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Abstract

Given a connected graph G, the mutual-visibility number of G is the cardinality of a
largest set .S such that for every pair of vertices z,y € S there exists a shortest x, y-path
whose interior vertices are not contained in S. Assume that a robot is assigned to each
vertex of the set S. At each stage, one robot can move to a neighbouring vertex. Then S is
a mobile mutual-visibility set of G if there exists a sequence of moves of the robots such
that all the vertices of G are visited while maintaining the mutual-visibility property at all
times. The mobile mutual-visibility number of GG, denoted MobM(G), is the cardinality
of a largest mobile mutual-visibility set of G. In this paper we introduce the concept of
the mobile mutual-visibility number of a graph. We begin with some basic properties of
the mobile mutual-visibility number of G and its relationship with the mutual-visibility
number of G. We give exact values of Mob,,(G) for particular classes of graphs, i.e.
cycles, wheels, complete bipartite graphs, and block graphs (in particular trees). Moreover,
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we present bounds for the lexicographic product of two graphs and show characterizations
of the graphs achieving the limit values of some of these bounds. As a consequence of this
study, we deduce that the decision problem concerning finding the mobile mutual-visibility
number is NP-hard. Finally, we focus our attention on the mobile mutual-visibility number
of line graphs of complete graphs, prism graphs and strong grids of two paths.

Keywords: Mobile mutual-visibility set, mutual-visibility number, total mutual-visibility.
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1 Introduction

The research on mutual-visibility in graphs was introduced in 2022 by Di Stefano [14]. This
seminal work was motivated by a computer science model of mobile entities in a network
requiring some “mutual visibility” properties while communicating between them, so that
there will be a “private channel” of communication; this private channel is a shortest path
between the two entities that does not contain any other entity that is involved in the model.
After this first work on the topic, a series of subsequent contributions have rapidly appeared.
Among them, we find for instance [1-3,5-11,20,21,24].

One of the main antecedents of this concept (see [13]) is the one considering a set
of robots placed at some locations in a network, and then by making some movements,
the robots attain a configuration in which the locations occupied by the robots have some
mutual visibility properties in the previously mentioned sense. Once the robots occupy this
configuration, they are not required to continue moving. In our setting, we consider the
continuation of this model in the sense that, after reaching a configuration with the mutual
visibility property, we require the robots to continue moving, by keeping the property at all
times, until all the nodes of the network have been visited at least once.

Consider a set of vertices S C V(G) of a graph G. Two vertices z,y € V(G) are
S-visible if there exists a shortest z, y-path whose interior vertices are not in .S. The set
S C V(G) is a mutual-visibility set of G if every two distinct vertices z,y € S are S-
visible. The mutual-visibility number of G is the cardinality of a largest mutual-visibility
set of G, and is denoted by u(G), see [14]. A mutual-visibility set of cardinality u(G) is
called a p-set of G.

From now on, assume that one robot is assigned to each of the vertices from a mutual-
visibility set S C V(G) of a graph G. Then, the robots move through the graph from
one vertex to another adjacent vertex. A move of a robot is legal if the robot moves from
x € S to an adjacent unoccupied vertex y ¢ S such that the new set (S \ {z}) U {y}
is a mutual-visibility set of G as well. In this sense, we say that the set S is a mobile
mutual-visibility set of G if there exists a sequence of legal moves beginning at the vertices
of S, such that that each vertex of G is visited at least once by at least one robot. Now, the
mobile mutual-visibility number Mob,,(G) of G represents the largest cardinality among
all possible mobile mutual-visibility sets of G. A mobile mutual-visibility set of cardinality
Mob,, (G) will be called a mobile pi-set of G for short. By a robot 2 we mean a robot located
at a vertex x. Moreover, a move from a robot x to an adjacent vertex y shall be written as
T~ Y.

E-mail addresses: magda.dettlaff @ug.edu.pl (Magda Dettlaff), magdalena.lemanska@pg.edu.pl
(Magdalena Lemanska), juanalberto.rodriguez@urv.cat (Juan A. Rodriguez-Veldzquez),
ismael.gonzalez@uca.es (Ismael G. Yero)
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Note now that any two vertices of a non-trivial graph G form a mobile mutual-visibility
set of GG since any two vertices of G form a mutual-visibility set. Also, any mobile mutual-
visibility set is of course a mutual-visibility set. Thus, the following straightforward bounds
are clear for any non-trivial graph G.

2 <Mob,(G) < u(G). (1.1)

Now, in order to get a better understanding of the central concept of this work, we
consider the non-trivial example of the hypercube (3. It is already known from [7] that
1(Qs) = 5. An example of a u-set of Q3 appears in the drawing of Figure 1 (a). The
subsequent drawings of Figure 1 (b)—(e) show a sequence of legal moves that allow every
vertex of Q3 to be visited at least once, which allows us to conclude that Mob,, (Q3) =

wQs) = 5.

2 2

(a) (b) (© (d) (e)

Figure 1: The moves of a mobile p-set in Q3 from (a) to (e): bold vertices represent the
robots of the mobile p-set; white vertices are not visited yet; gray vertices have already
been visited by a robot from the mobile p-set.

The article is organized as follows. We first study the relationship between the mobile
mutual-visibility number and the mobile general position number of a graph, which is a
closely related concept defined in [16]. We continue with a few basic properties of the mo-
bile mutual-visibility number of G and its interrelation with the mutual-visibility number
p(G). In particular, we show that there exists a graph with Mob,(G) = a and ;(G) = b
for any pair of integers @ and b with 2 < a < b. We also give exact values of Mob,,(G)
for particular classes of graphs, i.e. cycles, wheels, complete bipartite graphs and block
graphs. We prove that trees are the only graphs G with Mob,(G) = 2. Moreover, we
prove bounds for the lexicographic product of two graphs and give characterizations of the
graphs achieving the limit values of some of these bounds. As a consequence of this study
of the lexicographic product, we deduce that the decision problem concerning finding the
mobile mutual-visibility number of graphs is NP-hard. Finally, we focus our attention on
considering mobile mutual-visibility sets for the line graph of complete graphs, and also
for prism graphs and for the strong grid of two paths.

‘We note that throughout our exposition all graphs considered are connected, undirected,
and without loops and multiple edges. A universal vertex is a vertex of a graph that is
adjacent to all other vertices of the graph. As usual, we use the notation K,, C,,, P,
and N,, for complete graphs, cycle graphs, path graphs, and empty graphs of order n,
respectively. Given a vertex v € V(G) of a graph G, the vertex-deletion subgraph G — v is
the subgraph of G induced the set V(G) \ {v}. The order of a graph G will be denoted by
n(G). Moreover, in order to simplify the writing, we shall assume that [n] = {1,...,n}
for any integer n > 1. Other notation and terminology will be introduced when required.
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2 Relationships with mobile general position

A parallel situation to the mobile mutual-visibility parameter is related to the general posi-
tion problem. The general position number of a graph G is the cardinality of a largest set of
vertices (called a general position set) of GG such that it contains no three collinear vertices,
where lines are taken as geodesics (shortest paths) in the graph. This concept is in fact
known from the *90s (see [18]), although it was recently and independently rediscovered
in [4] and [22]. It is now a very well-studied parameter, and a large number of remarkable
contributions on it can be found in the literature, for example [15, 17, 19,25] to name just a
few of the most recent ones.

