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Abstract

It is very common to find databases with missing information. Therefore, it is important to
develop formal tools. This paper focuses on the contribution of Formal Concept Analysis to
this fundamental goal. For this purpose, five forms of attribute implications are extracted from
incomplete contexts, which are analyzed from two different approaches. The first approach
follows the traditional recipe taking into account the well-known characterizations about the
validity of attribute implications. The second approach goes further by considering possibility
theory. Specifically, possibility and necessity measures are defined in order to establish the
plausibility and certainty of relevant statements pertaining to an incomplete context.
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1 Introduction

Formal Concept Analysis (FCA) was introduced by Wille (1982) as a mathematical tool
to extract information from relational datasets, which are represented as formal contexts
composed of a set of objects, a set of attributes and a binary relation. In this framework, an
important question is how to extract valid attribute implications (Cordero et al. 2013; Dubois
etal. 2021; Ganter et al. 2005; Guigues and Duquenne 1986), expressing dependence among
subsets of attributes, from formal contexts.

In order to analyze more complex data, non-binary relations are also considered, leading
to many-valued contexts (Ganter and Wille 1999). An interesting particular case of them
is the three-valued context understood as an incomplete context (Burmeister and Holzer
2000, 2005; Holzer 2004a,b), also known as partial formal contexts (Ganter and Meschke
2009). These contexts are meaningful to analyze incomplete data, since it is possible to
express that an object and an attribute are known to be related, known to be unrelated or that
their relationship is unknown. To this end, the use of completions of a partial context (Holzer
2004a) facilitates this kind of studies, since they decompose incomplete contexts into potential
scenarios obtained by removing the lack of knowledge.

Independently, Possibility Theory (Zadeh 1978) was proposed by Zadeh as an extension
of fuzzy restrictions (Zadeh 1975) given in Fuzzy Set Theory (Zadeh 1965). It was later
extended to model incomplete information in terms of graded plausibility and certainty of
events, by Dubois and Prade (1988).

This paper presents a novel point of view of incomplete information processing applying
possibility theory to the FCA framework introducing new advantages in the area. The idea
is to consider an incomplete context as a set of complete ones, one of which is the right one.
We then can define the possibility and necessity measures of sets of complete contexts to
study them with respect to a given incomplete context. Then, we will analyze the validity
of attribute implications in incomplete contexts in terms of their validity in the completions
of the given incomplete context. To this end, we will take advantage of possibility theory,
determining the possibility and necessity of the implications under consideration. Therefore,
we will focus on evaluating the possibility and necessity of attribute implications taking into
account all possible scenarios where these implications are valid. We have also analyzed the
relations with respect to other approaches, such as the ones given in Burmeister and Holzer
(2000); Demin et al. (2012); Kriegel (2017); Obiedkov (2002); Pérez-Gamez et al. (2022).

The outline followed in the paper is shown below. Section 2 recalls preliminary notions
about different kinds of contexts and derivation operators depending on the level of knowledge
present in them. In Sect. 3 completions are introduced to decompose incomplete contexts into
potential complete contexts. Then, Sect.4 presents some basic notions of possibility theory
and the extension of this framework to the FCA setting. Next, Sect. 5 analyzes the validity of
attribute implications in incomplete contexts in terms of derivation operators and possibility
theory. Section 6 collects previous works focused on the analysis of incomplete information
in FCA and compares them with this proposal. Finally, different conclusions and lines of
future work are exposed in Sect.7.
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2 Representation and extraction of knowledge in FCA

Relational datasets are represented as formal contexts in FCA. This fact is essential to analyze
these datasets in mathematical terms, and as a result, to extract knowledge about the given
relation by means of derivation operators.

Definition 1 A formal context is a tuple FC = (X, A, R) where X and A are non-empty
sets of objects and attributes, respectively, and R is a binary relation between them. In order
to express, by means of relation R, the fact that an object x € X is known to possess an
attribute a € A, we write (x, a) € R. Otherwise, we write (x, a) ¢ R.

The derivation operators over FC are the mappings T P(X) > P(A) and V: P(A) —
P(X) defined, forevery Y € X and B C A, as:

Y'={aeA|(x,a)€R, forallx € Y}
BY ={x € X | (x,a) € R, foralla € B}

Derivation operators associate each subset of objects (attributes, respectively) with the
attributes (objects, respectively) related to them. Therefore, the use of these operators allows
us to study in detail the formal context under consideration. Moreover, they satisfy some
important properties, in particular they form an antitone Galois connection, which ensures
that the partial order in the sets P(X) and P(A) is preserved, and their computation can be
decomposed into simpler ones.

Proposition 2 (Ganter and Wille (1999)) Let FC = (X, A, R) be a formal context.

o (1Y) is an antitone Galois connection, that is, the following equivalence is satisfied, for
everyY C Xand B C A:

B < Y'Y ifand only ifY € BV
e The following equalities hold:

1
il :(Ux) = N x", forally € X

xeY xeY

{
Bl:<Ua) = ﬂai,forallBgA

aeB aeB
where x? ={a € A| (x,a) € R}anda’ = {x € X | (x,a) € R}.

The following example illustrates a formal context and its features by using Definition 1
and Proposition 2.

Example3 Let FC = (X, A, R) be a formal context where X = {x1, x2, x3} is the set of
objects, A = {ay, az, a3} is the set of attributes and R is the relation between objects and
attributes displayed in Table 1.

A cross in cell (x, a) of the relation indicates that (x, a) € R. According to Table 1 and
Definition 1, we have that the object x; is related to the attributes a; and ay, the object x»
is related to the attributes a; and a3, and the object x3 is related to the attributes a; and a3,
or equivalently, (x1, a1), (x1, @), (x2, az), (x2, az), (x3,ar), (x3,a3) € R. Considering the
blank cells in Table 1, we obtain that (x1, a3), (x2, a1), (x3,a2) ¢ R.

Now, some features of this context are described using Proposition 2. With this purpose,
we will apply the derivation operators T and ¥ over the sets X and A respectively, obtaining
that:

X1 = {x1, 20, x3)0 =X1T ﬂx; ﬂx; ={a1, m}N{az, a3} N{ar, a3} =2
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Table 1 Formal context FC

given in Example 3 R a @ a3
X1 X
X2 X
X3 X

AV = (a1, a2, a3} :ali ﬂazi ﬂai ={xp, 13} N{x1, x2} N{x2, x3} =2

From these computations, we can ensure that no attribute in F'C is related to all the objects
of X. In a similar way, we conclude that no object in F'C is related to all the attributes of A.
]

It is convenient to mention that different interpretations about the meaning of the blank
cells in formal contexts can be given Burmeister and Holzer (2005). Specifically, given a
formal context (X, A, R), an object x € X and an attribute a € A, the statement (x, a) ¢ R
could mean that:

e the object x does not possess attribute a,
e or that it is unknown whether or not the object x possesses attribute a,
e or it could even have any other meaning (such as: attribute a is meaningless for x,...)

These interpretations gave rise to different approaches for representing and analyzing the
knowledge, such as the ontic or mixed approach (Chacén-Gémez et al. 2023; Dubois et al.
2021; Hu and Wang 2024; Ren et al. 2023; Rodriguez-Jiménez et al. 2014) which follows
the philosophy of the aforementioned first item, and the epistemic approach (Burmeister and
Holzer 2005; Dubois et al. 2021; Holzer 2004b; Obiedkov 2002), which follows the second
one. To the best of our knowledge, the third item has not yet been addressed. In this paper,
we consider both approaches simultaneously in order to carry out more exhaustive studies.
With this purpose, we will denote each interpretation in a different way. Henceforth, given
an object x € X and an attribute a € A, in order to express that:

e itis known that the object x is related to the attribute a by relation R, we write R(x, a) =
+.

e itis known that the object x does not have the attribute a by relation R, we write R(x, a) =

e it is not known whether or not the object x is related to the attribute a by relation R, we
write R(x,a) = 2.

This notation highlights the presence of incomplete information, interpreting the relation
as a mapping R: X x A — {4, —, 7}. Different notions of context arise from the previous
approaches and the fixed notation, which are collected below.

Definition 4 Let X and A be non-empty sets of objects and attributes, respectively.

e CC = (X, A, {+, -}, Rcc) is a complete context where Rcc is a two-valued relation
between objects and attributes Rcc: X x A — {+, —}.

e SC = (X, A, {+, 7, Rsc) is a standard context where Rgc is a two-valued relation
between objects and attributes Rgc: X x A — {4+, 7}

e IC = (X,A,{+,—,7}, Ric) is an incomplete context where R;c is a three-valued
relation between objects and attributes Rjc: X x A — {+, —, ?}.

@ Springer f bMA
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Notice that we take an epistemic view on data modelled by contexts: complete contexts
express complete knowledge of objects while standard contexts express positive or incomplete
information. Incomplete contexts, containing positive, negative information and unknown
features encompass the two previous cases.

