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ABSTRACT

The Ostrovsky equation models long, weakly nonlinear waves, explaining the propagation of surface and internal waves in a

rotating fluid. The study focuses on the generalized Ostrovsky equation. Introduced by Levandosky and Liu, this equation demon-

strates the existence of solitary waves through variational methods. This paper investigates the generalized Ostrovsky equation

using Lie symmetry group method and low local conservation laws, essential for analyzing differential equations and describing
conserved physical and chemical processes. Specific cases reduce it to the Ostrovsky or generalized Korteweg—de Vries (KdV)
equations. Detailed calculations of local conservation laws, classical point symmetries, and symmetry reductions are provided,
offering invariant solutions and Lie symmetry groups. This research advances the understanding of differential equations and

their applications in modeling scientific phenomena.

1 | Introduction

The study of nonlinear internal waves in a rotating ocean has
been an important area of research in oceanography and fluid
dynamics. Ostrosvsky equation was introduced by Ostrovsky in
[1] as a model for long waves which are weakly nonlinear, to
explain the propagation of the surface and internal waves in
a fluid of reference which describe a rotating movement. This
paper aims to discuss the generalized Ostrovsky equation by
using Lie symmetry group method and low local conservation
laws for this equation. Conservation laws are highly significant in
the analysis of differential equations because they describe chem-
ical and physical processes with conserved quantities. We study
conservation laws for these equations and we resort to the invari-
ance and multiplier perspective by using the Euler-Lagrange

operator. In this paper, we consider the generalized Ostrovsky
equation.

Uy — ﬁuxxxx + (g(u)x)x = af(u) (1)

where a and f are the real dispersion coefficients and the func-
tions f and g are C? functions. This equation was introduced
by Levandosky and Liu in [2] when f is the identity function
and they proved the existence of solitary waves, called ground
states, by employing variational methods. Specifically, in the case
g(u) = u? and f(u) = u, we obtain the Ostrovsky equation

Uy — P + ((”2)x>x = au 2)

The function u(t, x) denotes the free surface of a liquid, « € R is
a measure of rotational effects due to Coriolis force, and f € R
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determines the dispersion. Some special cases of the Ostrovsky
equation has been investigated by several authors [3-7]. In [8],
the authors prove that solutions of this equation converge to solu-
tions of the Korteweg-de Vries (KdV) equation. In [9], Varlamov
and Liu proved that (1) has special characteristics in the space X
for s > 3/2. Tsugawa [10] extended the results of Varlamov and
Liu for s > —3/4. In the absence of rotation, that is, when a« = 0,
we integrate and we obtain the generalized KdV equation:

u, — ﬂuxxx + (g(u))x =0 (3)

The original Ostrovsky equation models the propagation of non-
linear waves in rotating media, such as oceans and the atmo-
sphere. However, this formulation may be insufficient to describe
scenarios where dispersion and nonlinearity vary more com-
plexly. The generalized version allows for additional terms that
can represent more realistic physical effects, such as spatial and
temporal variations in dispersion or more sophisticated wave
interactions. Moreover, studying this version expands knowl-
edge of nonlinear differential equations and their exact solutions,
which can be applied in both numerical and theoretical fluid
dynamics models.

In the current paper, we have studied (1) using Lie symmetry
reductions, symmetry group, and a lot of conservative laws
for them [11-13]. Partial differential equations describe several
scientific processes, such as the heat equation [14] and other
chemical or physical processes [15, 16]. Numerous solutions of
differential equations have been obtained by several methods
[17], such as the direct method [18], simplest equation method
[19], the tanh method [20], or the homogeneous balanced method
[21]. An important and efficient method to study differential
equations is the Lie group method [22, 23]. In Olver [24] and
Bluman and Kumei [25], we find a precise description about
symmetry groups and Lie’s theory. Symmetries help us to obtain
invariable solutions of differential equations which have been
reduced to other equations with fewer independent variables
[26, 27]. By means of symmetry groups, we can obtain solutions
of partial differential equations through other solutions.

This paper is ordered as follows: Firstly, we calculate local con-
servation laws of low order admitted by (1) by employing the
multipliers theory, and we obtain a wide variety of low-order con-
servation laws for Equation (1). After that, we obtain the classical
point symmetries admitted by Equation (1) in Section 3. By means
of the point symmetries, we calculate symmetry reductions of the
equation in the following section. In addition, we obtain other
invariant solutions of the generalized equation, and we obtain
the Lie symmetry groups. Finally, we present some concluding
comments.