One of the works on general position considered the idea of “moving” the vertices of
general position sets in order to traverse all the vertices of the graphs, see [16]. General
position sets and mobile general position numbers (denoted as Mob,,(G)) are defined
analogously to mutual-visibility sets and mobile mutual-visibility numbers. It is clear that,
if a set of vertices of a graph GG is a mobile general position set, then it is also a mobile
mutual-visibility set, which implies that

Mob,,, (G) < Mob,(G). 2.1

for all connected graphs G. There are several graphs for which equality occurs in the rela-
tionship above. For instance, it is known from [16] that Mobg, (C,,) = 3 for any cycle C,,
with n # 4, 6, while Mob,,(C's) = Mobg,(Cs) = 2. We next see that Mob,, (C,,) = 3 for
every n > 3.

Proposition 2.1. For any integer n > 3, Mob,,(C,,) = 3.

Proof. If n € {4, 6}, then it is straightforward to check the conclusion. Assume that n > 3
and n # 4,6. By (1.1) and (2.1) we have Mob,,(C,,) < Mob,(C,) < p(Cy). Since
u(Cy) = 3 (see [14]) and Mobyg,, (C),) = 3 (see [16]), we deduce the desired equality. [J

Other examples with equality in the relationship (2.1) are the block graphs, whose
mobile mutual-visibility number will be further computed (Corollary 3.3) to be equal to
the clique number of the block graph, which is indeed the value for their mobile general
position number as well, as proved in [16].

In contrast to the results above, there are also several graph classes where the equality
in (2.1) does not occur. Let us consider a graph G obtained from two complete graphs K,
and K, 1 < p < s and a complete graph K> with vertex set {uy, us} by joining u; with
every vertex from V (K,) U V(Kj). It is readily observed that ;(G) = p + s + 1 and that
V(G) \ {u1} is a mutual-visibility set of G. Also, u; ~ us is a legal move after which
each vertex of G is visited. Hence, Mob,(G) = p + s + 1. On the other hand, notice that
any general position set S of G such that S N V(K,) # () and S NV (K) # 0 satisfies
SN{uy,us}t = 0. It implies that V(K ) U{u; } is a maximum mobile general position set
of G, hence Mobg,(G) = s + 1. Finally, Mob,,(G) — Mob,,,(G) = p.

3 Basic results

We begin this section by considering the inequality (1.1). Since we can have equality in
1(G) < n(@G), it is a natural question to consider when Mob,,(G) = n(G) holds. This
case is straightforward, as the whole vertex set of a graph G is a mobile p-set of G if and
only if there is no pair of non-adjacent vertices in G.



M. Dettlaff et al.: Mobile mutual-visibility sets in graphs 5

Remark 3.1. Let G be a graph of order n. Then Mob,(G) = n if and only if G is a
complete graph.

‘We next center our attention into the other issues related to the inequality (1.1). That is,
first characterizing all graphs for which Mob,, (G) = 2, giving some examples of graphs G
such that Mob,,(G) = u(G), and the realization of all possible values for Mob,, (G) and
1(@G) inside the inequality. To this end, we first focus on considering graphs having cut
vertices (recall that for a connected graph G, a vertex v is called a cut vertex if G — v is
disconnected).

Proposition 3.2. If v is a cut vertex of a graph G, where C1, . .., Cy are the components
of G —vand G; = G[V(C;) U {v}]| with i € k], then

max{Mob,,(G;) : i € [k]} <Mob,(G) < max{u(G;) : i € [k]}.

Proof. Let S C V(G) be a mobile p-set of G such that v € S. Since Mob,,(G) = |S| > 2,
there exists ¢ € [k] such that SNV (C;) # 0. Now, if there exist two vertices z € SNV (C;)
and y € SNV(Cj), with ¢ # j, then they are not S-visible (v lies in every shortest
x, y-path), which is a contradiction. Hence S C V(G;), which implies that S is a mutual-
visibility set of GG;. Thus, the upper bound follows. On the other hand, if one considers a
mobile p-set of any G, it is clear that it is also a mobile mutual-visibility set of G, and so,
we conclude that Mob,, (G) > max{Mob,,(G;) : i € [k]}. O

To see that the upper bound above is tight, consider for instance the graph G obtained
from a complete bipartite graph K> 3 by adding a pendant vertex to one vertex of the par-
tition set of cardinality two. In such case, the graphs G; and G5 are the complete bipartite
graph K 3 and the path P,. It can be noticed that Mob,,(G) = 4 = max{u(K2 3, u(P2)}.
In addition, notice that Mob,, (K2 3) = 3 and Mob,(P;) = 2, showing that the lower
bound is not reached in this case. Situations where this lower bound is tight are later shown
for the case of block graphs.

A graph G is a block graph if every block (maximal 2-connected component) of G is
a clique. We use w(G) to represent the clique number of G, i.e. the cardinality of the
maximum clique of G. By the fact that all the vertices of a clique form a mobile mutual-
visibility set of the clique itself, a recursive argument on the cut vertices of block graphs
leads to the following conclusion by using Proposition 3.2.

Corollary 3.3. If G is a block graph, then Mob,,(G) = w(G). In particular, if G is a tree,
then Mob,(G) = 2.

Proof. If G is a complete graph, then the result follows from Proposition 3.2. Hence, we
may assume that G has at least two blocks. In this sense, by using an induction procedure
on the number of cut vertices of G, we deduce the desired equality. O

We next show that indeed the trees are the only graphs G satisfying Mob,(G) = 2.
Notice that this, in addition, represents the characterization of the graph class attaining the
lower bound in (1.1).

Theorem 3.4. Let G be a connected graph. Then Mob,,(G) = 2 if and only G is a tree.
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Proof. If T is a tree, then the result holds by Corollary 3.3. Assume that GG is not a tree, and
let C be a shortest cycle in G. We shall show that there exists a mobile mutual-visibility
set of G of cardinality three. Since C'is an isometric cycle, Proposition 2.1 implies that
three mutually visible robots Ry, Ry, R3 can traverse C' and visit every vertex of the cycle.
Let x be any vertex of V(G) \ V(C) and P be a shortest path from x to C. Let x be the
vertex of V(P) N V(C') and z; the neighbour of o on P. Temporarily label the vertices
of C so that C'is the cycle vyv; - - - vx_1v9, Where vg = xg. Move the three robots around
C until R; is at ¢ and suppose that R, and I3 are at v; and v; respectively, where j > 1.
We can choose the distance j — ¢ to be the maximum of the distances between the robots.
Perform the move xy ~~ x1, then move Ry and Rj3 alternately according to v; ~» v;_1,
Vj ~ Vjyl, Vim1 ~ Vi—2, Uj41 ~ Vjya,..., and so on, until Ry and R3 are stationed at
the neighbours vy and vi_1 of xy. Then move robot R; along the rest of the path P until
it reaches x. It can be seen that at each stage the robots are mutually visible. These steps
can now be reversed and a robot sent to any other not yet visited vertex of V(G) \ V(C).
Therefore, Mob,,(G) > 3. O

Now, in connection with the bounds from (1.1), one may think about the realization of
Mob,, (G) with respect to 1(G). This can be seen as follows.