Next, we introduce derivation operators over complete contexts, standard contexts and
incomplete contexts. Taking into account the point that (x, a) € R and R(x,a) = + have
the same meaning, derivation operators over complete contexts will be denoted as (Te, 4.
Then, Definition 1 is adapted to complete contexts in the following way.

Definition 5 Let CC = (X, A, {+, —}, Rcc) be a complete context. The derivation oper-
ators over CC are the mappings Te: P(X) - P(A) and s P(A) — P(X) defined, for
every Y € X and B C A, as:

Y'Y ={a e A|Rec(x,a) =+, forallx € Y}
BY = {x € X| Rec(x,a) = +, foralla € B} 0

This definition is similar to Definition 1 for standard contexts.! Furthermore, it is easy
to check that Proposition 2 is satisfied by derivation operators over complete and standard
contexts.

Finally, and taking into account the three-valued relations defined in incomplete contexts,
two different pairs of derivation operators arise (Holzer 2004a). The first one focuses on the
known relationships, as in Definition 5, while the second one also considers the unknown
relationships.

Definition6 Let/C = (X, A, {+, —, ?}, R;c) be anincomplete context. The pairs of deriva-
0
tion operators over IC, denoted as ('0,%~ ) and (T<>,¢<> ), are given by the mappings

0,70 : P(X) - P(A) and B e P(A) — P(X) defined, forevery ¥ € X and B C A,
as:

Y10 = {a € A | Ric(x.a) =+, forall x € ¥}

O
BV ={x € X |Ric(x,a) =+, foralla € B}
Y10 ={a € A|Ric(x,a) # —, forall x € Y}
B'YY = {x e X | Rjc(x,a) # —, forall a € B}

As usual, Y0 is the set of attributes certainly possessed by all objects in ¥, while Y T¢
excludes those attributes that are known not to be possessed by at least one object in Y. In
other words, Y T¢ is the set of attributes that all objects in ¥ possibly possess. BlD and BV®
have a similar meaning, exchanging objects and attributes.

Derivation operators over incomplete contexts also form antitone Galois connections, as
it is shown in Holzer (2004a). As a consequence, the derivation of subsets of objects and
attributes can be decomposed in terms of the derivation of their elements.

Proposition 7 (Holzer (2004a)) Let IC = (X, A, {+, —, 7}, Ric) be an incomplete context.

O
e The pairs MoV Yy and (10 ,lo ) are antitone Galois connections.

! But, as a result, we do not handle the positive and the negative in a symmetric way in complete contexts.
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Table2 Complete context

Rcc aj az az
X1 + + -
X2 - + +
X3 + - +
Table 3 Standard context
Rsc aj a az
X1 + + ?
X2 ? + +
X3 + ? +
Table 4 Incomplete context
Ric aj az az
X1 + + —
X2 ? + +
X3 + - +

o The following properties hold, for eachY € X and B C A:

YTD=<UX>TD = Nx'o YT<>=<UX>T<> =Nx"o

xeY xeY xeY xeY
[m] ¢D O ¢<>
BY =<Ua) =Na* B¢O=<Ua> =ﬂal<>
acB acB aeB acB

The next example deals with the formal context given in Example 3 from the mixed and
epistemic approach. With this purpose, we present a complete, a standard and an incomplete
context obtained from the formal one interpreting the blank cells in a different way.

Example 8 Coming back to the environment of Example 3, we consider three different
relations Rcc, Rsc and Rjc, presented in Tables 2, 3 and 4, respectively. These rela-
tions correspond to a complete context CC = (X, A, {+, —}, Rcc), a standard context
SC = (X, A, {+, 7}, Rsc) and an incomplete context I C = (X, A, {4+, —, 7}, Rjc), respec-
tively.

On the one hand, the complete context CC assumes that the objects x1, x» and x3 are not
related to the attributes a3, a; and a, respectively. On the other hand, the standard context
SC interprets the relationships between objects x1, xo and x3, and attributes a3, a; and a»,
respectively, as unknown. Finally, the incomplete context /C discerns two different cases.
An unknown relationship is considered for the object x, and the attribute a;, whereas for the
objects x; and x3, and the attributes a3 and a», it is understood that they are not related.

Since the derivation operators over complete and standard contexts only take into account
known positive relationships, the same conclusions given in Example 3 can be extracted. In
incomplete contexts, a more detailed extraction of knowledge can be carried out by means

.. O .
of the derivation operators Mo Y7 yand (To ’¢<> ). For instance:

X0 = (r,x0, )10 =2/ 2 NP NP = far, ) N {az, a3} N (a1 Nz} = @
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0 1 0
X1 = {x,x0,x3)10 =x/° N, ° Nx3 ¢ = {a1, a2} N{ar. a2, a3} N {ay. a3} = {a1}
As a result, although there is no attribute related to all the objects of IC, it may be that
attribute a is related to them. Then, it is important to take this information into account in
order to analyze the given incomplete context appropriately. Moreover:

O O O O O
AV = a1, @, a3}t :af ﬁazi ﬂai = {x, 3} N {x, 2} N {x2, x3} =9
[ O o 13 o
A ={ar, a3V =al Nay Nay = {xg, x0,x3) N {xn, x) 0 o, xs) = (o)

Therefore, no object is related to all the attributes according to the known information of
1C. However, object xo may be related to all the attributes because the relationship between
x» and a; is unknown. ]

Remark 9 A similar approach can be introduced considering the dual context (interchanging
+ by —) and operators dual to the ones given in Definition 6. For example, the following
derivation operators can be defined, for every ¥ € X and B C A, as:

Y10 ={a € A|Ric(x,a) # +forallx € Y}
B'YY = (x € X | Ric(x,a) # + foralla € B)

which are dual to T, ¢<>. Thus, due to duality, it is only necessary to study the pairs in
Definition 6.

The introduction of the derivation operators (o ,W ) helps to draw more conclusions
about relational data sets by considering unknown relationships, which leads to different
cases where the given objects and attributes may or may not be related. These scenarios are
depicted by means of completions, which are introduced in the following section.

3 Completions

The unknown relationships present in incomplete contexts make it difficult to handle the
information contained in them. The notion of completion arises to address this issue by
replacing each ? with + or —. As a consequence, completions present possible scenarios in
agreement with the given incomplete context by removing the uncertainty and preserving the
known information.

Definition 10 Let IC = (X, A, {+, —, 7}, R;¢) be an incomplete context. A completion of
I C is a complete context obtained from /C, denoted as CO = (X, A, {+, —}, Rco), where
the relationship Rc o between objects and attributes is defined, for each (x,a) € X x A, as
follows:

e If Rjc(x,a) =+, then Rco(x,a) = +.
e If Rjc(x,a) = —, then Rcp(x,a) = —.
e If R;c(x,a) =7, then either Rcp(x,a) =+ or Rco(x,a) = —.

We denote by Comp(/ C) the set of all completions of the incomplete context /C.

Completions of standard contexts can also be considered, since incomplete contexts are
more general than standard contexts. Notice that, if there exist n pairs of objects and attributes
with unknown relationship, then 2" different completions can be obtained. It is possible
to define different partial orders among complete contexts, depending on the considered
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Table 5 Completion 1 (COy)

extracted from Table 3 Rco, ai ap a3
X1 + + +
X2 + + +
X3 + + +
Z::)rlaectﬁedcf(r)::r? 1;:1)012 i (cov Reo, a a a3
X1 + + _
X + + n
X3 + + +
xmacted from Tavte 3 Reoy ar @ @
X1 + + +
X2 — + "
3 + + +

relationship between + and —. This paper is based on the order of truthfulness, that is,
— < +, which leads us to introduce the following partial order in the set of completions.

Definition 11 Let IC = (X, A, {+, —, 7}, Rj¢) be an incomplete context and two comple-
tions CO| = (X, A, Rco,), CO2 = (X, A, Rco,) in Comp(/C). The relation < is defined
in Comp(/C) as follows:

CO; < COyifandonly if Rco,(x,a) =+ forall (x,a) e X x A
such that Rco, (x,a) = +

It is important to highlight the greatest and least completions according to Definition 11.
Each of them is obtained by replacing all the relationships ? by +, called upper completion,
or by —, called lower completion.

Definition 12 Let IC = (X, A, {+, —, ?}, R;¢) be an incomplete context.

e The upper completion CO, = (X, A, Rco,) of 1C is the completion of /C with Rco,
satisfying that Rco, (x, a) = +, for all (x,a) € X x A such that R;c(x,a) = 7.

e The lower completion CO; = (X, A, Rco,) of IC is the completion of /C with Rco,
satisfying that Rco,(x,a) = —, forall (x,a) € X x A such that R;c(x,a) = ?.