2 | Conservation Laws

Conservations laws have been utilized to obtain solutions of
partial differential equations and in the expansion of different
numerical methods [28-30]. They are used in proving the exis-
tence and uniqueness of solutions. To evaluate conserved fluxes
and densities, we study conservation laws for Equation (1), and
we have used the invariance and multiplier perspective with the

use of the Euler-Lagrange operator. Then, we have obtained con-
servation laws for Equation (1), namely, the following continuity
equation:

(D,T +D.X)|, =0, ©)

in terms of the total derivative operators holding for the solutions
of (1). The spatial flux is noted by X, and the conserved density is
noted by T', depending of u, x, t and some derivatives of the func-
tion u. Also, D, and D, represent the total derivative functions
with respect x and ¢, respectively.

A multiplier Q isa function O(t, x, u, u,, u,, ...) thatsatisfies that,
for solutions of Equation (1),

(utx - ﬂuxxxx + (g(u)x)x - af(u))Q
is a divergence expression. Every significant conservation law
emerges from multipliers. If we move away of the group of solu-
tions of Equation (1), all significant conservation laws (4) are

equivalent to conservation laws with the following characteris-
tic form:

(Dt’f + Dx)?) = (utx - ﬁuxxxx + (g(u)x)x - ll!f(u))Q, (5)
where (T, X) varies from (T, X) by a banal conserved current.

We solve the following determining equation to find the set of
multipliers:

Lty = it + (8w, ) — 0 f)Q =0, (6)

where ;—u represents the Euler-Lagrange factor E[u] defined by

Elu] := %+Z(—1)SD,-1---D,-S — A )

iyig ois
=1 1i2 s

By considering (5-7), we derive the following local conservation
laws for Equation (1):

Theorem 1. Under some arbitrary constants, the generalized
Ostrovsky equation (1) admits the following local conservation laws
of low order.

Case 1. In the case f(u) = cyu+ c,, with f # 0, we have the con-
servation law multiplier Q = g’ (u)u, — Pu,, + u,, and we
get the following local conservation law:

XXX

ca
Dl<17u2 +ac2u>
1, 1,

+ Dx(i“, + ﬁ(—zcluxa + (cqu + cy)au,, — u,uxxx)

ﬂ 2 !
+ Euxxx —a [ (cqu+cy)g (wdu

1
28 WP = 1,8 W) Pt — u,)> =0

8

Case 2. Inthe case f = 0, we obtain local conservation laws under

the following conservation law multipliers:
a. Q; = x, give us the following local conservation law:

D, (xux) +D, (xg’(u)ux —g(u) + p(=xu,,, + uxx)) =0. (9)
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b. O, = F(t), with the conservation law:

D, (F(tu,)
D, (=F()puyy, + F(1)g Wu, —uF' (1)) =
(10)
. O3=u, — %u, - %uxg’(u), B # 0 with the conserva-
tion law:
D,(0)+ D, < Zﬂ(ﬁ ex — & (W, — ) > =0.

an

Case 3. Inthe case g(u) = c;u + c,, with ¢;, ¢, € R, we obtain local
conservation laws under the following conservation law
multipliers:

a. Q; = u, and the local conservation law:

D,(l 2>+D
2

<_uxﬂuxxx -—a / f(u)du + %(ﬁuix + clui)) = 0.
(12)

b. Q, = u,, with the conservation law:

D, <—%(ﬁum +ile) —a / f(u)du>

1
+ Dx<—u,ﬂuxxx + pu,u,, + 5”;2 + clu,ux) =0.

(13)
c. Q; =u,,,, inthe case f = c; € R, with the conserva-
tion law:
o (-34)
2 XX
2 1 2 —
+ D, _Eﬂuxxx T G SOl +uu, ) =0.

(14

d. Q, = Pu,,, +u, inthecase f = c; € R, which give us
the following local conservation law:

( ﬁuxx - 1u2 - c3au)

2 XXX

2

+ D, <—'B—u + g(u +4u,u, —2uu,,,) (15)
1,

+ Eu’ +uu, — c3aﬁuxx> =0.