Remark 3.5. For any pair of integers a and b with 2 < a < b, there exists a graph G with
Mob,(G) = a and u(G) = b.

Proof. If a = b, then we simply consider the complete graph K,. Hence, we may assume
2 < a < b (this means b > 3). We construct a graph G, as follows. Let us use the
representation b = p - (a — 1) 4+ ¢ where ¢ < a — 1. We begin with p disjoint cliques of
cardinality @ — 1, and one other clique of cardinality ¢q. Next, to obtain G, ;, we add an
extra vertex x, and join by an edge all the vertices from all the mentioned cliques to the
vertex x.

It can be noted that, all the vertices of G ;, but the vertex = form a mutual-visibility set
of Gy p, and so, (Gyp) > p- (a—1) 4 ¢ = b. Moreover, since x is a cut vertex and b > 3,
it holds that = does not belong to any p-set of G, . Therefore, p(Gg ) = b.

Now, the equality Mob,,(G4,) = a is obtained by using Proposition 3.2. O

Based on the results above concerning graphs having cut vertices, we now center our
attention on computing the value of Mob,, (G) for some basic families of graphs having no
cut vertices. To this end, we need to recall that the mutual-visibility number of complete
bipartite graphs is known from [14, Table 2]. We also recall that a wheel W, is a graph
obtained from a cycle C,, by adding a vertex v and joining it by an edge to every vertex
of C,.

Proposition 3.6.
2, ifs=1,

(1) For any integersrT > s > 1, Mob#(K},s) =<r+s—2, if2<s<3,
r+s—3, ifs>4.

4 ifn=34,5,6,

i) F heel h W, Mob,(W,,) =
(i) For any wheel grap ob, (Wy) {3; ifn>T.
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Proof. (1) If s =1, then K, ; is a star, and so, Corollary 3.3 leads to the equality. Assume
now s > 2.

From (1.1) and the results from [ 14, Table 2] we know that Mobu(Km) <r+s-—2.
On the other hand, it can be readily seen that Mob,, (K. ;) > r 4+ s — 3 by just considering
a set of vertices of cardinality  + s — 3 which does not contain two vertices from one
bipartition set and one from the other one. Such a set is clearly a mutual-visibility set and
one can make a sequence of legal moves to visit all the vertices of K, ,, thus the conclusion.

Let V(K, ) = U UV such that [U| = r and |V| = s are the bipartition sets of
K, If MobM(KT,S) = r + s — 2, then there are always two vertices without a robot. If
both U and V' have one robot, then in the following move one of U and V' will have two
empty vertices. Hence, the robots in the partite set with two unoccupied vertices will not
be mutually visible unless it has at most three vertices. Thus, s < 3, in which case it is
easily seen that we have equality in Mob,, (K, s) = r+ s —2. On the other hand, for s > 4
we have Mob,, (K, ;) =7+ s — 3.

(ii) Let C' = [n] be the vertices of the outer cycle in W,, and let w be the central
vertex. The cases n = 3,4, 5,6 are straightforward. Hence, assume n > 7. It can be
easily observed that S = {w, 1,2} is a mutual-visibility set of W,,. Moreover, the moves
w ~> 4 ~» w are legal for any i # 1, 2. Therefore, Mob, (W,,) > 3.

Suppose next that Mob,,(W,,) > 4 and let S’ be a mobile p-set of W,,. Regardless of
any move that the vertices of S’ would do, at some point, the vertex w needs to be visited,
and there will be at least 3 vertices on the cycle. Since n > 7, there will be two robots on
the cycle such that all shortest paths between them pass either through the robot at w or
through the third robot on the cycle. Thus, they are not S’-visible, which is not possible.
Therefore, Mob,, (W,,) < 3 and the equality follows. O

4 Lexicographic products with an application

Given two graphs G and H, the join graph G + H is the graph obtained from G and H by
adding all the possible edges between vertices of GG and vertices of H. Clearly, if G and H
are complete graphs, then G + H is also complete and so by Remark 3.1, we next consider
only join graphs G + H in which at least one of them is not complete.

Theorem 4.1. Let G and H be two graphs not both complete with n(G) > 2 and n(H) >
2. Then
n(G) +n(H)—3 <Mob,(G+ H) <n(G)+n(H)—1.

Proof. Since either G or H is not complete, the join G + H is also not complete. Thus,
by Remark 3.1, the upper bound follows. To prove the lower bound, notice that any set of
vertices of G + H of cardinality n(G) + n(H) — 3, such that it contains either n(G) — 2
vertices of G and n(H) — 1 vertices of H, or n(G) — 1 vertices of G and n(H) — 2 vertices
of H, is a mutual-visibility set of G + H. Consequently, robots placed on the vertices of
any such set can make legal moves to visit the three remaining vertices of G + H, and so it
is a mobile mutual-visibility set, which leads to the desired bound. O

The lexicographic product graph G o H of two graphs G and H is obtained as follows.
The set of vertices of G o H is V(G o H) = V(G) x V(H). Also, the set of edges of
G o H is given as follows. There is an edge between (z,y) and (2',y') in G o H whenever
there is an edge between z and 2’ in G; or x = z’ and there is an edge between y and y’
in H. Clearly, K o G = G + G for any graph G. If u € V(G), then the subgraph of
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G o H induced by {u} x V(H) is called an H-layer, and is denoted by H,. Similarly,
the G-layers G,, are defined for vertices of v € V(H). Notice that G o H is connected
whenever G is connected. Thus, from now on in this section, we assume G is a connected
graph in the lexicographic product G o H.

We first note the following fact for the case of lexicographic product graphs. If g €
V(G) and h,h' € V(H) (with h # h’) are arbitrary vertices of G and H, respectively,
then the set S = (V(G) x (V(H) \ {h})) \ {(g, ')} is a mutual-visibility set of G o H.
This means that any robot placed at any neighbour (g’, &) of (g, h’) can make the legal
move (g', k') ~ (g, h’'), and the set S can achieve any configuration in which there are two
vertices not in S from one copy of H. Now, to visit any vertex (¢, h) by a legal move, we
just need to have the robots placed at a set S’ such that (¢, h’) ¢ S’. Such S’ can clearly
be reached by the arguments above. This means that the robots placed at .S can legally
move to visit all the vertices of G o H. Consequently, it is deduced that S is a mobile
mutual-visibility set of G o H. Thus, for any non-trivial graphs G and H,

Mob, (G o H) > n(G)(n(H) — 1) — 1. @.1)

On the other hand, since the join of two copies of a graph H can be seen as the lex-
icographic product Ko o H and join graphs were studied above, we next consider those
lexicographic product graphs G o H in which G is not K.