The upper and lower completions will play an important role in the study of the validity
of attribute implications in incomplete contexts, which will be carried out in Sect.5. Now,
we show all the completions of the standard context presented in Example 8.

Example 13 Coming back to Example 8, it is immediate to check that there are three unknown
relationships in the standard context represented in Table 3, corresponding to Rsc (x1, az) =
Rsc(x2,a1) = Rsc(x3,ay) = 2. Therefore, as we have commented above, we obtain 23 =38
completions of SC, which are represented in Tables 5, 6, 7, 8,9, 10, 11 and 12.

Clearly, one of these completions matches with the real information, which has not been
accurately identified in the original dataset due to the three existing unknown relationships.
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Table 8 Completion 4 (CO4)

extracted from Table 3 Reo, a a2 a3
X1 + + +
X + + +
X3 + - +
exwsced romTbles L Reo @ @ “
X1 + + —
X2 - + +
X3 + + +
xwseted fombles 0 Reos @ @ “
X1 + + -
X + + +
X3 + - +
exacted from Tavies . Reos a @ “
X1 + + +
X2 - + +
X3 + - +

Moreover, by Definition 12, we obtain that C O and C Og, represented in Tables 5 and 12
are the upper and lower completions of SC, respectively. O

Henceforth, given a completion C O, we will denote as Béco the derivation of the subset
of attributes B over C O. Derivation operators over incomplete contexts and completions
address the management of incomplete information in FCA from different perspectives, but
they are closely related. In particular, the following result shows that the derivation operator

o .
V7 is related to the lower completion and 19 (o the upper one.

Proposition 14 Let IC = (X, A, {4+, —, ?}, Ric) be an incomplete context. Then, for each
B C A, the following equalities hold:

O c
= _ pd
B - BC 0y
10 _ gt
BY = Beo,
Table 12 Completion 8 (C Og) R
extracted from Table 3 CO4 a1 a az
X1 + —+ —
X + +
3 + — +
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O c . O ..
Proof We prove that BV~ = Bé o holds. Given x € BV, by Definition 6, we have that
Ric(x,a) = +, for all a € B. Taking into account the fact that CO; € Comp(/C), by
Definition 10, we deduce that Rco,(x,a) = +, for alla € B. Hence x € Béol, and as a

consequence, BLD - Bgol' Conversely, if x € Bécal, then Rco,(x,a) =+, foralla € B.
Thus, as C O is the lower completion of /C, by Definition 12, we obtain that R;c (x, a) = +,
for all a € B. Therefore, x € B¢D and Bgol - BlD. In conclusion, B¢D = Bgol, for all
B C A.

The proof of the equality B = Bgou is completely analogous. O

Now, we introduce a technical result about the monotonicity of the derivation operators
given in Definition 6.

Lemma 15 Let IC = (X, A, {+, —, 7}, Ric) be an incomplete context. For each CO €
Comp(IC) and B C A, the following chain of inclusions holds:

c

O ! o
BY" c B;,CB'
Proof For each CO € Comp(IC) and B C A, we have that:

Od ¢ (b) ¢ (o) c
BV Y BL, < B, € BE, € BY
where (a) and (d) are deduced applying Proposition 14, and (b) and (c) are obtained due to
CO; < CO < CO, by Definition 11. O

This section has recalled the notion of completion in order to display each possible scenario
in agreement with a given incomplete context. Completions will be of great importance in
the rest of the work, in which we will relate FCA and possibility theory for the handling of
incomplete information, since as suggested above, an incomplete context corresponds to a
set of possible completions.

4 The possibility/necessity approach to incomplete information

In this section, we will address the problem of dealing with incomplete information in FCA
from the perspective of possibility theory (Denceux et al. 2020; Zadeh 1978). This fact will
allow us to compute plausibility and certainty that statements pertaining to an incomplete
context are true or false. First of all, we recall possibility and necessity measures of possibility
theory.

4.1 Possibility theory

A universe U is basic in possibility theory to represent states of affairs using a given language.
A mapping 7 : U — [0, 1] for which there exists an element # € U/ such that w(u) = 1, is
called a normalized possibility distribution. It represents an epistemic state, i.e., incomplete
knowledge. By convention, 7 (#) = 0 means that the state of affairs u is ruled out, while
(1) = 1 means that u is fully plausible. Complete knowledge is when 7 (#) = 1 for some
ucldand (') =0forallu’ #u e U.

From now on, given a universe I/, suppose a normalized possibility distribution 7 is fixed.
For each subset of the universe, called event, two important mappings are defined to compute
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the possibility and the necessity of its occurrence, respectively (Dubois and Prade 1988), in
agreement with the available knowledge described by 7.

Definition 16 The possibility and necessity measures 1, N : P(U) — [0, 1] are defined, for
each event £ C U, as follows:

I[I(E) = max{n(s) | s € E}
N(E) =1—max{r(s) | s ¢ E}.

Notice that possibility and necessity measures are closely related, since N(E) = 1 —IT(E®),
where E€ is the complementary set of E. Moreover, by convention IT1(&) = 0.
The cases in which the previous measures take values 0 and 1 are interpreted as follows:

e J1(E) = 0 means that the event E is totally impossible, that is, it cannot occur because
it is incompatible with the epistemic state 7.

e [I(E) = 1 means that the event E is totally possible, but it may fail to occur.

e N(E) = 0 means that the event E is not necessary (= certain) at all, but it may occur
(because its opposite has possibility 1).

e N(E) = 1 means that the event E is totally necessary, that is, it occurs with total certainty
(because its opposite is impossible).

As aresult, several properties can be deduced (Dubois and Prade 2015) for possibility and
necessity measures. The next proposition recalls the most relevant ones for this work.

Proposition 17 (Dubois and Prade (2015)) Let U be a universe, E C U and T1, N: P(U) —
[0, 1] be the possibility and necessity measures. The following properties hold:

1. IU)=NU) = 1.

N(@) =0.

N(E) > 0 implies TI(E) = 1.

N(E) < II(E).

LetC(r)={s el |n(s) =1}, and S(r) ={s e U | n(s) > O} where r: U — [0, 1]
is a normalized possibility distribution. Given an event F C U, we have that:

SR

[I(F)=1ifandonly if FNC() # @

N(F)=lifandonlyif S(r) C F
Moreover, if m: U — {0, 1} then C() = S(mr) = E and we have that:
N(F)=1lifandonlyif EC F; TI(F)=1ifandonlyif ENF # #.

This result shows that the whole universe U/ is totally necessary (hence possible), while
the empty set is totally impossible. The third item is equivalent to min(N (F), N(F¢)) = 0,
forbidding the possibility of believing a statement and its negation at the same time. This last
item is particularly remarkable, since it characterizes totally possible and necessary events
depending on their relations to the possibility distribution that collects all the more or less
possible elements.

Note that C (1) is the set of most plausible elements, and I[T(F) = 1 means that F contains
a most plausible element; S (i) is the set of non impossible elements, and N (F) = 1 means
that F is certain since no element outside F' is possible.

In the binary case, which is the case in this paper, the computation of possibility and
necessity measures is greatly simplified.
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4.2 Incomplete contexts and associated possibility and necessity measures

This section extends the possibility and necessity measures of Definition 16 to the FCA
framework. The main goal is to model incomplete information in this framework, represented
by a set of possible complete contexts, taking into account the information present in the
original dataset. With this purpose, we will define these measures over incomplete contexts,
since they allow to manage more complex data, which will be fundamental to carry out
meaningful studies.

To begin with, we define the possibility degree of a single complete context with respect to
an incomplete context. With this purpose, we set I/ as the universe of complete contexts with
n € N objects and m € N attributes, and we also consider an incomplete context with the
same number of objects and attributes. For simplicity, we will refer to contexts with n € N
objects and m € N attributes as n x m- contexts.

Definition 18 Let ¢/ be the universe of nxm-complete contexts of the form CC =
(X, A, {+, =}, Rcc)- Given an n x m-incomplete context /IC = (X, A, {+, —, 7}, Rjc), the
relationship between R;c and Rcc is given by the mapping f: {+, —, 7} x {+, =} — {0, 1},
defined for each (ryc, rec) € {+, —, 7} x {+, —} as:
1 ifl”]c =rccorrjc = ?
f@ric,rec) = 4 (@)
0 otherwise
The possibility degree of CC with respectto I C is given by the mapping wjc: U — {0, 1}
defined as:

71c(CC) = min{f(Ric(x,a), Rec(x,a)) | (x,a) € X x A} 3

Note that, Equation (2) implies that f(?, +) = f(?, —) = 1, which is consistent to the fact
that the symbol ? represents total ignorance. Based on this remark, and taking into account
Definition 10, we deduce that the possibility of a complete context is 1 if and only if it is a
completion of the given incomplete context.