Case 4. Inthe case g(u) = —lu"“, n#0, n#-1, a #0, fu)=
3, With ¢; # 0, under the conservation law multiplier Q =
F,(t,y) + F,(=y), with y =u"u, — pu, . +u, we obtain
the following local conservations law:

D,0)+ D, </ —p(F,(t,y)+ Fl(—y))a'uxxx) =0. (16)

Case 5. In the case g(u) = —u”“, n#0, n# -1, a #0, and
F@w) =" + cu + c; with ¢; #0, we obtain local
conservation laws under the following conservation law
multipliers:

a. O, =m+Dacu, +u,, — %u"ux - %u,, p#0 give
us the following local conservation law:

1 1 1
D,<%(n; cqulf+ ;clu" + Eczu2 + c3u>>

1
+ DX<—(n + Dafciuu,,, — —ﬁ' e T u'u i,

2
n+1 2 n+l
+uu, ., + Taﬂcluxx —ac U Uy, — acyul,

1
—acsu,, +(n+ 1)ac1u"ui + Eaczui

- Lu2 "l — lu”u,ux - lut2
2p B 2p
_ "_Hachum _ (M)azclczuz
n+2 2
ac
— (n+ Dae;cqu + ——— 20D
(n+Dae,cs 26(n+1)
+ ac) U2 ) 1Y) =0
p(n+2) pn+1)
a7
Vintly/acyt

b Q,= (e\/"“(xz’/ch/zﬂt) exx/(n+l)tl¢le WOVE | with

the conservation law:

3% 1
D (u e(nﬁf\/i_il (("+1)2aﬁclzt+(n+l)clx+c2r))
t X

+D ( n+1 W(:;\l/)i((n+1)2aﬂc12t+(n+1)clx+c2z)

Va
< 3/zotﬁu + L(ﬂumx uu")

Van+1) (:114’”r1 cyu
- T 4 ClﬂuXX - - 7

(18)

n+1 n+1 n+1

3/2 n+1 _\m\/afzf
C Q3 — (e—\/n+la3/261/ ﬂt) e (n+1)acle (+1)yfep ,

with the conservation law:

V(n+1):
D (u e— W_:)\/%((n+1)2aﬂcft+(n+l)c1x+c21)>
t X

+D < n+1 - (nvi:r;(('l+1)zaﬂczt+(n+1)c1x+czt)

\/a
< 3/2(xﬂu + L(ﬂumx uu")

Van+1) (c1Bu cqu™t  cu ) 0
— 76‘ —_——— — = .
n+1 Wha =007 T a1

19)

Case 6. In the case g(u) = +1” "lon£0, n# -1, a #0, and
[ () = cyu+ c3, with ¢, # 0, under the conservation law
multiplier Q = —u"u, + pu,. —u,, we obtain one local
conservation law:

XXX
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ca
D,<27u2 + ac3u>

1 1 4
+ D, <__u2 + ﬁ(iczui“ TG0yt “’“m> - 5”’2""‘

2 t
acy Loac,
—afeyuu, + u (Pu,,, —u)u" + il w4+ Tl u"t
1
- —u2u2”> =0.
2 X
(20)

Case 7. Inthe case g(u) = ﬁu"“, n#0, n# -1, a #0, f(u)=
3, With ¢ # 0, under the conservation law multiplier Q =
F,(t,y) + Fi(=y), with y =u"u, — pu, . +u, we obtain
the following local conservations law:

Dt(O) + Dx </ _ﬁ(FZ(t’ 7/) + Fl(_y))duxxx> =0. (21)

Case 8. In the case g(u) = ni—lu"“, n#0, n# -1, and a =0,
under the conservation law multipliers Q, =x, Q, =
F(t), and Q; =u 114, - lu"ux, we obtain the follow-

xxx b b

ing local conservations laws, respectively:
D,(—u) + Dx(xu"ux — Pxu,.. + Pu,,

un+1> — 0’

1
+xu,—n+1

D,(F(uy) + D, (—F(®)puyy, + F(t)u"u, — F'(H)u) =0,

1
D,0)+ D, (—ﬁ(—u”ux +pu... —u)) =0,

(22)
and the multiplier Q, = 1with the local conservation laws:

Dt(ux) + Dx(_ﬁuxxx + unux) =0,
(23)
=0.

D,(0) + D, (—Puy, + u"u, +u,)
Case9. Inthecase g(u) = u, a = 0, we obtain extra local conserva-
tion laws under the following conservation law multipliers:
a. O, = x, give us the following local conservation law:
D, (xuy) + D, (—Pxuyy, + Pu, + xu, —u) =0.