In order to present our results, we need to introduce the following notion and terminol-
ogy, which were first described in [11]. A set of vertices S of a graph G is called a fotal
mutual-visibility set if every two vertices of V(G) are S-visible (notice that the visibility
property must be satisfied for every pair of vertices of the graph). The cardinality of a
largest total mutual-visibility set of G is the total mutual-visibility number, and is denoted
by w:(G). Some further contributions on this parameter were given in [9,24]. Moreover, the
total mutual-visibility number for the lexicographic product of graphs was studied in [21].
There was proved the following result.

Theorem 4.2 ([21]). If G is a connected graph and has no universal vertices, then for any
graph H,
(G o H) = n(G)(n(H) — 1) + u(G).

We shall also need the following structural lemma concerning the mobile mutual-
visibility sets of G o H.

Lemma 4.3. Let G be a connected non-trivial graph. If H is a graph withn(G) < n(H)+
1, then there exists a mobile p-set S of Go H such that SNV (H,) # 0 for every u € V(QG).

Proof. Suppose to the contrary that for every mobile p-set S of G o H there exists a vertex
x € V(QG) such that S N V(H,) = (. This means that |[S| < n(H)(n(G) — 1). On the
other hand, by (4.1), we know that |S| > n(G)(n(H) — 1) — 1. Thus, it must happen
n(G)(n(H)—1)—1 < n(H)(n(G) — 1), which means that n(G) > n(H) + 1, and this is
not possible due to the assumption. Therefore, there exists a mobile p-set S of G o H such
that SNV (H,) # 0 for every u € V(G). O

Notice that, if the assumption n(G) < n(H) + 1 is not include in the lemma above,
then there could exist graphs G and H (satisfying the remaining conditions of the lemma)
for which a mobile u-set S of G o H exists such that SNV (H,) = () for some u € V(G).
To see this, we can consider the graphs C5 o N (N is the empty graph on two vertices)
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or Cs o K5 as examples. In the former case, this graph has the mobile mutual visibility
number equal to 6, but there is no mobile p-set with a robot in each copy of Ns. A similar
situation occurs in the latter case.

Theorem 4.4. Let G be a connected non-trivial graph and let H be any graph of order at
least two. Then
Mob, (G o H) > n(G)(n(H) — 2) 4+ 211(G).

Moreover, if n(G) < n(H) + 1, then
Mob, (G o H) < n(G)(n(H) — 1) + 11:(G).

In addition, if n(G) < n(H)+1, H is not an empty graph and G has no universal vertices,
then
Mob,(Go H) = (G o H) = n(G)(n(H) — 1) + p(G).

Proof. To prove the lower bound, let S be a ps-set of G and let v, w be two vertices of H.
We claim that the set S" = (S x V(H)) U (V(G)\ S) x (V(H) \ {v,w})) is a mobile
mutual-visibility set of G o H. It can be readily observed that S’ is a mutual-visibility set
in G o H, since S is a us-set of G, and the fact that every H-layer H, such that u ¢ S
has two vertices not in S’. Thus, any two vertices of S’ are S’-visible by using shortest
paths with those vertices (u, v) or (u, w). Moreover, by the same reasons, any vertex (x, v)
or (z,w) with x € S can develop a sequence of legal moves and visit all the vertices of
V(Go H)\ S’ Thus, S’ is a mobile mutual-visibility set and the lower bound follows.

Now, to prove the upper bound, let X be a mobile pu-set of G o H satisfying that
X NV(H,) # 0 for every u € V(G), which can be assumed based on Lemma 4.3, since
n(G) < n(H) + 1 by assumption. Let X¢ = {u € V(G) : | X NV (H,))| = n(H)}
(namely, the vertices of G whose corresponding H-layers are whole included in X). We
claim that such X is a total mutual-visibility set of G. Suppose for the contrary that X«
is not such. Hence, there are at least two vertices ,y € V(G) which are not X-visible.
But then, this means that there are two vertices v,v’ € V(H) such that the two vertices
(x,v), (y,v") € X (the existence of these two vertices in X is confirmed by the Lemma 4.3)
are not X -visible in GG o H, which is not possible. Thus, X is a total mutual-visibility set
of G as claimed, and so, the following holds.

Mob,(Go H) =|X|= Y [XNV(H,)|+ Y |XNV(H,)
rz€Xg z¢Xa
< n(H)|X¢| + (n(H) = 1)(n(G) — | Xcl)
=n(G)(n(H) - 1) + | Xc|
< n(G)(n(H) = 1) + u(G).

From now on, assume H is not an empty graph. Let A be a y;-set of G and let w be
a vertex of H of degree at least one. We claim that the set B = (A x V(H)) U ((V(G) \
A) x (V(H)\ {w})) is a mobile mutual-visibility set of Go H. To see this, we first observe
that B is a total mutual-visibility set as shown in [21] (proof of Theorem 4.2), and so, also
a mutual-visibility set of G o H.

Let w’ be a neighbor of w in H and let u € V(G) \ A (note that (u,w’) € B while
(u,w) ¢ B). Due to the structure of the lexicographic product, we observe that the set
B’ = B\ {(u,w')} U{(u,w)} is also a total mutual-visibility set of G o H. This means
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that (u,w’) ~ (u,w) is a legal move that keeps the mutual visibility property. In this
sense, we readily see that there exists a sequence of legal move that allows us to visit all
the vertices of G o H. Therefore, B is a mobile mutual-visibility set and so,

Mob,(Go H) > (G o H) = n(G)(n(H) — 1) + p(G). 4.2)

Therefore, the general upper bound of the theorem together with (4.2), lead to the equal-
ity Mob,,(GoH) = p:(GoH) = n(G)(n(H)—1)+u:(G), which completes the proof. [

We remark that the condition n(G) < n(H) + 1 in the theorem above is only required
for the general upper bound of the theorem. We have also noted that there are several other
cases in which this upper bound is true although the condition n(G) < n(H) + 1 would
not be satisfied. However, we have not been able to identify all the necessary conditions
required by G and/or H so that this upper bound is satisfied. Some of the following results
show this situation.

We next focus our attention on the special case of lexicographic products whose second
factor is an empty graph N, for some s > 2, and shall prove that there are some of such
lexicographic products that attain either the lower, or the upper, or none of the bounds given
in Theorem 4.4. We recall that if the first factor G is K, then G o N is a complete bipartite
graph K ¢, which were studied previously. Thus, from now on we consider the first factor
has order at least 3.

Proposition 4.5. For any integer r > 3 and s > 2,
Mob, (P, o Ng) =rs —r + 1.

Proof. Let P, = wujus - --u, taken in the usual way for the adjacency of vertices. Let
v,w € V(Ng) be two fixed vertices. We claim that the set S = ({u,u,} X V(Ng)) U
({uz, ..y ur—1} x (V(Ns)\{v})) \ {(uz2,w)} is a mobile mutual-visibility set for P, o Nj.
Since each copy of N corresponding to all the vertices in {us,...,u,—1} is not whole
included in S, it follows that any two vertices of S are S-visible. Thus, S is a mutual-
visibility set.