Proposition 19 Let U be the universe of nxm-complete contexts of the form CC =
(X, A, {+, =}, Rcc). Given an nxm-incomplete context IC = (X, A, {+, —, 7}, Ri¢),
the binary possibility distribution induced by 1C over U is given as follows:

1ifCC € Comp(IC)

wic(CC) =
1c(CC) 0 otherwise

Proof Applying Definition 10, if CC € Comp(/C) then we obtain that:

(Ric(x,a), Rec(x, a)) € {(+,4), (=, ), (2, +), (7, =)}
for each (x, a) € X x A. By Equation (2), we have that:

f(Ric(x,a), Rec(x,a)) =1

for all (x,a) € X x A. According to the possibility distribution of CC with respect to IC
given by (3), we conclude that ;¢ (CC) = 1.

On the other hand, if CC ¢ Comp(/C), then there exists (x,a) € X x A such that
either Rec(x,a) = + and Rjc(x,a) = — or Rec(x,a) = — and R;c(x,a) = +. In
any case, by Equation (2), f(R;c(x,a), Rcc(x,a)) = 0. As a result, considering once
again the possibility distribution of CC with respect to /C, given by (3), we conclude that
w;c(CC) =0. O
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Therefore, Proposition 19 reduces the computation of the possibility of a complete context
to checking whether it is a completion of the given incomplete context. As a result, we
deduce that only the information provided by completions is reliable with respect to the
given incomplete context. Otherwise, complete contexts that are not completions of the given
incomplete context cannot provide accurate information for that context. In addition, we also
deduce that ;¢ is a normalized binary possibility distribution, since Comp(IC) # @ for
any incomplete context /C.

Now, we define the possibility and necessity measures of a set of complete contexts
(event of the universe U/) with respect to an incomplete context. This definition, based on
Definitions 16 and 18, is presented next.

Definition 20 Let!{ be the universe of n x m-complete contexts and / C be ann x m-incomplete
context. The possibility and necessity measures with respect to I/ C, are given by the map-
pings I1;c, Nic: P(U) — {0, 1} defined, for each subset C C U of complete contexts, as
follows:

IM;c(C) = max{m;c(CC) | CC €}
Nic(C) =1 —max{z;c(CC) | CC ¢ C}

Since I is a possibility measure, by convention, IT1;¢ (@) = 0. The following result,
which is a particular case of Proposition 17, collects some important properties satisfied by
the possibility and necessity measures of Definition 20. Its importance lies in that it allows
to compute the possibility and necessity of a set of complete contexts C with respect to an
incomplete context / C in terms of the relationship between C and Comp(/C).

Corollary 21 Let U be the universe of nxm-complete contexts, C < U and IC be an
n x m-incomplete context. Then:

1. MjcU) = NicU) = 1.
2. Nic(@) =0.

3. Nic(C) = ;e (©).

4.

1ifCNComp(IC) # & 1if Comp(IC) C C
MicE={ ! VCNComUQEE ({17 Comp

0 otherwise 0 otherwise
Proof The proof of each item is immediately deduced from Proposition 17, taking into
account that IT;¢ and Njc are possibility and necessity measures, and Comp(/C)={CC €
U|mrc(CC)=1}, by Proposition 19. ]

In the characterization of the possibility measure, the existence of at least one completion
of 1 C in C makes this set totally possible with respect to I C, since at least one reliable scenario
of IC is under consideration in C. Otherwise, it is totally impossible for the set C to accurately
describe the information present in / C because no feasible scenario of /C is considered in C.
With respect to the necessity measure, the set C must contain all the completions Comp(/ C)
in order to ensure an appropriate depiction of / C. Otherwise, at least one potential scenario of
IC is not taken into account in C, then this set is totally unnecessary to illustrate the unknown
relationships in /C.

The possibility and necessity measures over complete contexts are useful for the analysis
of a collection of scenarios of interest to the user with respect to some incomplete information.
The following example illustrates the application of Corollary 21 to such studies.
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Table 13 Complete context CCy

Rcc ap az as

X1 + + +

X2 + + +

X3 + + +

Table 14 Complete context CCy Ree ay ay a3
2

X1 + + —

X2 + + +

X3 + + +

Table 15 Complete context CC3 Rec a ay a3

3 3

X1 - + +

X2 + + -

X3 - — +

Table 16 Complete context CCy Ree a1 ay a3
4

X1 + + -

X — — +

X3 + + -

Example 22 The purpose of this example is to analyze complete contexts in agreement with
the standard context SC given in Table 3,in which specific objects and attributes are related.
Thus, given the universe U of 3 x 3-contexts, we consider the set of complete contexts
C={CC1,CCy,CC3,CC4} C U, With CC; = (X, A, {+, =}, Rcc;) and i € {1, 2,3,4}.
Relationships Rcc; are represented in Tables 13, 14, 15 and 16.

Note that, Rsc(x1,a2) = + and Rcc;(x1,a2) = +, for all i € {I, 2, 3,4}, which is
the only relationship common to all the complete contexts. In addition, it is easy to check
that the complete contexts CC; and CC; correspond to completions CO; and CO; of
SC represented in Tables 5 and 6, respectively. Thus, by Proposition 19 we deduce that
wsc(CC1) = mgc(CCy) = 1. On the other hand, CC3, CC4 ¢ Comp(SC) by Definition 10,
since for example:

Rcey(x1,a1) = — and Rge(x1, a1) = +
Rccy(x2,a2) = — and Rgc (x2, a2) = +

As aresult, by Proposition 19 we obtain that wgc (CC3) = msc(CC4q) = 0. Finally, since
CC; € CNComp(SC) and Comp(SC) Q C, because the completion C O3 among others,
represented in Table 7, is not considered in C, by Corollary 21 we conclude that:

Msc(C) =1
Nsc(C) =0
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Therefore, the information provided by the set C is possible with respect to SC, but also
uncertain, since not all completions of SC have been considered in C. As aresult, the complete
contexts considered in C can provide precise information about scenarios in which x; and a
are related, but we cannot guarantee its complete accuracy. O

Finally, notice that incomplete contexts can be seen as the set of all their completions,
since one of them describes the real complete context in a completely accurate way. As a
consequence, by Definition 20 and Corollary 21 is deduced that the possibility and necessity
of the set of completions Comp(IC) of any incomplete context /C is 1.

Corollary 23 LetU be the universe of n x m-complete contexts and I C be ann x m-incomplete
context. Then:

[M;c(Comp(IC)) = Nyc(Comp(IC)) = 1
Proof By Definition 20, we have that:

IT;c(Comp(IC)) = max{m;c(CC) | CC € Comp(/C)}
Nic(Comp(IC)) = 1 —max{r;c(CC) | CC ¢ Comp(IC)}

Then, applying Corollary 21(4) we conclude that:
M (Comp(1C)) = Nyc(Comp(IC)) = 1

[m}

Remark 24 Incomplete contexts are special subsets of complete contexts. Indeed the set of
completions of an incomplete context is a partially ordered family of complete contexts (in
the sense of the truth ordering — < +) which has a single greatest (replacing ? by + in the
incomplete context) and a single least element (replacing ? by — in the incomplete context).
A set C of complete contexts induces the following incomplete context:

+ if Rec(x,a) =+, forall CC € C
Rico(x,a) = {— if Rec(x,a) = —, forall CC € C
?  otherwise

Often, we shall have that C € Comp (I C¢) rather than an equality. So a subset of contexts
cannot always be faithfully represented by the incomplete context /Cc.

This section has applied the all-or-nothing case of possibility theory to the FCA framework
by defining Boolean possibility and necessity measures of sets of complete contexts with
respect to an incomplete context. This fact allows us to manage incomplete information
in relational datasets, extracting sure and possible conclusions from them. With a similar
philosophy, we shall study the possibility and necessity of attribute implications induced by
an incomplete context in the next section.

5 Attribute implications in incomplete contexts

This section is devoted to the study of attribute implications in incomplete contexts from
two different perspectives. The first one presents well-known characterizations (Ait-Yakoub
et al. 2016, 2017; Holzer 2004a) about their validity in a more detailed way. The second
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one focuses on the definition and study of the possibility and necessity measures of attribute
implications with respect to an incomplete context, taking into account Definition 20.

First of all, we recall the notion of attribute implication in formal contexts. Specifically,
we pay attention to those attribute implications that are valid, since they express a total
dependency of a subset of attributes with respect to another one.

Definition 25 Let FC = (X, A, R) be a formal context and D, E C A.

e An attribute implication is denoted as D = E, where the set D is the antecedent of the
implication and the set E is the consequent, such that D N E = @.
e D = E is avalid attribute implication in FC if DY C EV.

Then, a valid attribute implication D = E in the context F'C means that all the objects
of this context satisfying all the attributes in the antecedent D also satisfy all the attributes
in the consequent E. Note that we assume any attribute implication D = E is such that
D N E = &, since otherwise part of the information given by that implication is redundant.

