases where the antecedents of the implications are exclusively minimal nodes and the ones that where the antecedents
of the implications are only irreducible subintents.

Proposition 55. Let (&, /,\) be an adjoint triple with respect to (L,, <,) such that \ is a forcing implication. Given a
M, -complete informative implicational system T, and a family of irreducible subintents F; that are selected of every class
[f)e, where f € N . The sets of attributes implications defined as

By, =M< fIf € Ny}
B, ={I"N <l eF,)}

are M , -complete and nonredundant.
Proof.  Follows directly from Theorem 54. O
This section finishes with a particular example which illustrates the above results.

Example 56. Consider the multiadjoint frame and context proposed in Example 22. The following equivalence classes
[f]. are obtained, where f corresponds with the maximal set in its equivalence class:

[{1/a;,1/a,,1/a5}]. = {{1/a,,1/a5},{0.5/a,,1/a,,1/a5},{1/a;,1/a,,1/a;}}

[{1/a;,1/a,,0.5/a;}1. = {{1/a;.1/a,}. {1/a;,1/a,,0.5/a5}}

[{1/a;,0.5/a,,1/a5}]. = {{0.5/a,,1/a5},{0.5/a;,0.5/a,,1/a5},{1/a;,0.5/a,,1/a5}}
[{1/a,,0.5/a,,0.5/a;}]. = {{1/a;,0.5/a,},{1/a,,0.5/a,,0.5/a;}}
[{0.5/a;,1/a,,0.5/a5}]. = {{0.5/a;,1/a,},{1/a,,0.5/a5},{0.5/a,,1/a,,0.5/a;}}

[{0.5/a;,0.5/a,,0.5/a5}]. = {{0.5/a;,0.5/a,},{0.5/a,,0.5/a5},{0.5/a,,0.5/a,,0.5/a;}}
[{1/ay,1/a3}]s = {{1/ay,1/as}}
[{1/a,.0.5/a3}]s = {{1/a,}.{1/a;.0.5/as}}
[{0.5/ay,1/a5}]. = {{1/a;5},{0.5/a,,1/as}}
[{0.5/a,,0.5/a5}]. = {{0.5/a;,0.5/a;}}
[{0.5/a,}]x = {{0.5/a,}}
[{0.5/a,}]~ = {{0.5/a,}}
[{0.5/a3}1x = {{0.5/a5}}
{1/ay}]s = {{1/a,}}

According to the Proposition 46, we obtain a partition of the equivalence classes of subintents presented in Example 22
from the above equivalence classes of satured sets as follows:

ligly = {1/ay,1/a5,1/ a3} U [{1/ay,1/a,5,0.5/a3}1. U [{1/a,,0.5/a5,1/ a3} ]
[i11p =[{1/a;,0.5/a,,0.5/a;} ]

lizly = [{1/ay,1/a5}]. U[{0.5/a,,1/as} ]

lizly =[{0.5/a;,1/a,,0.5/a5} ]

lislp = [{1/a,,0.5/as} 1.

lisly =1{0.5/a,,0.5/a,,0.5/a5}]~

ligla = [{0.5/a;.0.5/a;}12 U [{0.5/a; )] U [{0.5/a5 )1

liglyg = [£0.5/a,}]~

liglyy = [{1/a3} ]
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Therefore, we have that the set of NRNs nodes is given by:

N ={{1/a;,1/a,,0.5/a3},{1/a,,0.5/a,,1/a3},{0.5/a;,1/a;},{0.5/a,},{0.5/as}}

It is easy to see that every fuzzy subset in A is minimal, and hence, we get that N, = N. Moreover, the subsets
{1/a,,1/a,,0.5/a5},{1/a;,0.5/a,,1/a,} and {0.5/a;,1/a;} are not irreducible subintents, which, by Proposition 55,
implies that we can consider two different kind of minimal bases. Specifically, every base is composed by the following
implications:

B, =1{{1/ay,1/ay,1/a3} < {1/ay,1/a,,0.5/a3},
{1/a;,1/ay,1/ay} < {1/a,,0.5/a,,1/a;},
{1/a;,1/a5} < {0.5/a;,1/a;},
{0.5/a,,0.5/a5} < {0.5/a,},
{0.5/a;,0.5/a;} < {0.5/a5}}

B, ={{1/a;,1/a5,1/a3} < {1/a;,1/a,},
{1/a;,1/a,,1/a5} < {0.5/a,,1/a;},
{1/a;,1/a5} < {1/a;},

{0.5/a,,0.5/a5} < {0.5/a,},
{0.5/a,,0.5/a3} < {0.5/a;}}

From the above sets, we can obtain any fully true attribute implications of (M, <), using the inference rules presented in
Definition 26 and Proposition 27. For example, we consider the attribute implication {0.5/a;} < {1/a,,0.5/a;} € F, (see
Example 22). By the reflexivity rule, we have that {0.5/a;} < {1/a,,0.5/a;}. Applying transitivity to {0.5/a;,0.5/a;} <
{0.5/a5} (belonging to ?BNO and B,) and {0.5/a;} < {1/a,,0.5/a;}, we obtain that {0.5/a,,0.5/a;} < {1/a,,0.5/a;}.
Then, by the weakening rule, we can deduce that {0.5/a,} < {1/a,,0.5/a;}.

This paper introduces a mechanism for the computation of bases of attribute implications, based on the minimal nonre-
dundant nodes (NRNSs), following the Guigues and Duquenne approach. As previously was commented, alternative
approaches to extracting bases in the fuzzy setting have also been proposed in the literature, such as in the residuated [15]
or heterogeneous formal context [50] frameworks, which clearly provide different perspectives. An in-depth comparison
will be given in the future.

6 | Conclusions and Future Work

This paper has introduced a general procedure to compute bases of attribute implication from datasets, which can be used
by different approaches based on Galois connections. It has been instantiated on the multiadjoint concept lattice frame-
work, introducing the sufficient condition to prove that a fully true attribute implication is equivalent to its consequent is
included in the closure of the antecedent of the attribute implication, which is the well-known characterization of validity
in the classical case given by Guigues and Duquenne in [40] and Ganter and Wille in [39].

The different notions and results in [40] have been extended to the general framework determining the most signifi-
cant subsets of attributes to compute informative implications and obtaining mechanisms to obtain bases of attribute
implications from three different perspectives.

In the future, a detailed relationship with other particular attribute implication approaches will be studied, such as the
use of pseudo-intents and quasi-closed sets in fuzzy settings [7, 15] or heterogeneous attribute implication [50]. Moreover,
we will design the algorithms based on the procedures introduced in this paper, study their complexity, and apply them
to real-world scenarios, such as those presented for digital forensic [51-53] and renewable energies in [54-56].
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