If r = 3, then for any y € V(N;) the sequence (u1,y) ~ (uz,v) ~ (u1,y) ~ (ug,w)
is a sequence of legal moves, since in every step the condition for the corresponding set
of vertices occupied by a robot is a mutual-visibility set. This is based on the fact that
in the copy of N corresponding to ug, there are two vertices not included in S in the
first setting. As a consequence, S is a mobile mutual-visibility set as claimed, and so
Mob,, (P, o Ns) > r(s —2) + 4.

Assume now that » > 4. By using similar arguments as above, for the vertex w €
V(Ny), the sequence (ug,w) ~» (u2,v) ~ (us,w) ~> (ug,w) is a sequence of le-
gal moves (note that we involve here the copies of N, corresponding to ug, us). At this
moment, the new set of vertices occupied by the robots is S = ({u1,u,} x V(Ng)) U
({ug, ..., ur—1} X (V(Ng) \ {v}) \ {(us,w)}. Next we repeat the process, but involv-
ing the copies of Ny corresponding to us, uy, instead of us, ug (if this is possible, based
on the value of 7). At the final step, when considering the copies of [N, corresponding to
Up_2,Ur_1, we need to make an extra move which is (u,_o,w) ~ (u,_1,v). At each
step, the condition of being a mutual-visibility set remains, and we can visit all the vertices
of P, o N,. Thus, S is mobile mutual-visibility set, and therefore, Mob,, (P, o Ny) >
r(s—2)+4+r—3.
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On the other hand, for a set of vertices in P. o N, to be a mutual-visibility set, we
can have at most all but one vertex from each copy of Ny corresponding to the vertices in
{ua, ..., u,—1} together with all the vertices in the copies corresponding to uy, u,. How-
ever, if we consider a set having the maximum possible of such set, then we cannot perform
any legal move to visit all the vertices of P, o Ng. Hence, at least one vertex needs to be ex-
cluded from such set. Thus, this means precisely that Mob,, (P,oN;) < r(s—2)+4+r—3,
which gives the equality. O

Notice that in the result above, if r = 3, then we have Mob,, (P,oN;) = r(s—2)+4 =
n(Py)(n(Ns) — 2) + 2u(P,), since p(P,) = 2, which means that the lower bound of
Theorem 4.4 is achieved. Moreover, from the cases » > 4, we see that none of the (lower
or upper) bounds are achieved. It remains to prove that the upper can also be achieved
when the second factor of the product is an empty graph. To this end, we need the concept
of mobile total mutual-visibility sets analogously defined to the one of mobile mutual-
visibility sets.

In this sense, we say that a graph G is a total-mobile graph if it has mobile total mutual-
visibility set of cardinality p;(G) > 0.

An example of such graphs is for instance the direct product of two complete graphs
K, and K, with r,s > 5. It was proved in [12], that u; (K, x Ks) = rs — 4 and the
set V(K, x Kq)\ {(1,1),(2,2),(3,3), (4,4)} (where the vertices of K,, is taken as [n])
is a maximum total mutual-visibility set of such graph. It can be noted that the sequence
(5,5) ~ (1,1) ~ (2,2) ~ (3,3) ~ (4,4) is a sequence of legal moves that keep the
property of the corresponding sets being a total mutual-visibility set. Thus, K, x K, is a
total-mobile graph.

Theorem 4.6. Let G be a graph without universal vertices and let s > 2 be an integer such
that n(G) < s+ 1. Then Mob,(G o Ns) = n(G)(s — 1) + u(G) if and only if G is a
total-mobile graph.

Proof. Assume first that G is a total-mobile graph, and let A be a mobile total mutual-
visibility set of G and let w € V' (N;). We claim that the set S = (A x V/(N)) U ((V(G)\
A) x (V(N;) \ {w})) is a mobile mutual-visibility set of G o Nj.

First, since A is a total mutual-visibility set of G, we have that S is a mutual-visibility
set of G o N (indeed such set is a total mutual-visibility set as proved in [21]). Now,
since p:(G) > 0, we consider a sequence ) of legal moves in G which keeps the total
mobility properties. At each step of this process, the corresponding set of vertices A’ is a
total mutual-visibility set, and so, by using the result from [21] (as mentioned), we deduce
that such each " = (A’ x V(N,)) U (V(G) \ 4’) x (V(N;) \ {w})) is also a mutual-
visibility set of G o N;. Thus, by using the sequence () in G we can define a sequence
Q' in G o N, (just by taking the sequence () in the copy of G corresponding to the vertex
w € V(Ny)) that is a sequence of legal moves in G o N, and we can visit all the vertices
of G o N,. Therefore, S is a mobile mutual-visibility set of G o N, as claimed, and so,
Mob,(G o Ng) > n(G)(s — 1) + u(G). The equality then follows from Theorem 4.4,
since n(G) < s — 1 is an assumption of the result.

On the other hand, assume that Mob,,(GoNy) = n(GQ)(s—1)4u(G), with 11, (G) > 0,
and let S be a mobile mutual-visibility set of G o N,. We need first to show that the pro-
jection S¢ = {u € V(G) : (u,v) € Sforevery v € V(N,)} is a total mutual-visibility
set of G. If this is not the case, then there are two vertices z,y € V/(G) that are not
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Sg-visible. But then, any two vertices (z, z), (v, z) € V(G o N) are not S-visible, which
is not possible.

Next, we need to show also that [S N ({u} x V(N;s))| > s — 1 for every u € V(G).
Suppose that this is not the case. Hence, since Mob, (GoNy) = |S| = n(G)(s—1)+u:(G),
it must happen that | S| > u:(G), or equivalently, S¢ is not a total mutual-visibility set of
G, which is a contradiction. Therefore, S¢ is a p-set of G. It remains to see that Sg is a
mobile total mutual-visibility set of G.

Consider now a sequence R of legal moves in G o N. For any move (z,y) ~ (2, y")
from R, we define a move x ~» ' in G. At each step of the moves in R, the corresponding
set is a mutual-visibility set in G o N, and its corresponding projection over G is a total
mutual-visibility set of GG, by using the same arguments as above. This means that the
sequence that is defined in G (from the one in G o N;) is a sequence of legal moves in G
that keeps the total mutual-visibility properties. Thus, the set S¢ is a mobile total mutual-
visibility set of G, and G is a total mobile graph, which completes the proof. O

An interesting consequence of Theorem 4.4 relates to the decision problem concerning
finding the mobile mutual-visibility number of graphs, which is next stated. In connection
with this, notice that it is not exactly on whether this problem belongs to the NP class,
since checking that a mobile mutual-visibility set is indeed such, depends on finding some
strategy for moving the robots placed at vertices of the initial mutual-visibility set so that
all the vertices of the graphs are visited at least once by at least one robot.

MOBILE MUTUAL-VISIBILITY PROBLEM
Input: A connected graph G = (V, E) and k < n(G).
Question: Is Mob,,(G) > k?

Theorem 4.7. The MOBILE MUTUAL-VISIBILITY PROBLEM is NP-hard.