Notice also that, the notion of attribute implication can be defined in all the contexts pre-
sented in Definition 4 as in formal contexts, since they depend only on the set of attributes
under consideration. Furthermore, the validity of attribute implications in complete con-
texts is determined as in formal contexts, but considering the derivation operator given in
Equation (1). In this paper, we focus on validity in incomplete contexts.

5.1 Validity of attribute implications in incomplete contexts

The unknown information present in incomplete contexts makes it difficult to determine
the validity of attribute implications in those contexts. Taking into account that completions
remove the lack of information from incomplete contexts, some papers (Ait-Yakoub et al.
2016, 2017; Holzer 2004a) focused on them to study the corresponding validity. The next
definition collects the characterization given in Ait-Yakoub et al. (2016, 2017) for possible
and certain attribute implications in terms of the upper and lower completions. Moreover, we
include three new types of implications, which are impossible, conservative and optimistic
attribute implications.

Definition 26 Let /C be an incomplete context, CO; and C O, be the lower and upper
completions of /C, and D = E be an attribute implication. It is said that:

o D = E isapossibly valid (or a possible) attribute implication in IC if D} € Eq, .
e D = [E is acertainly valid (or a certain) attribute implication in I C if Dgou - Eécol.

e D = Eisacertainly non-valid (or an impossible) attribute implication in I C if Dgo, Q

C
Eco,- .
e D = FE is a conservatively valid (or a conservative) attribute implication in IC if
l/C l/C
DCO] < ECO[' X
e D = Eisanoptimistically valid (or an optimistic) attribute implication in I C if Déou -
‘LC
ECOH'

As per the definition, an attribute implication is possible (resp. certain) in an incomplete
context I C if the objects related to the attributes of the antecedent in the lower (resp. upper)
completion of /C are also related to the attributes of the consequent in the upper (resp. lower)
completion of /C.
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Notice that if a complete context CC is considered instead of an incomplete context /C,
we obtain that CO; = CO, = CC because all the information is already known. In this
case, we deduce that any attribute implication is impossible or certain, since certain, possible,
conservative and optimistic attribute implications coincide. Furthermore, this group of impli-
cations are valid attribute implications in formal contexts interpreted as complete contexts.
Analogously, any attribute implication in a standard context is possible, since there is no neg-
ative information. Among these possible implications there are also conservative attribute
implications, which corresponds to valid implications of standard formal contexts. Indeed,
the conservative attribute implications coincide with the standard definition of attribute impli-
cation in standard contexts.

The validity of attribute implications in incomplete contexts is related to their validity in
the completions. In this way, we provide the following characterization.

Proposition 27 Let I1C be an incomplete context, C O; and C O, be the lower and upper
completions of IC, and D = E be an attribute implication.

e D = E is a possible attribute implication in IC if and only if it is valid in some
completion of I1C.

e D = FE is a certain attribute implication in 1C if and only if it is valid in all the
completions of I1C.

e D = E is an impossible attribute implication in I1C if and only if it is not valid in any
completion of I1C.

e D = E is a conservative attribute implication in I C if and only if it is valid in C O;.

e D = E is an optimistic attribute implication in I1C if and only if it is valid in C O,,.

Proof We will only prove the characterizations for possible and certain attribute implications.
The statement about impossible implications is proven by Definition 26 and by the charac-
terization of possible implications. Likewise, the results about conservative and optimistic
attribute implications are immediately deduced from Definition 26.

e First of all, we suppose that D = E is a possible attribute implication in /C. Then, by
Definition 26, it is Dé o CE é O Now, we consider a completion CO € Comp(/C)
satisfying, for each x € X, that:

Rco(x,a) = — foreach a € D suchthat Rjc(x,a) ="? 4)
Rco(x,a) =+ foreach a € E suchthat Rjc(x,a) ="? 5)

We begin by proving that Déco = Dgo The inclusion Décol c Dgo is trivially

obtained because C O; < C O. Conversely, let x € Dé o- Therefore, Rco (x, a) = + for
all a € D. Taking into account that CO € Comp(/C) and Equation (4), it is obtained
that Ryc(x,a) = +, forall @ € D. As a consequence, by Definition 12, we obtain that
Rco,(x,a) = +,foralla € D. Thus, x € Dgo, and Dgo - Dgo,' In conclusion,
Déo, = Déo- i ) i

Now, we prove that E gOM =E éLO' Letx € E gou. Then, we deduce that Rco, (x, a) =
+, for all @ € E. Hence, since CO, € Comp(/C) by Definition 10 we obtain that
Ric(x,a) # —, for all a € E. Then, if there exists a € E such that Rco(x,a) = —,
and taking into account that CO € Comp(/C), it is deduced that R;c(x, a) = ?, which
contradicts Equatlon 5). Consequently, Rco(x,a) = + for all a € E. Therefore,
X € Eé o and E - EC o- Reciprocally, taking into account that CO < C Oy, we
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deduce that Eébo C Eécou. In conclusion, Eécou = Ego

Since by hypothesis Dgol CE écou, and we have shown that Décol = Déco and E écou =
E g:O, we conclude that Dgo - Eéco. Thus, we conclude that D = E is valid in CO.
Next, we suppose that D = E is valid in some completion of /C. Then, there exists a
completion C O € Comp(/C) such that DC 0o CE é o Moreover, since CO; < CO <

C 0, we deduce that Dé o € Di o and Eé 0o CE é Ou" . Therefore, we obtain that:

1€ 1
Deo, € Do & Eco < Ecou

In conclusion, Décol c Egou’ and by Definition 26 D = E is a possible attribute
implication in /C.

e For the second item, we begin by supposing that D = E is a certain attribute implication
in /C. Then, by Definition 26, Décou - EécOl. Since CO; < CO < CO, for each
CO € Comp(IC), itis easy to obtain the following chain of 1nclu51ons.

1€ € € €
Dco € Deo, S Eco, S Eco

As a result, Dgo C Eéco for each CO € Comp(IC), and D = FE is valid in all the
completions of /C.

Finally, we suppose that D = E is validin all the completions of / C, so that Déco CE éco
forall CO € Comp(l C). We will prove that Dgo CE go by reductio ad absurdum.
If Dlo 4 ECO , then there exists x € D Co, Such that x ¢ E . In this way, we

deduce that RCOu (x,a) = + for all @ € D, and that there ex1sts b € E such that
Rco,(x,b) = —. Then, we consider a completion CO € Comp(/C) satisfying that
Rco(x,a) = +foralla € D and that Rco(x, b) = —.Itis easy to check that x € Dgo
and x ¢ EC o Consequently, D C 0 Q Ego’ leading to a contradiction. In conclusion,
D¢o, S Eto,

]

On the other hand, in Holzer (2004a) the validity of attribute implications in incomplete
contexts was determined without the need to compute any completion, but it is given in terms
of the derivation operators of Definition 6. Notice that, this result is supported by Definition 26
and Proposition 14. This characterization is recalled next, including the new results about
impossible, conservative and optimistic attribute implications.

Proposition 28 Let IC = (X, A, {+, —, 7}, Ric) be an incomplete context and D = E be
an attribute implication. Then:

e D = E is possible in 1C if and only ifD¢D c EYC.

e D = E iscertainin IC if and only ifDl<> - EiD.

e D = E isimpossible in IC if and only ifDiD Q EV°.

e D = E is conservative in 1C if and only sz¢D - EiD.

o D = E is optimistic in IC if and only if DV® < EV°.
Proof All the items can be immediately proven by Definition 26, taking into account that
BLD = Bécol and BV = Bécou for all B € A by Proposition 14. O
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Therefore, an attribute implication is possible in an incomplete context if and only if the
objects certainly related to the attributes of the antecedent are possibly related to the attributes
of the consequent. The meaning of the rest of implications is interpreted in an analogous way.

Note that if DV = @ the implication D = E will have no support on the incomplete
context, and no support in any of its completions. As a consequence, it will be certainly valid,
although trivially so. Moreover if /C is a standard (incomplete) context, its upper completion
contains only +, so that no attribute implication (other than those with empty support) will
be certainly valid, and all attribute implications will be possible.

In the following example, we study different attribute implications to determine their
validity in the incomplete context of Example 8, taking advantage of Proposition 28.