(24)
b. 0, = %xz — tx, with the conservation law:

1
D,(—E(x(Zt - x)ux))
p (P 245 (25)
+ x 5(_uxxxx + x(tuxxx + uxx)
- 2tuy, - 2u,) — txu, + tu) = 0.

¢ 0y= —%(SIZ — 3tx + x?), with the conservation law:
X a2 2
D,(—g(3z —3ix 4 x )ux)

P
+ D, (g(umxx3 + x*(=3tu,,, — 3u,,)

+ x(3t%u, ., + 6tu,, + 6u)) (26)

XXX
+ ﬂ(—luxxtz —tu, — u) - luxz‘zx
2 2

1 1 1
+ Euxlx2 - guxx3 + 51412) =0.

d 0,= %xux +1fu . +u + %ux, with the conservation

law:
D,(%xui %t(—?;ﬂuix - ui))
+ D (2 (=302, + (=20t — B,
—16(—% - %um)u”) + 1} + 6uu, + 3“12)) =0.
@7)
e. Qs = Fy(1,8) + Fy(1), with & = —pu,, +u, +u,, give

us the conservation law:
D, (Fy(tu,) + D,

(/ —B(Fy(t,6) + Fi())du,, + F;(Ou, — F{(t)u) =0.
(28)

f Q= %(2t + X)u, + tu,, with the conservation law:
1 1
D,(g(x — t)ui — zﬂzu§x>
1
+ Dx ( gﬂt(_6utuxxx) - 4“x”xxx + 6utxuxx + 21")20:)

1
+ gﬁ((_zxuxxx + 2”Xx)ux + xu)z(x)
u? u? ux 0
vl L w2 )+ =0.
2 T T 6

They are the absolute collection of local conservation laws accepted
by Equation (1) under the constants a and p.

(29)

Proof. Equation (4) is satisfied when the generalized Ostrovsky
equation (1) holds. The usual form of low-order multipliers of
Equation (1) is represented by

O(t, x, u, Uy, U, U Uy ).

The determining equation (6) gives us determining systems. We
solve them and we obtain the previous solution multipliers given
in each case, which provide us conserved fluxes and densities of
Equation (1). O

3 | Point Symmetries of the Generalized
Ostrovsky Equation

A Lie symmetry of determined partial differential equations is
an operator that transforms solutions into other solutions. The
mathematician, Sophus Lie, developed a theory in the 1870s
to study the symmetries of partial differential equations, using
what are now known as Lie groups. Now, we apply the clas-
sical Lie method to calculate symmetry reductions of the gen-
eralized Ostrovsky equation (1), and we consider the following
one-parameter group:

f=t+et@t,x,u) + O(?),
R =x+ E(t, x, u) + O(2),

0 =u+ent,x,u) + O(e?),
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% = % + E}’]t(t, X, Ll) + 9(82)7

9 _ O (2, x,u) + Oe2),

0x Ox (30)
0% 0%u XX 2

E =ﬁ + é&n (I,x,u)+®(€ )a

where ¢ is a small group parameter and #, 7, and & represent the
infinitesimals of symmetry transformations, corresponding to the
dependent and independent variables, respectively, where

n' = D,(n) — u,D,(&) — u,D,(7),
n* =D (n) —u,D. (&) —uD(7),
™ =D (1" —uy D (&) — u, D,(7),
n° = D) =t D (€) =t D (7).
H =D (1) = U Do (8) = Uy D (1),

The operators D, and D, represent the total derivative functions
with respect ¢ and x, respectively, which are defined as

d J d d
D= bu = buy - U —+ ...
CT o T T e u, T M ou,
(31)
D—i+ui+u i+u i%—
Y ox o You o MYou,  You, T

The generators associated to the Lie algebra are given by the gen-
erator X, represented by

7} 2] 7}
X =z — t — t — 32
T(,x,u)at+§(,x,u)ax+ﬂ(,x,u)au (32)
where
df dx di
T = — . = — . r] = — .
de e=0 de e=0 de e=0

If the generator (32) gives us a symmetry of (1), then X satisfies
the symmetry condition

prYPX(A)],_o=0 (33)

where A =u, —fu,, .+ ((€w),) —af@w and prX repre-
sents the fourth prolongation of (32)

X =X+ x, w2 (34)
~ ouy

where ¢’ (t,x,u®) = D (¢ — tu, — £x) + Euy, + tuy,, and J =
Gps oev s )y for1 <j, <2and1 <k <4.