Proof. We consider any connected graph G without universal vertices, and a non-empty
graph H satisfying that n(G) < n(H) + 1. From Theorem 4.4, we know that Mob,, (G o
H) =n(G)(n(H) — 1) 4+ u(G). Since the decision problem concerning finding p(G) is
NP-complete, as shown in [9], and we have a polynomial reduction from this problem to
our Mobile Mutual-Visibility Problem, we hence complete our proof. O

S Line graphs of complete graphs

If G is a graph, then its line graph, which is denoted L(G), is the graph with vertex set
V(L(G)) = {ew : wv € E(G)}. Two vertices ey, ey € V(L(G)) are adjacent
whenever the two edges uv, u'v’ are incident in the original graph G. For a given set of
edges F' C E(G), the set of vertices e,, € V(L(G)) such that uv € F is written as Sp.
In addition, by G we denote the edge-induced subgraph of GG based on F, i.e., the edges
in F' together with any vertices that are their endpoints.

The mutual-visibility number of L(K,) for any n > 3 was studied in [12]. Notice
that L(K,) is a (2n — 4)-regular graph of order % and diameter two. This last fact
means that, while considering the mutual-visibility of two vertices of L(K,,), we only
need to care about vertices that are at distance two, or equivalently, of edges that are not
incident in the original K,,. We next illustrate this using the graphs L(K4) and L(K3).
It was proved in [12] that u(L(K4)) = 5 and that u(L(K5)) = 8. For the case of Ky,
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any set of five edges becomes a p-set of L(K,4). Thus, in this case it is easy to see that
Mob,, (L(K4)) = p(L(K4)) = 5. For the case of K3, any set of 8 edges excluding two
independent edges in K5 becomes a pi-set of L(K5) (see Figure 2 (a) for an example). We
now readily observe that some black edges can move to the red ones so that the mutual-
visibility property remains all the time among the black edges. Thus, we conclude that
Mob,,(L(K5)) = u(L(K5)) = &.

(a) (b) (©)

Figure 2: The graph K5 where a pu-set is represented by the black edges in each of the
configurations, and the corresponding moves to achieve one configuration from the other
one.

In the examples above, it happens that Mob,, (L(K,,)) = u(L(K,)) if n < 5 (ifn = 3,
then it is trivial to see this fact). We next show that these are the only cases in which this
situation occurs. To see this, we first need the following results from [12], where T'(n, 3)
represents the Turdn graph, which is a complete 3-partite graph of order n in which the
sizes of the 3 parts are as equal as possible.

Theorem 5.1 ([12]). Let n > 3 be an integer and F C E(K,,). Then Sp C V(L(K,)) is
a p-set of L(K,,) if and only if (K,,)r = T(n, 3).

Another point of view in the result above, and based on the definition of Turdn graphs,
is that a set Sp C V(L(K,,)) is a p-set of L(K,,) if and only if the subgraph of K,
generated by the edges in F' together with the vertices in the edges of F, does not have a
complete graph K as an induced subgraph. With the tool that gives us Theorem 5.1, we
are able to show the following.

Theorem 5.2. Ifn > 6 is an integer, then Mob,, (L(K,,)) < u(L(Ky)).

Proof. Let Sp C V(L(K,,)) be a p-set of L(K,) for some F' C E(K,,). By Theorem 5.1,
(K,)r = T(n,3), which means (K, represents a complete 3-partite graph of the largest
size (number of edges) and order n in which the cardinalities of the 3 parts are as equal as
possible. Let A, B, C be the partite sets of (K,,) . Note that for any edge xy € F, it holds
that z, y belong to different partite sets of (K,,)r. Assume z € A and y € B.

Now, in order for a vertex e,/,, ¢ Sp to be visited by a robot placed at the vertex
ezy € Sp (notice that either x = 2/, or y = y'; assume « = '), we need to move the
robot e, to e, and the new set Spr = Sp \ {ezy} U {ey, } must be a p-set of L(K,,)
as well. However, by Theorem 5.1, (K,)r must be isomorphic to T'(n, 3) too, that is,
(K,,)p» must be a complete 3-partite graph of order n in which the cardinalities of the 3
parts are as equal as possible, as already mentioned. But, this is not possible since n > 6,
which means the cardinalities of A, B and C are at least two, and so, there are vertices
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b € B\ {y} and ¢ € C such that all the edges between the four vertices © = 2’,y',b, ¢
(note that ¢y’ € A) belong to F’, and they induce a K4, which is a subgraph of (K, ), a
contradiction.

As a consequence of this, we deduce that Sr cannot be a mobile mutual-visibility set
of L(K,), and the bound follows. O

6 Prism graphs

The prism of a graph G is obtained as the Cartesian product of G and a complete graph
K5. The Cartesian product of two graphs G and H is the graph GOH with vertex set
V(GOH) = V(GQ) x V(H), where two vertices (z,y) and (2',y’) are adjacent if and
only if either x = 2’ and yy' € E(H), or 2’ € E(G) and y = y’. We first observe the
following bound.

Theorem 6.1. For any graph G, Mob,(G) + 1 < Mob,(GOK,) < 2u(G), and the
bounds are tight.

Proof. Let x,y be the two vertices of Ks. Let .S be a mobile p-set of G and let w € V(QG)
be any vertex. Let S’ = {(u,x) : v € S} U {(w,y)}. Note that any vertex (u,x) can be
visited by legal moves using only the vertices of S x {x}. Also, the choice of w does not
influence the visibility of vertices from S’, which means that (w, y) can visit all the vertices
of V(G) x {y} by using legal moves. Thus, S’ is a mobile mutual-visibility set, and the
lower bound follows. To see the tightness, consider the complete graph G = K,,, n > 2
(notice that ;1(K,) = n). In this case, if Mob,, (K,0K5) > n+2and S is a mobile p-set,
then there will be two vertices u,v € V(K,,) such that (u,x), (u,y), (v,z), (v,y) € S.
Thus, we readily observe that (for instance) (u,x), (v,y) are not S-visible, which is a
contradiction. Thus, Mob,, (K,0K>) < n + 1, and the equality follows.

The upper bound follows directly, since each copy of G cannot have more than p(G)
vertices in any mobile p-set. To see that this upper bound is also tight we consider G as a
cycle graph C,, with n > 7 (recall that u(Cy,) = 3). Let S = {i, j, k} (withi < j < k) be
a p-set of C), such that the distance between the vertices in S is as equidistant as possible,
and let ' = S x {z,y} where V(K3) = {z, y}. First observe that S’ is a mutual-visibility
set of C,,[0K>5. Since n > 7, there are at least two vertices of S such that the distance
between them is at least three. Without loss of generality ¢ and j are such vertices. Now,
we make the following moves (i,x) ~ (i + 1, ) and (i,y) ~ (i + 1,y), and we indeed
notice that these are legal moves since we obtain a new mutual-visibility set of C,,[JK5.
By repeating this process with k instead of ¢ and later with j instead of k, we always obtain
a mutual-visibility set of C,,[JK> (operations with 4, j, k are done modulo n). A cyclic
repetition of these procedures will allow us to visit all of the vertices of C,,[JK> by using
legal moves. Thus, S’ is a mobile mutual-visibility set of C,,[1K5 of cardinality 2u(C,,),
which gives the equality in the upper bound. O

Next, some other examples showing the tightness of the bounds of Theorem 6.1 are
given.
3, if2<n<3

Proposition 6.2. For any path P,,, Mob,,(P,0K,) = {4 ifn >4
. ifn >4,

Proof. If n = 2, then P,[0Ks = Cy, and we have the conclusion from Proposition 2.1.
If n = 3, then by some simple calculations we get the conclusion. Hence, assume n > 4,
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and consider the set S of vertices formed by all the vertices of degree 2 in P,0K5. Let
V(P,) = [n] and V(K3) = [2]. Hence, we readily observe that the sequences defined at
next are sequences of legal moves.

o (1,4) ~ (2,0) ~ -+ -~ (n—2,0) ~ (B —3,7) ~ -+~ (1,4) with ¢ € [2],
o (n,i) ~ (n—1,i) with i € [2].