Example 29 This example focuses on the incomplete context represented in Table 4, analyzing
the different kinds of attribute implications introduced in Definition 26. By Definition 6, it
is easy to check that:

alilj = {x1, x3} (6)
ali<> = {x1, x2, x3} @)
o =al’ =fan @)’ = (x1, %) ®
aim = aio = {ar. as}*° = (12, x3) (O]
fanat” = ) (10)
fan, @' = (x3) (1
(a2, a}'” = {ar, @)t ® = () (12)

We begin by studying the attribute implication a; = a3. By Equations (6) and (9) we
deduce that:

= {x1, x3} € {x2, x3} = 013¢<>

at”
As a result, by Proposition 28, a; = a3 is an impossible attribute implication in /C.
Hence, this implication is not valid in any possible scenario of I C. Furthermore, it is easy to
check that it is neither possible nor certain nor conservative nor optimistic.
Now, we focus on the attribute implication ay = aj. Taking into account Equations (6), (7)
and (8), we obtain that:

T = =af’ 13
ay, =ay ={x1,x} C {x1,x2,x3} = (13)
O o O
ay =ay ={xi,x) ¢ (v, x) =af 14

Consequently, by Equation (13) we conclude that the attribute implication ay = aj is
possible and optimistic in / C. Moreover, it is neither certain nor conservative in / C because
of Equation (14). Therefore, this implication is valid in some scenarios of /C, but not in
all of them. In particular, taking into account that the completions of /C are represented in
Tables 10 and 12, it is easy to deduce that the attribute implication ay = a; is valid in the
upper completion given in Table 10, but it is not valid in the lower completion, corresponding
to Table 12. As a consequence, obtaining more precise information affects the validity of
attribute implications, that is, if we can replace a symbol ? with + or —, we can change the
validity of an implication. For instance, if we certify that the object x; and the attribute a; are
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Table 17 Incomplete context /C

Ric aj a az as
X1 + —+ ? ?
X2 ? — + -
X3 - - - +

not related, then the attribute implication @ = a is not valid in the new context. Otherwise,
this attribute implication becomes valid.

Finally, notice that there are neither certain nor conservative attribute implications in /C.
Indeed, from Equations (6) to (12) it can be checked that:

W5 =
DV ¢ E

forall D, E C Awith DN E = @ and D, E # &. Consequently, no conservative attribute

. . . . . . O
implication is extracted from / C. Taking into account that DV~ C D¢<> , by Lemma 15, we
conclude that there are no certain implications neither. O

Example 29 has illustrated the study of attribute implications in incomplete contexts
applying Proposition 28. Thus, it has been possible to analyze attribute implications in detail
despite the lack of information that characterizes incomplete contexts.

The different types of validity introduced in Definition 26 allow to analyze in detail
dependencies between attributes, extracting significant conclusions of the given context. It
is important to remark that these kinds of validity are closely related due to Proposition 27.

Remark 30 Given IC = (X, A, {+, —, 7}, Rj¢) an incomplete context and D = E an
attribute implication, by applying Proposition 27, we can ensure that:

e If D = E is acertain attribute implication in / C, then it is a conservative and optimistic
attribute implication in /C.

e If D = E is aconservative or optimistic attribute implication in I C, then it is a possible
attribute implication in /C.

e If D = E is a certain, conservative or optimistic attribute implication in /C, then it is
not an impossible attribute implication in IC.

The next example shows that there are no more relationships among the different kinds of
attribute implications given in this paper. With this purpose, we will show that the reciprocal
of the items in Remark 30 are not true in general.

Example 31 LetIC = (X, A, {+, —, ?}, R;c) be the incomplete context whose set of objects
is X = {x1, x2, x3}, the set of attributes is A = {ay, a2, a3, a4} and the relation R;¢c between
both sets is given in Table 17.

We will illustrate that the attribute implications introduced in Definition 26 are not com-
pletely equivalent by taking into account the information given in Table 17. First of all, we
consider the attribute implication a; = a». By Definition 6 we obtain that:

O

al” = {x}
o

ali = {x1, x2}
g o

az¢ =azi = {x1}

@ Springer f bMA



Handling incomplete information in FCA Page210f32 171

Then, we have that:

al’ =y ciny=al (15)
at’ = trix) & ) =al” (16)
af” =) €y =af’ a7
o’ =0 € ey =ad’ (18)

As a result, by Equations (15) and (16) and Proposition 28 we conclude that a; = a»
is a conservative attribute implication in /C, but it is not certain. In a similar way, from
Equations (17) and (18) we deduce that it is possible, but not optimistic. Furthermore, we
have also proven that it is conservative, but not optimistic.

Now, we focus on the attribute implication a3 = a;. By Definition 6:

a3i<> = {x1, x2}
at = xa)
Consequently, we obtain that:
af’ = (x1.0) € (v} =af 19)
af’ = nn) € ) =af 20)

Therefore, by Equation (19) the attribute implication a3 = a; is optimistic in /C, and by
Equation (20) it is not certain.

From the previous computations, we can also extract more relationships between attribute
implications. Indeed, by considering the attribute implication a, = a3, we have that:

o 10

a; ={x1} € {x1, 2} = a3 (21
1 1

ay, ={x1} C {x1,x2} = a3 (22)

azuj ={x1} € {x2} = aiD (23)

Then, we deduce that ay = a3 is possible and optimistic in / C by Equations (21) and (22)
respectively, but it is not conservative due to Equation (23).

Next, we study the attribute implication {a2, a3} = as4. Applying Definition 6, we obtain
that:

0
{w, a3}V =0

{az. a3}’ = {xy)

O
ai = {x3}
i()
ay = {x1,x3}
Hence, we have that:
]
(@) =2 C (x3) =a) 24)
o O
{az, a3}V” = (01} € (w1, 03} = af (25)
o O
{az, a3} = (1} € {3} = af (26)
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Attribute implications

Impossible

Fig. 1 Relationship between attribute implications in incomplete contexts

Attending to Equations (24) and (25), {a2, az} = a4 is a conservative and optimistic
attribute implication in /C, while by Equation (26) we conclude that it is not certain in /C.

Finally, notice that none of the previous attribute implications is impossible, since all of
them are possible by Remark 30. An example of impossible attribute implication is az = ay,
since:

O O
ay = {0} ¢ {x, 0} =ay

It is easy to check that this attribute implication is neither possible nor certain nor conser-
vative nor optimistic. O

Remark 30 and Example 31 have illustrated all the existing relationships among the
attribute implications given in Definition 26. As a summary, we represent these links in the
Venn diagram of Fig. 1.

Notice that, we lose the richness of the notions and results presented in this article when we
restrict ourselves to particular environments. For example, if a standard context is considered,
then any pair of subsets of attributes constitutes a possible attribute implication. In a similar
way, any implication considered in a complete context is impossible or certain due to all the
information is assumed to be known. Hence, in these non-proper contexts different cases in
Fig. 1 collapse/coincide or are empty. Anyway, we obtain the same information given from
the original approaches, such as in standard contexts we obtain conservative implications.

In the next section, we will continue to study attribute implications in incomplete contexts
incorporating possibility theory. With this purpose, we will follow the same philosophy as
in Sect.4.2 by introducing the possibility and necessity measures of attribute implications
with respect to an incomplete context. This fact will allow us to analyze the possibility and
necessity of attribute implications and to extract relevant conclusions from them.
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5.2 Possibility and necessity measures of attribute implications

This section presents the possibility and necessity of attribute implications with respect to an
incomplete context. These values will be obtained from Definition 20, considering once again
U as the universe of n x m-complete contexts. The corresponding event needed to compute
the previous values is the set of completions where the given implication is valid, which is
defined next.

Definition 32 Let i/ be the universe of n x m-complete contexts, / C be an n x m-incomplete
context and Z ¢ be the set of attribute implications in I C. The mapping of valid completions
with respect to 1 C will be denoted as €;c: Zjc — P(U) and is defined for each D = E €
Trc as follows:

¢c(D = E) ={CO € Comp(IC) | DY, € Eby}

Then, the possibility and necessity of D = E are given by the possibility and necessity
of the set of completions €;¢c(D = E).

Definition 33 Let ¢/ be the universe of n x m-complete contexts, / C be an n x m-incomplete
context and Z;c be the set of attribute implications in /C. Given D = E € Zjc, the
possibility and necessity of D = E with respect to I C are the values:

M;c(D = E) =Ic(€c(D = E))
Nic(D = E) = Nic(€c(D = E))
The following result specifies the detail of these definitions.