Precisely, the fourth prolongation of the vector field X is given by

d d d d
DX = X 4+ ¥ = + p** + ¥ L ¥ 35
br ¢ ou ¢ ou ¢ ou, ¢ ou (35)

X XX X XXXX

where ¢*, @™, ¢, ¢ are expressed as a function of 7, &, 7
and the derivatives of 5. By using (33), we obtain the infinites-
imals z(t, x,u), &(t,x,u), and x(t, x,u). From (33) and (35), the
invariance condition reads as

(8" (W, + g" Wi — af' W)n + 28" Wu,¢*

(36)
+ gl(u)d)xx + ¢rx _ ﬁ¢xxxx =0,
where
¢x = Dxr] - uthT - uxDxév
¢tx = Dxd)t - uanT - urxDx‘f’
XX X (37)
¢ =Dx¢ _utxDxT_uxxng’
¢xxxx = Dx¢xxx - utxxxDxT - uxxxxng’

and D, and D, are the total differential operators with respect to
x and t, respectively, given by (31).

By using (33), we calculate the point symmetries of Equation (1).
A point symmetry of Equation (1) is a one-parameter group of
transformations depending on (¢, x, u) with generator (32). The
prolongation of the Lie group leaves invariant Equation (1). The
vector field (32) yields a point symmetry of Equation (1) when
it satisfies the Lie symmetry condition (33), which gives rise to
the following linear system of determining differential equations
for the infinitesimals &(¢, x,u), (¢, x,u), 5, x,u), the functions
g(w), f(u), and the real parameters a and f:

. =0, 7,=0, n,=0,

u

1,=0, & =0,
£x=0, 3¢ - 268" (W) +ng'(w)— & =0,
N — € + 208" () =0, n,8" () + 288" (w) +ng""(w) =0,

= fe + an f W) = 0, 8" (W) — an, f (W) + 4a&, fu) + P =0,
(38)

7, =0,

Solving (38), we obtain some conditions for the functions
and parameters, and we have the following theorem with
the infinitesimal generators of the generalized Ostrovsky
equation (1):

Theorem 2. The point symmetries of Equation (1) are defined
by the following independent operators:

Case 1. In the case g(u) = ﬁu"“ and f(u) = cu®*' with n #
0, n # —1, the point symmetries of Equation (1) are
defined by the generators

Vi = 30, + x0, — 2ud,  (39)
n

Case 2. In the case g(u) = nlju"“ and f(u) = cu, withn # 0, n #
—1, a #0, the point symmetries of Equation (1) are

defined by the generators V; = 9, and V, = 0,.

Case 3. In the case g(u) =u, there are point symmetries of
Equation (1) in the case a # 0 and f(u) = cu, orin the case
a = 0, and the generators are given by

Vi=0. V,=0,.

X

V, =ud, (40)
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Case4. In the case g(u)=ce* and f(u)= c,e?

symmetries are given by

“, the point

V,=0, V,=0, Vs=310t+x0x—20, (41)
Case 5. In the general case for g(u) and f(u), the point symmetries

are given by V; and V.

We can easily check that the generators (39-41) are closed under
the Lie bracket.

Now, we calculate the adjoint table for V; and V;, for i,j =
1, ..., 5, given by the following expression:

Ad(exp(eV )W, = Z:’:Oi—':(comV)"(%)
2
=Wy = elV. Wyl + SIV.IV. Wl - ...

By using the adjoint representation, we obtain conjugated subal-
gebras through equivalence classes, which represent every sub-
algebra of the Lie algebra. The optimal systems in each case are
given, respectively, by

(Vi + AV, Vih AuVy + AL L {uVy + AV, + v Vil

{UVy + AV, VsYand (uVy + 2V,).
Now, we use (39-41) to determinate the symmetry groups
g(t, x,u) associated to the generator (32) and calculate new solu-

tions for Equation (1) associated with them. To obtain the sym-
metry group, we use the following system of initial problems:

P rtoxn. D =, L = pxw  (@2)
de de de
and
(f’ 3%’ a)le:O = (t’ X, u) (43)
0 4
-1 1\
N\
—2— \ "’
R -10
-3 T T T [T 1T [T T T 0 -3
10 2 0 -5 10 y

X

FIGURE1 | Exact solution of (60) for A=—-1,k=1, and b=1.
[Colour figure can be viewed at wileyonlinelibrary.com]

where g(t, x,u) = (f,%,4). From (42) and (43), we get the
following theorem with the corresponding Lie symmetry group.