Thus, S is a mobile mutual-visibility set of P,,[JK>, and so, Mob,,(P,[0K>) > 4.

On the other hand, if Mob, (P,[JK5) > 5, then there will be three vertices from a
mobile mutual-visibility set S’ in one of the copies of the path P, and so, two of them will
not be S’-visible, which is not possible. Therefore Mob,, (P,0K3) = 4. O

Notice that there are graphs G for which the bounds of Theorem 6.1 are not achieved,
taking into account that for instance, ;1( K1 ) = n and Mob,, (K ,) = 2.

Proposition 6.3. For any integer n > 3, Mob,, (K1 ,0K5) =n+ 1.

Proof. Let V(K1 ,,) = [n] U {0} where 0 is the central vertex, and let V(K3) = [2]. Let
S = ([n] x {1})U{(0,2)}. Hence, we note that the sequences defined below are sequences
of legal moves.

s (0,2) ~ (n,2),
o (i,1) ~ (4,2) forevery i € [n — 1],
* (n,1) ~ (0,1).

Thus, S is a mobile mutual-visibility set of K ,,[JK5 and so, Mob,, (K ,00K3) > n+ 1.
Suppose for contradiction that Mob,, (K ,[0K>) > n + 1 and let S" be a mobile -
set. This means that there is at least one ¢ € {0} U [n] such that both (3, 1), (¢,2) € S’
Consider now a moment in which one robot visits a central vertex (0, j) for some j € [2],
say for instance (0, 1). Let S” be the set of vertices occupied by the robots at this moment.
If there are two vertices (j, 1), (j/,1) € S”, then they are not S”-visible since the unique
(4,1), (j', 1)-shortest path in K7 ,,[1K passes through (0, 1), a contradiction. Thus, there
can be at most one vertex (j,1) € S” for some j € [n]. We have the following situations.

Case 1: Assume that (j,1) € S” with j € [n]. If (j,2) € S”, then (j,1) is not S”'-
visible with every other vertex = € 5"\ {(j,1), (0,1), (4, 2)}, which is not possible (notice
that there is at least one other vertex different from (j,1), (0,1), (4,2) since n > 3 and
we have assumed that |S”| = Mob, (K, ,0K>) > n+ 1 > 4). Thus, it holds that
(4,2) ¢ S”. If (0,2) € S”, then again (j,1) is not S”-visible with every other vertex
x € 5"\{(4,1),(0,1),(0,2)}, and this is also not possible. Consequently, we deduce that
there is no i € {0} U[n] such that both (7, 1), (¢,2) € S’, which contradicts our assumption.

Case 2: There is no vertex (j,1) € S” for every j € [n]. This means that the integer
i € {0} U [n] such that both (i,1),(,2) € S’ (assumed at the beginning) is precisely
i = 0. Moreover, for every ¢ € [n] it holds that (¢,2) € S” since we have supposed that
Mob,, (K1 ,0K>) > n+ 1. But then, each two distinct vertices (7, 2), (j/,2) € S” are not
S"”-visible, and this is a contradiction. Again, we deduce that there cannot be i € {0} U [n]
such that both (i, 1), (i,2) € S’, a final contradiction with our assumption.



16 Ars Math. Contemp. 26 (2026) #P1.10

7 The strong grid

We consider in this section the strong product of two paths. To this end, we first recall that
the strong product of two graphs G and H is the graph GX H with vertex set V(G) x V (H).
Two vertices (g, h), (¢', h') are adjacent in G X H if either ¢ = ¢’ and hh' € E(H), or
h="h and g¢’ € E(G),or g9’ € E(G) and hh' € E(H).

First notice that, if H is isomorphic to K5, then G X H is isomorphic to G o H. Thus,
from Theorem 4.4 we deduce the following result.

Corollary 7.1. For any connected graph G, Mob,, (G X K3) = n(G) + w(G). In partic-
ular, for any r > 2, Mob, (P, B Py) =1 + 2.

We shall consider in this section the strong product of two paths P, and P;. In view
of the corollary above, we must assume 7, s > 3. In order to simplify the writing, from
now on assume V (P,,) = [n] and that V (P, X P,) = [r] x [s]. For a given vertex (i, j) €
V (P, Ps), we denote by D7 (i, 5) the largest set of vertices of the form {(¢',j') : i—i' =
j—7'} and call it the increasing diagonal through (7, 7). Similarly, the decreasing diagonal
through (i, §) is the largest convex set D~ (4, 5) = {(¢',j") : i —i' = j' — j}. Also, by the
border of P. X P,, we mean the set of vertices B = ({1,r} x [s]) U ([r] x {1, s}). See
Figure 3 for clarifying examples.

Figure 3: The strong grid Py X Ps with the sets D (4, 3), D~ (4, 3) (illustrated in gray),
and the border B respectively (illustrated in black). Note that the vertex (4, 3) belongs to
both diagonals, although we have drawn it in bold.

The mutual-visibility number of the strong grid graphs was studied in [1 1], where the
following result was proved.

Theorem 7.2 ([11]). For any integers r,s > 3, (P, X Ps) = 2r 4+ 2s — 4.
To prove the result above, the authors of [1 1] have shown that the border of P, X P,
ie., B= ({1,7} x [s]) U([r] x {1,s}) is a u-set of P. X P,. Moreover, in the proof of

this result it is implicitly shown that this set is in fact the unique p-set of P, X P;.

Remark 7.3. If r, s > 3, then the graph P X P, has a unique p-set, and this set is the
border of P, X P;.

We are now prepared to present the main result of this section.
Theorem 7.4. For any integers v > 4 and s > 3,

2r + 25 — 6 < Mob,, (P, X P,) < 2r + 2s — 5.
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Figure 4: The strong grid Py X P with the set .S in bold.

Proof. We claim that the set S = ({1,7} x [s]) U ([r] x {1,s})\ {(2,1),(1,2)} = B\
{(2,1),(1,2)} is a mobile mutual-visibility set of P, X P;. See Figure 4 for an example.

Clearly, since S is a proper subset of the border of P,.X P, proved in [1 1] to be a p-set
of P. X P, we deduce that S is a mutual-visibility set of P,. X Ps.