Proposition 34 [n the setting of Definition 33, we have that:

I;c(D = E) = max{m;c(CO) | CO € Comp(IC) and Dy < EX )

N;c(D = E) = 1 —max{n;c(CO) | CO € Comp(IC) and Dg(, ¢ Ego}
Proof By definition we obtain that

M;c(€c(D = E)) = max{n;c(CO) | CO € &;c(D = E)}

max{7¢(CO) | CO € Comp(IC) and Dy € Ebiy)
Nic(€jc(D = E)) = 1 —max{m;c(CO) | CO ¢ &;c(D = E)}

= 1 —max{r;c(CO) | CO € Comp(IC) and Dbyy & Ey)

where the last inequality holds because:
(€1¢(D = E))° = (Comp(IC))° U{CO € Comp(IC) | DL,y € ELy)

Nevertheless, for the necessity of D = E, the set {CO € Comp(/C) | Dgo ,@ Eéco} has
only been considered, since by Proposition 19, 7;c(CC) = 0 for all CC € (Comp(I/C))°.
Then, these contexts are irrelevant for the computation of the necessity of attribute implica-
tions. ]

Notice also that, the possibility and necessity of attribute implications can be obtained
without computing the possibility and necessity measures of the event €;¢(D = E), since
all its elements are completions, and their possibility is 1, by Proposition 19. Therefore, it is
only necessary to compute that event.
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Proposition 35 Let IC be an incomplete context and D = E be an attribute implication.
Then:

lLif¢jc(D=E) #02

;c(D=EFE)=
rc( ) {0 otherwise

1if¢;c(D = E) = Comp(IC)

N;c(D = E) =
el ) {0 otherwise

Nic(D = E) < ;c(D = E)
Proof First of all, we focus on II;¢ (D = E). Notice that:
¢r¢(D = E) = {CO € Comp(IC) | D{,, € Efy} € Comp(IC)

Asaresult,if &;c(D = E) # Sthen&;c(D = E)NComp(IC) = Cjc(D = E) # .
Then, by Corollary 21(4), we deduce that

O;c(D= E)=M;c(&c(D=E) =1
Otherwise, if €;¢(D = E) = @, then:
Myc(D= E)=T;c(@) =0

Now, we analyze the necessity of D = E. If €;¢(D = E) = Comp(IC), in particular,
we have that Comp(/C) € €;c(D = E). Therefore, by Corollary 21(4):

Nic(D = E) = Nic(@c(D = E) =1

Analogously, if €;¢(D = E) # Comp(IC), and taking into account that &;c(D =
E) € Comp(IC), we deduce that Comp(/C) SZ Crc(D = E). Thus, by Corollary 21(4):

N;ic(D = E) = Nic(&jc(D = E)) =0

Finally, from the previous equalities itis easy to deduce that N;c (D= E) <l ;c(D=E).
O

Notice that, the previous cases of the possibility and necessity of attribute implications
are totally related to their kind of validity in /C. In particular, €;c(D = E) # & means
that D = E is valid in at least one completion of /C, whereas €;c(D = E) = Comp(/C)
expresses that D = E is valid in all the completions of /C. Consequently, and taking into
account Proposition 28, the following characterization is deduced.

Proposition 36 Let IC be an incomplete context and D = E be an attribute implication.
Then:

O c c

;c(D = E) = 1ifand only ifD¢ - E¢<> if and only ifDéOl - Eéou
O c c

N;c(D = E) = 1 ifand only ifDl<> C EY™ ifand only l_'fDéOu - Eéo,
O c c

I;c(D = E) = Oifandonlyif DV° ¢ EY~ ifand only if Dy ¢ Elo,

Proof We will only prove the first equivalence for the two first cases. The second equivalence
is immediately obtained by Proposition 14, and the last statement is immediately deduced
from the first one and Lemma 15. We begin by supposing that II;c(D = E) = 1. By
Proposition 35, we deduce that €;c(D = E) # O, that is, there exists CO € Comp(/C)
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such that Dgo C Ego As a result, by Definition 26, D = E is a possible attribute

implication in / C. Applying Proposition 28, we conclude that DlD CE % The counterpart
can be proven analogously.

Now, we suppose that N;c(D = E) = 1. Then, by Proposition 35, €;c(D = E) =
Comp(/C) and D(i;o - Ego, for all CO € Comp(/C). Consequently, by Definition 26,
D = FE is a certain attribute implication in /C, and by Proposition 28, we deduce that

] . . - .
p° C EY . The counterpart is proven following a similar reasoning. O

Then, the possibility of an attribute implication with respect to an incomplete context is
1 if and only if it is possibly valid in this context. A similar conclusion is deduced from the
necessity measure regarding certainly valid attribute implications. In this way, Proposition 36
allows the direct computation of the possibility and necessity measures of attribute implica-
tions by the derivation operators of Definition 6. Therefore, it is not necessary to compute
the set €;c (D = E) explicitly, in order to determine possibly or necessarily valid attribute
implications.

It is important to emphasize that Propositions 35 and 36 compute the possibility and
necessity of attribute implications from different perspectives. On the one hand, Proposi-
tion 35 studies attribute implications from the standpoint of possibility theory, since the event
Cr;c(D = E)is analyzed. On the other hand, Proposition 36 focuses on the FCA framework,
because of the corresponding characterizations are given in terms of the derivation operators

iD, Y9 and V. Therefore, the derivation of both results has shown that possibility theory
naturally applies to the study of incomplete FCA frameworks.

With respect to conservative and optimistic attribute implications, it is not possible to
obtain a double equivalence between the possibility measure and the derivation operators.
Instead, we have that every conservative or optimistic attribute implication has a possibility
measure equal to one, because these implications are also possibly valid.

Proposition 37 Let IC be an incomplete context and D = E be an attribute implication.
The following statement holds:

IfDiD - EiD (respectively DV¢ c Eio) then jc(D = E) =1

O o, . .
Proof We only prove that DY~ C EV~ implies II;¢(D = E) = 1, since the other case can

be proven analogously. By Lemma 15, we have that Eilj C E¢<> . As aresult, Dl[:l C Elo,
and by Proposition 36, we conclude that II;c(D = E) = 1. O

Now, we introduce other properties about Definition 33 supported by the decomposition of
attribute implications. Consequently, the possibility and necessity of an attribute implication
are obtained from the possibility and necessity of simpler implications, which facilitates the
computation of these measures for the original attribute implication.

Proposition 38 Let I C be anincomplete context and D = E be an attribute implication with
D=1{d,...,dy}and E = ey, ..., en,}. Then, the following equalities and inequalities
hold:

I;c(D = E) = min{Il;c(D = ¢j) | j €{l,...,ma}}

;c(D= E) > max{Il;jc(d; = E) |i €{l,...,m}}

Njc(D = E) =min{N;c(D = ¢j) | j €{l,...,ma}}

Nic(D = E) > max{N;c(d; = E) | i € {1,...,mi}}

@ Springer f DMAC



171 Page 26 of 32 F.Chacon-Gémez et al.

Proof As ;¢ (D = E) € {0, 1}, in order to demonstrate the equality:
I;c(D = E) =min{ll;c(D = e¢;) | j €{l,...,ma}}
we only need to prove the following statements:

II;c(D= E)=1 implies min{Il;c(D =e¢;)|je{l,...,m}} =1

H;c(D= E)=0 implies min{Tl;c(D=>e¢;)|je{l,....,m}}=0

First of all, we suppose that II;c (D = E) = 1. Then, by Propositions 36 and 7, taking
into account that £ = {ey, ..., e;,}, we deduce that:

my
D' CEY =(e;
j=1
. O o .
As a consequence, we obtain that DV~ C eji. , for all j € {1,...,my}. Hence, by
Proposition 36, we deduce that II;c(D = ¢j) = 1,forall j € {1, ..., m>}. In conclusion,

min{Il;c(D =e;) | j€{l,...,mp}} =L
Now, we suppose that I1;c (D = E) = 0. By Propositions 36 and 7, we deduce that:

0 ¢ 510 _ A0
g = er
i

o
Therefore, there exists k € {1, ..., m>} such that DlD g e,f . As a result, by Proposi-
tion 36, we obtain that IT;c (D = e;) = 0, and consequently, min{Il;c(D = ¢;) | j €
{1,...,m2}} = 0. Thus, we conclude that:

O;c(D = E) =min{ll;c(D = ej) |je{l,...,ma}}

Now, we prove that IT;c(D = E) > max{Il;c(d; = E) | i € {l,...,m}}. If the
considered maximum is equal to 0, then the inequality trivially holds. If this maximum is
equal to 1, then there exists k € {1,...,m} such that II;c(dy = E) = 1. Then, by

O
Proposition 36, we obtain that dki CE W. In addition, by Proposition 7:
mi
O = =
D' =4 <4
i=1

Consequently, p'" cCE ve , and by Proposition 36 we conclude that I1;c (D = E) = 1.
In conclusion:

M;c(D = E) zmax{Il;c(d; = E) [i €{l,....,m}}

The proofs for the statements related to the necessity measure are completely analogous
taking into account the characterization given in Proposition 36. O

Therefore, Proposition 38 is useful to split large computations into small ones, which
are much easier to carry out. By considering both characterizations of the possibility and
necessity simultaneously, the following result is obtained.
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Table 18 Incomplete context /C

Ric aj a az as
x] + + + ?
X2 + — — —
X3 - + - -

Corollary 39 Let IC be an incomplete context and D = E be an attribute implication with

D={dy,...,du}and E = {ey, ..., en,}. Then:
M;c(D = E) = max{min{Il;c(d; = ej) | j €{l,....ma}} | i € {l,...,m1}}
Nic(D = E) > max{min{N;c(di = ¢;) | j€{l,...,ma}} [i €{l,...,m}}
Proof 1t is immediately obtained from Proposition 38. O

The following example illustrates the potential of the combination of possibility theory
and FCA. In particular, different attribute implications with unknown information will be
analyzed in terms of possibility and necessity measures by using Propositions 36 and 38.