Theorem 3. The Lie symmetry groups G, i=1,...,5
generated by V;, i =1, ..., 5, are specified by

G, (t,x,u) = (t +¢e,x,u) time translation (44)

G,(t, x,u) = (t,x + €,u) space translation across the x axis (45)

G5(t, x,u) = (%1, ex, e ) scaling group (46)
G4(t,x,u) = (t,x, eu) exponential dilation (47)
Gs(t,x,u) = (€1, efx,u — 2¢)  shift, (48)

where e is the parameter of the group.

Solutions of Equation (1) are transformed into solution through
the use of symmetry groups. So, on the assumption that u =
f(t,x)is asolution of the generalized equation (1), we obtain new
solutions for Equation (1) by means of diverse symmetry groups.
Then, by using the previous groups G;, i =1, ... 5, we calculate
the appropriate new solutions:

4, = f(t—e,x) (49)
4, = f(t,x—e) (50)
iy = f(te™, xe™)e n (51)
a, = f(te ¢, x)ef (52)
G5 = f(te™>, xe™) — 2¢ (53)

4 | Symmetry Reductions and Exact Solutions

In this part, we use the optimal system computed in the ante-
rior subsection, and we get the following symmetry reductions of
Equation (1).

Case 1a. In the case g(u) = ”J%lu”“ and f(u) = cu®*! with n #
0, n # —1, we use the generator V3, and we get

u= h(w)t_sin (54)

where w = xt75. By considering (54) and (1), we have a
reduced ordinary reduced equation given by

Zﬂh’=0

(55)

_ %wh" +nhn—1(h/)2 _ﬂhiv) +hnh/! _
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FIGURE2 |

Case 1b. In the case g(u) = nl?u”“ and f(u) = cu®*! with n #

0, n # —1, from the generator AV; + V,, we have
u = h(w) (56)

where w = x — Ar. By the substitution of (56) into (1),
we have an ordinary differential equation given by

_ ah2n+1 _ ﬂh” +nhn—1(hl)2 _ ﬂh"’) + hnhll =0 (57)

We integrate with respect to w twice, multiply by #’, and
integrate again with respect to w for « = 0. We consider
zero the constants of integration, and we have the fol-
lowing ordinary differential equation:

%(n +D(n+2)h* =™+ i+ D(n+2)(R)? =0
(58)
with solution forn =1

12b

2
\/18b/1) 59)

h(w) =32|1 + tan <(k - w)

w
n
|

w

9
) n
Lovaalaigy

in

o4
n
PRENERTE FRETY A

where k € R. This give us the following solution for
Equation (1):

2
u(t,x) = 34| 1 + tan ((k —-x+ /lt)%:i) (60)

In Figure 1, we consider (60) with A=-1,k =1,
and b = 1.
The solution for n = 2 is given by

_ -5 k=)
h(w) = —24bje” T (61)

v=2b2
24bj+ e 5w

and

—2bi
—24bje” T K70
h(w) = ————=—— (62)

24bA+e 5 Wh

where k € R. This give us the following solution for
Equation (1):

_ — 222 (k—x+A1)
u(t,x) = 24ble” (63)

\—2bi

24bA + e 5 kXD

FIGURE 3 | Exactsolution (85) and (86). [Colour figure can be viewed at wileyonlinelibrary.com|

12433

85U8017 SUOWIWOD aA 181D 9|qeoljdde ay) Aq peusenob aJe ssoie VO ‘SN JO sajni o} Akeiq i 8UlJUO AS]IAN UO (SUOTIIPUOD-PUR-SLLIBY WD A8 1M AeIq Ul jUD//:SdNy) SUOIPUOD pUe SWiB | 8U) 89S *[9202/£0/90] Uo AriqiT sulluo AS|IM ‘Ziped 8@ pepisieAlun Aq 980TT eWW/Z00T 0T/I0p/W0d A8 | ARelqipuljuo//sdny wouy pepeojumod ‘2T ‘SZ0Z ‘97 T660T


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

Case 2.