To prove that .S is a mobile mutual-visibility set of P, X Ps, we need to develop a se-
quence of legal moves that preserve the mutual-visibility property. To this end, the first idea
is that the robot placed at (1, 1) will move through the vertices of the increasing diagonal
DT (1,1), but to do so, we need to make some other legal moves with some of the other
vertices of S.

‘We must observe that “circular’” moves from the robots in S made along the border B in
P, X P; keep the mutual-visibility properties. For instance a sequence like (3,1) ~~ (2, 1),
(4,1) ~ (3,1), ..., (r,1) ~ (r—=1,1), (r,2) ~ (r, 1), etc. is such a circular sequence of
moves.

Now, in order that we make the move (1,1) ~» (2, 2), we need first to make the circular
move (3,1) ~ (2,1) or (1,3) ~ (1,2). Assume, we make (3,1) ~> (2,1). Observe that
this means the following. To be able to make the move (1,1) ~ (2,2), we need to have one
of the ends of the decreasing diagonal D~ (2,2) not occupied by a robot. The new set of
vertices occupied by the robots is readily seen to be a mutual-visibility set. Next, we need
to make the move (2,2) ~~ (3, 3), and to do so, we need to have one of the ends ((5, 1) or
(1,5)) of the decreasing diagonal D~ (3, 3) not occupied by a robot. However, in this case
we cannot make the move (4, 1) ~~ (3, 1) because then the vertices (3, 1) and (1, 3) would
not be visible. Thus, we need to do the circular moves (1, 3) ~ (1,2), (1,4) ~ (1,3) and
(1,5) ~» (1,4), and then we can make (2,2) ~~ (3, 3). See Figure 5 for these moves.

Figure 5: The strong grid Ps X Fs. (left hand side): the original set .S in bold and arrows
showing the moves (3,1) ~» (2,1) and (1,1) ~» (2,2); (center): the set S’ once the two
moves have been made and arrows showing the moves (1,3) ~ (1,2), (1,4) ~ (1,3),
(1,5) ~ (1,4), and (2,2) ~ (3, 3); (right hand side): the set S” once the last moves have
been made.
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The next move through the increasing diagonal D (1, 1) must be (3,3) ~ (4,4). To
make this, we need one of the ends of the decreasing diagonal D~ (4, 4) not occupied by
a robot. Now, we cannot make circular moves from the side we used in the previous step.
Instead, we need to make the circular moves from the other direction. That is, (4,1) ~~
(3,1), (5,1) ~ (4,1), (6,1) ~ (5,1), and (7,1) ~~ (6,1). After this, we can make the
move (3,3) ~» (4,4). Notice that at each of these moves, the mutual-visibility properties
are preserved.

For a next round of moves, that is, (4,4) ~» (5,5), we will need to make circular
moves from the other side than the one used. This process can be repeated until the robot
that is moving in the increasing diagonal arrives to a vertex (i,¢) in which the next vertex
(i4+1,7+1) is occupied by a robot. At this point, all the vertices of the increasing diagonal
DT (1,1) have been visited by a sequence of legal moves keeping the mutual-visibility
properties. Then, we turn back all the moves made (in strictly opposite order) until we
achieve the original configuration of the robots placed at the set .S.

Now, to visit the vertices of any other increasing diagonal D™ (i, j) where either i = 1
or j = 1, we first make some circular moves so that (¢, j) is occupied by a robot and the
two neighbors of (7, j) from the border B are not occupied by a robot. For instance, if we
want to visit the vertices of the increasing sequence D7 (4, 1), we need the circular moves
(1,1) ~ (1,2), (3,1) ~ (2,1), (2,1) ~ (1,1), (4,1) ~ (3,1), (3,1) ~ (2,1), and
(5.1) ~ (4,1).

At this configuration, the robot placed at (4, 1) will visit all the vertices from the in-
creasing sequence DT (4, 1), but at each step, a sequence of circular moves need to be done
so that the mutual-visibility properties will remain. As an example, the first move that the
robot (4, 1) needs to do is (4,1) ~ (5,2). In this sense, one need to have one of the ends
of the decreasing diagonal D~ (5, 2) not occupied by a robot. Thus, we can make the move
(6,1) ~» (5, 1), see Figure 6 for these configurations and moves.

Figure 6: The strong grid Py X Pg. (left hand side): the modified set .S in bold whether
we want to visit the vertices of the increasing diagonal D (4,1); (center): the set S and
arrows showing the moves (6,1) ~» (5,1) and (4,1) ~ (5, 2); (right hand side): the set S’
once these last moves have been made.

In this sense, we observe that all the vertices of any increasing diagonal D™ (i, j) where
either = 1 or j = 1 can be visited by a robot beginning with the original set S =
1,7} x [s]) U([r] x {1,s})\ {(2,1),(1,2)} = B\ {(2,1),(1,2)}. Therefore, S is a
mobile mutual-visibility set of P, X P, as claimed, and so, Mob,, (P, X Py) > 2r +2s—6.

On the other hand, from (1.1) and Theorem 7.2, we deduce that Mob,, (P, X P,) <
2r + 2s — 4. Now, from Remark 7.3 we know that P,. X P; has a unique p-set given by
the border B of P, X Ps. This means that no vertex from B can make a legal move. Thus,
Mob,, (P, X Py) < 2r + 2s — 5, which is the upper bound. O
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The general position number of the strong grid P, X P, was studied in [23], where it
was proved to be equal to 4. Thus, clearly Mob,, (P, X P;) < 4. Based on the result
above, we see that the strong grids are another non-trivial example of graphs for which the
difference Mob,,(G) — Mobg, (G) is arbitrarily large.

8 Open problems

We close with some open problems that we have yet to settle.

(P1) An example given in the introductory section suggests studying the mobile mutual-
visibility number of the hypercubes. Is it the case that Mob, (Q4) = p(Qq) for any
d>3?

(P2) Finding the characterizations of the classes of graphs G such that Mob,(G) =
Mobyg, (G) or Mob,,(G) = u(G).

(P3) In Section 4 we have studied the lexicographic product of graphs G and H whether
the condition n(G) < n(H) + 1 is satisfied. In particular, we have proved that
Mob, (GoH) < n(G)(n(H)—1)+ u:(G) follows in this situation. It hence remain
to consider bounding (or computing) the value of Mob,, (G o H) in general, or at
least finding the required properties of G and/or H in order that such upper bound
would be fulfilled.

(P4) We have proved in Section 4 that the decision problem concerning finding the mobile
mutual-visibility number of graphs is NP-hard, since it is not clear on whenever
deciding that a given set of vertices is a mobile mutual-visibility set or not belongs
to the NP class. In this sense, the following question is of interest. Which is the
complexity of checking that a given set of vertices of a graph is a mobile mutual-
visibility set or not?

(P5) By Theorem 5.2 we know that if n > 6 is an integer, then Mob,(L(K,)) <
w(L(K,)). A fundamental question is now how large the difference u(L(K,,)) —
Mob,, (L(K,)) can be.

(P6) In Theorem 7.4 we have proved that Mob,, (P, X Ps) can only take two possible
values. Are both of them possible or it is always one of them? In relation with this
family of graphs, it would also be of interest to know Mob,,(G) whether G is a grid
(the Cartesian version).
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