Example40 Let IC = (X, A, {+,—,?}, Ric) be the incomplete context with X =
{x1, x2, x3} the set of objects, A = {ay, az, az, as} the set of attributes and R;¢ the rela-
tion given in Table 18.

We will apply the different statements in Proposition 38 to obtain some possibility and
necessity measures with simple computations, which are given by Proposition 36. First of
all, we will study the attribute implications a; = a3, a = a3 and {aj, a2} = a3z. By
Definition 6, we obtain that:

i o
af :ali = {x1, x2}
O O
a3¢ =a3¢ = {x1}
i o
ay =ay ={x,x3)
i o
{ar, e} ={a1,a}'" = {x1}
‘LD
a; = %)
O
ai = {x1}

O o
Since a# Q ai , by Proposition 36 we deduce that I1;¢c(a; = a3) = 0. Analogously,

] o
it can be obtained that ;¢ (a2 = a3) = 0 and, since {a;, ax}¥ < a3l , M;c{ay, ax} =

a3) = 1. Therefore, we conclude that:
max{Il;c(a1 = a3), Ojc(a2 = a3)} =0 < 1 = O;c({ar, a2} = a3)

In this case, a strict inequality holds. Analogously, by Proposition 36 it can be checked
that:

max{N;c(a; = a3), Njc(az = a3)} =0 < 1 = N;c({ai, a2} = a3)

Thus, although the attribute implications a; = a3 and a; = a3 are impossible in /C, that
is, they are not valid in any possible scenario of I C, the attribute implication {a, a2} = a3
is certain in /C, which implies it is valid in each possible scenario of /C.
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On the other hand, we showed above that IT;¢ (a2 = a3) = 0. Thus, by Proposition 38,
we conclude that:

;c(ax = {a1,a3}) = M c(ar = {a3, a4}) = U c(ax = {a1,a3,a4}) =0

As aresult, if a given attribute implication is impossible in /C, any implication with the
same antecedent and a greater consequent with respect to the inclusion order, will be also
impossible. Analogously, N;c(a; = a3) = 0, leading to:

Nic(a1 = {a2, a3}) = Nyc(a1 = {a3, a4}) = Nyc(a1 = {az2,a3,a4}) =0

Similarly, since IIjc(as = a3z) = Njc(as = a3) = 1, applying Proposition 38 we
deduce that:

M;c({ar, a4} = a3) = Njc({az, as} = a3) = Njc({ay, a2, a4} = a3z) =1
N;c({ay, as} = a3) = Nic({az, as} = a3) = Nyc({ar, a2, a4} = a3) =1

Therefore, if an attribute implication is certain, and consequently possible, conservative
and optimistic, in / C, then any implication with the same consequent and a greater antecedent
will be also certain, possible, conservative and optimistic.

As a final remark, we have shown (e.g., in Example 29) that enriching an incomplete
context with new information (replacing ? by + or —) directly affects the validity of attribute
implications. O

6 Related works

The management of incomplete information in FCA has been discussed in several papers.
Let us outline their main features and compare them with our present study.

6.1 Burmeister and Holzer’s approach

Incomplete contexts modeled by the use of +, —, ? in the context matrix were proposed
by Burmeister and Holzer (2000). They also present different ways of encoding incomplete
contexts in the style of standard ones (using x like in Table 1) by augmenting the number of
attributes (e.g., adding their negations or the fact that they are unknown). They also define
certainty contexts (replacing + by x) and possibility contexts (replacing +, ? by x), as well
as the certain and possible validity of attribute implications. In Holzer (2004a) some results
are presented to determine if an attribute implication is possibly or certainly valid in terms
of derivation operators. These results are also applied to analyze dependence among subsets
of attributes in the procedure known as attribute exploration (Burmeister and Holzer 2000,
2005; Holzer 2004a,b). However, this line of study has not been addressed in this paper. In
particular, we have studied different forms of validity of attribute implications in incomplete
contexts (like optimistic and conservative) and we have shown that possibility theory (Dubois
and Prade 1988) (rather than Kleene logic like in Burmeister and Holzer (2000)) can account
for the notions of certain and possible attribute implications.
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Fig.2 Order defined in _I_ .

incomplete contexts given in
Pérez-Gdmez et al. (2023) \ /
?

6.2 Obiedkov’s approach

Incomplete contexts are also studied in Obiedkov (2002) in order to determine the validity
of propositional formulas. To do that, a modal logic is defined, reinterpreting the symbol
“?” present in incomplete contexts as “inapplicable” or “nonsense” instead of “unknown”.
Nevertheless, this has not been the view pursued in this paper, since we have focused on
unknown relationships and attribute implications.

6.3 Pérez Gamez's approach

In Pérez-Gamez et al. (2023) a knowledge order is considered to deal with the unknown
information contained in contexts, defining that ? < —,? < 4, and that — and + are
incomparable. Thus, this order represents the existing knowledge about the relationship, and
it is shown in Fig. 2.

In this paper, we have considered a truthfulness order to express the presence of each
attribute in each object, so that — < ? < 4. Hence, the meaning of the given relations,
and consequently, of the extracted knowledge, is different in both papers. Moreover, (Pérez-
Gamez et al. 2023) introduces a new logic for reasoning about implications, while in this
paper, we have focused on studying their validity in incomplete contexts by means of deriva-
tion operators and possibility theory.

6.4 Demin and Kriegel’s approach

The analysis of incomplete information in FCA has also been addressed from a probabilistic
perspective (Demin et al. 2012; Kriegel 2017). Thus, several complete contexts are consid-
ered by assigning different probabilities to them, so that the validity of implications depends
on the probabilities of the contexts in which they are valid. Despite some similarities between
probabilistic and possibilistic approaches, the development presented in this paper is differ-
ent from the one given in Demin et al. (2012); Kriegel (2017). We have focused on the
possibilistic one because we wanted to analyze the potential and compulsory validity of
attribute implications in incomplete contexts. This procedure has been carried out by using
the necessity and possibility measures defined in possibility theory.

6.5 Negative information in complete and incomplete contexts

The approach presented in this paper focuses on incomplete contexts, that is, with contexts
with positive, negative and unknown relationships.

In this paper we have focused on positive information to determine attribute implications
and their type of validity. If we have an incomplete context /IC = (X, A, {+, —, 7}, Ri¢),
such that for some a € A, Rjc(x,a) # + for all x € X, we conclude that the object x and
the attribute a are not related. This fact causes that all attribute implications with a in the
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consequent are impossible. However, it would be important to take advantage of negative
information, expressing that a certain object does not possess a particular attribute. It looks
natural to consider a symmetric handling of + and — in incomplete contexts.

One way to extract knowledge that accounts for both positive and negative relationships is
to consider negative attributes on top of positive ones, thus augmenting the size of contexts.
Namely, it is possible to consider the attribute “not a”, usually denoted as —a, which has the
opposite meaning of a. As a consequence, we obtain that R;¢ (x, —a) = +, which becomes
to obtain new attribute implications with —a in the consequent possible, and so we can extract
new relationships of dependence between subsets of attributes.

This kind of approach was introduced in Pérez-Gdmez et al. (2022); Rodriguez-Jiménez
etal. (2014, 20164, b) allowing to define and analyze a wider variety of attribute implications.

7 Conclusions and future work

In this paper, we have extended the framework of Burmeister and Holzer for the handling of
incomplete contexts and the extraction of attribute implications from them. We have shown
that possibility theory can account for this approach, without resorting to Kripke semantics
nor Kleene logic. Five forms of attribute implications have been laid bare and interesting
properties have been analyzed.

In the future, we will involve negative attributes in our approach so as to restore the symme-
try between positive and negative knowledge, and extract more general attribute implications
where attributes and their negations can appear. However, it would be good to do so without
augmenting the set of attributes with their negations. Indeed such enlarged contexts forget
the interaction between an attribute and its negation. Doing so, we will be able to analyze in
more detail incomplete contexts, extracting a significant greater amount of knowledge from
them.

Besides, it would be of interest to take advantage of the fact that possibility theory is graded
for modeling the fact that some completions have a higher plausibility than other ones (just as
probabilities are attached to completions in Demin et al. (2012); Kriegel (2017)). More gen-
erally, graded possibility would enable us to deal with more general contexts where each pair
(x, a) would be associated with a normalized possibility distribution over {+, —} (encoding
degrees of certainty that an object possesses or not an attribute), as already suggested in
Ait-Yakoub et al. (2016).
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