Case 3.

and

—2bA
—24ble” (k—x+At)
u(t, x) = N (64)

24bA + e 5 hH=AD

In Figure 2, we consider solution (63) with A = -1,k =
1, and b = 3 and solution (64) with A = -2,k =1, and
b = 1, respectively.

In the case g(u) = ﬁu"“ and f(u) = cu, with n #
0, n# —1, a # 0, by using the generator AV, + V,, we
get the similarity variables

w=x-Au=hw), (65)
and the ODE
—/lh"+nh"_1(h')2—ﬂh[”)+h”h"—ah=0 (66)

In the case g(u)=u and f(u)=cu, by using the
generator V, + A,V, + 4,V,, we obtain

w=x-At, u=h(w)e, (67)
and the ordinary differential equation

A = A" — B + B —ah =0 (68)

5 s
w in T
11l

»
n

[ NS N R

IS

o We have the following solution of (68) in the general
caseof a, f, A,,and 4,

4
h(LU) — cheRootOf(ﬁZ4+(/12—l)Zz—A4Z+a, index=k)w

=1
(69)

where C, € R, k=1 ... 4, and the corresponding
solution of (1)

4
u(t, x) = ch oRo0tO F(BZA+(Ay=1)Z% =2y Z+a, index=k)(x—yt)

k=1

(70)
where C, eR, k=1 ... 4
In the case a + 16 + 44, —4 + 24, = 0, we obtain
the following solutions of (68):

o

¢;sech(w)?

hw) = A anhw)?

(71)

hw) = c,esch(w)?

T (1 + coth(w))? (72)

and these give us the following solutions for
Equation (1), respectively,

x -1

FIGURE4 | Exactsolution of Equation (1) given by Equation (76). [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 5

o

cysech(x — A,1)?

(1 + tanh(x — A,1))? (73)

u(t,x) =

cyesch(x — Ayt)?

(14 coth(x — A1))? (74)

u(t,x) =

where ¢, ¢, € R. In Figure 3, we consider solution
(73) for ¢; = 0.5, 4, =1 and solution (74) for ¢, =
1, 4, = 0.001, respectively.

In the case 4, = 0, we obtain the following general
solution of (68):

\J —zu(xz—u \/ —4ap+i3 —212+1>w

h(w) =Cye” 2
\J 7211(12—” 4/ —4nﬂ+/1§ —242+1)w
+Cye 5
(75)
\J —za(—@ ++q [ —daprii-2i, +l)w
+ Cse” 2
\J 72/1(7/12 +144/ —4«/3+/l%—212 +l>w
+ Cye 2 )

wherec, eR, i=1 ... 3.

This give us the following solution for Equation (1):

\J —Zﬁ(AZ—H 1/ —4aﬂ+/1§ —2A'z+l)(x—/lzz‘)

u(t,x) =Ce” 2
\J -213(/12-14- 4/ -4uﬂ+1§ —245 +1)(x—A‘21)
+ Cye 2
(76)
+ Cse” 2
\J 7213(—12 ++4 [ —daprid-2i, +1>(x712r>
+ Cye 2 .

In Figure 4, we consider solution (76) in the cases
C=li=1..4i=-1f=1la=-1,
Ci=li=1..41=1=2a=3,
Ci=li=1..41=70f=1a=1,

C,=C,=1,C,=—-05,C, =1,y = =50, = 4,a = —4,

respectively.

o In the case 4, = 0, we obtain the following solution

of (68):

h(w) = ¢, sinh(c,w) + ¢; cosh(c,)w (77)

Exact solution of Equation (1) given by Equation (78). [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 6

°

o

where ¢34, + fc; — ¢ + a =0, with the following
solution for Equation (1):

u(t, x) = ¢; sinh(c,(x — A4,1)) + ¢5 cosh(c,)(x — A,1)

(78)

In Figure 5, we consider solution (78) in the

casec; = ¢, =1,¢5=0,4, =1, =1; the case ¢; =

0,c,=1,c3=1,4,=1,p=1; and the case ¢, =

1,i=1...3,4, =1, =1, respectively.

In the case 4, = 0, we obtain the following solution

of (68)

h(w) = ¢, sin(c,w) + ¢; cos(c,w) (79)

where ¢24, + fc; — ¢; —a =0, with the following

solution for Equation (1):

u(t, x) = ¢; sin(c,(x — A,1)) + ¢5 cos(c,(x — A,1))

(80)

In Figure 6, we consider solution (80) in the

casec; = ¢, = 1,65 =1,4, =10, = 1;thecasec; =

0,c,=c;=1,4,=0.5,=2; and the case ¢, =

100,¢, =1,¢5 =0, 4, = 0, f = 1, respectively.

In the case a = 4, = 0, we obtain the following solu-

tions if b(4, — 1) is a positive, negative, or zero real

number, respectively,

VA, —1 VA, =1
h(w) =k, sin(z—w> + k, cos e e
Vb Vb

h(w) = kyw + k2 (83)

and these give us the following solutions for
Equation (1), respectively,

Vi, —1(x— M))

u(t, x) =k, sin
(5

(84)
VA, — 1(x — A1)
+ k,cos| ———— |,
NG
( VI —Ti(x—Ap1) ) ( VA —Li(x—1p1) )
u(t, x) = kye Vi + kye Vb (85)
u(t,x) = ky(x —1) + k2 (86)

Exact solution of Equation (1) given by Equation (80). [Colour figure can be viewed at wileyonlinelibrary.com]
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In Figure 7, we consider solution (84) with k;
ky =1, 4, =2,b = 1; solution (85) with k; = 1,k,
1, A, = =2,b = 1;and solution (86) with k; = 1, k,
1, 4, = 1, respectively.

Case 4a. In the case g(u) = c;e* and f(u) = c,e?, by using the
generator V;, we have
2
u=h(w) - gln(t) 87)
where w = xt‘i, and we have the ordinary reduced
equation given by
- %wh” + e il + ¢ (h)?e"
. (88)
— acye® — ph'V — Eh, =0
Case 4b. In the case g(u)=c;e" and f(u)=cye® from the
generator AV; + V,, one has
u = h(w) (89)
where w = x — Ar. By substituting (89) into (1), we have
the ordinary differential equation given by
— AN = PRV + e h" e + e (W)?e" — acye® =0 (90)
FIGURE7 |

Case 5.

For ¢, =0, we have the following solutions of (90)
where 4 is positive, negative, or 4 = 0, respectively,

h(w) =k, sin<w\/%> +k, cos<w\/%> (91)

hw) = ke Vi + ke V3 (92)

h(w) =k, + k,w (93)
and we get the following solutions of Equation (1):
. A A
u(t,x) = ky sm<(x - At)\/%> + k, cos<(x - At)\/%>
94)

u(t,x) = klei(x_m ; + kze_i(x_m\/% 95)

u(t, x) = ky + k,x (96)

In the general case for g() and f (1), from the generator
AV, +V,, we have u = h(w), w = x — At, and we have
the reduced differential equation given by

— A" = R + " (W + g’ h —af =0 (97)

Exact solution (84-86). [Colour figure can be viewed at wileyonlinelibrary.com]
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and integrating twice respect w, we obtain

—Ah—ﬂh”+g—a/</fdw>dw=0 (98)

For f,g identity functions or constant functions, we
have similar solutions to (94-96).

5 | Concluding Remarks

We have studied the generalized Ostrovsky equation (1) with
real dispersion coefficients, from the point of view of symme-
try analysis. First of all, we have derived conservation laws for
the subjacent equation through multiplier approach conserva-
tion theorem, and we have recourse to the invariance and multi-
plier perspective by using the Euler-Lagrange operator. We have
obtained several local conservation laws for Equation (1). Sec-
ondly, we have calculated Lie point symmetries of the equation,
and subsequently, we have performed symmetry reductions.
Also, we have obtained traveling wave solutions of significance
importance by using the vector fields. Finally, we have obtained
Lie symmetry groups generated by means of the vector field and
new solutions for Equation (1) associated to them. The results
obtained in this study contribute to the understanding of wave
propagation in rotating fluids. The derivation of exact solutions
and conservation laws allows for a better characterization of wave
regimes, facilitating the development of more efficient and accu-
rate numerical models. These solutions can serve as benchmark
tests for computational simulations, helping to assess the accu-
racy of numerical schemes used in oceanic or atmospheric mod-
els. Furthermore, the identification of symmetries and conserva-
tion laws provides useful tools for simplifying complex equations
and exploring new problem formulations in fluid dynamics.
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